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Nonlinear Time-Dependent Plasma Oscillations* 


DaAvip MONTGOMERY 
University of Wisconsin, Madison, Wisconsin 
(Received April 6, 1961 


The Laplace transform technique employed by Landau to solve the problem of the first-order motions in an 
unbounded, rarified, electron plasma is modified to solve the problem to arbitrarily high order. The trans 
forms of the mth-order contributions are expressible in terms of convolution integrals involving only terms 
up to order n—1. The method is applied to second order for the case of square-integrable disturbances 


HE problem of the first-order motions of an un- fp), we obtain 
bounded, rarified, electron plasma was first solved 
by Landau.! It is interesting to observe that the same ae Coy oe 
(ptik-v) fav’ +—kox p 
methods can be adapted to solve the problem to nth - 
order, where 7 is arbitrarily large. 
Consider an electron (charge —e, mass m) plasma 
with distribution /(x,v,/), governed by 


of Of e do Of 
TB —" oe ace 0, where 
ol Ox m OX OV ag") af Ob 


Op Ox OV Ox OV 
—4re( \ -f fd ), 2 
Ox and contains all the terms whose superscripts add up to 


n, but each of whose superscripts is less than 2. Observe 

where .Vo represents.a uniform positive background — that S“’=0, and that f,‘"(0)=0, for n> 1. 
charge, assumed immobile. This system was solved by Landau for n=1. For 

Let us write the solution to (1) and (2) formally as n>1, it is solvable at on e, since S‘ contains only 
terms of order less than 7. There is an obvious iteration 
procedure for obtaining the f‘" and ¢‘”, limited only 
by one’s patience in evaluating the convolution integrals 
Sp" 
where f= fo(v) and S fo(v)d*v= Vo. For n>1, we have 

It is no loss of generality to assume that at /=0, all Ages 1 Spd 
the /‘” vanish for »>1. The expansion parameter im- n | f | 


ptik-v q 


plied in (3) is then | f/f | max. mk? | Dep 

Making this substitution into (1) and (2), taking 
Fourier transforms in space (indicated by subscripts k) 
and Laplace transforms in time (indicated by subscripts ptik-v 


—em | Ofy(v) 


Lik. 


* This work was supported in part by the National Science trie’ 
Foundation p=1-— 
'L. Landau, J. Phys. (U.S.S.R.) 10, 25 (1946 mk 
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the n=1 solution being given by Eqs. (8) and (9) of 
reference 1, with a change in sign of e. 

One interesting phenomenon that can be studied with 
a minimum of effort is the second-order contribution to 
one-dimensional oscillations in the case where fy“ (0) is 
an entire, square-integrable function of v, and Dy, has 
only simple zeros in the complex p plane. The vector k 
can be chosen to lie along the x axis, and the 2,, 2, 
integrations are inconsequential. 

The second-order field is given by (v,— 7) 


1 f - -(==)f Sxpdv 
dp ’ 
drt J 6 ix = pike 
where o is greater than the real part of the rightmost 


singularity of the integrand. 
For S;,, we have the following convolution: 
£ 


1 pri . 
f ap’ f dk’ i(k—k’) 
dri Jy is , 


Xox—i 


(10) 


(11) 


where 7 is greater than the real part of the rightmost 
singularity of fx» “’, in the complex p’ plane and where 


Re(p— p’) is greater than the real part of the rightmost 


singularity of ¢x_%, pp’ in the complex (p— p’) plane. 

We may interchange the orders of integration, deform 
the p contour to the left, and evaluate the t— ~ be- 
havior of ¢,°(¢) in terms of the singularities of the 
integrand. 


MONTGOMERY 


These occur as: (a) the zeros of D,,, which we call 
p(k); (b) the zeros of Dy ,p-», which are at p= p’ 
+ pi(k—k’). The pole at p= —ikv does not contribute, 
since the v contour can be dropped below the real axis to 
go below the point »=7p/k for Re(p)<0, as done by 
Landau. 

From (a) and (b) we shall get terms which vary (for 
large ¢) as exp[p.i(k)t] and exp{[p,(k—k’) +p’ Jf}, re- 
spectively. In the second of these, the p’ integration is 
still important, and we determine its effect by 
deforming the p’ contour to the left, picking up con- 
tributions: (c) at p’+p.(k—k’)=,(k), or terms 
which — e?* as t—> « ; (d) at p’= ,(k’), or terms 
which > /{exp[p.(k’)+ p;(k—k’) Jt}h(R’)dk' ast &, 
where /# is some function of ’; (e) at p’=—Zk’, 
where the second-order pole that arises from (0/ dv) 
<[1/(p’+7k’v)] can no longer be eliminated by de- 
forming the v contour, but can be evaluated by per- 
forming the p’ integral exactly, closing the contour 
around the left half-plane. It is easy to show that for all 
Re(p,) <0, this last contribution 

We are now in a position to make two statements 
about the ¢— « behavior of ¢,°' (¢). First, if the system 
is “stable” in first order [i.e., all Re(p,) <0], then it is 
so in second order. Systems which are “unstable’’ in 
first order are “unstable” in second order, only more so. 
The first-order theory is probably an accurate prediction 
only for “stable” systems. 

An nth order solution can be given 
modes, as done by Case,’ 


now 


>QOast— ow, 


1 terms of normal 
for the first order, exc ept that 
so far it has been impossible to construct a proof of 
completeness. 


7K. M. Case, Ann 


Phys. 7, 349 (1959 
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Anomalies in Ionization Coefficients and in Uniform Field Breakdown 
in Argon for Low Values of E/ p* 


D. E. GoLtpEN AND L. H. FISHER 
Department of Physics, New York University, University Heights, New York, New York 
(Received March 21, 1961; revised manuscript received May 4, 1961) 


Prebreakdown ionization currents in argon have been measured 
in uniform fields for low values of the ratio of field strength to 
pressure £/p [5 to 12 v (cm mm Hg)~*']. Currents obtained with 
varying electrode separation d at constant /p and constant p 
could not be analyzed to yield values of the Townsend coefficients 
a/pand y. Currents obtained with varying / at constant //p and 
constant d could be analyzed to yield values of a/p and y, but such 
currents yielded coefficients which depend on d. The dependence 
of the values of a/p on d is attributed to the production of highly 
excited atoms by resonance radiation at some distance from the 
positions where the electrons lose their energy; these highly 
excited atoms then produce molecular ions and electrons in colli 
sions with ground-state argon atoms. The secondary mechanism 


INTRODUCTION 


N conjunction with formative time lag breakdown 

studies in argon, Kachickas and Fisher! also meas- 
ured uniform field breakdown potentials in argon.? 
These breakdown measurements were obtained for pro- 
ducts of pressure p and electrode separation d between 
approximately 200 and 2000 cm mm Hg.’ This pd range 
corresponds to a region of electric field strength F di- 
vided by p of between approximately 7 and 20 v (cm 
mm Hg)"! at breakdown.! KF combined Kruithof and 
Penning’s® measurements of the first Townsend coeffi- 
cient divided by pressure a/p (which extended down to 
an /)/p of 5) and their own breakdown measurements to 
obtain a primary multiplication exp(ad) of only about 
2 at breakdown. Assuming the Townsend breakdown 
condition, this implies an extremely large value (about 
unity) for the second Townsend coefficient y (the 
number of secondary electrons liberated at the cathode 
in any manner per positive ion incident on the cathode) 
for the brass cathode used in their study. This value of ¥ 
was considered extremely large; in fact, the largest 
value of y in argon which had been reported was 0.0376 
for a copper cathode.*® This latter value was obtained by 
KP from prebreakdown ionization currents at an //p 
of 16.55 (the lowest value of /p for which they re- 
ported a value of y). There was some doubt about KF’s 


* This work was supported by the Office of Naval Research and 
the Army Research Office (Durham) 

G. A. Kachickas and L. H. Fisher, Phys. Rev. 91, 775 

This paper will be referred to as KF.) 

? Unless otherwise mentioned, all statements in this paper refer 
to argon 

3 Unit of d is cm throughout. Unit of 
specified is mm of Hg at O°C 

‘Units of //p are volts (cm mm Hg) ! throughout. 

6A. A. Kruithof and F. M. Penning, Physica 3, 515 (1930) 

Chis paper will be referred to as KP.) 

* This statement about the value of y refers to ordinary metallic 
cathodes such as copper, brass, iron, and nickel, and excludes 
such cathodes as BaQO, etc., for which much larger values of 
been obtained. 


1953 


pb when not otherwise 


have 


and the dependence of y on d are associated with resonance radia- 
tion. Sparking potential measurements in argon made by varying 
both p and d for values of pd corresponding to breakdown for 
the above range of E/p show deviations from Paschen’s law. 

Disregarding the above anomalies, the values of a/p are smaller 
than the earlier measurements of Kruithof and Penning by as 
much as a factor of 15 at E/p=5 (d=4 cm). At this value of 
E/p (and of d), the value of exp(ad) at breakdown is only 1.05, 
and the value of y is about 20. At larger values of E/p, the present 
values of a/p become independent of d and approach theirs. The 
sparking potentials obtained are significantly larger than those 
obtained by Kachickas and Fisher. This is shown to be due to the 
condition of the cathode surface. 


conclusion that y is of the order of unity because their 
breakdown potential measurements were about 40% 
lower than the existing breakdown measurements of 
Penning and Addink’ and Ehrenkranz.* These latter 
authors had measured breakdown potentials for pd 
< 300. Subsequent breakdown measurements by Menes?® 
for pd<500 are closer to those of Penning and Addink 
and Ehrenkranz than to those of KF. The present work 
was undertaken to measure sparking potentials in argon 
for 100<pd<3000, and to obtain values of y (and 
incidentally also values of a/p) from prebreakdown 
currents within the range of //p corresponding to 
breakdown in this pd range. From these measurements, 
it was hoped to resolve the conflicting breakdown 
measurements of previous investigators and to see if 
the enormous value of y suggested by KF was indeed 
correct. There was additional interest in studying the 
second Townsend coefficient in argon. KF in trying to 
explain their formative time-lag measurements sug- 
gested a delayed photon mechanism (probably diffusion 
of resonance radiation) for the controlling process in 
uniform-field breakdown. Subsequently Colli and Fac- 
chini'’ observed delayed photon production in cylin- 
drical geometry which they explained as decay of a 
molecular metastable formed in a collision between two 
ground-state atoms and an atomic metastable. In addi- 
tion, Menes® studied the growth of current with time in 
uniform fields at voltages above breakdown and found 
that his results also required a delayed-photon mecha- 
nism. His results for pressures much above 300 could 
not distinguish between the process outlined by Colli 
and Facchini and the imprisonment of resonance radi- 
ation. For ~<100, Menes’ results definitely ruled out 
the molecular metastable mechanism. It was hoped that 


7F. M. Penning and C. C. J. Addink, Physica 1, 1007 (1934). 

* F. Ehrenkranz, Phys. Rev. 55, 219 (1939). 

’M. Menes, Phys. Rev. 116, 481 (1959). 

 L. Colli and U. Facchini, Phys. Rev. 88, 987 (1952); L. Colli, 
Phys. Rev. 95, 892 (1954). 
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a static study of ionization coefficients would give fur- 
ther information on some of the above points. 

The usual equation for the gas current in a uniform 
de electric field below breakdown may be written 


[=] exp[_ (a p) pd | {1—yLexp((a p)pd)—1}}, (1) 


where / is the externally produced photoelectric current 
at the cathode. In this equation y is the number of 
secondary electrons liberated at the cathode in any 
manner per positive ion incident on the cathode. This 
equation does not take into account space charge and 
other effects not proportional to Jo. If a@ p and y are as- 
sumed to be functions of /: p only, these coefficients may 
be evaluated at a particular value of E) p by measure- 
ment of prebreakdown currents at various values of pd 
at this same value of Fp with the use of Eq. (1). In the 
form in which Eq. (1) is written, it is seen that p and d 
enter on an equal basis for measurements carried out at 
constant F p. In this case, once values of these coeffi- 
cients are obtained at a given value of £/ p, it is possible 
to predict values of J J) at this value of £, p for any set 
of values of pi: nd d. 

Invariably, a p is assumed to be a function of £ p 
only and experimental data in many gases show this to 
be the case over a wide range of Fp, p, and d. However, 
Hornbeck" has suggested the possibility that a p may 
be pressure dependent in the rare gases at suitably low 
values of F p and p. In addition, Loeb" points out the 
possibility that if electrons are produced in the gas at 
positions different from the positions where the electrons 
originally lose their energy, then exp(ad) loses its con- 
ventional meaning. To date, no such anomalies in @ p 
have been reported. Furthermore, it has been indicated 
by various authors that 7 may not be a function of Fp 
only."*~'® Such effects are not taken into account in 
Eq. (1); if such effects do exist, one might expect diffi- 
culty in extracting meaningful coefficients from the data 
using Eq. (1 


APPARATUS 


The discharge chamber used in this work has been 
described previously.'’ The ultimate pressure attainable 
in the chamber is about 10-* mm Hg. The gas pressure 
was measured by means of a mercury manometer be- 
tween 20 and 760, and with a Dubrovin gauge between 
1 and 20. A continuously variable 0-30.1 kv negative d« 
power supply was used whose short term stability is 
about 0.001%.'5 A 10-meg resistor was in series with the 


ck, Phys 
ck’s suggestion is 
f Gaseous I 
California, 1° 
nce 12 p 702 
R. Newton, Phys. Rev 
P. Molnar, Phys. Rev. 83, 933 (1951); 83, 940 
V. Phelps, Phys. Rev. 117, 619 (1960 
J. -DeBitetto and L. H. Fisher, Phys. Rev. 


Rev. 84, 1072 (1951). 

is described in detail by L. B. Loeb, 
lectronics (University of California 
155), pp. 703-708 


} 


73, 570 (1948) 


1951 


104, 1213 


designed and constructed 
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supph 
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power supply and a total of 100 meg was in parallel with 
the chamber. One hundredth of the total voltage across 
the chamber was measured by a precision differential dc 
voltmeter. Ionization currents were measured by an 
electrometer. 


EXPERIMENTAL PROCEDURE 


In contrast to molecular gases, ionization currents and 
breakdown potentials for argon were found to change 
radically with time unless special precautions were 
taken to stabilize the cathode. After filling the chamber 
with argon” (usually to some pressure between 0.5 and 1 
atmosphere), the cathode was irradiated with ultra- 
violet light and the voltage was raised until the current 
through the chamber was about 10~* amp. (The current 
for a particular voltage usually decreased with time, 
sometimes falling to as low a value as 10~° amp in a few 
hours.) The voltage was raised from time to time to 
maintain the current at about 10~® amp until the current 
became stable to within about a factor of two at some 
voltage. This process usually took a few days and re- 
sulted in prebreakdown currents constant at any voltage 
to within a few percent over a period of hours providing 
(1) such currents were limited to less than 5X 10~* amp, 
(2) the gas pressure was not allowed to go below 107% 
mm Hg, and (3) sudden changes in voltage were 
avoided. During the stabilization process the breakdown 
potential increases with time in a spectacular manner. 
However, once the cathode is stabilized, the breakdown 
potential remains constant. Although the properties of 
the cathode changed slowly with time, the surface did 
not have to be restabilized for weeks for ionization cur- 
rent measurements carried out within a few hours if 
conditions (1), (2), and (3) were satisfied. For break- 
down, the surface had to be restabilized only if condition 
(2) was not satisfied. The cathode could also be stabil- 
ized to the same degree described above by allowing an 
intermittent spark discharge to pass between the elec- 
trodes for about 50 hr at any pressure between 0.5 and 1 
atm. Actually a combination of the two stabilization 
procedures was used. 

In the past, with one exception,'’ Townsend coeffi- 
cients have been evaluated from prebreakdown currents 
obtained by varying d at constant p and constant // p. 
In the present work, coefficients were evaluated from 
currents obtained by varying p at constant d and con- 
stant E/p. However, some current measurements were 
also made at constant p and varying d, but such meas- 
urements did not lead to the evaluation of any coeffi- 
cients. To determine the ionization currents as a func- 
tion of pd at constant & p and constant d, p was first 
increased from the minimum to the maximum value 

1’ The argon used in these experiments was Linde commercial 
tank gas. A mass spectrographic analysis of a sample of gas in 
contact with the chamber yielded the following analysis by volume 
Ar 99.9%, CO 0.008%, CO 0.04%, H» 0.05%, aliphatic hydro 
carbons through C,’s 0.004% We are indebted to Dr. N. B 


Hannay and Dr. E. E. Francois of the Bell Telephone Laboratories 
for this analysis. 
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used in an experiment in ten to fifteen steps, and then 
was decreased back to the minimum value in three or 
four steps. The values of 7) in these studies were always 
between 10~” and 10~" amp (usually about 10 amp). 

During the course of the work, it became desirable to 
test Paschen’s law in argon, and therefore breakdown 
potentials were measured as a function of p and d 
separately. In these breakdown measurements, after the 
usual stabilization procedure, p was set at about 700 and 
the breakdown potential was measured as d was de- 
creased from 4 to 0.5. The breakdown potential was then 
measured at a somewhat lower pressure as d was_ in- 
creased from 0.5 to 4. Such breakdown measurements 
were carried out at successively lower pressures with 
alternately decreasing and increasing values of d until a 
pressure of about 100 was reached. The entire set of 
breakdown measurements was then repeated except 
that p was successively increased from 100 to 700. The 
breakdown measurements were carried out with ultra- 
violet illumination of the cathode such that Jy>~10 
amp. With a stabilized surface, the breakdown poten- 
tials were reproducible to 0.1%. 


PREBREAKDOWN CURRENTS 


Prebreakdown currents were measured for 5 < p< 12 
both by varying p at constant d, and by varying d 
at constant p. At each value of / p, such measurements 
were carried out either at a number of different constant 
values of d, or at a number of different constant values 
of p. The prebreakdown currents obtained at constant 
E/p and constant p with varying d could not be fitted 
by Eq. (1) with any set of values of Jo, a p, and y, and 
the subsequent discussion of ionization coefficients, 
unless otherwise noted, refers to prebreakdown currents 
obtained by varying p at constant d. 

For prebreakdown ionization current measurements 
obtained with a given value of // p and d, there is an 
upper limit for » determined by breakdown. This may 
be called the sparking pressure in analogy to the term 
sparking distance used in connection with experiments 





ss MAXIMUM 


d MINIMUM 








rn 4 4 4. 4 


6 7 8 9 10 
E/p VOLTS/(CM MM HQ) 





1. Upper and lower limits of electrode separation d used in 
prebreakdown studies at various values of //p. 
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;. 2. Points give prebreakdown ionization currents measured 
=/p=12.0 and d=0.800 as a function of pd. Upper curve repre 
sents calculated values of currents as described in text. Lower 
curve represents calculated values of currents with y=0 as de 
scribed in text. 


carried out at constant /, p and constant p. For a given 
value of £/ p, as d is increased the maximum permissible 
pressure decreases and may not allow a large enough 
pressure variation for accurate determination of a/p 
and y. In addition, in order to maintain a reasonably 
uniform field it was arbitrarily decided never to exceed 
an electrode separation of 5. These factors determined 
the largest value of d studied at any /£/p. The lower 
limit for d at any one value of // p is determined by the 
fact that the highest pressure possible in the chamber is 
atmospheric ; this may be too far below the sparking 
pressure to allow accurate calculation of a/p and y. In 
addition, d was never allowed to be less than 0.5 cm in 
order to avoid large percentage errors in the values of d. 
The above considerations lead to the upper and lower 
limits of d actually used as a function of //p as shown 
in Fig. 1. 

The points in Fig. 2 represent observed prebreak- 
down ionization currents plotted as a function of pd 
obtained at £/ p=12.0 and d=0.800, and the points in 
Fig. 3 were obtained at // p= 5.00 and d= 4.00. Figures 
2 and 3 represent the upper and lower values of E/p 
studied. The //p range from 5 to 12 corresponds ap- 
proximately to //p at breakdown for 400< pd< 3000. 
In Figs. 2 and 3, the upper curves are currents calculated 
from Eq. (1) using values of /o, a, p, and y obtained from 
the experimental points in a manner to be described. 
The straight lines in these figures represent the currents 
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Fic. 3. Points give prebreakdown ionization currents measured 
at E/p=5.00 and d=4.00. Upper curve represents calculated 
values of currents as described in text. The practically horizontal 


line represents calculated values of currents with 


2800 


y=0 as de 


scribed in text 

0 and with the values 
of J) and a p used in calculating the upper curves. In 
Fig. 2, the two calculated curves coincide for pd<75. 
In this particular case (where y turns out to be about 
(0.02), a/p may be determined to about 2% from the 
slope of a straight line passing through the experimental 
points at low enough values of pd. For the data of Fig. 3, 
analysis gives a/p~10~° and y~ 20. If a straight line 
were drawn through the experimental points of Fig. 3 at 
low pd and a p evaluated from its slope, the resulting 
value of a/ p would be too large by a factor of 100. This 
error results because y is not small compared to unity; 
for sufficiently small values of pd, Eq. (1) may be 


written 


which would be calculated with ¥ 


In(/ 1 1+y)(a p) pd. (2 


Thus, the slope of a line drawn through the experimental 
points will not approach a/p in the limit that pd goes to 
zero unless y<1. In the present work, y cannot in gen- 
eral be neglected in comparison to unity; therefore the 
following method of successive approximations was used 
to obtain values of a/ p and y from prebreakdown cur- 
rents obtained at constant //p and constant d. 

) A first approximation of /) good to about 10% may be 
obtained by extrapolation of a plot of InJ vs pd to 
pd=0 at a given value of /, p. A first approximation to 
a/p was taken as the slope of this plot for low pd. As 
shown above, this value of a, p is in general too large by 


a factor (1+7).”” Nevertheless, this first approximation 


toa p was used to compute values of 7 from Eq. (1)"for 
the ten largest experimental currents obtained at a given 
value of /:/ p. The initial choice of a p resulted in calcu- 
lated values of y which increase with increasing pd. If a 
second approximation to a@/p was made which was too 
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small, values of y were obtained which decrease with in- 
creasing pd. By varying the choice of a//, it was found 
possible to find a few values of a/ differing slightly from 
each other, each of which gave rise to a set of values of y 
which did not vary appreciably with pd. Further small 
corrections to the above sets were obtained by varying 
the choice of 7); this procedure resulted in values of 7 
which were constant to within 1% for any one set of 
values of J) and a/ p. The value of y chosen to be associ- 
ated with a particular choice of /) and a/p was the aver- 
age of the ten values of y calculated at the ten largest 
values of pd. Each of the above sets of values was used to 
calculate values of 7 for all values of pd actually used in 
an experiment (not only the ten largest). The values of 
Io, a/p, and y chosen as the best set were those which 
gave a minimum value for the sum of the squares of the 
percentage differences between the calculated and ex- 
perimental currents. If the current multiplications for 
some values of pd are large (as indeed some are in the 
present work) a conventional least-squares criterion 
would for all practical purposes ignore the data at small 
current multiplications. Since all measured currents 
have approximately the same percentage error, the best 
fit obtained as described above seems justified. 

Measurements carried out at widely separated time 
intervals gave values of a/ p and y reproducible to with- 
in about 10 and 20%, respectively. The values of Jo at a 
given value of //p were varied in some instances from 
10-” to 10-” amp without noticeably affecting the cal- 
culated values of a/p and y, thus demonstrating that 
space charge and other effects not proportional to J can 
be neglected in the analysis of prebreakdown current 
data. 
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Fic. 4. Points are values of a of E/p. Numbers 
indicate the values of d at which evaluations were made. Solid 
curves are drawn for d=5.00, 4.00, 0.800. Dashed curve 
earlier measurements of a/p of KP. 
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ANOMALIES IN 


FIRST TOWNSEND COEFFICIENT 


Using the above analysis, values of a/p were obtained 
which increase with d at constant E/p. This variation 
becomes less pronounced as /:/p is increased. At E:/p 

5, the value increases by a factor of 2 when d is 
increased from 4 to 5; at // p=12, the value does not 
change appreciably when d is changed from 0.6 to 0.8. 
The values of a/p obtained as a function of F/p at 
various values of d are given as points in Fig. 4. The 
solid curves in the figure are drawn for d=5.00, 4.00, 
and 0.800. The dashed curve in Fig. 4 shows the earlier 
measurements of KP obtained by varying d at constant 
p. The present measurements, despite the variation of 
a/p with d, lie within 20% of their values for E/p29. 
For £/p<9, large deviations exist between the two sets 
of data. The present values are smaller than those of 
KP by as much as a factor of 15 at E/p=5.” These 
results indicate that at a given value of //p and d the 
number of electrons produced per unit length traveled 
in the field direction by each electron varies with the 
distance from the cathode. Thus a true value of a/p in 
the sense originally used by Townsend does not exist in 
argon at these low values of // p; the values given are 
to be taken as effective values, namely, those values 
which when inserted into exp(ad) will give the correct 
current multiplication in the gas. 


SECOND TOWNSEND COEFFICIENT 


The values of y obtained from the above calculations 
were found to depend not only on /, p but ond as well. 
The values of y obtained increase with decreasing d at 
constant /, p for the range of d shown in Fig. 1. As 
already mentioned, a value of y as large as 20 has been 
found at / p=5, (d=4). With increasing values of 
k:/ p, the values of y obtained decrease sharply, reaching 
a value essentially independent of d of about 0.02 at 
E./ p=12. The values of y as a function of /:/ p are given 
as points in Fig. 5 for various values of d. Curves are 
drawn for d=5.00, 4.00, 1.20, 1.00, and 0.800. There are 
no previously reported values of y for argon in this /:, p 
region. KP’s value for y of 0.037 for a copper cathode at 
I, p=16.55 is to be compared with the value of 0.02 at 
I) p=12 obtained in the present work for a nickel 
cathode. 


BREAKDOWN MEASUREMENTS 


In view of the fact that a p and y were found to 
depend on d as well as on Fp, it seemed desirable to 
test Paschen’s law over the pd region corresponding to 
the range of /:/p for which ionization currents were 
measured. Thus breakdown potential measurements 
were carried out for 100< pd< 3000, In these measure- 
ments, as the voltage is increased, a voltage is found at 
which the current remains unchanged if the ultraviolet 
light is removed. This threshold voltage is associated 
with a current of about 10~® amp and was taken to be 
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Fic. 5. Points are values of y obtained at various values of 
E:/p. Numbers indicate the values of d at which evaluations were 
made. Curves were drawn for values obtained at d=5.00, 4.00, 
1.20, 1.00, and 0.800. 


the breakdown voltage for 50< pd< 2007"; for this pd 
range the current could be followed up to a few milli- 
amperes without observingsa catastrophic breakdown. 
If the current exceeded 10° sometimes dis- 
played positive and sometimes negative characteristics. 


amp, it 


In any case, all these effects occur within a few volts of 
the threshold voltage and thus introduce little uncer- 
tainty in the measured value of the breakdown poten- 
tial. For pd>200, the same effects were observed, 
except that a disruptive discharge occurs within a few 
tenths of a volt above the threshold. In general, in the 
breakdown studies, currents were limited to about 10~® 
amp in order to avoid changes in the cathode surface 
except for single disruptive spark breakdowns. The 
disruptive breakdowns did not seem to affect the 
cathode appreciably. 

As already mentioned, when a fresh sample of gas is 
admitted from a base pressure of about 10~* to any 


At voltages a few volts below the threshold, the current falls 
to some fraction of its value if the ultraviolet is removed. 

2 The unchanged current is not a self-sustained current in the 
sense sometimes used to describe ‘Townsend currents at break- 
down. Townsend currents which would be self-sustained because 
yLexp (ad) —1]=1 would increase linearly with time as long as Jo 
is applied. (If there is resistance in the circuit, the voltage at the 
power supply will have to be raised continuously as long as Jo is 
applied in order to keep the voltage across the electrodes at the 
breakdown value.) Thus the value of a self-sustained Townsend 
current on the removal of 7» would-remain constant but its value 
would depend on how long /» had been applied before the removal 
of J». Such considerations also neglect the effect of space charge 
and other effects not proportional to 7», and to the best of our 
knowledge such self-sustained currents have never been observed. 
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Fic. 6. Sparking potential (V) of argon and hydrogen as a 
function of time after filling. For argon, pd=1180, d=3.00; for 
hydrogen, pd=558, d= 2.00 


given pressure the breakdown potential increases with 
time in a spectacular manner. The sparking potential 
increases from some low value to an equilibrium value 
some four times as large in a period of several days. This 
time for reaching an equilibrium breakdown value may 
be reduced somewhat by drawing a current greater than 
10-° amp through the chamber. Figure 6 shows a typi- 
cal curve of breakdown potential in argon vs time after 
gas filling (with a current of about 10~-® amp flowing 
measurements). In this particular case, 
pd = 1180, d=3. One sees that the breakdown potential 
rose from about 3.8 kv shortly after the gas filling to 
about 12 kv after a lapse of 40 hr. Some similar break- 
down studies at various times after gas filling were also 
carried out in hydrogen. A typical curve for hydrogen 
is also shown in Fig. 6 for pd= 558, d= 2, where it is seen 
that the corresponding effect is negligible. 

The results of the breakdown measurements with a 


between 


stabilized cathode are shown as solid curves in Fig. 7. 
Each curve was obtained at the electrode separation 
indicated. It is clear that Paschen’s law is not obeyed; 
the breakdown potential at a given pd increases with 
increasing d. Figure 7 also shows the breakdown meas- 
urements of Penning and Addink,’ Menes,’ and KF 
obtained with iron, « opper, and brass elec trodes, respec- 
tively. Aside from the observed deviations from Pas- 
chen’s law, it is seen that the present values of the 
breakdown potentials for any given pd are higher than 
those obtained previously. The sparking potential meas- 
urements of KF were made soon after a fresh sample of 
gas had been admitted to the discharge chamber.” This 
procedure probably accounts in large part for the con- 
siderable discrepancies between their breakdown meas- 
urements and all others. 


DISCUSSION 


The fact that I vs pd curves obtained at constant // p 
and constant d can be fitted accurately by Eq. (1) with 


%(G. A. Kachickas, 
unpublished 


Ph.D. thesis, New York University, 1950 


AND I MH. 


FISHER 


constant values of J», a p, and y leads one to believe 
that all ionization occurring in the gas can be described 
by an effective value of a/p (which varies with d at 
constant £/p) and that the secondary coeflicient y 
(despite its variation with d at constant /)/ p) represents 
the true number of secondary electrons emitted at the 
cathode in any manner per positive ion incident on it. 

Before discussing the reasons for the anomalous be- 
havior of a/p and y, some conclusions may be drawn. 
As explained previously, KF inferred a value of exp(ad) 
of only 2 at breakdown. The validity of this conclusion 
might be questioned since the present values of a/p as 
well as the present breakdown values are different from 
the ones they used. However, as already seen, they used 
values of a/p which are too large and values of the 
breakdown potential which are too small. These effects, 
however, compensate each other, and it is now found 
that the value of primary multiplication exp(ad) varies 
from about 1.05 at E/p=5, d=4 to about 100 at 
E/ p=12. One may question whether the small values of 
a/p observed at low values of // p are valid measure- 
ments of primary ionization or whether a@/ p is zero. In 
the latter case, there would be no ionization by collision 
in the gas (or by any other means), just excitation of 
atoms to form metastables and or excited atoms with a 
from the 
cathode. In this case, y could not be defined as the num- 
the cathode per 
positive ion incident on it since there would be no posi- 


consequent release of secondary electrons 


ber of secondary electrons released at 
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ANOMALTES IN FONIZAT 
tive ions formed in the gas. However, despite the small 
values of a p at low values of /:/ p, it is impossible to fit 
the current data over the entire pd range at a given E:/p 
by a suitable equation ignoring primary ionization. It is 
thus believed that the values of a/p do represent ioni- 
zation in the gas. The remarkable increase in sparking 
potential with time after gas filling means that the value 
of y is decreasing radically with time. Since at equilib- 
rium, the value of y can be as large as 20, the value of y 
at the time of a fresh gas filling may be enormous indeed. 

The anomalous behavior of the coefficients and the 
failure of Paschen’s law will now be discussed. It is 
believed that the observed variations of a/p and y with 
d at constant //p in argon and the failure of Paschen’s 
law in argon cannot be ascribed to nonuniformity of the 
fields. Experiments in hydrogen and nitrogen previously 
carried out in the same chamber over a pressure range 
corresponding to that used in the present work and with 
d<3.5 demonstrated that a/p in these gases is a func- 
tion of /:/p only.'?4 Thus it is not likely that the vari- 
ation of a p with d found for argon is due to nonuni- 
formity of the electric fields. To investigate whether the 
observed deviations from Paschen’s law in argon were 
due to nonuniformity of the electric fields, it was decided 
to measure breakdown potentials in hydrogen in the 
chamber as a function of p and d separately. No devi- 
ations from Paschen’s law were found over a wide range 
of p and d. It is believed that the above effects are not 
due to impurities because of their high ionization poten- 
tials. In addition, Freely*® has observed similar effects 
in spectroscopically pure helium in apparatus using 
ultra-high vacuum techniques. 

As already indicated, there are some effects which if 
active may cause a pand or ¥ to lose their conventional 
meanings or dependencies. Several such processes will 
now be discussed. If in addition to ionization, electrons 


produce excited atoms which emit resonance radiation, 


this radiation may diffuse. In this case, excited atoms 
will appear at appree iable distances from the positions 
at which the electrons originally lost their energy. It has 
been established by Hornbeck and Molnar’® that a 
highly excited argon atom (~ 15 ev) when colliding with 
a ground-state argon atom can produce a molecular ion 
and an electron. The creation of such electrons in the 
body of the gas would cause anomalies in @/p as men- 
tioned by Loeb." *? The above effect may be responsible 
for the dependence of a pond and its independence of p 
since Holstein®® has shown that the diffusion of reso- 
nance radiation is relatively independent of pressure but 


*4 Data up to d=3 are given in reference 17; data up to d=3.5 
are given by D. J. DeBitetto, Ph.D. thesis, New York University, 
1956 (unpublished) 

2 J B. Free lv, 
unpublished 

26 J. A. Hornbeck and J. P. Molnar, Phys. Rev. 84, 621 (1951) 

Since the positive-ion mobility measurements in argon of 
J. A. Hornbeck, Phys. Rev. 84, 615 (1951), were carried out for 
I-/p> 20, the effects due to dispersal of molecular ions would not 
have been observed in that experiment 

8 'T. Holstein, Phys. Rev. 72, 1212 


Ph.D. thesis, New York University, 1960 


1947); $3, 1159 (1951). 
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vs d} for E/p=7 and 8. 

depends on d.* Since it has been established by Horn- 
beck and Molnar*® that metastable argon atoms cannot 
produce molecular ions, it is felt that metastables cannot 
be the cause for the anomalous behavior of a/p. The 
mechanism outlined by Colli and Facchini" even if ac- 
tive would produce no ionization in the gas and thus 
could not account for the observed dependen¢ e of a, p 
on d. 

The enormous values of y indicate that the secondary 
action is due to photoelectric action at the cathode or to 
metastable bombardment of the cathode. However, 
metastable bombardment of the cathode would make 
y a function of p and d as well as of Fp." Since in the 
present experiments, y was found to be independent of 
p, y must be due to photoelectric action at the cathode. 
Furthermore, Menes” transient observations right 
above threshold indicate that metastable bombardment 
of the cathode is not an effective secondary mechanism. 
The resonant photons involved in the discussion of a/p 
must be those coming from highly excited levels. How- 
ever, photons contributing to photoelectric action at 
the cathode probably involve the low-lying *P; and 'P, 
resonance levels in considerable measure. A calculation 
by Phelps'® (assuming no anomalies in a p) shows that 
for high pressure, when most of the photons reaching 
the cathode have been converted from resonance to 
non-resonance photons, y should be independent of p but 
should vary as (1+<ad!)~! where a is a constant much 
less than one. In this case y varies approximately as 

** However, Holstein’s calculations were made for the case where 
the only possible mode of photon emission is the resonant one; the 
mechanism outlined above includes the possibility of degradation 
of some of the resonance radiation energy into fluorescent radiation 
and into metastable states. 
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(1—ad'). If the values of y observed in the present 
experiment are due largely to such photons, then it 
would explain why it is impossible to analyze prebreak- 
down currents obtained at constant E/p, constant p, 
and varying d. Figure 8 shows plots of y vs d! for E/p=7 
and 8 obtained from prebreakdown current data at con- 
stant d and varying p. In view of the fact that there are 
anomalies in a/p, one might not expect more than a 
rough agreement with Phelps’ calculations. As d is 
increased, the chance for radiation to reach the cathode 
is reduced, and the chance for molecular ion and electron 
formation in the gas is accordingly increased. Thus the 
fact that y decreases with increasing d is associated with 
the result that a, p increases with increasing d. 

We now consider whether three-body destruction of 
atomic metastables in the gas and subsequent emission 
of nonresonant photons as discussed by Colli and Fac- 
chini® contributes in any sensible measure to y. From 


AND £.. 3. 


FISHER 


the destruction rate of metastables inferred by Colli,'° 
it follows that this effect, if active, should be strongly 
dependent on p for p<150. Since our values of y were 
evaluated with values of p ranging from 700 to 5, it is 
felt that the process discussed by Colli and Facchini is 
not operating in the present experiments. 

Finally, it may be mentioned that despite the anoma- 
lous behavior of a/p and y, the fact that coefficients can 
be evaluated which are at least independent of » means 
that currents at a given d can be predicted at any value 
of p providing that the coefficients were measured at 
the same value of d. Although the usefulness of the 
coefficients in predicting currents is thus markedly 
reduced from the usual situation, the coefficients still 
retain some utility for predicting currents. Further 
study of these effects in noble gases at pressures above 
atmospheric (and hence low /£/p) should prove of grea 
interest. 
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The equations which determine the one-particle energy and effective two-body interaction in an interact- 
ing Fermi gas are constructed within the approximation which sums up all pair creation-annihilation 
processes. The equation corresponds to the familiar equation for the AK matrix which represents the inter 
action between particles (or holes) and sums up the particle-particle (or hole-hole) scattering processes. 
The method of the equation of motion is used in this paper. Our result for the one-particle energy is shown 
to lead to the result previously obtained by Quinn and Ferrell, and by Rockmore for the case of the electron 
gas with Coulomb interactions, when we replace screened potentials by bare potential in the self-consistent 
energy equation. For nuclear matter, it is shown that the presence of an attractive interaction in the equa 
tion of motion for number density causes an “enhancement” of exchange forces, whereas in the electron gas 
repulsive Coulomb interactions lead to “screening” of the exchange force. The strength of the isospin density 
interaction pseudopotential is enhanced by a factor of two when one solves the self-consistent equation; and 
a simple estimate shows that the Goldhaber-Teller mode lies about 15% higher than the value prg/m previ 
ously estimated by Glassgold et al. (¢: momentum of the oscillation, p»: Fermi momentum). 


I. INTRODUCTION 


HE static behavior of nuclear matter has been well 

described by Brueckner ef al.,! using the general- 
ized Hartree-Fock scheme. This becomes possible be- 
cause of the rather weak character of the smeared-out 
interaction (A matrix) and the low density of nuclear 
matter. The A matrix was obtained by summing up the 
scattering processes between two particles (or two 
holes). The existence of collective excitations of various 
kinds in nuclear matter was first shown by Glassgold, 
Heckrotte, and Watson,’ who used a feasible model for 
the A-matrix interaction to create particle-hole pairs. 

To solve the collective excitation problem from first 
principles is of course a matter of interest, but here we 
will first try to improve the result obtained by G-H-W. 
In a previous paper,’ we have applied the so-called 
“equation of motion” method construct the A 
matrix from a potential by first constructing an ap- 
proximate scattering eigenmode. We will use the same 
method here to obtain the self-consistent equations of 
motion of a particle-hole pair taking into account 
possible higher order effects in the propagator and 
vertex parts of interaction between pairs. 

In Sec. II, we will describe in detail the method used 
in this paper, and in Sec. III we will apply the self- 
consistent equation for the one-particle energy to the 
electron gas and show that the result of Quinn and 


lo 


*On leave of absence from 
lokyo, Japan. 

** Now at the Physics Department, University of California, 
Berkeley 4, California. 

1K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958); H. A. Bethe, ibid. 103, 1353 (1958); J. Goldstone, Proc 
Roy. Soc. (London) A293, 1267 (1957). 

2 A. E. Glassgold, W. Heckrotte, and K. M. Watson, Ann. Phys. 
6, 1 (1959). We refer to this as G-H-W. The Goldhaber-Teller 
modes have an energy ~prg/m (g: momentum of oscillation) in 
the model used by these authors, simply because the (repulsive 
pair-interaction is weak. 

3K. Sawada, Phys. Rev. 119, 2090 (1960). We stated our in- 
tention to construct a pair eigenmode in Sec. TI, Eq. (30) of this 
reference. 


Tokyo University of Education, 


Ferrell, and Rockmore‘ is obtained when we replace the 
interaction by the bare interaction in the 
lowest order. In Sec. IV, we will apply the self-consistent 
equation for the strength of the pseudopotential in 
nuclear matter; and estimate the effects of higher order 
pair interactions on the ground-state energy, the Gold- 
haber-Teller mode and the symmetry energy. 


screened 


Il. FORMULATION 


As an interaction Hamiltonian, we will take the most 
general form of the two-body interaction: 


Hine= 2p Lup 


ew 


— 1 oe P+q (1) 


5 os Wee me 
Cy Pjlp’ rq) PjCp2t’\q), 
where the e’s are matrices given by 


Cot c 
Cy } is Pp) 1 for the electron gas, 
Cps . 


(err 
I Gis P 

Cy . 

p - 
1} op, 
| 


or (or); for nuclear matter, 
Cp; Vv. 
and the e’s are annihilation operators of particles. As 


p+Q 
p+Q 


Pi 


-—->—— 


V2via) Pi 


a 
f2u'(a-p) 








a+Q a 
particle hole 
b) 


Fic. 1(a). An ordinary pair scattering in the second order of 
the perturbation expansion. (b) An exchange pair scattering in 
the second order of the perturbation expansion 


4J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 
R. M. Rockmore, zbid. 114, 941 (1959). 


(1958) 
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p+Q 


} Fic. 2. A scattering dia- 
gram of a pair in the fourth 
order of the perturbation 
expansion which cannot be 
represented by an iteration 
of Fig. 1(a) and Fig. 1(b). 


fe. 


ptp-a Pp 


FP veul(a-p) 








a+Q a 


usual, we separate c into 


Cp=a,t+b,*, (2) 
I I 


I 


where dy, is the annihilation operator for a particle of 
momentum p (above the Fermi surface) and 6,* is the 
creation operator for a hole of momentum p (below the 
Fermi surface). The total Hamiltonian is 


Hr=Ho+ Hin; 


H =D p Cp*Cp(p?/ 2m). (3) 


For nuclear matter, we assume that the bare interaction 
has already been replac ed by A, as was done in G-H-W Ra 
and we re gard t [in 1 asa pseudopotential. Conse- 
quently in this work we will consider only the effects 
of the interaction between partic le-hole pairs which are 
not represented in the A matrix. 


2X> i; pide'(a— p) Tr(pip;)3t’(a— p)p 


The factor 2 comes from taking account of the upside-down diagram, and A is a certain ‘ 
arises from the excitation of other particle-hole interactions along with Fig. 2. We should notice here, 


assume the sign of potentials for nuclear matter to be 
v<0; 2 

y supposed, the 

are reduced by this correction, because 


a— Pp) Le’ 


One can expect 


AND 


“exchange” scattering strength for p, 


SODA 














etc 


3. Higher order pair scatterings in the 
perturbation expansion. 


We would like to give a somewhat qualitative pic- 
torial argument at this point. The lowest order processes 
which represent the scattering of a pair (hole and par- 
ticle) are given by Fig. 1, where 
called ‘“‘ordinary”’ scattering and (b 
‘exchange”’ scattering of a pair. The next order diagram 
which cannot be represented as an iteration of Figs. (1a) 
and (b) is represented in Fig. 2 I 
in higher order by Fig. 3, etc.). 
Figure 2 represents the correction to Fig. 1(b 
matrix element for Fig. 2 is 


a) represents the so- 
represents the 


which will be followed 


and the 


(a— p)pj4r?(a—p) >, 
A—(é¢, —€ 


I 


‘excitation”’ ene rey whi h 


that if we 


po" > @. 


enhanced, and the other 


>0; p 


—A— (€9'+p-a— €p | <0; p 


the correction to be largest when the “‘*momentum transfer” ( between a pair is small, because in 


such a case all excitations are confined to the vic inity of the Fermi surface, and A takes its smallest value A~0(Q) ]. 


However, because no singularity appears in the potential at small Q (because of the finite range of nuc 


? 


and because the matrix element for Fig. 2 is large only in a small volume of phase space, 


lear forces 


we only obtain a small 


correction to the ground-state energy from Fig. 2 and from its higher order terms. 


} 


Now in the following sections we shall use Figs. 1(a, b) and sums of diagrams of Fig. 2, 


diagrams, and show the procedures which give 
strength of a pair and the one-particle energy. 


‘self-consistent’ 


and its higher order 


, 


equations for determining both the scattering 


The self-consistent method we will use to find the “pair’’ interaction can be described as follows. We first con- 


struct the equation of motion of a “pair,” taking the uniform Fermi-sphere as a starting point : 


[ear q*eCa,H 


—DLeaiiirl: (Ca 


tq) — (€atne'(0) >, apd. 


—{(eapqtnr' (0) Dip Mp— Digs (q)may. 


— (Na—NarQ){X; 0(Q) Tr(pjo) do p: €p+.Q*pjCp: — D jg 2”(G): Cara 


= 
aap My 1 Q)Natq) § a4 


q PjTP)Ca 


+Q*Op;Ca+q) (Cps :— 3 
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where o represents 1, ¢, 7, or o7; 
nm p=1 for p<pr 
=0 for p>pr; 


means that the operators a*, d*, a, and 6 appear ordered ; n is the number of internal degrees of freedom (2 for 
the electron gas, 4 for nuclear matter). 
Let us rewrite (4) in the following form: 


(* Q*0Ca,H7 j= i (Wat Q—Wa)Ca+Q*oCg— (Na Na+Q) # n(Q) Tr(p;c) » aE. Cp4 Q*p Cp: +Aw:Q; 


—!’ 


where 


Aa: a= {Loa q—(eapqtnv' (0) Yop tp— Digi t7(q)ta+atg) ]— Wa (eat nv! (0) Yp tp— YE gj 07(q) arg) |} CarQ*oCa 
+ (ta— Na+) Dj {Le'(Q)—v4(Q) ] Tr(pj0) 3p: py Q*pjep: +X p 04 (a— p): Cp. Q*p,09;Cp:} 
HD aipl: (Ca4+Q*7PjCatq) (Cpyq*PjCp): — : (Cpe q*ejCp) (Car Q—q*pjoCa): ]v*(q), 


and w and #/(Q) are unknown functions which will be determined later 

In (5), we consider the term Ag,g as the residual “interaction” and try to choose w and 7/(Q) so as to make 
Aa; as small as possible. 

Let us construct an eigenmode which has the following property : 


[X*", Hy ]=—w"X*". 
Then it follows 
Hy X*"Wo= (Eo tw") X*"WV, 
where WV is the ground-state wave function. In order to find such an operator Xn*, We multiply both sides of (5) 
with coefficients Pa: Q" 


Lb? tna Ca4 Q* pital | 
= Dea Ca+Q*piCal — (wa4 Q—Wa)Wa;Q”™ Da! (Na a+ Q)Va': Qt doa Wa: Q™'Aa:q (6) 
= — wa"! Poa Wa: Q" Cat Q* plat Y, 

where® 


\ p% Wa QQ” ie Q: 


Then we obtain an equation for Pa. Q"' 
, 1 ys ae 4 , 
[ we"! — (wap Q—Wa) Wa: Q"'=nid'(Q) Yow (ta —Na'+Q)Wa:Q"*. (7) 


If we choose A as small as possible, )) Wa; Q" Ca+Q*piCa represents the operator X*" approximately, and Y*", X” 
represent creation and annihilation operators for excitations of energy w"(>0). Namely, the “packet”’ 


Ag®*"‘=) . Wa: @" Cat. Q*pila(eX*") (we"'>0), (8) 


A_g"™'*= a Wa: Q" CaiQ* pila and, | ")(wa"'<O) 


HrAQ*""Vo> (Eo+we” )A _ Wo, 
AyA Q” Wor (Lo wa"! )A q”" 


if we regard ¥ as a small quantity; and hence A g*"', A_g™ represent ‘“‘creation” and “annihilation” of excitations 
of energy we"' . Equation (7) gives us a complete orthonormal set of functions; hence we can expand Ca; @*pita 
in A and A* by applying the inverse transformation to (8). 

To make Ag-g in (5) as small as possible, we should remember that a*, 6*, a, and 6 appear ordered in the 4- 
operator term of the form : (¢*spc)(e*pe): in A. But since small A means that A* and A given by (8) represent 
creation and annihilation of excitations, then a*pd* or bpa [contained in (e*pe) |] no longer represent creation or 
annihilation of excitations. Namely, as mentioned above, we can expand e*pe(a*pb*,bpa, etc.) in a linear combina- 
tion of A and A*. Then : (e*cpe)(e*pe): must be re-ordered about 4, A* in order to minimize its effect. The re- 


ordering gives us the form: 
: (c*ape)(e*pe): = A*: (e*ape): +: (c*ope): A+ Aw: e*oe: + Av: c*pape:, 


where Aw, Av terms arise because of noncommutativity of A and * with a*, 6*, a, and 6. The terms Aw and A: 
can be combined with terms which appeared originally in A of (5) and the sums of coefficients should be taken as 


® Equation (6) corresponds to [.X*,//7]=—wNX*+Y¥ of reference 3 


J 
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zero to make the effect of A small. In this way, we can get the equation which determines the one-particle energy @ 
and the self-consistent potential #7(Q). Then the equation for the A’s takes the form 


[A*,Hr |_= —wA*+ (A*: c*ope: +: c*ape: A) 
= —wA*+Y 


[from (6) ]; A is now of the form A*:¢*:pe:+:¢*spe:A and the residual “interaction” Y becomes a nonlinear 
coupling between A’s. We can expand :e*epe: again into A’s, but no further re-ordering is necessary because -1* 
and A already stand to the extreme left and right in Y. 

The above procedure provides us with an approximate pair eigenmode A* self-consistently. Of course, to obtain 
“exact” self-consistent equations for 7 and w (one-particle energy), we should assume 


D(Q) — ©(Q; a,p), 


but, for simplicity, we assume the simplest possible dependence on momentum for the # [in some sense of ‘‘aver- 
age,”’ we expect to be able to include in the simple form #’(Q) the effect of the “exchange” term (the fourth term 
in (5)) and the generally momentum-dependent Av which arises from re-ordering of 4-operator term in Ag. g |. 

To solve the equation for ¥, Eq. (7), we take’ 


[ Pag” at+Q| >pr;a<pr| 
nji_ | Pa:Q™'|@+Q| <pr; a> pr] 
Wa Q’' ly n; i] | ° ’ 
| Xa;Q™ eich eos 

A :Q”™' ae+Q <pr ,acp: 

Then Eq. (7) becomes (writing wp,g=wprg—p) 

( op 
Me) 

Wn— Wp: Q) | 


} 
| 


Q™* 

nit 
Q" | — | : ° n 
aah =ni'(Q) De’ (®y.9"'— Oy, 9” 
¢ 
g™*| 


namely, ® and © are coupled to produce eigenvalue equations: 


P; 
P; 
P 
P 


(Wn— Wp; Q7:)Pp.Q”'=nd'(O)(¢,—t,) ¥ p Pp.g”', 


?, Q" 
P,Q rd / , 
O_p-9:9""" 


(note that |p+Q)|> pr, |p, <pr), and X and = can be solved immediately as functions of ® and ©. 
The orthonormality relation for (11) is 


pa ?, Qr™ 7295. Q7 '=bm: nWn Whi, ®P,.Q* "i=¢g,("),.a andi 12 
(The + sign represents the sign w,; the T represents its transposed matrix.) And the completeness relation is 


Wn 
oz : ”, i na Py Q *=5p. p (13) 
Wr 
(this applies only for |p+Q >pr, p| <pr). 
The explicit solution of (10) is given (w,>0) by 


By.Q”** ) (5, p+Q p\ p+Q > pr, p Spr) | 


| @5.9” 


| | +e, 
| Xp:9”"" Wrtbie—wp.g 
| 
NQ"'=nb'(Q) Vp (Pp. '— Op.Q™"), 
where the first term in (14) represents the incident wave for a ‘“‘pair-scattering” state (wg"' is in the continuum), 
Ng" '=nib'(Q)/[1+ fe'(we”') ], 
2w py, gNp(1—piQ) 


fai(z)=ni*'(Q) D> ‘ 
Wp:g’ — (2tie)? 
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with 

we" *=wpo:@ 
(| pot+Q|> pr; | pol <pr and wpo;e is the energy of the incident wave.) For possible “bound” states (plasma 
states), where the first term on the right-hand side of (14) is zero, we have from the orthonormality relation (12) 


(we?'>0): 
1 1 
vomit /|3( . ae ° ) (tna 
Pp (we?i*—wy-:@)? (wei'*+wy Q)” 


Ce) 
-niQ) /|=s00] , 
4 z=wQhis 


1+ fa‘ (wo**) == (3, 


Equation (16) determines both the energy of bound states and the normalization constant .V. 
In the approximation which neglects the dependence of w,,g and 0’(Q) on the coupling parameter \ (we suppose 
v? proportional to A), we have 
0 
N g3i* |? =A—w?i 'nd'(Q), (17) 
Or 


just as in the case of the electron gas treated before®; however, we will not need to use this kind of approximation 
to obtain Eq. (25) which appears in Sec. III. 
The “creation” and “annihilation” operators (8) now become, by using (9) and X, = given by (10): 


AQ*" 
YQ*" ( )==)| (api Q*piby*, b_ppiap_q)®p,Q"* 


A Q”™* 


1 | feet > 
“}- — Nom*(: apa" piap: +: bpsapsby":) 1, ( ). (18) 


we"'+A1e—WwWp.Q we" <0 


We can see by using the relation (12) between ®+-" that A_g™‘ is (A_g*"')! (the dagger indicates Hermitian 
conjugate). By using the completeness relation (13), we get the inverse transform of (18): 


1 , 
Wn t 
* . @ n:i *n “te ee ko T nea ¥n;t 

api9*pib,* ae Wa* -" ?, eo. —-> (ap4Q*piap + ; by: ,QpiDp*: ) 2 ne A Q’ P»:Q ’ 

> nN Wpnclée—Wp’:Q 
b_,pia_p-q= —L Ag*"' O_»-9:9*"' 

1 ‘ 
wi . ‘ .\ ~ Pia Oo ¥n; 
+ (apiq*p.ap +: by yapiby*:) © op Ng” Coe". 
p’ n Wn TlE—Wp’':Q 


Hence for : > p€ps.@*piep:, Which we will write as 7;(Q) by using the definition of Vg"'in (14), we have an expansion: 


— 


ni(Q)= : Dip Cpig*piCp: 


Not Nor 
+ Agr" + A Pl ——- ) +>»: (api o*piapt bp; ¢9,b,*): 
) nd,;(Q 


nv; (VY) ) 


; 1 i Nem‘) 
| 1- Ls ( —— _ pee pore | (20) 
wn>0) Wwe” 'Aie—wp.g we" Fietwp.g/ nd‘(Q) 
(We have used the relation | Vg"'|?=|N_@™‘|?.) 
At this point, one should note that [49"‘,A g*™* ]=n (n is the number of the internal degrees of freedom) and 


so the A’s are not normalized operators, but normalization is not essential to the following arguments. 
Now, we want to make the “interaction” Ag;g in (5) as small as possible. By using expansion (20) for 1;(q) 


®K. Sawada, K. A. Brueckner, N. Fukada, and R. Brout, Phys. Rev. 108, 507 (1957). 





K. SAWADA 


AND T. 


SODA 


:Cpig*pj€p: Which appears in the 4-operator term in Ag,a, we get 


(Car Q*opjCa+q) (Cprg*pjCp): — 
>» 


1(g)[{ aarq*apjbayq*nj(g)+ aayQ*opjn;(q) apg +n; (q) day Qopj@a+q— 


: (Cppq*pjCp) (Car Q—q*pjoCa): }v’(q) 


(ba+q)7*(p;)7 (0) 7n;(q) (bayQ)"} 


—{a— a—q; op — po} |] 


(where T is the transposed matrix), and by shifting the operators A* and A to the left and the right, respectively, 


we reach the following expression for Ag:q: 


tAa Q - Tie Q” 


0) '>- " n»—>, 


— i I 


Na+ Q-—@ 


'Fle—warg: 7 w 


—[wa—(at+V— a and complex conjugate in the above) }}easatoe = 


1 U7 (Q)NatiQtg 


1— Maro q a) ie || 
9" A1€—WarQ—aqiq/ nv‘(q) 


(21a) 


Na—Narg) TI(pjo): Cp+Q*pjCp: 


"I+1¢6— 


W p—a 


We—a 7 1€— We: p—a 


Wp+Q a—p Wp 


1—n,. Ve 7 


nv;(p— a) 


l—ere ’ Me atl? 
— >CpiQ pjop Cp 
a” Fl€— Wat p-a nv;(p—a) 


Mag?) =Yooj PQ): (CarQ*7pjCarq) (Cpr g*pjCp): — (a > a—G; op — po) |re-ordere 


— 


A and A” include Aw and Av, which arose from re-ordering of the 4-operator term in Aq. a. 
In the next two chapters we shall discuss the conditions which minimize (21). 


III. ONE-PARTICLE ENERGY: ELECTRON GAS 


We can minimize Aa. a 
Real (Ag. q" 0: 


= Rea! 


+z, q &\q) 2 


wn 


This is the self-consistent equation for the one-particle 
energy. Because of the appearance of the zero-energy 
denominator in (22), Aa: 
part. This corresponds to the possibility of decay of a 


contains an imaginary 
single-particle excitation into one particle and one 
partic le-hole pair. 

In the case of an electron gas with Coulomb inter- 
action, we reach the same energy expression as previ- 
ously derived by Quinn and Ferrell, and by Rockmore,‘ 
if we use “bare” quantities on the right-hand side of 
(22). To show this, we omit 7(0) from (22) (because we 
assume a background of positive charges which neu- 
tralize the system). Also we set 


(23) 


as given by (21a) by taking wa as the one-particle energy determined by the condition: 


and for .V," we use (14 and €, for 
Wa(€a is kinetic energy). The sum }_, (w,>0) can be 
transformed into a contour integral by using (15) and 
(16). 

If we use, as in the above, 7 
consistent equation for one-partic le ene rgy which con- 
tains all pair-pair scattering effects within the random- 
phase approximation. If we choose 7 so that Ag.q” 


with v(qg) for i(g 


then (22) gives a self- 


vanishes, then (22) will provide us with an equation 
containing all pair-pair scattering effects. In the case of 
very-long-range forces, the dependence of 2’(p—qa@) on 
the direction between p and a@ is too strong to make 
“average” to get Aa.q®’~0 with our simple choice of 
momentum dependence for 7’. But for short range forces 
this angle dependence is rather small and we expect 
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some ‘“‘average’”’ can be taken to make Agjq®<0; this 
is fully discussed in the next chapter for the case of 
nuclear matter. 

Thus in the case of an electron gas we cannot con- 
struct a self-consistent equation for the effective pair-pair 
interaction with our simple assumption of momentum 
dependence of #. But we can see explicitly in (21b) 
that the “exchange” pair interaction (c¢*p;op;e term) is 
“screened.” For example, 24=1, ta,g=0(\a+Q) > pr, 

@ <pr), the coefficient 1 [multiplied by : ¢p4.@*pjopjep: 
v’(p—a) in (5) ] is replaced in Ag;q® by 


> 
an 


»1— 


) NI 4g—,,) 
Wp—a Fle Wp a—p 


\ ?P a awe 2 


(24) 
1+-1€—WaiQ:p-a/ 20'(p—a) 
Using (15), (16), and (17), and the same contour tech- 


nique as in reference 6, we have 


a fq?(A) 
(A>Q) 
1+ f,?(A) 


+ie—A ni?(q) 


A. Q ? 


J p—a! (Wp— Wa) 1 


(Wp—Wa>O)+ 


2r 
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where the /’s are defined in (15). Hence for sufficiently 


small Q: 


+O), 
) 


and inthe case of Coulomb interaction f|p—aj’,(|@a—@p|), 
x1/|p—a)?; hence, for small | p—a 
is screened. 


the interaction 


IV. EFFECTIVE PAIR INTERACTION: 
NUCLEAR MATTER 


As we have mentioned briefly in the previous chapter, 
our simple assumption for momentum dependence of 
i restricts us to constructing @ only for short-range 
forces. To see the effect of pair-pair scattering on #?, 
we treat the case of nuclear matter in 
regarding the 7 


this section 
appearing in our original interaction (1) 
as a pseudopotential (or A matrix) which includes the 
effect of the particle-particle and hole-hole scattering. 
It was already shown by G-H-W®? that Goldhaber- 
Teller modes exist very close to the energy gpr/m 
(g: momentum of oscillation) if one uses feasible pa- 
rameters for the pseudopotential and solves an eigen- 
value equation corresponding to (16). We would like to 
examine how this conclusion can be changed if we in- 
clude all pair-pair interactions self-consistently.’ 

Let us write down Ag.q” explicitly by using (25): 
(w,»—@_ > 0, etc. means the term vanishes forw,—@a<), 


> inl ((Q)—2?(Q)) (ta— Nase) Tr(pjo): Cp. Q*pjep: 


> CpiQpPjTpjCp: (26) 


Let us further confine ourselves to the case of small momentum transfer Q. Then, since the essential part of the 
eigenvalue equations comes from ® and © [see (9), (10), and (11) ], we may consider | p+Q) > pr, |p| <pr or 
p+Q' <pr, |p’ >pr in (26), and correspondingly !e+Q'>>pr, a) <pr or 'a+Q <ppr, a) >pr in (21b). 
For small Q, then |@ ~pr, p ~pr, a+Q) ~pr and | p+Q! ~ pr follows, and we may take wz—w,~O(Q) and the 
terms of (26) in curly brackets which are not multiplied by mq or ma4@ can be taken as O(Q); then 


Aa = (Ma Maya) Le Pi (VQ) — 2 (Q)): €p+Q*pjep: Tr(op;)+1 7 :Cpi.Q*pjopjCp: 


P 


+O(Q), 
cL 


where from (15) 
v'(q) 
> XA(q), 
(pr*/ 2m) 


q Pr). 


7K. A. Brueckner and C. A. Levinson, Phys. Rev. 97, 1344 


> pair interaction is small for the ground-state energy, 
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Avo 


Fic. 4. A graph of the function 


1/2x) Inf (2+a 


A(q) = 3 — (x/8- 


against the momentum transfer x=g/ pr. 











p ~ a ~pr but |p—e! goes from 0— 2p. Inside this range A(p—a) changes rather slowly from 1 to 3 
(Fig. 4). Further, we utilize here the short-range character of the pseudopotential and take v and @ independent of 
momentum: 

(Q)=0, v(Q)=0; (27a) 


we neglect the change of A(p—a), and assume 


fp—a’(O) — fq-.07(0). (27b) 
The assumption of zero range for the pseudopotential and small Q leads to a simple equation for Ag,q’. But for 
ranges of » (or #) > 4(h/uc) (wu: meson mass), Eq. (27b) becomes incorrect, because the angle dependence of 
v(p—a) (!p|~|a!~pr) becomes large (| p—a! ranges from 0 to 2pr) since 2prc~540 Mev and uc?~ 140 Mev. 

Under these reservations, we get as part of the pair-pair interaction the term Ag. q” 


which should be equated 
to zero; 


Aa.q =O=(Ng—-n 


‘a 


+ Q) Dip] (@’—v*) Tr(p;0): €p4.Q*pjep: +0"— 


1+ fq-+0(0) 


> CpiQ*pjopjCp: |. (28) 


By the self-consistent equations (22) and (28), we have left only Ag.q\ which contains 4, A*, already ordered. 


Hence the equation of motion for A only contains nonlinear interactions as was explained in Sec. II. Assuming two- 
body nuclear interactions in momentum space, we have 


v(g)=t'+09(0-0)+07 (7-7) +07 (7-7) (oo). (29) 


We get from (28); (taking ¢=1, oj, 7:, oi7;, respectively) 


3ut Qyre 


v7} 50° 
4it=40'—(- yeas eel en 
l+fr itfe 1tft ity" 


ne 
c 


where, from (27b) and (25 


f?=fq-0' (0) = 46;  — 


W p:q 


; vA 
=j+ 


2(pe/2m) 


—(1—piq)Mp 


307 * 
arene | 
it+fe 14+f* 1+f" 


30 Te ) 


vt yr? 
1+f* i+f? i+/f* i+f* 


qt 
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Actually, we should use m* (effective mass) instead of m in (31) because of the change of the one-particle energy 
(22), but for clarity we use m in the following. 
As an actual potential for nuclear matter, we assume the form: 


V (x) =[Vit (oc) Vet (rr)V e+ (rr) (oc) Vee g(x), (32) 


where g(x) is a function of the space coordinate. The values Vj, etc., are, according to the shell model analysis 
by Thieberger,* 
—40.3 Mev, Vi= —39.3 Mev, 
8.7 Mev, V.= 1.1 Mev, 
V,=Vre=12.6 Mev, Vee=V,= 9.4 Mev. 


(with core included) (without core) 


Transforming (33a) into momentum space [7(qg) = (1/2) fe't:*V (x)dx* ], we have 
5 « J 


4dr 
vA = (v/(0)A)= v,( fees / v¢) 


= V!Xa, 


where yoA! is the nuclear radius and (33b) defines a. The coefficient a can be determined by taking the Hartree- 
Fock ground-state energy of the system to be A times the mean binding energy per nucleon, (—15 Mev). 


A[3 (pr?/2m)+3(v'A —0°A —0°A —3077A) J= —15 Mev A, (34) 
and we get 
a= 1.04, a= 1.33, 


(with core) (without core) 
(pp?/2m~40 Mev). For the evaluation of 7 by (30), we take two sets of values which satisfy Eq. (34): 
: i | 


vA = —46 Mev, v4 = —20.5 Mev, 
and 
vA=0'A =077A = 11.6 Mev, vA=v'A=0"" 16.7 Mev. (35) 
One has a large attractive central force and the other has large o, 7, and a7 dependence. (33a) lies approximately 
in the range of (35). 
The solution of (30) becomes: 
v'A=—13.4 Mev (—78 Mev), 8.23 Mev (—78 Mev), 


and 


=+60 Mev (+26 Mev), TArP=+50 Mev (+26 Mev). (36) 


[The quantities in the parentheses are obtained by taking all f’s=0 in (30), that is the lowest order pair inter- 
action corresponding to the one used by G-H-W.?] The remarkable point in (36) is that, since 2'<0, the term 
—v'/(1+/') in (30) is large and this has the effect of reducing #'A and increasing #7, 0°, #*7A compared with 
the results obtained with f=0, though 67A, #74, 677A are only about two times ‘‘enhanced” compared with f=0 
value for the two different values (35) for v. 

G-H-W? have shown that because of the negative sign for v'A (and #'A with f=0), there could exist solutions 
(wg"!)?<0 for the density fluctuation which leads to instability of the system, and in fact, if we take #'A=—78 
Mev [obtained by taking f=0 in (30) ] we get such a solution. For p;=1, Eq. (16) gives an eigenvalue equation: 

2w p:@ P 
14474 + —(1—p.9)np=0= 14 f)'('), (37) 


ine — (q')? 


8 We are thankful to Dr. R. Thieberger for giving us his potential in a simple form for convenient use. 
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and 


1+ f,'(iA)>14f,!(0)> 1+ f,-00!(0)= 1+ 


2 (pr*/2m) 
1-1, 


he notation of G-H-W. With #!A=—78 Mev, we get 1—Q0,<0; hence there 
—13.4 or —8.23 Mey as we obtained in 


where Q,;= —37'A/ (pr?/2m) using t 
stability condition.’ 


can exist w!=+iA which satisfies the eigenvalue equation. But for 7A 
36), 1—Q,>0 and no such solution exists; that is, the self-consistent solution satisties the 
Writing the eigenvalue equation (16) in terms of G-H-W? notation: 


we have 
—0.44 and —0.54, 


— 1.03); hence, from the diagram given by G-H-W? (Fig. 3 of 
A;= 1.15 


hanged as we include the 


(¢°A obtained by taking f=0 in (30): 1/Q, 
increase for plasma frequency compared to pry m (i.e., 
how the ground-state energy and symmetry energies are « 


For this purpose, we evaluate the expectation value 
t, #y4 the occupation numbers of 


reference 2) we get about 15% 
It will be interesting to sec 
pair-pair interaction in a self-consistent way. 

Hamiltonian by starting from the distorted Fermi sea, indicating by npr, mp4, 
states with proton, spin up, etc. After ordering the operators dp, pt*, by, pt*, ap 
pectation value of total Hamiltoni: in 


» of the total 


pt, 0, pt, etc., we get as the ex- 


: P Ny— Ny Nye tipy—Nyy—Nupt 


1)! HW!) = A} - 


Re — 4 NN¢~TUpy—Nnia—Npt 


Nyt tupy—nyi—upt 


XxX 


tion for the ground state of the system. We evaluate (V Ai 


we used to evaluate Ag.q(5); namely, : Hint: is written explicitly as 


where Vy’ is the wave fun 


> Hine: =D ive U'(q) (Mprg*pidp*ni(g q*pini(q) Aap t+ni(q) by; qpiap— (b,)7*(p 
and we use the expansion (20) for n;(q). Shifting the operators 4, A* to the right and left, respecti 


1—n,)p; | > 


ordered about a a 


R. M. Rockmore, Phys. Rev. 116, 1168 (1959 
106, , where we took : Hint: of the 


ifferent from the method in K. Sawada, P hys. Rev 
form :n(q)::n(qg):—diagonal f expanded both n(q)’s into “pair ” eigenmodes, and pe rforme ) \-13 
rence 6 | whic his n(q)¥ J, and 14) and (15) of K. Sawada, Phys. Rev. 106, 57), wh ve appli pal per 
t this is clearly y e juivalent to the ordering process. The tec hn f t the total energy from the ex 
1 if we determine w and 0 nsistently. So we simply took 


*K. Sawada and 
The method used here is slightly d 


torn 


f the nteraction energy becomes much too complicates 


ation value of the total Hamiltonian 


values of 
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The expectation value of the re-ordered term is approximately 0, since Wo’ is approximately Vo, where Vo satisfies 
the relation AW)=0. In the above expression 7, is the matrix: 
1 ! ; , 
Nyp= (Np; Pt+Np; PItNp: Nt +p, vt) +4 (Mp: Pt +p; Pt —Np, Nt — Np: N4)TS 
+4 (Np; Pt +p; Vt—Mp,P4—Np,NI)O +4 Ny; Pt tp; N4— Np; PL — Np, Nt )O3T3, 
with 2,,;; the occupation number (1 or 0) of states with momentum #, charge 7, and spin 7. By using (25), and 


evaluating the trace, we get: 


— 


Pp 
p+q 


(Wo! : Hino )=—4 Loa 


! ‘ al 2¢ 
[ffi Cera) (qg) 3f% 
+ § S . 

4 ee ee 
| l tfa'( Wp;q) ) 


X (Np: Pt FN p; Pp Np: Nt— Np, Nt) (Nps 


(= foterla) Sv la) She’ 
4 a fj — 


(ns a a Los (41) 


X (5; Pt Mp, Ni— Mp, PU Ny, Nt 


where f,? is a shorthand notation for f,’(/w,;,| ). The last three terms can also be reduced to a much simpler form. 
Let us consider the first of these terms, and suppose our distorted Fermi surface is obtained from the symmetric 


Fermi surface by changing the relative number densities of neutrons and protons (preserving total number 4) by 


J eeee(nvsertner PU—NpF:Nt— NpE 
dar 


the amount 


uniformly over all directions of momentum pr (ZL is the length of quantization box; L Then the energy of 


this system is, from (41) (writing p+q=p’), 


iy hy" 
AF (np—ny) fer dQ. y(t, Pt +p; P§U— Np. Nt— Np, NS) 
8\ 27 


PttNy: py—Np NIN, 


—30"(p—p’)f?_ p—p’| (0) 07(p—p’ 
1+ fio—p71"(O) 


In accordance with the short-range approximation in (27a 


Ak (np—ny) 


which represents a change in the symmetry energy. Similarly we can obtain AE (z¢—ny) and AE(npt+nyy 
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—npy—nyt). Thus we get, by using the relation (30) between @ and 2:"' 


3 pr pr o°A Nnp—nn\? pr o°A ny—ny\" 
(esac (tata) 


pr vA Npttnny—Npy—nnt\? 
+ + - +23(1 
) A 


om “ 


(Wo Hr¥,')=. - 
A 6m z 


) 


5 2m 6m 2 


i L.4.3 w(q) 
p+q 


> pe 


Pi <p 


The last term can be transformed by using the definition of f,/(iv) from (15): 


v(g) 1 er? fq? (ie) 
i a W(g) 2w4_.\1+/,' (ir) 


which corresponds exactly to the expression for the expectation value of the interaction energy in the ground state 
for the electron gas [reference 6, the expression above (34) of this reference ]. For nuclear matter, it was already 
shown that this contribution can be neglected.’ 

The symmetry energy for our model (35) is, in the case (i) where we take f=0 in 


6°A=0°°A=+26 Mev, 


30): o. —78 Mev, 77-1 


pr?) 6m+13 Mev~26 Mev (~2pr’ 6m); 
in the case (ii) where we take the self-consistent solution (36): 
43 Mev (~3.2pr"/6m), and 38 Mev (~2.8p¢" 6m). 


The experimental value is ~ 2pr"/ 6m. These figures can be improved very much if we use the technique to get the 


ground-state energy from the expectation value of the interaction energy. Let us suppose that the potential is 
the parameter A; then we can write (42) as follows: 
E dA) (ho (A)Hr n Wo (A)) 

= (Wo! (A) HoWo' (A) A (V0 (A) Hint Wo (A)). 


Aint 
i a= f awa) —— W(X) +f (Q) 
0 rn 


multiplied with 
13 


Then we can use’ 


If we put the expression corresponding to » — Av from (42), we have 


D(A)A snp—nx\? D(A)A sny—m\?2 
(Vo! (A) Hine Wo! (A) = A] — ( Pi. ( | 
? A ) 4 


) +2X(v'A — 207A —07A — 307A) 


B7°(r “(eo 


hae PTD 
P+q| >?pr Pas 
Pi <?r 


—-4 > Av? (q) 
) 


where 57(A), etc., are given by Eq. (30) with v'—> Av‘, and f,’(A; iv) is given by the expression (15) with 0'(V 


D(X: V). 
By using our model potential (35 
given approximately in Fig. 5. Integration over A as indicated in the equation (44) yields 


1 BT(A)A 
f dX =ai’A ; same for 57(A), 877(A), 
0 A 


1 Cf. K. A. Brueckner and R. Thieberger, Phys. Rev. Letters 4, 466 (1960); W. Brenig, Nuclear Phys. (to be published 
2 Only by summing up the ordinary scattering matrices self-consistency (Brueckner method), Brueckner and Gammel 
obtain the value 2.69 pr*/6m. This is also bigger than the usually accepted phenomenological value ~2pr?/6m 


as Av'A | 21, we have as the solution of self-consistent Eq. (30) the value 
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with a=0.70 and 0.74, respectively. The energy (44) becomes 


Eo( 1) = (Wo HV’) 


3 pr pe ai™A Np—Nnn 2 pr av’A 
REM ceaty (et 
5 2m 6m 2 A 6m 2 


pr av™’A Rpt tuny—Npy—nytr\? 
+ + — + 
om 2 A 


Equation (47) gives as the symmetry energy 


(iii) pr?/6m+ }ad7A =34 Mev (~2.6pr?/6m) 


and 32 Mev (~2.4pF"/6m), 


which is much better than (ii) and comparable to (i). 
Summarizing, we can say that the higher order pair- 
pair interaction affects the ground-state energy rather 
slightly. 
We can see the relation between #’4 and the sym- 
metry energy, as suggested by Brenig"! in (42) and its 
modification in (47). 


V. CONCLUSION 
By requiring self-consistency in constructing the 


approximate pair eigenmode, we have derived equations 
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Fic. 5. Graphs for the solutions of the self-consistent equa- 
tions (30) for the system with potential Av‘, where the 2*’s are 
given in Eq. (35). 
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for the one-particle energy and pair-pair interaction 
strengths. We perform this program explicitly by using 
a simple “‘Ansatz” for the momentum dependence of 
the self-consistent interaction strengths, aiming only to 
see the effects of the pair (particle-hole) interaction. 
We have omitted the requirement of self-consistency 
for particle-particle and hole-hole scattering processes; 
supposing this to have been accomplished at a separate 
stage, and regarding our original interactions as a 
pseudopotential (or A matrix). But our model shows 
the importance of pair-pair interaction when the system 
has attractive forces. In particular, for Goldhaber- 
Teller modes, the resonant (plasma) energy lies at 
about 1.15(prQ/m) (Q: momentum of oscillation). It 
seems that this value will not depend critically on the 
magnitude of the original interaction though it does 
depend on the range of the force as we have mentioned 
concerning approximations (27a) and (27b). There 
exist no density plasma waves; the density wave has 
an energy corresponding to the individual particle-hole 
excitation. 
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Che polarization of a plasma in the neighborhood of a moving ion depends on the ion velocity 


Chis 


affects the distribution of the stochastic field acting upon the ion. The correction to the Holtsmark distri 


bution due to the complete test particle 
up to the order e*. The result is: (1 
essaril\ 


which is not ne 


I. INTRODUCTION 


EW methods for calculating the probability W (E) 

that a test particle traveling through a plasma 
experiences a given electric field E, have been suggested 
recently. The original work on this problem is due to 
Holtsmark! who determined the probability W(E) for 
the case when the test particle is a neutral atom. This 
calculation finds its application in problems related to 
the broadening of spectral lines.? Chandrasekhar*® used 
the Holtsmark results to find the probability W(F) for 
a force F exerted on a star, due to the gravitational 
attraction of the neighboring stars. The Holtsmark dis- 
tribution is obtained by the complete neglect of the 
correlations between the particles, and by treating the 
field as a superposition of independent 
random events. In fact, of course, correlations do exist 
in the system and they cause deviations of various 
types from the Holtsmark distribution. One may con- 
correlations between the 
2) correlations 


stochastic 


veniently classify them as (1 
plasma particles themselves, and 
between the test particles and the plasma particles. 
Diverse approaches have been employed to include 
the correlations in the calculations of the probability 
distribution. A group of workers have concentrated on 
the effect of the collective correlations. Mayer’ treats 
the system of field particles as a system of simple har- 
monic osciilators for small fields [small E in W(E) ], and 
for large fields he takes into account only a single 
nearest neighbor. By using the Bohm-Pines® method of 
collective coordinates in separating the electric field into 
short- and long-range components, Broyles®? has been 
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a shift towards smaller fields, (2) anisotropy, and (3 
equal to the zero velocity effect even on the average 


field particle correlation including this dynamic effect is calculated 


) velocity dependence, 


able to consider these correlation effects rather ac- 
curately. Another school has used the effective potential 
of Debye-Hiickel type® (which is again a result of col- 
lective correlations) to describe the field of the indi- 
vidual particles. Calculations have been made by 
Edmonds’ and Hoffman and Theimer."” Ecker and 
Miiller"* have refined these methods and have been 
able to show by careful machine calculation” that one 
can approximate the collective correlations by using a 
cutoff at the field corresponding to the Debye length. 
Some further aspects of the effective potential method 
have been discussed by Theimer e¢ a/. in several articles." 
A novel approach has been given recently by Baranger 
and Mozer."* It is based on a systematic cluster type 
expansion of the many-particle distribution and takes 
into account correlations of increasing order in the per- 
turbation parameter e°. 

The correlations between the test particle and the 
plasma particles, if considered, are taken generally into 
account through the Boltzmann factor, eventually 
containing the Debye-Hiickel potential. However, the 
concept of local equilibrium, which is the underlying 
physical picture, is hardly applicable to plasmas." 
Instead, the distribution of field particles around a 
moving test particle results as a solution of the corre- 
sponding nonequilibrium problem." '® Such a treatment 
reveals the essential dependence of the particle dis- 
tribution on the test particle velocity. One can easily 
convince oneself that such a polarization effect results 
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partly in an angular dependence of the field distribution, 
partly in a change in the distribution of the directionally 
averaged field. The present note is devoted to the 
explicit calculation of this effect. Our starting point is 
f(r,v), the field particle distribution calculated by us 
in reference 14. In this treatment f? is correct up to 
e’ and yields the distribution of the field particles within 
the Debye sphere. Outside the Debye sphere (r>/, 
h?=kT/4re’n, or for wave numbers k</r"), f% has 
been taken to be zero. This approximation has been 
justified at length in reference 14. Thus our procedure 
consists of the following. The unshielded Coulomb field 
of the uncorrelated field particles is considered. The field 
particles are distributed according to the polarized 
perturbed density in the neighborhood of the test ion. 
The integration of f"’ around the ion is extended to 
finite region only. As a lower limit we take b=e/k7, 
the collision parameter: Within this sphere the linear- 
ization certainly breaks down," but the contribution of 
the corresponding large field is not significant. For the 
upper limit, / is employed as explained in the foregoing. 
We may point out that in this way both the Boltzmann 
factor (up to e*) and the screening (through the cutoff) 
are automatically included. Apart from these customary 
corrections a distinct velocity-dependent dynamical 
effect shows up, which in our approximation is additive. 

The integration of the unperturbed part of the dis- 
tribution f‘(v) is extended over the whole space and 
results in the usual Holtzmark type C(p) (Chandra- 
sekhar’s® notation is used). The probability distribution 
I(E), however, is not a linear functional of C(p) and 
the additivity does not prevail in the final result. 

The reader should be warned here that our procedure 
is definitely not consistent. The correlation between the 
plasma particles themselves has a contribution of the 
order e?, and if there is no reason to the contrary this 
gives a correction to the Holtsmark distribution of the 
same order of magnitude as that considered here. The 
justification of the omission of this factor is that we 
believe that (this effect being physically distinct) its 
influence should be considered separately. In fact, this 
has been the chief concern of many previous inves- 
tigations. In principle we might improve upon our 
calculations in order to include these field particle 
field particle correlations by including results from 
other works. We may use the finax=/ cutoff for the 
undisturbed part of the distribution (Ecker'') or we 
may add to C(p) the second-order correction /2(p) as 
calculated by Baranger and Mozer." The latter pro- 
cedure is in our opinion the most consistent, corre- 
sponding to the spirit of the perturbation analysis 
employed here. In the first approximation the two 
effects (ours, and the field particle-field particle corre- 
lations) are additive, and therefore the superposition 
of distinct corrections to C(p) is admissible. The non- 
linear dependence of W(E) on C(p), of course, mixes 
the various corrections finally. 
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Recently Baranger and Mozer' have extended their 
cluster-expansion method to the case of a charged test 
particle. Thus they succeeded in carrying out a syste- 
matic analysis consistent with e?, and their work in this 
respect is superior to ours. On the other hand, they go 
beyond the customary Debye scheme in the definition 
of the correlations, using constant-density and Debye- 
type distributions for large and small relative velocities, 
respectively. These in fact constitute the two limiting 
cases of our Eq. (7) for v>vr (thermal velocity) and 


v< UT 


II. FORMULATION OF THE PROBLEM 


We consider the probability W(E)dE that a moving 
field in the range E to 
E+dE in a plasma. The probability distribution 
W(E) can be obtained by applying the usual Markov 
method as obtained, e.g., by Chandrasekhar.*® Chandra- 
sekhar’s basic assumptions (V — ~, V— %, m= V/V 

constant, no correlations between the sources of the 
field) and notations will be adopted in this paper. The 
field of an individual particle is taken as 


ion experienc es an electric 


E;= eor/r’, (1) 


and no explicit shielding effect is considered. (Here and 
in the following, subscript 2 and 7 refer to the field 
particles and subscript 1 refers to the test particle.) 
However, in the correction we calculate, the particles 
outside the Debye sphere do not contribute.Therefore, 
to be able to apply the Markov proc edure, we need the 
additional stricter condition : 


Yio, Ny 


IP ny: (2) 


that is, the number of particles within the Debye sphere 
of radius # should be large. This requirement is well 
satisfied under the usual circumstances in a high-tem- 
perature plasma, the ratio /, d (d= interparticle distance ; 
ny=d~*) being large. 

To take care of the correlations between the test 
particle and the field particles, one considers the density 
of the field particles around the test ion, n(r). It is 
customary to regard this as the static pair correlation 


function (pertaining to a test particle at rest), given by 
the Boltzmann factor containing the effective Debye 
potential 


n(r)=n exp[ — (b/r)e—"!" ], (3) 


e,¢2/kT is the collision diameter and mp is the 
average density. To be consistent our cutoff 
approximation and in virtue of the perturbation 
approach we apply (and in the spirit of the Debye 
approximation, too), we make the following 
fication : 


where 6 
with 
simpli- 


r<h 


No, r>h. 


n(r)=ny exp(—b/r), 


We make use of the fact that 


b/d<1, 
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and get 
b<r<h 


r>h. 


n(r)=no(1—b/r), 


= No, 


(6) 


In fact, instead of (6) we wish to use the more exact 
dynamical correlations, which result from the first- 
order solution of the Boltzmann-Vlasov equation. This 
has been given in reference 14, 


n(r)=mo{1—(b/r)[1—(a'r-v/r) | 


Xexp(—ar*l1—(r-v/rv)?])}, b<r<h (7) 


=e #<b, o>, 


where v is the velocity of the test particle and where 
a=mz2/2kT is characteristic for the thermal velocity 
of the plasma. ® is defined by 


2 x 
(x)= J exp( —F)dl. 
\ Tr 


The essential difference between (6) and (7) emerges 
(i) through the velocity dependence and (ii) through 
the anisotropic distribution around the test particle 
(compare with Fig. 2 in reference 14). These two effects 
represent the essential departure in the present paper 
from previous considerations. In contrast to the cus- 
tomary isotropic W(E) it results in a probability dis- 
tribution W(E) depending on the direction of E. 

To proceed, we follow Chandrasekhar’s considera- 
tions.’ The probability distribution is given through the 
characteristic function A (p) as 


W (E)= (27) fap 4(p) exp(—iv-B), (8) 


° 
A(p)= JJ § dr ri(r,) expLip- E,(r,) }. (9) 


i=! 


In (9), E,(1,) is the field of the ith particle situated at 
the point r; with respect to the test particle. 7;(r;) 
governs the probability of occurrence of the ith particle 
at the point r;. Supposing that only statistical fluctu- 
ations compatible with the average density n(r) given 
by (7) occur, 

7,(r;)=n(r)/Na, (10) 


and assuming N and V, to be very large, one gets 
A(p)=e©'P), 


where 


C(p)= f det —expLip- En nce. 


Ill. THE CHARACTERISTIC FUNCTION 
The exact computation of C(p) unfortunately cannot 
be performed. To overcome the complexities of the 
integration we simplify matters by restricting ourselves 
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to the low-velocity approximation. Nevertheless, no 
significant part of the problem will be lost in this way. 
We approximate (r) by expanding it with respect to v, 
retaining first-order terms only: 


n(r)=mno{1— (b/r)[1—(2/\/x)w- (r/r) J}, 


b<r<h (13) 


= No, r<b, r>h (13) 


where 
w=a'y. 


Then (12) is replaced by 


C(w)= f drt1—explip- E.(n)} 


XnoL1— (6 r)+(2/\/r)bw: (r/r* (14) 


To carry out the integration, we consider the three 
parts of the bracket separately. 
(a) The first term, 


Ci(p)= ty f dr(1—explip- Bun 1}, (15) 


is identical with the C(p) of the Holtsmark distribution 
and yields* 


C,(p) = E,.3p!, 
E,= (4 15)!2reon,! = 


Ka=e2/d’. 


2.61 Ea, 


Ea is the field corresponding to the interparticle 
distance. 
(b) In the second term, 


Cx(p)=— mb f dr{1—exp[ip-E,(r) }}1 > 7 
r=b 


we introduce the new variables 


u= E,(r)=eor/r’, dr 


and we obtain with z= 


eo dy ; 
C2(p)= = rine: f f dz[1 —exp(7pus) |. (19 
e/t 1 


In the above integral we replace the upper limit by 
infinity and the lower one by zero. The justification of 
this procedure is as follows. The corrections to the 
Holtsmark distribution that we take into account, are 
of the first order in e’, or in €9 [in terms of the dimen- 
sionless parameter €9 which is defined by (34) ]. Any 
term of higher order in it can be omitted or added 
according to convenience. The change in the upper 


COS( p,U) 
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limit amounts to the neglect of the integral 


2 du f' 
rons) - f dzl[1—exp(ipuz) | 
ex/eu? J _, 


» du 
~ be f —= y= €,7. 
4 


2/b2 


(20) 


To see the value of the term added through the alter- 
ation of the lower limit, we expand the integrand for 
small values of u: 


(1 ‘u?)[1—exp(ipuz) ] 
= (1/u?)(—ipust p'u?e?+ ---). 


The first term vanishes in the z integration. Then we 
are left with the integral 


e2/h? 1 
” rons f piduf dz~ bnyerh *p’. 
0 1 


For the sake of an order-of-magnitude estimate, we set 


(21) 


(22) 


p=E, = eh*/e, (23) 


and obtain that J is indeed proportional to ¢€?. 
Thus, we put 


x 


C.(p)= — 2nbmves f [1—(sinpu/ pu) |du/w, (24) 
and obtain 


( "o( Pp) =—__ (7 2 )besnop = (r 8)Exp, (25) 
where 


h\=e,/h? (26) 


is the field produced by the test particle on the surface 
of the Debye sphere. 

(c) The third term describing the dynamical corre- 
lation can be treated along similar lines: 


r=h 


C3(p)= (2/4 ryono f dr{1—expLip-E,(r) }} 
VY pond 


<w-(r/r?). (27) 


Substituting (18) in (27), we have 


C3(p)=— (1/4 yomves f . dul 1—exp(ip-u) | 


ue 


Xw:(u/u®). (28) 
Choosing in u space the coordinate system so that 
(29) 


p=1.p, w=w(1, cosn+1, sinn), 


where 7 is the angle between w and p, we get with 
Eo= e2/h* 


C3(p)= —2y mnobesw: (p p) 


e/P du ¢ 
xf | f dzl[1—exp(ipus) |z. (30) 
2 Uw } 
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Now, it is easy to see that the foregoing considerations 
used in changing the limits of the integral allow here 
as well of the replacement of the upper limit by infinity, 
but do not apply to the lower limit where the integral 
exhibits a logarithmic divergence. Thus we integrate 
with finite limits (corresponding to the Debye sphere). 
FE» is carried through as a parameter, and we get 


C3(p)=7(4/3) (4/m)nobeow- p[4/3—Ci(pE2) ] 


rue Saal (31) 
=1( ky 3y a)[4 3—( i(pE2) ]w-p., 


where!® 


Ci(x)= -{ dt cost/t 


is the cosine integral, which diverges logarithmically 
for small values of x (large distance). This is due to the 
polarization effect and the accumulation of charges in 
the wake of the moving test particle. In fact, the Debye 
screening makes this contribution finite. Actually it 
remains finite even if h— ~, if this limit is taken 
properly considering that in this case both £, and Fy 
vanish,,and a weakening of the correlation accompanies 
the increase of the Debye length. 

To conclude this section, we write the characteristic 
function combining the three terms, 


A(p)=exp{—F,,'p!4 (2/8) \p 
—i(1/3\/r)E,[4/3—Ci(pEs) ]w- p}. (32) 


IV. THE DISTRIBUTION FUNCTION 


To evaluate W(E), we substitute (32) into (8) and 
carry out the integration. It is convenient to employ 
dimensjonless quantities. We define 

e=E/F.,, (33) 
and similarly instead of /, and 2 we write 
= Ey | Re (e; €2) €0, 

€o= Fo/E,= (15/4)8(1/22) (d/h)? 
= 2(15/4)8(n/RT )e*. 


(34) 


Changing the variables of the integration: 


x=E,p, dx=E,2dp, (35) 


we obtain 


W (e)= (27 F,,) *f axtesp —x}+- (8 /m)(e1/e2)€ox | 


—i(1/3y/m) (e1 /e2) eo § — Ci(ven) we x—ix-e)}. 


We use 


D(x) (37) 


e+ We (x, €0 ), 
where 


g(x,€o)= (1 3y w)(e, e2)e€o| 4— Ci(eox) ] (38) 


is a known function of x with eo as a parameter. Thus. 
16 E. Jahnke and F. Emde, Tables of Functions (Dover Pub 
lications, New York, 1945) 
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with y=cos(x,D), (36) yields 


x 


Wi(e)= (1 E2) f dx exp[—x! + (7/8) (e1/ eo) €ox 


1 


xf dy explL—ixD(x)y] 


a 


(1/29, »f dx x exp[—.x!+ (9/8) (e1/e2)€0x ] 


<[sinxD(x)/ D(x) ]. (39) 


It is convenient to write W(e) as 


W(e)= (1/4rE,3e)G(k), 


W here 


Z 


G(e Jer [ dx x expl — vit (4 8)(e, e2)ex | 


€) 


+(we(xv,eo) €) } (41) 


X{sinLexr (2 €)+(weg(x,¢ 


fe 
is now the modified Holtsmark distribution. 


It is interesting to compare qualitatively this result 
with the well-known Holtsmark function [see reference 


> =--2 


d, Eq. {I99 


G(e) and H(e) are identical either in the trivial case 
e,=0 (no charge on the test particle) or when e=0, 
which is equivalent to no screening or infinite tem- 
perature. The departure of G(e) from H(e) originates 
from three distinct reasons: 

(i) The field partic le—field partic le correlation which 
brings about the screening and the finite range of the 
electric field. The main effect of this correlation is 
absent in our treatment, but it appears in the cutoff 
we applied in the calculations of the velocity-dependent 
term. 

(ii) The static correlation between the charged test 
particle and the field particles (Boltzmann factor). This 
correlation is borne out by the exponential term, 
exp[_(w#/8)(e1/e2)eox ], in the integrand of G(e). This 
point has been discussed by a number of authors.?:6.7-"°.? 
We remark only that in the case of ion-ion correlations, 
a case that mostly pertains to experimental interest, it 


results in the increase at smaller e values. 

The dynami velocity-dependent correlation 
between the test particle and the field partic les, 
reflected by the expression 


(ili 
ds 
e €)+(we(x) €)). This 
represents the main effect from the point of view of the 
present work. It gives rise to the anisotropy of Gle). a 
direction distinguished by w being given in the dis- 
tribution function. Again for ion-ion correlations small 
fields parallel to the motion of the test ion have an 
increased probability, while for antiparallel fields the 
probability for large fields becomes greater. 
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V. NUMERICAL CALCULATION OF Gie) 


The modified Holtsmark distribution G(e) has been 
calculated numerically on the WEGEMATIC of the 
Weizmann Institute of Science, Rehovoth, using (41) 
with the following choice of parameters: 


(1) The test particle and the field particle charges 
are equal: e:= 2. 

(2) The test particle velocity takes four values: 
w=a'v=0, 0.1, 0.3, 0.5. 

(3) The field points parallel, antiparallel, or per- 
pendicular to the velocity v; with # (the angle between 


e and vy) being, respectively, 0=0, (m/ 2), x. 


6(€)}-H(€) €,= O4 


0,02 


b G(e)-H(e) 


0.006 








Fic. 1(a) Deviations from the Holtsmark distribution //(« 
due to the static and dynamic correlations the test 
particle and the plasma particle. The cutoff parameter €, as 
defined be Eq. (34), is taken to be 0.1. Curves are given fot 
w=aiv=0, 0.1, 0.3, 0.5 and angles 9=0, (7/2), 7. The curves 
corresponding to #=2/2 for the above velocity values coincide 
with the w=0 curve (pure static effect). (b) The as (a), 
with €,=0.02 


between 


same 
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(4) The cutoff parameter [ Eq. (34) ] takes the values: 
€)= 0.02, 0.05, 0.1. 


The results are given in Figs. 1(a), 1(b), 2, and 3. 


VI. DISCUSSION OF RESULTS 


In this paper the modification due to the velocity- 
dependent correlation between a test ion and the sur- 
rounding plasma particles in the distribution function 
of the field acting upon the ion has been considered. First- 
order corrections in e® [or in €)=(n!/kT)e? ] have been 
retained, but the more or less familiar field particle-field 
particle correlations have not been included explicitly. 
The numerical calculations are correct for test-particle 
velocities smaller than the thermal velocity. An 
expected drift in the Holtsmark distribution results, 
but apart from that there is a novel effect of a direction 
and a velocity dependence in the probability distribu- 
tion. One may speculate about the experimental rami- 
fication of these results. The quasi-static Stark broad- 
ening of spectral lines emitted by the ion moving in a 
plasma will follow the shape of the distribution, after 
a directional average is performed. If the emitting ions 
are in thermal equilibrium, the final broadening appears 
as the weighted sum over the velocity distribution of 
the lines calculated for a particular velocity. One can 
roughly estimate whether there is a difference between 
this effect and the broadening calculated through the 
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Fic. 2. Deviation from the Holtsmark distribution /7(e) due 
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static correlation. To do this we write 
exp[ —Co(p)—AC(p,v) | 


exp{ —Co(p)}[1—AC(p,v) ] 
Ao(p)—AA(p,v), 


A(p,v) 


where with the aid of (7) 


AC(p,v) = facet —expLiv En }} 


X (6/r)[1—P(a!v- (r/r)) | 


Xexp{—ar*l1—(v-r/or)?]}. (44) 
Then calculating both (4 (p,v)) and AA (p,0) by aver- 
aging over a Maxwell distribution for v, we obtain, 
independently of the temperature, that 


(A (p,v))= (/2)A (p,0). (45) 


Thus one should expect that this additional broadening 
would become detectable under suitable circumstances. 
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The results of precise critical field measurements on tantalum samples which show “soft” superconducting 
behavior are given along with direct measurements of the pressure effect, (@H./AP)7, as a function of 
temperature. The Bardeen-Cooper-Schrieffer theory is used as a guide in the extrapolation of these data 
to absolute zero from 1.1°K. The advantages of using an H? vs T? representation for both the critical-field 
and pressure-effect data are discussed, and it is shown that if both sets of data can be represented in terms 
of power series [H? or (8H2/AP)r vs T*] over a limited range of temperature, it is then possible to write 
down explicit power series expressions for the differences in the thermodynamic functions between the 
normal and superconducting states over this same temperature range. The electronic contributions to the 
specific heats and the thermal expansions for tantalum are calculated from the experimental data 


I. INTRODUCTION 


ANTALUM has been classified in the past as a 

hard superconductor because of superconducting 
transitions that were quite broad and which displayed 
irreversible behavior. In recent years, however, a series 
of investigations has shown that tantalum can be made 
to exhibit soft superconducting behavior if high-purity 
metal is degassed near its melting point in vacuums of 
the order of 10-* mm Hg or better.'~* The investigations 
which are described below were made possible by the 
use of these techniques to prepare the samples. 

The initial purpose in undertaking the present study 
was to investigate the discrepancies between direct 
measurements of the change in zero-field transition 
temperature with pressure,® and those measurements 
in which the same quantity was deduced from critical- 
field pressure-effect data,® or the change in length of a 
sample at the transition in a magnetic field.’ It was 
possible that the discrepancies were due to a lack of 
reversible behavior of the samples in a magnetic field, 
so every effort was made in the present work to produce 
samples of tantalum which were of sufficient purity so 
as to exhibit virtually ideal magnetic transitions. Two 
separate measurements on the same samples were in- 
volved ; first, a precise determination of the critical-field 
curve at zero pressure, and second, the change in this 
critical field with 2000-atm pressure for various tem- 
peratures. The high pressure was generated using solid 
helium, with every indication that no pressure gradients 
existed. 

The major interest in obtaining critical-field data as 
a function of temperature and pressure (or volume) 


* Contribution No: 1001. Work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

+ Now at the Linfield Research Institute, McMinnville, Oregon. 

'W. B. Ittner and J. F. Marchand, Phys. Rev. 114, 1268 (1959). 

2D. P. Seraphim and R. A. Connell, Phys. Rev. 116, 606 (1959). 

3 J. I. Budnick, Phys. Rev. 119, 1578 (1960). 

*D. P. Seraphim, J. I. Budnick, and W. B. Ittner, Trans. Am. 
Inst. Mining Met. Engrs. (to be published). 

5 L. D. Jennings and C. A. Swenson, Phys. Rev. 112, 31 (1958). 

*M. D. Fiske, J. Phys. Chem. Solids 2, 191 (1957). 


7 J. L. Olsen and H. Rohrer, Helv. Phys. Acta 30, 49 (1957). See 


also a recent summary by the same authors, ibid. 33, 872 (1960). 


arises because these data, if sufficiently precise, can be 
used to obtain a complete picture of the electronic con- 
tribution to the entropy and specific heat,® as well as 
to the thermal expansions, for both the normal and 
superconducting states.? For many substances (although 
not for tantalum), the lattice contributions are so large 
as to make direct determinations of these quantities 
impossible, and the superconducting measurements form 
the only practical method for evaluating these electronic 
contributions to the thermodynamic functions. In order 
to obtain absolute values, however, the assumption 
must be made that the lattice contribufons do not 
change at the superconducting transition; if they do, 
one can calculate only differences in thermodynamic 
properties between the two states. 


II. EXPERIMENTAL DETAILS 
A. Zero-Field Work 


Initial experiments were made using a sample of 
highly degassed tantalum wire which was kindly 
furnished by Dr. J. I. Budnick of the IBM Laboratories." 
In order to compare data on this wire with earlier 
results, its zero-field transition temperature 7, was 
measured as a function of pressure to 10000 atm in 
the apparatus described by Jennings and Swenson.° 
This sample (0.5 mm diameter, 2 in. long) was waxed 
to a brass plate, and cut into small segments (roughly 
20 pieces, each 2.5 mm long). These then w@re mounted 
on end parallel to the axis of the high-pressure cylinder, 
and were separated by at least a diameter by a piece of 
cellophane tape. The actual data (Fig. 1} showed no 
evidence of sample deformation or pressure gradients, 
and the sharpness of the transitions (less than 10 
deg) is indicative of the purity of the samples, as is the 
zero field, zero-pressure transition temperature, 4.482 
(+0.001)°K. When the sample holder was warmed to 


8D. Shoenberg, Superconductivity (Cambridge University 
Press, New York, 1952), 2nd ed., Chap. 3. 

*P. G. Klemens, Phys. Rev. 120, 843 (1960) 

© The authors are indebted to Dr. J. I. Budnick of the IBM 
Laboratories for supplying us with this wire. 
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room temperature after this run, there was no evidence 
of deformation of the samples, and indeed, the indi- 
vidual wires were still standing on end with the tape 
unbroken. 


B. Critical-Field Measurements 


The samples used in the critical-field work were 
made in this laboratory from a high-purity electron- 
beam melted wire, 0.8 mm diameter, which was kindly 
furnished by the National Research Corporation." 
Three separate samples were prepared by electron- 
bombardment heating of pieces of this wire to 2900°C 
in a vacuum of better than 10-* mm Hg. An all-glass 
vacuum system which used a mercury diffusion pump, 
a liquid-nitrogen trap and an oven for outgassing of the 
glass at 500°C was used. The resulting samples showed 
grains about 1.5 mm long, and had residual resistivity 
ratios [p(300) /p(0) ] in the normal state of 1500 (+500), 
the uncertainty being due to the short lengths available 
(1.5 in.) and the extreme danger of introducing strains 
and inhomogeneities by deforming the soft wires in 
handling. This ratio was of the same order as that 
reported by the IBM workers for wires of this size.’~* 
Samples 1.0 cm long (two from each wire prepared) were 
cut by waxing the wires to a brass bar, and then using 
a milling cutter rotating at a high speed. 

The critical-field measurements, both at zero pressure 
and as a function of pressure, were made in a 2.5-liter 
capacity all-metal liquid helium Dewar, with a liquid 
nitrogen-cooled solencid mounted about its lower end. 
The solenoid was 8 in. long, with a center opening of 
roughly 2-in. diameter. Because of the exacting needs 
of the H. vs T measurements, it was necessary to have 
an axial field homogeneity of 0.01% over roughly one 
inch in the center of the solenoid. This was accomplished 
by means of compensating coils, and the homogeneity 
was verified both by a mutual inductance probe and 
by nuclear magnetic resonance measurements. The 
calibration of the solenoid was 101.54 (+0.02) gauss/ 
amp, as determined from the proton resonance, and 
was found to be independent of field from 600 to 1200 
gauss.'* Helmholtz coils were used to reduce the effect 
of the earth’s field to a few hundredths of a gauss. 

The solenoid current was furnished by submarine 
batteries (20 v), and was regulated and held constant 
through the use of a transistorized current regulator." 
Critical-field work of the type described below requires 
the ability to increase the current rapidly and smoothly 
to just below the critical field, and then to be able to 


The authors are indebted to the National Research Cor 
poration of Cambridge, Massachusetts, for making this wire 
available. 

2 The solenoid calibration was done by R. A. Hultsch of the 
Ames Laboratory, and appreciation is expressed for the assistance 
which was given. 

'8 The regulator was of the type described by Garwin, Hutchin- 
son, Penman, and Schapiro, Rev. Sci. Instr. 30, 105 (1959), and 
was designed and constructed in the Ames Laboratory Instru 
mentation Shop. 
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Fic. 1. Typical experimental data for the 
zero-field, high-pressure experiments. 


vary the current in infinitesimal steps while passing 
through the transition. Transistors allow this to be 
done very easily. 

All of the superconducting transitions were observed 
using a 33-cps mutual-inductance technique and a 
Hartshorn bridge. The excess paramagnetism of the 
intermediate state always was observed,“ giving a 
unique criterion for determining the transition field. 
The ac measuring fields of roughly 0.1 gauss, rms, were 
used, and it was verified that there was no dependence 
of the critical field on measuring field for wide variations 
about this amplitude. 

In the measurements which are described below, the 
temperatures were determined from a vapor-pressure 
bulb mounted near the sample, and calculated from the 
Tsse scale. The constancy of the temperature was 
monitored using the resistance of a 51-ohm (nominal) 
Allen Bradley resistor, also mounted near the sample. 
The potential drop across this resistor for a fixed 
current was measured on a Rubicon type B potenti- 
ometer, with a 0-100 uv recording potentiometer across 
the galvanometer terminals giving a continuous record 
of temperature fluctuations. This system and the 
vapor-pressure control system were identical with that 
used in previous work.*® 

The zero-pressure critical-field apparatus and tech- 
niques will not be described in detail, since the methods 
were identical with those used in the pressure work, and 
the apparatus was much less complex. Above the A point 
a vapor-pressure bulb was used, while below this 
temperature a 4-in. open tube, ending just above the 
liquid surface, was used to read the vapor pressure 
over the bath. The temperature determinations were 
much more difficult in the high-pressure apparatus due 
to thermomolecular effects; and while this did not 
affect the (0H./AP)r results, less precise absolute 
values of the temperature resulted at the lowest tem- 
peratures attained with this apparatus. Hence, zero- 
pressure critical fields as determined in the pressure 
runs are not given. 


44D. Shoenberg, Proc. Cambridge Phil. Soc. 33, 559 (1937). 





Hw. HINRIC RS 


C. High-Pressure Work 


Previous work on the change in the zero-field transi- 
tion temperature of tantalum with pressure® indicated 
that (@H., 0P)r would be roughly — 10~ gauss/atm, or 
a 2 gauss decrease in 2000 atm. This corresponds to a 
Variation in temperature at constant pressure of about 
6X 10-* deg at low fields, and to roughly 0.2% of the 
highest critical fields. Thus, to be able to measure such 
a small effect, either a very precise temperature meas- 
uring technique must be used (accurate and reproducible 
to 10-* deg from day to day), or a differential technique 
utilized in which the absolute temperature is relatively 
unimportant. The latter method was chosen for these 
experiments, and the difference in the critical fields of 
a sample under 2000-atm pressure and a second identical 
sample (cut from the same wire) at zero pressure was 
measured, with (as was described above) the zero- 
pressure critical-field curve being determined in a 
separate experiment. 

The brute-force technique which was used in previous 
zero-field experiments’ to 10 000 atm was not used for 
two reasons. First, the pressures generated by the solid 
hydrogen were not truly hydrostatic, and it was hoped 
to eliminate this as a factor. Second, because of the 
hydraulic press, the evaporation rates of liquid helium 
from the Dewar vessel were very large, and the neces- 
sary temperatures near 1°K would be difficult to obtain. 
The method which was used to apply the pressure was 
an adaptation of a method described by Dugdale and 
Hulbert,'® in which fluid helium in a bomb was frozen 
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16 J. S. Dugdale and J. A. Hulbert, Can. J. Phys. 35, 720 (1957). 
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around the sample at constant volume. In the present 
experiments, the helium was frozen at constant pressure, 
since slightly higher final pressures could be obtained 
for a given fluid pressure. The previous evidence'®!¢ 
and our experience indicate that the pressures which 
were generated were truly hydrostatic. An air-driven 
oil pump provided a convenient means of attaining the 
maximum pressure of 2000 atm which was used for the 
measurements. The helium gas was compressed in a 
conventional oil-mercury-gas system, which will not be 
described. 

Two separate and conflicting requirements had to be 
be met in the high-pressure sample holder. First, the 
helium had to be solidified around the sample at 
constant pressure, which necessitated the cooling of 
the sample holder from the opposite end from the 
filling tube, while maintaining a temperature gradient 
along it. Second, once the helium was solidified, tem- 
perature differences of more than 10~ deg could not be 
allowed between the two samples. These conflicting 
requirements were met with the sample holder shown 
in Fig. 2. The high-pressure bomb (} in. o.d., 7 in. 
i.d., 3 in. long, constructed from hardened beryllium 
copper) was enclosed in a vacuum jacket which extended 
to room temperature with a heat station in the Dewar 
neck. The lower end of the bomb was connected to 
liquid-helium temperatures by means of a copper wire, 
so that with a vacuum in the jacket and the bomb 
initially at 77°K, the bomb could cool slowly through 
the melting line, the helium solidifying from the bottom 
upwards at constant pressure until the filling line ({-in. 
o.d. hard-drawn stainless steel, 0.024-in. hole filled with 
a 0.020-in. stainless steel wire) was blocked. Exchange 
gas at about 7 mm Hg pressure was then admitted to 
the vacuum jacket, which, together with the heat 
shields, reduced the heat leak into the bomb, while the 
copper block reduced the temperature difference across 
the bomb to a negligible value. The slit in the copper 
block which is shown in Fig. 2 offered a large impedance 
to heat flow down the block when the vacuum chamber 
was evacuated, but effectively became a good conductor 
of heat with exchange gas present. 

The amount of exchange gas seemed to be quite 
critical. If too much (greater than 1 cm Hg pressure) 
were present, large temperature fluctuations of the 
bomb occurred, and a large heat leak was observed into 
the helium Dewar. These dropped rapidly as_ the 
exchange gas pressure was lowered below 1 cm; the 
apparatus was usually operated at a helium pressure of 
7 mm Hg or lower in the vacuum jacket. 

The lack of significant (less than 10~* deg) tempera- 
ture differences between the two samples was verified 
in several ways. First, a preliminary experiment with 
vapor-pressure thermometers on opposite ends of the 
bomb indicated that the temperature difference was 
London) A241, 


16 J. S. Dugdale and D. Gugan, Proc. Roy. So« 
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this small; after this experiment better heat shields and 
the copper block were added, which should have reduced 
the difference still further. Runs made at constant tem- 
perature showed that within experimental error, AH 
was a linear function of pressure, the AH vs P curve 
passing through the origin. Finally, the agreement with 
the zero-field results at 7. was excellent, these latter 
being obtained in a different apparatus and using a 
different technique. 

The determination of the pressure is a major problem 
in all high-pressure experiments at low temperature. In 
the present experiments, the freezing pressure (and 
temperature) was known, and the results of Dugdale 
and Simon!’ could be used to calculate the change in 
pressure in the solid helium due to cooling at constant 
volume from the melting line to 4°K. This correction 
was of the order of 5%. In order to verify that the 
helium actually had solidified at constant pressure, a 
check on the internal helium pressure was obtained by 
using the difference near 7, in the critical fields of two 
identical single-crystal tin samples, one under pressure 
and the other at zero pressure (the second set of samples 
shown in Fig. 2). The data of reference 5 were assumed 
to be correct, and a pressure was calculated. The two 
pressures always were identical to within a few percent, 
a comforting observation which indicated that the two 
sets of experiments are consistent. 

Figure 3 illustrates the data which were obtained in 
a typical pressure run. The secondaries of the measuring 
coils (each 750 turns) in Fig. 3 were wound in opposition, 
with a common primary (10 turns/cm). Thus, as the 
magnetic field was increased, first a mutual inductance 
contribution due to the sample under pressure ap- 
peared, then the contribution due to the zero-pressure 
sample. The hump is due to the apparent paramag- 
netism of the intermediate state, and the width of the 
hump is several times greater than would be expected 
on the basis of the calculated demagnetization factor. 
Because of the small skin depth even at 33 cps, the 
whole sample was not observed, only the outer 0.1 mm; 
this is probably why these curves do not show the very 
large magnitude of the susceptibility which would be 
expected ideally in the intermediate state. 

The abrupt change in the mutual inductance was 
taken as the transition. The off-balance signal exhibited 
a great deal of noise and jitter in the intermediate state, 
which completely disappeared in the normal state. By 
observing the temperature and pressure dependence of 
the initial drop in the mutual inductance of the high- 
pressure sample (left-hand side, Fig. 3), this was shown 
to be characteristic of the intermediate state, with the 
true superconducting transition being given by the 
second drop. When necessary, the critical fields were 
corrected for any temperature drifts which occurred in 
the time between the observations of the two transitions. 
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TABLE I. The experimental data for the zero-pressure 
critical-field curve of tantalum. 


Ta-10 
‘ IT. (gauss 
91.73 
227.21 
295.64 
426.30 
522.70 
614.23 
645. 
679. 
708.. 


Pa-11 
K) 


Hi, 


(gauss) 


1.52 
6.87 
51.11 
91.00 
146.52 
225.59 
311.45 
507.9 
645.7 
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734. 
766.8 
769.8 


III. EXPERIMENTAL RESULTS 


The experimental critical-field data for runs on two 
different samples are given in Table I. The deviation 
plot of Fig. 4 (which shows the difference between the 
observed critical-field curve and an assumed parabolic 
shape) illustrates the amount of scatter in the data. A 
systematic difference in the critical field values seems 
to exist below 1.5°K, with a mean discrepancy of about 
one gauss. This is not understood. The critical-field 
data as a whole could be represented with an rms 
deviation of 0.55 gauss and a maximum deviation of 1 
gauss, by the expression 
H =825.3—45.25 T°+-0.01859 T*+-0.02000 T*® 


—§.312 


1.1°<T<4.4/9°K=T,. 


By Ad 


The rms deviation (0.55 gauss) is equivalent to an 
uncertainty in the temperature of 0.5 X 10~ deg near T,, 
and to an uncertainty of less than 0.1% in the critical 
field near 1.1°K. The actual data agree very well as to 
shape of the critical-field curve when compared with 
data given by Budnick*® and Mapother ef al.'* but a 
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Fic. 3. A typical set of experimental data for a pressure-effect 
run. The transition fields of the high-pressure sample Sp and the 
zero-pressure sample Sp are indicated. The reason for the different 
magnitudes of the humps is not known. 


18 R. W. Shaw, D. E. Mapother and D. C. Hopkins, Phys. Rev. 
120, 88 (1960) 
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Fic. 4. The experimental! zero-pressure critical-field data, ex 
pressed as a deviation from a critical-field curve of parabolic 
behavior. An H»)=824.0 gauss has been assumed, and the solid 
curve corresponds to Eq. (1). 


systematic discrepancy seems to exist in the absolute 
values, our data being slightly lower. Shaw has used the 
apparatus of reference 18 to determine six points on the 
low-temperature end of the critical-field curve of sample 
Ta-11 and finds that Ho= 828 gauss (compared with 825 
gauss above), with excellent agreement as regards the 
shape of the curve. It was his impression that the transi- 
tions for this sample were, if anything, better than were 
observed with their sample of IBM tantalum.'® Sample 
Ta-11 gave the higher critical fields in the present 
measurements (Table I), so that the magnitude of the 
systematic discrepancy between the two different 
techniques is perhaps of the order of 0.2%. 

The results of the zero-field experiment which used 
solid hydrogen as a pressure transition to 10000 atm 
are given in Fig. 5. The value of dT./dP which can be 
obtained from these data [d7’., dP= —2.6(+0.1) x 10-* 
deg/atm ] is in excellent agreement with other data on 
considerably less pure tantalum (the 7,’s being as low 
as 4.30°K, compared with the present 4.47°K).”° 

The data for the change in critical field with pressure, 
(0H ./dP)r, as obtained in several runs with two differ- 
ent sets of samples, are given in Fig. 6. The uncertainties 
at lower temperatures are due to difficulties associated 
with the finite width of the transitions (several times 
the shift which was observed), possible inhomogeneities 
in the magnetic fields (0.01% represents about 0.08 
gauss near 1°K) and excessive bridge noise caused by 
vibrational pickup in the mutual inductance coils. For 
purposes of calculation (see the next section), it is con- 
venient to use the quantity (0H 2/dP)r, and the data 
of Fig. 6 can be represented by the expression 


(0H 2/dP)r=—1.7(+0.2)[1—1.1(40.12)¢ 
+0.10(+0.12)4], (2) 


4% R. W. Shaw (private communication, 1960). 
* See reference 5, and unpublished data from this laboratory. 
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where ‘=7/T,. is the reduced temperature. This ex- 
pression (in which like signs must be taken together) 
reflects the relatively higher accuracy of the data taken 
near T., and the uncertainties in the low-temperature 
data. 


IV. THERMODYNAMIC CALCULATIONS 


The major use of the data given in Sec. III is to 
calculate the electronic contributions to the various 
thermodynamic functions for tantalum. It has been 
customary to use an H vs T? power-series representation 
of the data to do this, but the calculations become 
somewhat tedious as various derivatives are evaluated.® 
However, it will be shown below that if an H? vs T? 
power-series representation is used, the calculations 
become much less involved, and it is possible to write 
down explicit expressions for both the heat capacity 
and the thermal expansion due to the electrons in the 
superconducting state. The major disadvantage is that, 
while the H vs T° is almost linear (due to the approxi- 
mately parabolic nature of the critical field curves), H” 
varies rapidly with 7°, and near 7, the representation 
is not precise. The consequences of using this latter 
representation are discussed in some detail below, and 
the analysis is applied to the specific case of tantalum. 

The thermodynamic relationship on which the fol- 
lowing analysis is based, 


(0H ./0T) p= — (4r/V,.H.)(S,°'—S,°), (3) 


is derived elsewhere.® Here it has been assumed that the 
lattice properties do not change in the superconducting 
to normal transition. This is a reasonable assumption 
since the compressibilities in the two states are the 
same to within at least one part in 10°. All available 
experimental data for pure metals in the normal state 
indicate a free electron-type behavior, with C,°'=S,°*! 
=7T. With this assumption, Eq. (3) can be rewritten 
as 


(0H 2/0T?) p= —(4r/V 
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Fic. 5. The results for the zero-field, high-pressure experiment. 
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1 C. Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, New York, 1956), 2nd ed., Chap. 10. 
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On theoretical grounds, it has been shown that S,°! 
should decrease rapidly as the temperature approaches 
zero,” and most experimental evidence indicates that 
S,*! varies at least as rapidly as 7° in the low tempera- 
ture limit. In this limit, then, S,*! is negligible compared 
with S,°!, and Eq. (4) can be integrated to give 


H?=H?—(4ry/V,)T’, 


W=1—(4eyT 2/H VE, (S) 


where H, is the critical field at absolute zero, T, is the 
zero-field transition temperature, and h=(H/Ho) and 
‘=(T/T.) are reduced critical fields and temperatures, 
respec tively. 

Equation (5) indicates one immediate advantage of 
an H? vs T? plot, since data when plotted in this manner 
should approach linear behavior with decreasing tem- 
perature much sooner than when H is plotted vs T° 
It was for this reason that we initially chose to represent 
our data in terms of H? (or h*) vs T? (or &), even though 
a better fit was obtained with the H vs T? power series 
[Eq. (1)]. One could, indeed, merely square this 
expression, but it would become quite unmanageable in 
length. The choice of an H® representation, either in 
terms of T or 7°, is obvious from a consideration of the 
basic thermodynamic relationship for the free-energy 
difference between the two states at the transition line.® 

The difference between the heat capacities of the 
normal and superconducting states can be obtained 
from Eq. (4) by differentiation: 


‘l= —(V,7/44){ (0H 2/aT”) 
+27T°(e?(H2)/a(T2Z) }}. (6) 


Since C,°!' is given directly by the low-temperature 
portion of the critical-field curve [Eq. (5) ], this equa- 
tion can be used to calculate C,*! explicitly. 

Equation (5) also can be used to establish the low- 


temperature behavior of the pressure-effect data, since 


2 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 


108, 1175 (1957; referred to here as BCS. See also B. Muhlschlegel, 


Z. Physik 155, 313 (1959). 
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in this limit, 


lim(0H2/dP)7= (dH ?/dP) 


T—0 


+ (4ark.y/V)E(d Iny/d InV)—1]T?, (7) 


where k,=(—0@InV/0P)r is the isothermal compres- 
sibility. This expression shows how pressure effect data 
may be used to obtain the volume dependence of y, 
and, hence, of the density of states.’ This quantity is of 
some theoretical importance, but it also is of interest 
since it affords a means for estimating the electronic 
contribution to the thermal expansion of the normal 
state. If it is assumed that the entropy of the normal 
metal can be expressed as the sum of an electronic term 
(S,°'=yT) and others, the Maxwell relationship, 
(OV /dT)p=—(0S/0P)r, can be used to obtain 


B,°'= (0 InV,/0T)p=(k,yT/V)(d Iny/d InV). (8) 


In all future expressions, the difference between the 
volumes and the compressibilities of the two states will 
be ignored as negligible. 

Finally, a differentiation of Eq. (3) with respect to 
pressure, together with the use of the same Maxwell 
relationship, gives the difference between the thermal 
expansions of the normal and superconducting states: 


(T/4r){0/0T?(0H2/0P)r 
—k[ @H?2/d(T*)* |p}. (9) 


B,°'—B,"'= 


The second term is a magnetostriction contribution 
which arises because Eq. (3) applies only along the 
equilibrium line. Equations (8) and (9) can be combined 
to give explicitly the electronic thermal expansion of 
the superconducting state in the case where only the 
electronic thermodynamic the 
transition. 

The above discussion is quite general, and involves a 


functions change at 


restatement of conventional thermodynamic expres- 
sions. When analyzing experimental data, however, it 
is useful to have an indication as to the expected tem- 
perature dependence of 4°. In particular, it is desirable 
to have some guide as to the temperature below which 
a linear dependence of #? on ? may be expected to occur, 
since most data do not extend to sufficiently low tem- 
peratures. Bardeen, Copper, and Schrieffer have used 
a simplified model of a superconductor to predict a 
generalized critical-field curve which can be expressed 
in reduced terms, and from it, they have calculated the 
thermodynamic properties of the electrons in the super- 
conducting state.” Their results can be used to give an 
approximate indication of the behavior of an actual 
critical-field curve.’ Their Eq. (3.38) for the critical- 
field curve has been evaluated using numerical inte- 
grations by a digital computer where necessary, and 
*%E. A. Lynton, B. Serin, and M. Zucker, J. Phys. Chem. 
Solids 3, 165 (1957). A variation of this approach to obtain y from 
critical-field data was used. Equations (5) were given also by B. 
Serin in C. J. Gorter, Progress in Low Temperature Physics, Vol. 1 
(Interscience Publishers, Inc.,| New York, 1955), p. 138. 
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Fic. 7. A reduced critical field plot of the form, (1—/?)/? vs F. 
he error bars represent +0.05% uncertainty in the data. 
the low-temperature part of the resulting curve has 
been plotted in Fig. 7.* The particular representation 
[(1—h*)/f vs &] was chosen because the expected low- 
temperature behavior of /° results in an asymptotic 
approach of the ordinate to the value 2.1148 as the tem- 
perature approaches zero. This plot is also extremely 
sensitive to uncertainties in both /# and ¢ in the region 
of interest (? <0.3), the effect of +0.05% variations in 
h are represented by the error bars on the experimental 
points. It also can be shown that a linear (nonhori- 
zontal) curve on the graph corresponds to a 7‘ con- 
tribution to the free energy (and, hence a T* contribu- 
tion to the heat capacity) of the superconducting state 

in the region of linearity. 

The theoretical curve in Fig. 7 can be used in the 
analysis of the critical-field data as follows. Within our 
experimental accuracy, from f=0.1 to F=0.3 the 
theoretical curve would appear to be indistinguishable 
from a power series representation which included 
only f and f terms, and, hence, it would be possible to 
replace the BCS curve on this plot below &=0.3 (within 
0.05% in h) by two straight lines which intersect at 
roughly /=0.08, as is suggested by the dashed lines in 
Fig. 7. Only extremely precise experimental data could 
hope to yield the shape of the critical-field curve below 
f=0.1, and uncertainties in the temperature 
below 1°K could mask this completely. 

The limiting values for both H» and y were calculated 
from our tantalum data in the following manner. A 


) 
l 
‘ 


scale 


* To be published in an Iowa State University report. A further 
discussion will be given in a paper by J. E. Schirber and C. A 
Swenson, following paper [Phys. Rev. 123, 1115 (1961) ]. 
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power-series representation of the experimental data 
below &£=0.34 (of the form H?= Hy’+A.T?+ A 4T") was 
used to calculate (0H 2/0T*)p at T?=0.08T 2 (1.14°K), 
and this slope was used to obtain a linear extrapolation 
of the data from this point to absolute zero. This extra- 
polation corresponds with the horizontal part of the 
theoretical curve in Fig. 7, and can be used to give a 
value both for H» and for y. The power series (which 
effectively assumes a 7* dependence of the heat capacity 
to absolute zero) also can be used to calculate a second 
set of values for these two quantities, and, presumably, 
the correct values lie somewhere within these limits. 
When this procedure was carried out for tantalum, 
both Ho and y were smaller for the linear extrapolation 
than for the quadratic extrapolation, the two values for 
H, differing by about 3 gauss (0.4%), while y decreased 
from 15.310 cal/mole-deg? to 13.810 cal/mole- 
deg’, or by 10%. 

In order to calculate the thermodynamic functions 
for the superconducting state, it is convenient to have 
the experimental data expressed in terms of the reduced 
variables, 4 and /, in the form: 


Vv 


i= > 3 a al" 


n=() 


(10) 
Using Hy=824 (+1.5) gauss, which corre sponds with a 
value for y= 14.3(+0.5)10~- cal) mole-deg*, the ex- 
perimental data for tantalum could be expressed as 
(0.06<? <0.34) h?= 1.0017 —2.19140°+ 1.252194, (11a) 


rms dev. =0.65 gauss: 


(0.06<f <0.88) h?= 1.0054—2.2525° 


+ 1.49671 


rms dev. 


- 2.497018, (11b) 


0.75 gauss. 


The maximum value of / was introduced because the 
least-squares fits were very insensitive to errors for small 
values of h?. A major contribution to the deviations is 
given by the systematic differences between the samples 
below 1.5°K. 

The most probable value of y= 14.3 (40.5) 10™ 
cal/ mole-deg? which can be obtained from these meas- 
urements is in essential agreement with the calorimetric 
value of 13.6X10~ cal mole-deg? which is given by 
White, Chou, and Johnston,” the same molar volume 
being used in each case (V,,,= 10.83 cc). Both the devi- 
ation plot (Fig. 4) and the representation of the data 
in Fig. 7 are sensitive to the choice of H 
to y, since these are closely related. It is convenient to 
define a new quantity 


, and, hence, 


ao’ = —Yy(T../ Ho)*4r/ | 2.08, (12) 


which is, essentially, the limiting slope of the “true” 4° 


vs f plot at absolute zero; ay’ is then the asymptotic 


25D. White, C. Chou and H. L. Johnston, Phys. Rev. 109, 797 
1958). This paper gives references to work published earlier. 
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low-temperature ordinate of the plot in Fig. 7 [where 
Eq. (11a) is also plotted ], and (a.’/2—1) is the limiting 
slope of the deviation plot of Fig. 4. One advantage of 
the ® vs f representation is immediately obvious; the 
h vs # plot, although apparently linear below ?=0.34 
due to a predominantly 7* contribution to its heat 
capacity, reaches a true linear behavior for tantalum 
only below ?=0.02 (0.6°K). The i? vs & curve, on the 
other hand, should become linear below roughly 
f=0,05 (1°K). 

rhe heat capacity of the superconducting state (C,°!) 
can be obtained from Eq. (6), and, in the notation of 
Eq. (10), 


= —[ (dy— ay’) / ay’ |t—6(a4/ ay’ )P 


X[1+2.5(a6/as)P+4.67(as/ay) J, (13) 


—(0.053(+3.62F, (0.06<°<0.34); (13a) 


0.080/+- 4.32 (1—0.416), 
(0.06<P? <0.88). (13b) 
These expressions are limited to the region of validity 
of the power series (11a), (11b) from which they are 
calculated, and cannot be used for extrapolation at 
either temperature limit. The value of this ratio at ‘= 1 
can be obtained from Eqs. (1) and (6); 
Css 


(OH. dT), r(yV 4ir)+1 


= — (ay) (0h/ Ot), 7 +1=2.62. (14) 


Values calculated from Eqs. (13a) and (13b) differ by 
as much as 5% in the region of overlap, which estab- 
lishes the accuracy of the calculations. A major sys- 
tematic uncertainty is due to the value of a2’ (or y). 
The results of the calculations are shown in Fig. 8, 
where they are compared with the actual calorimetric 
data of White, Chou, and Johnston,” as corrected for a 
lattice contribution to the heat capacity, which is 
shown also. The agreement would seem to be satis- 
factory in view of the difference in the purity of the 
samples (T,=4.39°K vs our 4.48°K). 

The pressure effect data have been given in Eq. (2) 
in the form 


V 
(0H 2/0P)r= (dHe/dP) Y bopl?". 


n=) 


(15) 


In this notation, the volume dependence of y, which is 
necessary for the calculation of 8,°' in Eq. (8), can be 
expressed as 


d Iny d InV = 1—(26," a./k)d InHo/dP 


1+ (2b. /ao’)d InHy/d InV, (16) 
where b.' is used since it is possible that, as in the case 
of the heat capacity, the power series may not apply to 
absolute zero. This is not relevant for tantalum. If 


k=4.5(40.2)K10-* atm“ 
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Fic. 8. The calculated electronic contribution to the super 
conducting heat capacity of tantalum, compared with the direct 
calorimetric measurements. 


is assumed, then 


d InHo/d InV =2.75(+0.3) 
and 


d Iny/d InV = 3.9(+0.7), 
and, from Eq. (8), 
B,°'=1.0(+0.1) X10 T deg. (17) 


8,°! can be calculated from Eqs. (8) and (9), and, in 
terms of Eqs. (10) and (15), becomes, in dimensionless 
terms, 


(8,°.V /yT Rk) = —ae't © (neont?@"— — 02’), 


n=O) 


(18) 


where Co, = (do, +2b2,d InHo/ d InV). 
For tantalum, because of the uncertainties in the 
pressure effect data, this quantity can be written 
(B.°V /yT k) =1.9(+0.5) (—0.11+8—0.190°) 
= 1.9(+0.5)#, (19) 


B,°'=2.3(+0.6) « 10-" T? deg. 


At T., the ratio of 6,°'8,°' as calculated directly 
from Eq. (9) should be approximately 3, in agreement 
with the above calculation. 


V. CONCLUSIONS 


The excellent agreement between directly measured 
values of (0H./0P)r and those which can be obtained 
from critical-field data and (d7T./dP) measurements 
(see Fig. 6) removes the discrepancy which was men- 
tioned in the Introduction. Indeed, as purer samples 
have become available, the (V,,—V,) data at the transi- 
tion line appear to be in better agreement with the 
above results.? It would seem that for superconductors 
thermodynamic quantities which can be measured in 
zero field may be quite insensitive to impurities, while 
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those which can be measured only along the transition 
line require very pure samples. The agreement between 
the direct calorimetric measurements of heat capacity 
and the calculated values may be considered as an 
example. Direct measurements of the thermal expan- 
sions also would be of interest. These measurements of 
the pressure effect are to be preferred to those values 
which can be deduced from the AV / Vo measurements’ 
because of the higher purity of the samples which 
were used. 

Two factors which are involved in the use of the h? 
vs © representation of experimental critical-field data 
are worth emphasizing. First, it is possible to use the 
general shape of the BCS theoretical critical-field curve 
to establish the limits of error on values of both Ho 
and y which are obtained by extrapolation. Second, 
once H, and y have been determined and the experi- 
mental h? alien represented as closely as desired by a 
power series in & region of interest, explicit 
expressions for the heat capacity (and with pressure- 
effect data, the thermal expansions) can be written down 
in terms of the appropriate power-series coefficients. 
This is a convenience for calculation, and is possible 
only because in practice the rapid [exp(— 1/2) ] decrease 
of the heat capacity as the temperature is lowered 
occurs only after its influence on the critical-field curve 
is no longer detectable ¢ xperimentally. 

One application of the combined critical-field and 
pressure-effect data involves the calculation of the elec- 
tronic contributions to the thermal expansions of the 
normal and superconducting states. Tantalum is a poor 
subject for this type of analysis, since accurate pressure- 
a are difficult to obtain for it. 

For many substances, such as mercury, however, the 
critical-field pressure afford 
perhaps the only means for obtaining these data, since 


over the 
1 


effect dat 


data as a function of 
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the lattice contribution may be expected to predominate 
until the thermal expansions are very small. For tan- 
talum, the lattice contribution could be quite small 
when compared with the electronic contribution, as can 
be demonstrated by the following argument. If it is 
assumed to a first approximation that the Mie- 


Griineisen equation of state is valid for the metal, the 
lattice contribution to the entropy can be written as 
S(@(V)/T), and by an argument similar to that which 
gives Eq. (8), 


Blattice= — (Chatticek/ Vd 1n6/d InV = 


where it has been assumed that @ is the Debye @ (255°K), 
and a reasonable value for the Griineisen constant, 
—d |n@/d InV =2, was used. 8,°! and Biattice become of 
the same order of magnitude at 10°K, and at 4°K, 
8,°' is about six times larger than Biattice. 

Thus, the indications are that tantalum is a very 
promising substance for which to attempt to detect the 
existence of the electronic contribution to the ghermal 
expansion by direct measurement. f 

In principle, it should be possible to dutermine 
whether or not the critical curve for tantalum can be 
expressed in the form h= f(t), where Ho and 7. vary 
with volume independently. Unfortunately, the preci- 
sion of the pressure effect data is not great enough to 
verify this relationship which is implied by the BCS 
theory. 


10-” 73 deg, (20) 
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Precise critical field measurements and a direct measurement of (d///0P)r as a function of temperature 
were made on physically identical samples of a- and 8-Hg. The purpose of these measurements was to obtain 
data on the effects of crystal structure on the properties of superconductors, and to permit calculation of 
various thermodynamic quantities difficult to obtain in any other way. The critical fields of the two phases 
were found to be identical when expressed in terms of the reduced variables H/H o and T/T. No generali 
zations of this type could be found to explain the pressure effects. The advantages of an H? vs 7° 
and (0H?/dP) vs T? analysis for extrapolation to absolute zero are stressed. The critical fields of several 
representative superconductors are compared with the critical field predicted by the Bardeen-Cooper 
Schrieffer theory, using a plot that emphasizes the detailed shape of the curves at low temperatures. This 
plot also can be interpreted in terms of the @/T. dependence of the width of the energy gap. The agreement 
between calorimetric and critical field determinations of the electronic specific heat in the normal state is 
shown to be improved by using the H?— 7? extrapolation. The volume dependence of the reduced energy 
gap is shown to be very small for those superconductors for which pressure effect data are available. 


INTRODUCTION 


HE £-Hg phase, which is a stress-induced modifi- 

cation of solidified mercury, is stable at zero 
pressure below 79°K.' A solid-solid transition was first 
observed in mercury by Bridgman above 200°K at 
pressures in excess of 10 000 atm.’ Extrapolation of his 
data to zero pressure indicated that the transition 
should have been observed near 80°K, but specific heat,* 
metallographic and x-ray diffraction studies! gave no 
indication of such behavior down to liquid helium 
temperatures. The work of Jennings and Swenson® on 
the effect of pressure on the zero-field superconducting 
transition of mercury showed anomalous 
depending upon the thermal and mechanical history of 
the sample. Subsequent work by Swenson showed that 
this behavior could be understood on the basis of a 
polymorphic transition in mercury requiring stress to 
initiate formation of the 6 phase at all temperatures.! 
Preliminary work on the zero-pressure superconducting 
properties of the two phases was reported elsewhere.® 


effects 


8-Hg crystallizes in a body-centered tetragonal 
lattice? which is close to a linear chain structure, while 
ordinary mercury (a-Hg) possesses a rhombohedral 
structure* which is almost close-packed. The great 
difference in the symmetry of the two lattices suggests 
quite different thermal and electrical properties for the 
two phases. A Debye @ for 8-Hg of 93°K at 79°K can 
be estimated from the phase transition data and the 
corresponding Debye @ for a-Hg, 87°K. These values of 


* Contribution No. 1000. This work was done in the Ames 
Laboratory of the Atomic Energy Commission. 

1C. A. Swenson, Phys. Rev. 111, 82 (1958). 

2 P. W. Bridgman, Phys. Rev. 48, 896 (1935). 

§P. L. Smith and N. M. Wolcott, Phil. Mag. 1, 854 (1956); 
R. H. Busey and W.F. Giauque, J. Am. Chem. Soc. 75, 806 (1953). 

*C.S. Barrett, Acta Cryst. 10, 58 (1957). 

5 L. D. Jennings and C. A. Swenson, Phys. Rev. 112, 31 (1958). 

® J. E. Schirber and C. A. Swenson, Phys. Rev. Letters 2, 296 
(1959). 

7M. Atoji, J. E. Schirber, and C. A. Swenson, J. Chem. Phys. 
31, 1628 (1959). 


6 are consistent with a resistivity ratio of 1.70 which 
was observed at 79°K. 

Mercury is the only known example of a_super- 
conductor which exists in two crystallographic modifi- 
cations, both of which exhibit nearly ideal super- 
conducting behavior. A comparison of data on the two 
phases offers an opportunity to investigate the effect 
of structure upon superconducting properties. The 
Bardeen-Cooper-Schrieffer (BCS) theory,’ for example, 
suggests that the superconducting properties of a metal 
should be relatively insensitive to crystal structure and 
should obey a law of corresponding states; that is, the 
critical fields of all superconductors should be given by 
a common curve when the data are expressed in the 
reduced variables (=7/T. and h=H/Ho. (T-. is the 
critical temperature at H=0; and Ho, the critical field 
at T=0.) In addition to a check of these predictions 
for this simple case of two modifications of a single 
metal, a knowledge of the critical field of a super- 
conductor as a function of temperature and pressure 
allows the calculation of electronic contributions to the 
specific heat and thermal expansions, which are, in 
many cases, difficult to obtain in any other manner. 
This is particularly true in the case of mercury where 
the Debye @ is unusually low, so that lattice effects 
almost completely overshadow the electronic contri- 
butions. With the above purpose in mind, critical fields 
for both phases of mercury were obtained as functions 
of temperature and pressure on physically identical 
samples. 

These measurements involved two experiments, the 
direct measurement of the zero-pressure critical field 
and a two-sample (one at zero pressure, the other under 
pressure) method of obtaining (0H /0P)r. In the latter 
measurement, the pressure was transmitted by solid 
He‘. The magnitude of the pressure was obtained by 
calculating the pressure drop from the melting curve 
to operating temperatures using the data of Dugdale 

8 J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 108, 
1175 (1957). 
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and Simon on the phase diagram of solid He*® and 
subtracting this value from the fluid pressure initially 
imposed on the sample. This determination was checked 
using the “known” value of (dH/dP)r, for Sn to 
calculate the pressure difference between two small Sn 
samples mounted with the mercury samples.® The two 
pressure determinations were found to agree to within 
2%. The apparatus and experimental procedures used 
in these measurements are described in the preceding 
paper by Hinrichs and Swenson." 


EXPERIMENTAL DETAILS 


The 8-Hg samples used in the zero pressure critical 
field work were formed at 77°K by extrusion through 
a hole sufficiently small (0.016 in.) so that pressures in 
excess of 7000 atm were required to initiate flow, thus 
assuring formation of the 8 phase in the chamber. 
Extrusion rates had to be kept low (about an inch an 
hour) so as not to anneal the wire back to the a phase. 
The samples consisted of 2-cm lengths of this wire, 
which had been, in some cases, stored under liquid 
nitrogen for several months. 

As described by Hinrichs and Swenson, the pressure 
work involved the measurement of the critical fields 
of two similar samples, one under pressure, the other 
at zero pressure." Samples used in this work were formed 
by inserting mercury into an Al foil holder (0.019-in. 
diam by in. long) with a hypodermic needle. The 
3-Hg samples were formed in sifu in the pressure 
chamber. Difficulty was encountered in initiating the 
formation of the 8 phase with purely hydrostatic 
pressure, and indications that the a-8 transformation 
may be martensitic in character will be discussed ina 
subsequent paper." 

As was described in an earlier paper, a 33-cps mutual 
inductance technique was used to observe the super- 
conducting transitions." The large paramagnetic 
susceptibility of the intermediate state was observed 
in every case, and indeed was more pronounced than 
in the tantalum measurements." This aided greatly in 
the precise determination of the transition. For both 
the zero-pressure and the high-pressure experiments, 
single instances were observed in which individual 
samples showed discrete transitions corresponding to 
both the a- and 6-Hg phases. This behavior also had 
been observed in the x-ray work where superimposed 
a and 8 powder patterns were obtained for one sample.? 
In each of the cases where the a- and 8-Hg super- 
conducting transitions occurred in the same sample, 
they were separate and distinct, and agreed with 
monophase sample data, whereas Jennings and Swenson® 
had observed single, rather poorly defined (0.05° wide) 
transition temperatures in their deformed samples 


*J. S. Dugdale and F. E 
A218, 291 (1953). 

” C. H. Hinrichs and C. A. Swenson, preceding paper (Phys. 
Rev. 123, 1106 (1961) ]. 

1 J. E. Schirber and C. A. Swenson (to be published). 


Simon, Proc. Roy. Soc. (London) 
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which were intermediate between the 7’.’s now estab- 
lished for the two phases. A possible explanation for 
this behavior may lie in the sizes of the crystallites 
of the mixed samples. Pippard has suggested on the 
basis of skin depth determinations and the sharpness 
of the superconducting transition that a long-range 
order effect must the electrons of a 
superconductor.'? Homogeneous distributions over dis- 
tances of 10~ cm satisfy the theory. If the samples 
formed in the work of Jennings and Swenson possessed 
many small crystallites randomly distributed between 
the a and @ phases, over regions of this critical size, 
one might expect an average transition temperature 
depending upon the proportion of each phase appearing. 

It was not feasible to mount a 8-Hg sample in the 
zero-pressure chamber, so the direct isothermal com- 
parison of two transitions was not possible for this 
phase. In a-3-Hg run I (which used a mixed sample), 
the carbon resistance thermometer was used to ubtain 
critical field data at precisely the same temperatures for 
a run at 28 000-psi gauge pressure, and one at 3000 psi, 
so that the pressure effect could be obtained by sub- 
traction. The thermometer did not warm above 20°K 
during these two runs. This procedure was tedious, 
however, and in 6-Hg run I, an a-Hg sample was 
mounted in the zero-pressure chamber, and the differ- 
ences in critical fields of the a sample and the 8 sample 
were obtained for two pressures'on the 6 sample. Thus, 
the zero-pressure sample served as a precise secondary 
thermometer with the same characteristics as the 
property of the sample being measured. 


exist between 


TABLE I. Zero-pressure critical field data for a-Hg.* 


Run I Run II Run III 
T (°K) H, (gauss) T (°K) H, (gauss) T (°K) H 


4.0986 11.43 
4.0122 
3.8950 
3.7687 
3.0026 


gauss 
4.0907 12 4.0894 
3.9264 44.9} 3.9585 

7706 74.53 3.8955 


13.18 


>. 3 
5650 111 3.7588 
5 


2493 163 3.5747 
2180 
0199 
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The data taken on the a-8 samples and the usual 
procedure of taking the 8 data (transforming the sample 
to a by warming it above 93°K and repeating the 
experiment) ensured identical conditions for comparing 
the properties of the two phases. All the mercury used 
in these experiments was obtained from Goldsmith 
Brothers Smelting and Refining Company, and was 
described on the container as “chemically pure, triply 
distilled, impurities less than 0.004%.” The ratio of the 
resistance of the a-Hg at 215°K to that at 4°K was 
about 600. 


RESULTS 


The zero-pressure critical field data consisted of three 
runs for each phase; these data are tabulated in Tables 
I and II. The results of the pressure work are given in 
Tables III and IV. The pressure data were normalized 
to runs in which tin pressure calibrations were obtained. 
Runs at several pressures showed (0H/0P)7 for Sn, 
Hg, and Ta to be independent of pressure to within 
our experimental uncertainties. The 755 vapor-pressure 
scale was used throughout. 

It has been customary to express critical field 
in terms of power series expansions in f=(7/T,)’, 
since critical field curves are so nearly parabolic. The 
data then can be displayed conveniently in terms of a 
deviation from parabolic behavior, 64(=h—1+-F) vs F. 
This has been done in Fig. 1, where the deviations of 
least-squares power series fits to 4th order in & of the 
critical field data are shown for each phase. The values 
of T..of 4.153+0.001 and 3.949+0.001°K for a- and 


data 


TABLE IT. Zero-pressure critical field data for 8-Hg.* 


Run I 


Run III 
K) 


Run II 


T (°K) H, (gauss) T (°K) H, (gauss) T ( H, (gauss) 


3.9428 


OF 


K) 


c 
3.7296 
3.4397 
3.2022 
3.0028 
2.7451 
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Pressure data for a-Hg 


—(0H/dP)r 
X 108 


AH 


(gauss) 


Run I 
11.88 
11.79 
11.41 
11.63 
11.45 


a-Hg* 


x-8 Hb> 
17.27 
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17.29 
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Run I 
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Run II 


‘ Gauge pressures 28 000 psi and 3000 psi 
& Gauge pressures 40 000 psi and 3000 psi 
Gauge pressure 40 000 psi; AH 7c for Sn, 18.50 gauss. 


8-Hg, respectively, were obtained from these power 
series; the corresponding values of MH», 412+1 and 
339+1 gauss, were found using the analysis described 
below. A typical run has been shown for each phase to 
indicate the scatter. The a- and 8-Hg critical fields 


TABLE IV. Pressure data for B— Hg. 
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HS = 412.0 gauss 


H® = 339.3 gouss 


To = 4153 °K 
1 =3,949 °K 


BhEh-It(T/T)* 











Fic. 1. A plot of the deviation from parabolic behavior of the 
critical field curves for a- and 8-Hg. The solid curves are the results 
of least-squares power series fits to all the experimental data, while 
the points shown represent typical runs. The maximum difference 
between the two curves corresponds to, roughly, 0.4 gauss. 


appear to be identical to within experimental 
uncertainties. 

The pressure data are illustrated in Fig. 2, where the 
curves are least-squares fits to all the data, and data for 
a typical run for each phase are given to show the 
experimental scatter. The error bars constitute the 
uncertainty in AH, and additional uncertainty of about 
3% is inherent in the determination of AP. 

In spite of the convenience of displaying the data 
as in Fig. 2, very little insight is given to the primary 
problem of extrapolating the data to absolute zero to 
obtain values for Ho, y, and the volume dependence of 

y being the coefficient of the electronic specific heat 
in the normal state). A method of extrapolation which 
is different from that which has been employed by most 
current investigators, although not entirely original, 
was used in this work. A brief discussion of this method 
is given below. 

The difference in the free energies of the super- 
conducting and normal states can be expressed as™ 


F,—F,=H2V/8. (1) 


If it is assumed that the lattice contributions are 
identical in the normal and superconducting states, and 
that the electronic contribution to the entropy in the 
normal state is y7, the free energy of the electrons in 
the superconducting state can be expressed as 


F,=—H2V /8e—yT?/2. (2) 


In the low temperature limit, the BCS theory of super- 
conductivity predicts an exp(—1/t) dependence for 

3D). Shoenberg, Superconductivity (Cambridge 
Press, Cambridge, 1952), 2nd ed., Chap. 3. 
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the heat capacity of the superconducting state,’ so 
the quantity F, could be expected to approach its 
limiting value of —H.°V/8mr much more rapidly than 
T°. In this limit, then, Eq. (2) becomes 


H? = —4ryT?/V +H’. (3) 


If this equation is simplified and differentiated with 
respect to pressure at constant temperature, one 
obtains 


(0H?/8P)r= (4ryK/V)((d Iny/d InV)—1]T? 
+dH°?/dP, (A) 


where K is the isothermal compressibility at absolute 
zero. The slopes at 7°=0 of Eqs. (3) and (4) (when 
plotted against 7°) yield y and dIny/dlnV, and the 
intercepts at 7°=0 give Hy and dH,?/dP. 

This analysis seemed to be appropriate in the case of 
mercury, since the data below £=0.15 could be fitted 
to a straight line on the H® vs T* plot. Least-squares 
power-series expansion in f to the lowest order which 
would fit the data to within the estimated experimental 
uncertainties were obtained for h*, 2h(0H/dP), 
(dH,/dP) and hk using an IBM-650 computer. The 
coefficients of the series are shown in Table V and are 
denoted by den, ben, and Aon, respectively. A disadvan- 
tage of the latter two series [h® and 2h(0H/dP) 
(dH,/dP) vs f] is that the considerable curvature of 
these functions makes these quantities more difficult 
to fit than the # and 0H/dP vs f functions. However, in 
the regions of the validity of these series (0.08 ¢ f ¢ 0.75 
for Hg), one is able to give analytical expressions for 
the free energy, the electronic specific heat in the super- 
conducting state, and the electronic contribution to the 
thermal expansion in the superconducting state. 
Equation (2) can be written in dimensionless form by 


8.80 








-(dH/aP), x10" GAUSS/ATMOS 








5 LO 
1” =(T/Te)* 


Fic. 2. (@H./dP)r for a- and B-Hg. The solid curves are the 
results of least-squares power-series fits to the experimental data 
while the points shown represent typical runs. Each run was 
made at a fixed pressure, the magnitude of which was uncertain 
to 3%. 
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defining f,=F./F 0 and yp=HerV/2xT 2, to give 


fe=WH2P/yp= YE Genk" +2yl/yp. 


n=) 


(5) 
Differentiating twice with respect to temperature and 
putting in dimensionless terms gives: 
Co°'/yT = (tyo/47) (P f./0F) 

= (y,p/4y)L & 2n(2n—1) azn?" +-4y71/Y >]. 


n=O 


(6) 


Finally, differentiating Eq. (1) with respect to T and P, 
and using the Maxwell relation 0S/aP=—dV/dT, one 
obtains: 


B.'T.= (—HeK/4xT2) 
X ¥ nl (d InAo/d InV)b2,+d2, JC""+8,°'T., 


n=O 


(7) 


where 8,“ can be shown to be equal to 
(KyT/V)d Iny/d InV. 


If the power series used were to give the proper 
values for the extrapolations to absolute zero, ap would 
equal unity and the @ terms would drop out in Eq. (5). 
Similarly, the terms linear in ¢ would cancel in Eq. (6); 
in Eq. (7), the 8, factor and the term linear in ¢ would 
disappear. In practice the machine extrapolations are 
not correct, so these terms must be included. 

The values of y, 7., and H» obtained in this work are 
shown in Table VI. The values of y=1.91+0.05 
mjoules/ mole-deg? and Hyp=412+1 gauss obtained for 
a-Hg may be compared with the corresponding values 
of 2.1+0.15 mijoules/mole-deg and 415+1 gauss 
reported by Finnemore ef al.'* and with Chambers and 


TABLE V. Coefficients of machine power series in ?. 


B-Hg 
1.0060 
— 1.8438 
0.4446 
0.6430 
—0.2506 


a-Hg 


0.99889 
— 1.7788 

0.2915 

0.7856 
— 0.2983 


1.970 
— 1.140 
— 0.639 
—0.926 
0.759 
1.0021 
— 0.9027 
—0.2892 
0.3104 
—0.1209 


Cun 


0.3978 
—0.1561 


n=0 
‘ 
b 2h(0H/aP)r,(dHo/dP) =  be,t% 


0 


ch= > A>, 


a7o 


fn, 


4D. K. Finnemore, D. FE. 


Mapother, and R. W. Shaw, Phys. 
Rev. 118, 127 (1960). 
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TABLE VI. Summarized properties of a- and B-Hg. 


a-Hg 6-Hg 


T. (°K) 

Ho (gauss) 

y (mjoules/mole deg?) 

K (atm 10°) 

V (cc/mole) 

dH,/dP (gauss/atm X 10°) 
d |InT,./d InV 

d InH)/d \InV 

d \Iny/d InV 

Bn‘!/T X108 (°K?) 


4.153+0.001 
4120 +1 339.3 +1 

1.91 +0.05 1.37 +0.04 

2.63 +0.1 2.2 +0.1 
13.59 
-7.0 


3.5 


3.949+0.001 


+0.3 
+(0).1 
+0.3 9.4 
+0.3 8.6 
+().1 1.9 


+0.3 
+0.1 
+0.3 
+0.3 
+0.1 


Park’s value of y=2.04+0.03.'° The difference in the 
methods of extrapolation is sufficient to account for the 
discrepancies since the actual data agree to about 0.2%. 
Accurate calorimetric determinations of y are difficult 
because of the overpowering lattice contribution to the 
specific heat, but Goodman has obtained a value of 
y=2.1+0.1 for a-Hg.'® 

The agreement of the pressure work with the AL/L 
results of Rohrer’? is not, however, as good. Our value 
of dIny/d nV =7.3+0.3 differs from his value of 3.3 
by more than the estimated experimental errors. 
Extrapolation procedures are again very important, 
and, furthermore, Rohrer’s data were obtained from 
single-crystal AL/L measurements which were con- 
verted to AV/V. (and 0H2/dP) for comparison with 
pressure-effect data. For anisotropic substances such 
as mercury, there may be some difficulty in combining 
properly the values of AL/L in the various crystal- 
lographic directions to obtain AV, V. 

The results of the calculation of dInT7./dInV, 
d\lnHo/d\nV, 8,°/T, and the parameters V, and K 
used in calculations are listed for both 
phases in Table VI. Equation (6) was used to calculate 
C,"'/yT. for both phases over the temperature range of 
its validity (0.08<?<0.8). Derivatives of the k vs ? 
expressions were used to obtain this quantity for the 
region ?>0.8. The various contributions to the specific 
heat are shown in Fig. 3. where the lattice contribution 
shown is as given by Smith and Wolcott.’ The a- and 
8-Hg fit the same C,"'/y7, plot as would be expected 
from Eq. (6), since the critical fields are identical in 
terms of reduced variables. 


these also 


A plot of the contributions to the thermal expansions 
of the two phases is given in Fig. 4. The lattice term 
was calculated from the specific heat values of Smith 
and Wolcott,® using the relationship 8’=—(AKC*4/V) 
d |n6/d \InV, and an estimated value of —d In@/d InV =2 
(Griineisen’s constant).'” It is to be noted that the 

18 R. G. Chambers and J. G. Park, Proceedings of the Seventh 
International Conference on Low-Temperature Physics, Toronto, 
1960, edited by G. M. Graham and A. C. Hollis (University of 
Toronto Press, Toronto, 1960). 

16 B. B. Goodman, Proceedings of Kammerlingh Onnes Memorial 
Cenference on Low-Temperature Physics, Leiden, Holland, 1958 
[Physica 24, $149 (1958) ]. 

17H. Rohrer, Helv. Phys. Acta, 33, 675 (1960). 
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Fic. 3. Contributions to the specific heats of a- and 8-Hg. The 
electronic contributions are identical for the two phases on this 
plot which is expressed in reduced variables. The lattice contri 
bution is given by Smith and Wolcott 3 


reference 3). 
superconducting contributions to the electronic thermal 
expansions are negative for both a- and 8-Hg. Similar 
calculations using the available data'* for Sn,'* In,'® 
Pb,” and Ta" indicate that only tantalum differs in 
sign from this result. A possible explanation may lie 
in the fact that Ta is one of the transition metals which 
possess characteristically high values of y. It would be 
of interest to examine Nb and V to corroborate this 
hypothesis. 

















Fic. 4. Comparison of the various contributions to the thermal 
expansion of a- and 8-Hg. The lattice contribution was calculated 
from experimental specific heat data using an estimated Griineisen 
constant of 2. 


* J. L. Olsen and H. Rohrer, Helv. Phys. Acta 33, 872 (1960). 

1% R. W. Shaw, D. E. Mapother, and D. C. Hopkins, Phys. Rev. 
120, 88 (1960). 

2” T). L. Decker, D. E. Mapother, and R. W. Shaw, Phys. Rev. 
112, 1888 (1958). 
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DISCUSSION 


The BCS theory of superconductivity assumes as a 
first approximation that the superconducting properties 
of the metal are independent of the crystal structure.* 
Our zero-pressure critical field data on mercury seem 
to bear this out. It is of interest to see if the differences 
in Ho, T., and y between a and 8 Hg can be explained 
using the observed pressure effects and the volume 
difference (about 1.5%) between the two phases. The 
observed and calculated values of these differences are 
compared in Table VII and do not appear to agree 
except as to order of magnitude, showing the effect of 
the crystal structure. 

The pressure effect data show that the similarity 
principle which would require that the #4 vs f curve 
and the ratio of Ho/ 7. be independent of pressure is not 
valid. A more general principle, that the 4 vs f curve 
does not change shape with pressure (//) and 7, varying 
independently), appears to apply to a-Hg, but not to 
8-Hg. This is indicated by the dashed line in Fig. 2. 
Hence, the critical field parameters (A., and d»,) for 
b-Hg in Table V can be expected to be functions of 
volume. 

Critical field data have been used to check the BCS 
prediction of an exp(—1,/) dependence of the specific 


TABLE VII. A comparison of the experimental shifts of T,, 
Ho, and y between a- and 8-Hg with those calculated from the 
pressure data. 


\s calculated from 


oH » oP 7 oll 3 oP T 


Experi 

mental 
AT = Tx—Tp (°K) 0.20 0.22 0.32 
AHo= Hoa— Hog (gauss 73 41 48 
Ay =va—8 (millijoules/deg? 0.43 0.20 0.17 


heat in the superconducting state. The theory, how- 
ever, basically gives an expression for the critical field 
curve® so it would appear to be more fundamental to 
compare directly the experimental and_ theoretical 
critical field curves. The BCS expression has been 
evaluated by numerical integration using the ISU 
Cyclone computer” in order to make this comparison. 
A convenient method of representing both the theo- 
the 
region of greatest interest (?<0.3) is by means of a 
plot of [(1—A*)/f] vs &, since this plot is extremely 
sensitive to slight experimental inaccuracies in this 


retical and experimental critical field curves in 


region, and approaches a horizontal line in the limit 
where the contribution of the superconducting state is 
negligible. 

Figure 5 shows this plot for a parabolic critical field 
curve, for the BCS theory and for several superconduc- 
tors for which precise critical field data are available. 


*1 The authors are grateful to Dr. D. R. Fitzwater and R. Dillon 
for the programming. The results of these calculations will appear 
in an ISU report 
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The shape of the experimental curves is very sensitive 
to the value of H» which is chosen, and we have used 
a linear extrapolation of the H® vs T* relationship 
[Eq. (3) ] to obtain the H’s which were used. These, 
except for lead, where the different extrapolations made 
no difference in the value of Ho, are appreciably lower 
than those which have been reported in the literature. 
This method of extrapolation appears to be on fairly 
sound theoretical grounds, and has the more pragmatic 
justification that it removes much of the disagreement 
which has been reported in the past between calori- 
metric!®2-*5 and critical field determinations of y. A 
comparison of the y’s from these two sources has been 
made in Table VIII for those metals for which precise 
calorimetric and critical field are 
available. 

The deviations of the critical field curves from 
parabolic behavior (6h=h—1+-/) are indicated in the 
plot of Fig. 5, with the BCS curve showing the greatest 
negative deviation, and lead the maximum positive 
deviation. From this plot, it appears that the low 
temperature exponential contribution to the specific 
heat (since the curvature of the plots is related to this 
quantity) becomes less pronounced as one approaches 
lead-like behavior. This has been commented on by 
Mapother.” Even for tantalum, where this contribution 
appears to be greatest, it is difficult to visualize experi- 
ments which are sufficiently precise to determine the 
detailed nature of the exponential dependence because 
of the stringent requirements of both the temperature 
and critical field measurements. The error bars in Fig. 6 
illustrate the effect of a change of 0.05% in Ho (or H) 
for various values of &. 


data presently 


Figure 5 indicates that the usual deviation plot has 
little basic significance, especially at the lowest tem- 
peratures. where the shape is extremely sensitive to the 
value of Hy which is assumed. Indeed, an anomalous 
deviation plot of the type suggested by Bryant and 
Keesom?> for indium (where 6/ passes through zero 
and the deviations have both positive and negative 
values) would follow naturally from this plot if the 
experimental critical field data for indium had been 
interpreted to give a slightly lower value for Ho. It 
would appear, however, that the calorimetric value 
for y is too low for this substance, since our extrapolation 
should, if incorrect, give values which are on the low 
side. 


Equation (5) for the reduced critical field curve can 


2D). White, C. Chou, and H. L. Johnston, Phys. Rev. 109, 797 
1958) 

*W.S. Corak and C. B. Satterthwaite, Phys. Rev. 102, 662 
(1956). : 

24M. Horowitz, A. A. Sividi, S. F 
Phys. Rev. 88, 1182 (1952). 

*°C. A. Bryant and P. H. Keesom, Proceedings of the Seventh 
International Conference on Low-Temperature Physics, Toronto, 
1960, edited by G. M. Graham and A. C. Hollis (University of 
Toronto Press, Toronto, 1960) 
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Fic. 5. [(1—/?)/#] vs @ for the BCS critical field curve and for 
a- and 6-Hg, Pb, Sn, In, and Ta. The values of 6/7. corresponding 
to the intercepts at &=0 of the various curves are plotted on the 
right-hand ordinant. The error flags in the lower left-hand corner 
demonstrate the effect of a change of //») of 0.05% at those values 
of 7 


be written as 


(1—f8*)/F=(1— f,)/F-27/ Ve. (8) 


The intercept at =0 of the curves in Fig. 6, which is 


2y/¥p, corresponds in the BCS theory to* 

Qy/Y¥p=4aT 2y/ AV = (kT ./ 2€0)82"/ 3. (9) 
the reduced widths of the 
energy gap at absolute zero, 2€o/kT., as calculated 
from Fq. (10), are a fairly smooth function of 0/T,."® 
Figure 6 shows a smooth variation in the shapes of the 
critical field curves from the BCS expression (which 
assumes 6/ T. approaches infinity) and lead (@/ T= 13)?" 
This correlation, which is identical with Goodman’s, 
has been indicated on the right-hand ordinate of Fig. 6 
where the corresponding values of 6/7, have been 
given. Richards and Tinkham* have compared their 


Goodman has shown that 


TABLE VIII. Comparison of y’s obtained by our extrapolation 
method with calorimetric values. 


Our method Calorimetric 


Ta 6.0 +0.2 
Sn 1.78+0.05 
In 1.70+0.05 
a-Hg 1.91+0.05 
8-Hg 1.37+0.04 
Pb 3.09+0.05 


26 B. B. Goodman, Compt. rend. 246, 3031 (1958). 

27 This correlation corresponds to the dependence of the magni- 
tude of the deviation from parabolic behavior on 6/7, which has 
been discussed by Mapother. See references 14 and 20. 

28 P. L. Richards and M. Tinkham, Phys. Rev. 119, 575 (1960). 
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experimental values of 2¢o/k7. with those of Goodman, 
and have found fair agreement except for mercury and 
the transition elements. The deviation for mercury is 
explained on the basis that it (and lead) show anomal- 
ous structure in the energy gap. Recent work with 
tantalum would seem to make any measurements of 
the superconducting properties of the transition 
elements suspect if these show anomalous properties, 
since small amounts of impurities seem to produce 
large effects. 
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Within this framework of the BCS theory, the pres- 
sure effect data and Eq. (9) can be used to determine 
the volume dependence of €o/&7'.. Using the values for 
d\ny/dInV, dinHo/dInV, and dIn7./dInV given in 
Table VI, d In(e€o/&7.)/d InV is found to be zero within 
experimental uncertainties for the two mercuries. A 
survey of other available data show that this is also 
true for Ta," Pb,?* and Sn. 


* M. Garfinkel and D. E. Mapother, Phys. Rev. 121, 459 (1961) 
® Unpublished data this laboratory. 
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The anisotropy field, g value, and linewidth of several spinel 
and garnet ferrites have been measured at X band and room 
temperature as functions of hydrostatic pressure to 10* kg/cm?. 
The crystals studied include yttrium, ytterbium, and erbium 
iron garnet; magnesium ferrite (with different distributions of 
Mg?* A and B sites); and Ni,_,Co,ke,0, with z=0, 0.05 
and 0.10. The pressure dependence of magnetization was measured 
using magnetostatic mode methods in the narrow linewidth 
materials, yttrium iron garnet and magnesium ferrite. 

The complexity of the crystal structure and magnetic inter- 
makes any quantitative interpretation very difficult. 


ions on 


actions 


INTRODUCTION 


Bw: two dominant factors determining the 
magnetic properties of ferrimagnetic oxides, the 
superexchange and crystalline field interactions, are 
sensitively related to the interionic spacings in the 
crystalline unit cell. When hydrostatic pressure is 
applied to a cubic crystal, such as a spinel or garnet 
ferrite, the unit cell will remain cubic (provided no 
phase change occurs') and the lattice constant will be 
reduced in proportion to the compressibility. As a 
result of the compression, one would expect the super- 
exchange interaction, which arises from the overlap of 
neighboring wave functions, to become more _ pro- 
nounced. Moreover, the crystalline electric fields at the 
metal ions, produced by neighboring oxygen ions, would 
also be expected to increase in intensity. Changes in 
local crystalline fields would be manifested mainly by 


* Supported by an Air Force contract. 

+ Based on a thesis presented by I. P. K. to the Division of 
Engineering and Applied Physics, Harvard University, Cam- 
bridge, Massachusetts, May 1960, in partial fulfillment of the 
requirement for the degree of Doctor of Philosophy 

t Now at Bell Telephone Laboratories, Holmdel, New Jersey. 

' Experimentally, no abrupt changes, no hysteresis, and no 
variations in symmetry of measured quantities are observed as a 
function of pressure 


However, the observations can be understood qualitatively in 
terms of the volume dependence of the crystalline fields and the 
exchange interactions. In the case of erbium iron garnet, the 
volume dependence of the ferric-rare-earth exchange constant is 
calculated; and, in the case of nickel cobalt ferrite, a simple 
explanation is offered for the observed volume dependence of the 
Co** anisotropy. 

The contribution of thermal lattice vibrations to the linewidth 
in yttrium iron garnet is discussed, and the px 
anisotropic spin-orbit interactior 


ssibility of an 


is considered. 


Variations in magnetic anisotropy, and changes in 
superexchange fields would cause variations in magnet- 
ization. These macroscopic properties, magnetization 
and anisotropy, as well as g value and linewidth, can be 
measured at room temperature to 10* kg/cm? (about 
10* atm) with the high-pressure microwave resonance 
apparatus described below. It is found that the 0.2% 
reduction in lattice constant occurring in the ferrites 
at 10 kg/cm? produces rather large changes in the 
resonance properties. 

Although the prospect of varying the exchange and 
crystalline field interactions directly is quite attractive, 
a number of difficulties arise in analyzing the results of 
pressure measurements. Despite the fact that the 
pressure dependence of the lattice constant may be 
determined from the compressibility by symmetry 
considerations, the pressure dependence of the oxygen 
parameters, which determine the relative positions of 
oxygen ions in the complex unit cell, cannot be deter- 
mined except by x-ray analysis at high pressure. The 
simplest assumption, which is often a poor approxi- 
mation, is to suppose that all interionic distances vary 
in proportion to the compressibility, i.e., 


(0 Iné/dP)= (0 Inz oP)=—}4yx, (1) 
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where & is an arbitrary spacing, v is the volume, P the 
pressure, and x the compressibility. Using a point- 
charge model, one may then estimate the pressure 
variation of a cubic crystalline potential, 

Vieux (r*)RO= (ro, InVeu/AP=(5/3)x, (2) 
where (r*) is the fourth moment of the radial wave 
function for the central ion and R is the separation 
between the central metal ion and neighboring oxygen 
ions. In the preceding estimate, it is assumed that (r*) 
is pressure independent, that crystalline field compo- 
nents of lower symmetry are not introduced by the 
applied isotropic stress and that V.y satisfies Laplace’s 
equation. The validity of these assumptions is open to 
question. 

Several experiments and calculations suggest that 
the radial wave functions are quite different for a free 
ion and for an ion in a crystal lattice.2~* Thus, (r*) 
depends upon the proximity of neighboring ions. The 
magnitude of the pressure dependence of (r*) is not 
known although one may infer from a neutron diffrac- 
tion experiment? on Mn** in several different host 
crystals that the variation will be small for a 0.2% 
change in lattice constant. 


Walsh has shown,’ in a high-pressure paramagnetic 
resonance study, that the various symmetry compo- 
nents of the local crystalline field vary at different rates 
in nickel fluosilicate, i.e., the cubic portion changes 


slowly while the axial part varies rapidly with pressure. 
Finally, the assumption of the applicability of Laplace’s 
equation implies no overlap of oxygen and metal ion 
wave functions, a situation which cannot obtain in a 
ferrimagnet where superexchange is important. 

It is difficult to correlate the observed pressure 
dependences of macroscopic ferrimagnetic properties 
with recent microscopic theories for anisotropy, g value, 
linewidth, and magnetization because of the multi- 
plicity of pressure dependent variables. Aside from the 
additional pressure dependent unknowns introduced by 
variations in the oxygen parameters, it is necessary to 
determine the variation of the sublattice properties 
from a measurement of a single macroscopic pressure 
shift. With the small pressure range available, pressure 
induced variations are usually linear so that, unlike the 
analysis of temperature measurements, it is not possible 
to deduce the sublattice properties by curve fitting. 
This latter difficulty may be overcome by a combined 
temperature-pressure experiment or, as we have done 
in certain cases, by studying materials as a function of 
pressure and composition. For example, in the rare- 
earth garnets, the pressure dependence of the rare-earth 
sublattice properties may be estimated by subtracting 
the pressure dependence of the ferric sublattices as 

2J. M. Hastings, N. Elliott, and L. M. Corliss, Phys. Rev. 
115, 13 (1959). 

3’ W. Marshall, Bull. Am. Phys. Soc. 4, 142 (1959). 

4A. J. Freeman and R. E. Watson, Phys. Rev. 118, 1168 (1960). 

5 W. M. Walsh, Jr., Phys. Rev. 114, 1475, 1485 (1959). 
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determined from measurements on yttrium iron garnet. 
Also, the contribution of Co**+ in Ni,-Co,Fe.O, may 
be determined from measurements on NiFe.O, for 
small z. 

In the following sections, we will describe high 
pressure microwave resonance experiments on yttrium, 
erbium, and ytterbium iron garnets (YIG, ErIG, and 
YbIG); MgFe.O, with variable distribution of Mg** 
ions; and Ni,_,Co,Fe.O, with variable z. 


APPARATUS 


Microwave magnetic resonance is observed by meas- 
uring the input standing wave ratio (VSWR) of a 
reflection-type cavity, with the aid of a pair of direc- 
tional couplers, as a function of applied magnetic 
field. The cavity is resonant in the XY band and is of 
the cylindrical Tou. variety. The rf magnetic field, 
hy, is in the axial direction on the cylinder axis on 
which the sample is located. Single-crystal samples are 
oriented with a [110] direction along the cavity axis. 
The cavity is situated in the gap of a rotating magnet 
with the rotation axis along the cavity axis. The dc 
magnetic field, Hue, is always normal to h,; and may 
be rotated into coincidence with the principal crystal 
directions [100], [111], [110]. From measurements of 
the field for resonance in these three directions, one 
may calculate’ an effective g value, gers, and the first- 
and second-order anisotropy fields, Ki/M and K2/M. 
One may also measure the linewidths, AH, in the 
principal directions. 

Magnetostatic mode methods* are employed to 
measure the magnetization, /@. The sample is located 
at a position of vanishing /,., and H4- is rotated so as 
to permit appropriate modes to be excited. 

The high-pressure resonance apparatus is illustrated 
schematically in Fig. 1. The entire cavity is immersed 
in a fluid (pentane) under hydrostatic pressure. The 
fluid is pumped through a flexible stainless steel tube 
into a cylindrical beryllium-copper vessel® or “bomb.” 
The outer diameter of the bomb (2 in.) is prescribed by 
the magnet gap and the inner diameter (}$ in.) by 
considerations of mechanical strength. In order that 
the X-band cavity be small enough to fit into the 
bomb, it is filled with alumina (Coors AD-99) which, 
in addition to having a high dielectric constant (e=9.3), 
is not very compressible and has a high dielectric Q 
(tand= 1.4 10-*). The alumina dielectric filler fits into 
an aluminum shell which screws onto the “microwave 
plug” that seals’ one end of the cylindrical bomb. The 
cavity is loop-coupled to a coaxial line contained in the 


6 J. O. Artman and P. E. Tannenwald, J. Appl. Phys. 26, 1124 

(1955). 
. F. Dillon, S. Geschwind, and V. Jaccarino, Phys. Rev. 

100, 750 (1955). 

8 J. F. Dillon, Jr., Phys. Rev. 112, 59 (1958); R. L. White, 
J. Appl. Phys. 31, 86S (1960). 

*W. Paul, G. B. Benedek, and D. M. Warschauer, Rev. Sci. 
Instr. 30, 874 (1959). 
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]110] PLANE 


Fic. 1. Schematic drawing of the high pressure resonance 
apparatus (not to scale): 1, coaxial connector; 2, tapered transi 
tion; 3, microwave plug; 4, beryllium copper bomb; 5, beryllium 
copper cone; 6, brass cone; 7, synthetic mica dielectric; 8, « oupling 
loop; 9, alumina dielectric; 10, cavity wall; 11, sample; 12, 
quartz mounting rod; 13, pressure fluid; 14, pressure fluid input 


t 15, sealing washers 


tubing; 


plug. The coaxial line is tapered to match a standard 
type N connector. 

A pressure seal in the coaxial line is provided by a 
small beryllium copper cone that forms a portion of 
the center conductor and is seated in a thin conical 
shell of dielectric material (synthetic mica, Brush 
Beryllium Company) which in turn is seated in a 





Fic. 2. Pressure dependence of magnetization in 
yttrium iron garnet 


AND &. 
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conical cavity in the plug." A small brass cone with 
its base adjacent to the base of the beryllium copper 
cone is employed to reduce the electrical mismatch. 

The pressure fluid circulates freely throughout the 
cavity and around the sample via the small spaces 
between the various segments comprising the cavity 
and through holes in the cavity wall. 

The oriented sample, a small polished sphere (0.010 
0.025 in. diam) is adhered to a quartz rod by a thin 
layer of resin (Stycast 2661) in order not to introduce 
significant non-hydrostatic stresses. The rod slides into 
a hole along the cavity axis where the rf electric field 
vanishes. In the case of magnetostatic mode measure- 
ments, an off-center hole parallel to the cavity axis is 
made so that the sample is situated at a point of 
vanishing /,;. The sample is placed in the hole and an 
alumina rod is pushed up behind it so that the sample 
is free to rotate. 

All measurements are made at room temperature 
which may vary by a few degrees C during a pressure 
run. In certain cases, the temperature deviation is 
corrected for using the temperature derivative at 
atmospheric pressure. In general, the pressure measure- 
ments can be represented by a linear least-squares fit 
for the small pressure range available. The experi- 
mental results are given in terms of the least squares 
equation along with the calculated standard deviations 
for the coefficients to indicate the scatter in the data. 


EXPERIMENTAL RESULTS 


Yttrium Iron Garnet” 


The magnetization of yttrium iron garnet increases 
0.96% in 104 kg/cm? (Fig. 2), 


5 


4aM =1776.0+0.5+ (1.7+0.1) x 10° P 


gauss), (3) 


calculated standard 
72. Most of the 


where the error given is the 
deviation, P is in kg/cm? and T 


Fic. 3. Pressure dependence of first-order anisotropy 
field in yttrium iron garnet 


1 P. W. Bridgman, The Physics of High Pressure (G. Bell and 
Sons, London, 1952). 

"'W. M. Walsh, Jr., and N. Bloembergen, Phys. Rev 
1957) 

21. P. Kaminow, W. Paul, and R. V. Jones, Bull. Am 


Soc. 4, 177 (1959). (Values quoted are in error. See§text.) 
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pressure shift can be attributed to the explicit volume 
dependence of M, M=Ny/v, where yw is the moment 
per formula unit, V the number of formula units in a 
unit volume. With a compressibility’ of 0.61% for 
10* kg/cm?, w increases by 0.35% in 10* kg/cm?; in 
terms of volume, 


(0 InM /d Inv) = —1.57, (8 Inw/d Inv)= —0.57. (4) 


4 


The anisotropy field increases 7.05% in 10* kg/cm? 
(Fig. 3), 


— K,/M =44.68+0.02+ (3.15+0.05)X10-P (oe), (5) 


at T=19°C. The second-order field remains small, 
K»/M ‘| <1 oe. Eliminating M and taking into account 
the explicit volume dependence of Ay, we find 


0 Ink,/ 0 Inv= — 12.1, (6) 


where &; is the anisotropy constant per formula unit. 

From the crystalline tield theories of ferrimagnetic 
anisotropy developed by Yosida and Tachiki'! and 
Wolf,'® one obtains, for cubic fields, 


ky = Va0aa¥ (Va bags Vadadar | Va ), ( 7 ) 


for the ferric a and d sublattices. Here vg and va are 
the number of a or d ions per formula unit; 6, and 64 
are averaging factors (less than unity) which account 
for the fact that the cubic axes of the local fields for 
ions on a given sublattice in a unit cell are not parallel; 
ad, and a, are the cubic field splitting parameters; 
r(ya) and r(y,) are functions of the sublattice magnet- 
izations. The last three factors in each term are all 
likely to be pressure dependent. If it is supposed that 
only a, and a, are pressure dependent and that they 
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Fic. 4. Pressure dependence of linewidth in the [100] direction 


in yttrium iron garnet. The results for [110] and [111] are 


practically the same as for [100]. 


BA, E 
lished). 
4K. Yosida and M. Tachiki, Progr. Theoret 
17, 331 (1957) 
W. P. Wolf, Phys. Rev. 108, 1152 


Clark and R. G. Strakna, J. Appl. Phys. (to be pub 
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in YbIG 


Fic. 5. Pressure dependence of gers 


vary in the same way, then, from the point charge 
model, it is found that the effective @ varies as the 
sixth power of cubic field, Vey. This rough result may 
be compared with the theory of Watanabe'® which 
predicts a second power dependence and the experi- 
ments of Walsh’ which show a fourth power depend- 
ence. 
It has been shown!’:’ that one cannot neglect the F 
(fourth degree axial) terms in the expression for k; as 
we have done in (7). The F terms will exhibit an 
unknown pressure dependence due to the unknown 
variations of the oxygen parameters. The variation in 
k, is probably dominated by changes in the F terms. 
The g factor is practically independent of pressure: 


gett = 2.010+0.001+ (748) K10-8P. (8) 


The observed linewidth behavior is rather curious and 
cannot be represented by a straight line (see Fig. 4). 
For the degree of polishing used, the linewidth is 
governed by surface roughness.” 


Ytterbium and Erbium Iron Garnets 


The pressure derivatives of gers are of opposite sign 


in YbIG (Fig. 5) and ErlG (Fig. 6) and the magnitude 
of the derivative is considerably larger in ErIG: 


YbIG: gere=1.8820+0.0006+ (7.541.1)K10-7P, (9) 


ErIG: gerp=1.431 +0.002 —(2.4+0.4)K10-*P. (10) 


The temperature for YbIG measurements is 23°C and 
for ErIG 31°C. Paramagnetic resonance studies” of 


16H. Watanabe, Progr. Theoret. Phys. (Kyoto) 18, 405 (1957); 
Phys. Rev. Letters, 4, 410 (1960). Also M. J. D. Powell, J. R. 
Gabriel, and D. F. Johnston, Phys. Rev. Letters 5, 145 (1960). 

17W. M. Walsh, Jr., Phys. Rev. Letters 4, 507 (1960); Phys. 
Rev. 122, 762 (1961). 

18S. Geschwind, Phys. Rev. Letters 3, 207 
121, 363 (1961). 

9° G. P. Rodrigue, H. 
31, 376S (1960). 

7 R. C. LeCraw, E 
110, 1311 (1958). 

21M. Ball, G. Garton, M. J. M. Leask, D. Ryan, and W. P. 
Wolf, J. Appl. Phys. 32, 267S (1961). 


1959); Phys. Rev. 
Meyer, and R. V. Jones, J. Appl. Phys. 


G. Spencer, and C. S. Porter, Phys. Rev. 
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Fic. 6. Pressure dependence of ger: in ErlG. 


rare earths in gallium and aluminum garnets also 
indicate that Er*+ is much more sensitive to crystal 
structure than Yb**. From temperature data, ErlG 
appears to conform to the Kittel g-value theory while 
YbIG does not.’ Assuming the Kittel formula,” 
geee=(gi/M4)(Ma4t+Msz), to hold for ErIG, it is 
possible to estimate the volume dependence of Mz, the 
erbium sublattice magnetization, from the volume 
dependences of g, and M4, where A refers to the com- 
bined ferric sublattice, obtained from the YIG measure- 
ments, 


0 InM,/d Inv= —8.4. (11) 


We have assumed the compressibility of ErIG to be 
the same as that for YIG.) If the erbium sublattice is 
far from saturation, then 

Me=XpHep 


Xpd\1nM 4, (12) 


in which Xg is the susceptibility of the B sublattice and 
Xp is the composite ferric-rare earth exchange constant. 
The exchange constant increases rapidly as neighboring 
ions approach one another, 


0 InX\ap 0 lInv= —7.0. (13) 
The anisotropy data are given by 

YbIG: 
— K,/M = (38.0+0.2)+ 
—K./M=8+4 (oe), 

ErIG: 
—K,/M=(74.1+0.2)+ 


5.5+0.4)«10-*P (oe) (14) 


(15) 


(5.5+0.4)10-'P (oe) (16) 


—K2/M=22+1+ (643) K10-P (oe). (17) 
The linewidths in these materials did not permit 
measurements of M by magnetostatic mode techniques. 
However, using data™ for M at P=O and estimates of 
the pressure variation of M obtained from the pressure 
shifts in ger, it is possible to estimate the rare earth 


1959 
Proc. 


2 C. Kittel, Phys. Rev. 115, 1587 
%F. Bertaut and R. Pauthenet, 
London) B104, 261 (1957). 
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contribution to anisotropy, Kis. Unlike the ferric 
contribution, the rare-earth contribution is positive and 
decreases in magnitude with pressure. The fractional 
variation in Ky, for ErlIG is considerably larger than the 
variation for YbIG. 

The linewidth increases by approximately 20% in 
YbIG and 15% in ErIG for 10 kg/cm?. 


Magnesium Ferrite 


The distribution of Mg? ions on A and B sites in 
MgFe20, can be controlled by heat treatment.* A 
particular distribution may be represented by 
(Mg.**+Fe,_-**)[Mgi_.*+Fe:_.** ]Og, where «x is the frac- 
tion of Mg** ions on A sites. The fraction, x, may be 
determined from a measurement of magnetic moment 
per molecule extrapolated to T=0. 

Measurements were made on a stoichiometric crystal, 
grown from a flux by J. P. Remeika, for which x=0.21. 
A second crystal was annealed to give x=0.14.% 

The linewidths are sufficiently narrow to permit 
magnetostatic mode measurements of M 


x=0.21: 44M =2268.1+0.6+ (2.66+0.08) 
X10-*P (gauss), 
4nrM = 1824+9-+ (3.6+0.1) 
X10-P (gauss), 


(18) 


x=0.14: 
(19) 
where T=27°C for x=0.21 and T=22° for x=0.14. 
These pressure shifts are somewhat larger than observed 
in YIG. 

The anisotropy fields are 
x=0.21: —K,/M=164.9+0.2+ (5.0+0.4) 


X10-P (oe) (20) 


— K./M = — (6.3+0.4)+ (3.33+0.08) 
<10-*P (oe), (21) 
—K,/M=199.9+0.5+ (7+1) 
X10—P (oe) 
— Ko/M=29+1+ (4.3+0.3) 
<10-P (oe), 
where 7'=26° for x=0.21 and T=25°C for x=0.14. 


The volume derivatives are about half those observed 
in YIG, 


x=0.14: 


(22) 


(23) 


x=0.21: od Ink,/d lInv=—5.0, 


(24) 


x=0.14: 0 Ink,/d Inv= —6.9. (25) 
(In the absence of compressibility data, we have 
assumed a 0.7% volume reduction for 104 kg/cm?.) 
For the spinel structure, the local symmetry axes are 
parallel for all sites so that an averaging factor 6 is not 


required [Eq. (7) ]. However, although two pieces of 


*C. J. Kriessman and S. E 
(1956). 

°° The magnetization at low 
S. Foner. 


Harrison, Phys. Rev 


103, 857 


temperature was measured by 
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data for the different distributions are available, it is 
still not possible to find the volume dependence of a4 
and ag separately, even if noncubic distortions are 
neglected, for lack of information about the variation 
of sublattice magnetization, i.e., r(y4) and r(yg). A 
simple calculation neglecting"? terms and the pressure 
variation of r(y4) and r(yg) gives a third power 
dependence for x=0.14. 

The lines are broadened with increased pressure and 
the g-values decrease. 


X=0.21:  gersr=1.996+0.002— (641) X10-7P, (26) 


x=0.14:  gers=1.9999+0,0003 — (3.80.6) 


X10-7P. (27) 


Nickel Cobalt Ferrite” 


Anisotropy measurements on cobalt-doped magnetite, 
Fes_,Co,O4, have shown?’ that, for small y, the Co** 
contribution to anisotropy is proportional to y. The 
anisotropy per cobalt ion may, therefore, be determined 
from measurements on samples of two different compo- 
sitions. 

Nickel ferrite, because of its lower loss, is better 
suited to resonance measurements than magnetite. 
Crystals of Ni,.Co,Fe.O, were grown by the flux 
method with the intended concentrations z=0, 0.05, 
and 0.10. The pressure dependences of the anisotropy 
fields are 


z=(0: K,/M = —236.640.03— (1.06+0.05) 
<10-*P (oe) 
K2/M =28 (oe), 
K,/M=64.7+0.9— (1.90.2) 
x10-°P (oe) 
Ko/M = —32342-+ (0.0+0.3) 
<10-*P (oe), 


K,/M=322+2—(2.5+0.3) 
<10-P (oe) 


x=0.10: 


K./M=—528+4—(1.8+0.7) 
X10F*P (oe), 


where T= 28, 24°C for z 
The relatively large linewidths did not permit 
measurements of magnetization. However, from meas- 
urements on polycrystalline nickel cobalt ferrite by 
C. Nowlin, we estimate M=257, 273, and 290 gauss 
for z<=0, 0.05, and 0.10, respectively, at P=0. 
The linear relation, 


0, 0.05, respectively. 


K,.2(2)=2K 1.(Co)+ (1—2)Ki,2(0), (34) 


27 L. R. Bickford, J. M. Brownlow, and R. F. Penoyer, Proc 
Inst. Elec. Engrs. (London), B104, 5, 238S (1957). 
261. P. Kaminow, J. Appl. Phys. 31, 220S (1960). 
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in which K,,.2(z) is the measured anisotropy constant 
for Ni,_-Co,FesO4, Ay.2(Co) is the Co*+ contribution 
and K,2(0) is the NiFesO, contribution, is found to 
hold reasonably well for the preceding measurements. 
For the cobalt contribution, we find 


K,(Co)~1.6X 10° erg/cc, (35) 


K2(Co)= —1.6X 10° erg/cc. (36) 
The constants** are nearly an order of magnitude 
smaller than those found for Co*+ in magnetite.’ A 
similar reduction in cobalt contribution is found for 
cobalt doped manganese ferrite.?’:* 

The cobalt contribution to the anisotropy of 
Co,Fes_yO, has been explained by Slonczewski.® If 
Co** ions are located on widely separated octahedral 
sites and no distinction is made between Fe?+ and Fe** 
ions, the crystalline field is cubic with a small trigonal 
distortion along a [111] axis. In this situation the 
ground state of Co*+ is an orbital doublet with effective 
angular momentum -+ak, where k is a unit vector along 
the trigonal direction and a lies in the range 1<a<3. 
The ground state wave function, having trigonal 
symmetry, fits snugly into the trigonal surroundings, 
and the orbital angular momentum is constrained to 
lie along the trigonal axis. The fact that the orbital 
moment is not quenched gives rise to large ferrimagnetic 
anisotropy. The anisotropy of the “locked in” orbital 
wave function is impressed upon the spin (which 
accounts for most of the magnetic moment) via the 
spin-orbit interaction \L-S, where \ is the spin-orbit 
constant. 

Slonczewski’s expressions for A,(Co) and K.(Co) 
involve only the parameter |a@A|, representing the 
magnitude of the spin-orbit interaction. From our 
data, we find |a\|=74 cm™ which is about half the 
value calculated for magnetite, i.e, (aA) =132 cm“. 
In either case, if \ is taken to be the free ion value, 
—176 cm“, a does not fall within the prescribed range 
1<a<3. For the magnetite case, the discrepancy may 
result from simplifications in the calculation whereby 
higher levels are neglected.*°*! It is also possible that 
the crystalline \ is considerably smaller than the free 
ion value.” 

Still another possibility is the effect of additional 
lower symmetry crystalline tield components introduced 
by the clustering of Co** ions or by the differences in 
Fe?+ and Fe* ° In magnetite, the ferric and 
ferrous ions are distributed at random on B sites 
neighboring the cobalt ion under consideration. How- 
ever, it is believed® that the electron exchange between 


ions.* 


28 The fact that A, and XK» are similar in magnitude suggests 
that higher order terms (Ks3, etc.) may be required for a complete 
description. 

* R. F. Pearson, Proc. Phys. Soc. (London) A74, 505 (1959). 

0 J. C. Slonczewski, Phys. Rev. 110, 1341 (1958). 

J. H. VanVleck, J. phys. radium 20, 124 (1959). 


2 J. Owen, Proc. Roy. Soc. (London) 227, 183 (1955). 
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Fe?* and Fe** is sufficiently rapid to make the crystal- 
line field appear to have the cubic plus trigonal poten- 
tial assumed. In nickel ferrite, on the other hand, this 
argument does not hold and the randomly distributed 
Ni** and Fe** ions may introduce additional lower 
symmetry components. 

From the pressure measurements on nickel cobalt 
ferrite, we calculate™ 


0 In(aA)/ 0 Invw 1.1, (37) 


on the assumption that dlInM @P~—d@l|nv/dP as 
suggested by the earlier magnetization measurements 
on YIG and MgFe,Q,. The above result suggests that, 
ii X is volume independent, @ is proportional to the 
first power of volume. This linear dependence may be 
explained on the basis of an additional crystalline field 
component, such as an axial potential V, directed normal 
to the trigonal axis, and introduced by the neighboring 
Ni?+ and Fe** ions. Then V,«(r?)/R“%«v, If we 
consider V, to be a perturbing potential, then the 
orbital doublet will be split slightly in proportion to V4 
and the effective moment a will be inversely propor- 
tional to the splitting, A, since a second order pertur- 
bation calculation is required with no orbital degener- 
acy. Therefore, the effective orbital moment is 


ax1l/AcV '«y!. (38) 


as required. This mechanism may be responsible for 
much of the reduction in cobalt anisotropy found for 
Co** in nickel and manganese ferrite. Slonczewski*4 
has proposed a different explanation, involving a 
reduction in the exchange field acting on Co?* in 
ferrites other than magnetite, which appears to contra- 
dict our measurements if the exchange field is assumed 
to increase with pressure. 

The observed pressure dependence of ger in NiFe2O, 
z=() is unusual in that ger increases from 2.209 at 
P=0 to 2.212 at 5X10° kg cm? and then decreases to 
2.209 at 10* kg ‘cm’. For the other samples, 


2=0.05:  gere=2.215+0.001—(542)K10-7P, (39) 


z=0.10: 2.26 +0.08 +(0+2)xXK10~°P. (40) 


In all cases, the linewidth increases with pressure. 


DISCUSSION 


Interpretation of the foregoing pressure measure- 
ments is hampered by a lack of knowledge of the 
pressure dependence of the oxygen parameters and by 
the large numbers of pressure dependent parameters 
encountered. However, it has been possible to separate 
out the pressure dependen e of the ex hange constant 
Aus for ErIG and the pressure dependence of the 


‘The compressibility of nickel 
[D. F. Gibbons, J 
‘Tc 
Phys 


ferrite is 0.68%/10* kg/cm? 
Appl. Phys. 28, 810 (1957) ] 

Slonczewski, Suppl. J. Appl. Phys. 32, 253S (1961); J 
Chem. Solids 18, 269 (1961 
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cobalt anisotropy in Ni,;--Co.Fe,04. A simple expla- 
nation for the decrease in anisotropy with 
pressure has been offered. 


cobalt 


Spin-Orbit Coupling 


The spin-orbit interaction plays a central role in 
determining the ferrimagnetic anisotropy since it 
provides the coupling between the nearly spin-only 
magnetization and the orbital moment which is coupled 
to the lattice by crystalline fields. The spin-orbit term 
has the form*® s-(VV Xp), in which s, V, and p are the 
spin, electric field potential and momentum, respec- 
tively, of the electron. If V is the centrosymmetric 
Coulomb potential due to the shielded nucleus, then 
the spin orbit term has the familiar Ml-s form with 
\«(r*). The increase in (r) for the crystalline ion as 
opposed to the free ion mentioned in the Introduction 
suggests that (r) will increase with pressure and X will 
decrease. Comparison of the free ion and crystalline 
spin-orbit constants shows that \ for the transition 
elements is roughly 15 to 40% smaller in the crystal. 

It is generally assumed that the portion of V con- 
tributed by the nonisotropic crystalline fields has little 
effect on the spin-orbit interaction because (r)/R is 
believed to be small enough that the magnetic electron 
spends most of the time near its nucleus where the 
central ion potential dominates.** In the light of the 
large overlap of central and ligand ion wave functions 
observed? and indicated by the strong superexchange in 
the spinel and garnet ferrites, it is conceivable that the 
crystalline fields make a significant contribution. The 
spin-orbit interaction would then exhibit the symmetry 
of the crystalline field; i.e., 
term would result. 


an anisotropic spin-orbit 


If the nonisotropic crystalline field potential V.,, 
can be factored into a radial part, P(r 
part, 2(0,¢), then the contribution to the 
interaction is 


, and an angular 
spin-orbit 


s:(VV.eX p) = (P’2/r)1-s+ (PVOX p):s. $1) 
The first term has the usual I-s form but the spin-orbit 
coefficient is now a function of the electron coordinates 
having the symmetry of V.,. 
term depends tpon the size of the radial derivative of 
V.. at the electron. If such a term used in a 
perturbation calculation for the level splittings, say, 
its qualitative effect could not be distinguished from a 
second order perturbation calculation involving both 
V., and the usual spin-orbit interaction. Such a term, 
however, might prove important in accounting for the 
magnitude and volume dependence of the splitting in 
Fe**, for example. The second term in (41 
form spin 


The magnitude of the 


wert 


is a tensor 


involving and orbital coordinates and 


°H. A. Bethe and E. E. Salpeter, Quantum Mechanics of One 
ind Two-Electron Atoms (Academic Press, Inc., New York, 1957 
*R. J. Elliott, Phys. Rev. 96, 266 (1954 
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possesses the symmetry of V,. A Hamiltonian of this 
type has been treated by Sugnao and Tanabe.” 


Linewidth Mechanism 


into the source of thermal 
relaxation in yttrium iron garnet can be gained from 
the strain dependence of ferromagnetic resonance. From 
the pressure dependence of anisotropy, the rate of 
change of the field for resonance with linear strain 
induced by hydrostatic stress is 


Considerable insight 


OH en, 06 ~3X 10% oe. (42) 


A uniaxial stress produces a much larger strain deriva- 
tive. Geschwind®’ finds that the DS,? term in the spin 
Hamiltonian for individual Fe** ions in yttrium 
gallium garnet is quite large. This term does not 
contribute to the anisotropy, however, because of the 
cubic symmetry of the unit cell. If the unit cell is 
strained so as to lower the cubic symmetry, these terms 
can have a profound effect on the anisotropy and field 
for resonance. A rough measurement by Rowen 
(unpublished) of the effect of a uniaxial stress gives 
OH x) 00, ~4+X 10° oe, 

for the strain derivative. 

The distribution of thermal lattice vibrations over 


7S. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958). 
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the sample will give rise to a random spatial fluctuation 
in the local strain and, hence, the local anisotropy, 
which in turn will cause a scattering of energy out of 
the uniform precessional mode. The theory of this 
source of relaxation would begin with an expansion of 
the spin Hamiltonian of the system in the phonon and 
magnon operators. The relaxation could then be 


discussed in terms of the scattering of k=O magnons 
by various combinations of magnons and phonons. A 


detailed theory including this mechanism has_ been 
proposed recently by Kasuya and LeCraw.*® 

Some notion of the size of this interaction may be 
obtained by considering the x-ray temperature factor 
data of Geller and Gilleo.** At room temperature, the 
root mean square deviation of the separation between 
O*?- and Fe**+ is 10% of the average separation. Any 
calculation, however, must take account of the narrow- 
ing effects of the dipole and exchange interactions. 
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The energy loss problem is formulated in such a way as to include all losses simultaneously. The lifetime 
and energy losses of a particle in a well-defined single-particle state with small transition probability are 
found to be related to the self-energy operator. As an illustration of the application of the relation obtained, 
a derivation of the Bethe sum rule and the Cerenkov losses is given for a particle incident on a many-body 


system. 


INTRODUCTION 


HE methods employed in calculating energy 
losses of a particle passing through matter usu- 
ally vary according to the type of loss one is trying to 
describe. It is desirable to develop a general formula- 
tion of the energy loss problem, such that all mani- 
festations of the interaction between the incident 
particle and the particles of the medium are included. 
In this paper we describe such a formulation and demon- 
strate the applicability of the technique involved. 

The method to be proposed is one which employs 
the self-interactions of the incident particle as con- 
tained in the mass—or self-energy—operator for the 
single-particle Green’s function introduced in the treat- 
ment! of relativistic field theory. It will be demonstrated 
that whenever a single particle state in the system is 
still meaningful, the self-energy operator contains the 
requisite information to predict both the lifetime for 
the incident particle leaving its initial state and, when 
a particular noncorrelation approximation is valid, the 
energy losses. 

The applicability of the expression derived for the 
energy losses is illustrated by using it to obtain a proof 
of the Bethe sum rule. In the proof we reduce the rela- 
tion for the energy losses to that obtained in the Born 
approximation. In this same approximation once we 
choose the system through which the particle passes 
to be described by a dielectric function, the formula for 
the Cerenkov energy losses appears directly. 


SELF-ENERGY OPERATOR 


We will first derive an expression for the self-energy 
of a particle or quasi-particle excitation when its inter- 
action with the rest of the system is known. 

The nonrelativistic field equation for a fermion inter- 
acting with a many-particle system is* 


0 


1 
i-a(x)= es -Vy.(x) +> (A(x) )asa(x). (1) 


at 2m B 


The interactions are thereby chosen to be local. The 
* Supported in part by the National Science Foundation. 
+ Based in part on a thesis submitted to Harvard University in 
partial fulfillment of the Ph.D. requirements, September, 1960. 
1 J. Schwinger, Proc. Nat. Acad. Sci. U. S. 37, 452, 455 (1951). 
2We have taken h=1, and use the notation x=(r,t), p-x 
=p-r—p'l. 


Hermitian operator (H,(«))as, represents the inter- 
action of the incident particle with the system. The 
interaction terms in the Hamiltonian, from which it 
derives, commute with the number operator of the 
fermion field, but may otherwise be completely general. 
The spin indices (@,8) will be suppressed in the dis- 
cussion which follows. 

The single-particle Green’s function for the fermion 
field is defined by 


G(x,x’) 
(Pa, + © | (W(x)p'(2’)), | Ba, — ©) 
webbie a 
(P,, + x ®,, == 7 


where the time-ordered product 


toe 
ed 


(A (x) B(x’)), = A(x) B(x’) for 
B(x’)A(x) for 

and the symbol 
for 


e(t) i>0, 


&<@. 


+1 


=—1 for 


The Heisenberg state vector |\®,, — ©) gives a descrip- 
tion of the ground state of the many-particle system 
in terms of a complete set of observables at a given time. 
We adopt the notation 


(P,, + x 


F(x) &,,—«) 
(F(x))=— - 


(P,, +x 


®,,, — 2) 


and Eq. (1) leads to the following equation for the 
Green’s function: 


Jats.) +-4( (Hy (x)b (x)! (x’)),)e(t—0’) 
=6(x—x’), (4) 


where we have made use of the equal-time anticom- 
mutation relations, 


(V(r, vt (rd) =d(r—r’). 


The outgoing wave boundary condition is imposed on 
the Green’s function, as a consequence of the expecta- 
tion value considered. 

We define the self-energy operator > (x,x") by the 
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equation, 


te) 1 
(i 5 (a(x) JOC 


Oot 2m 
+ f dx" 2(0,2")G(0"2)=8l0-2), 
Equations (4) and (6) maintain that 


fox” L(x,x"")G(x"" x’) 
= i((H1(x)W(x)Wt(x’)),)e(t—1’) 
+(H,(x))G(x,x"). (7) 


An expression for = («,«”) may be obtained by using the 
technique of variational differentiation in conjunction 
with the action principle.' To do this, we add the term 
J(x)H,(x) to the original Lagrangian density which 
gave the equation of motion (1). The external current 
density J (a) will be set equal to zero after it has been 
used in generating an expression for the self-energy 
operator. With this additional term in the Lagrangian, 
we may use the action principle to obtain 


6 
—i—— (W(x)t(x’)),e(t—1’') 
5J (z) 
= ((H, (2) (x)pt (x’)),e(t—0’) 
—i(H,(z))G(x,x"). (8) 


The combination of Eqs. (7) and (8) results in 


fav 2(x,2"")\G(x"" x’) 
(Hi, (x1)) 


= =i f dtedteae, ———G(x,x2) 
6J (x 


I (x) 
6G 1(x9,23) : 
x———-G (3,2). (9) 
5(H1(21)) 
The self-energy operator may then be written in 
standard form : 


>(x,x’)= if atest D(x,x1)G(x,%9)T (x2,0" 5 41), 


where the Green’s function D is 


D(x,x’) = 6(H;(x’))/6 (x) 
= i{((H,(x)Hi(x’)),)— (A(x) Ai (x’))}, 


and the vertex function is 


I (x,x"; y) = —6G"! (x,x")/5(Hi(y)). 
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For a translationally invariant system, with the 
Fourier transforms defined by 


d'p 
f -eip: (x 2S (p), 
J (27)! 


d‘pd'g 
r(xa'sy)= f erp: \ 2") eta: ) 
(27) 


the Fourier transform of Eq. (10) is written as 


(13) 


and 


. I'(p,q), (14) 


(15) 


d‘g ; 
z(p)=i f - D(q)G(p—q)T (p,q). 
(27)! 


TOTAL TRANSITION RATE AND 
ENERGY LOSSES 


For a particle initially in a wave-packet state gp (r,t’) 
and incident on a many-particle system in its ground 
state |®,, — 2), and finally in the wave-packet state 
¢,* (r,t), with the system excited to the state |@,, +2), 
the transition probability is given by 

|(b,, + 2% Vv (py t(p’,t’) ®,, 
(T.P.)a= lim — — mee 
pte (dy, + 20 |W(p,wt(p’t’)| Ba, 
bsp 


where 


vip)= far gp* (ry (r,t) 


Wivit)= far gp (rt yt (r’v’). 


We will denote the denominator of Eq. (16) by 


A=D|(s, + | (pvt (pt) |2, — ©) |*, 


b.p 


(18) 


which normalizes the transition probability, so that 
> >.p(T.P.)as=1. The transition rate from state ®, to 
state Py is 

4] 


(TP. Ja, (19) 


al 


since the transition rate is a function of ‘—?’ only. Now, 


0 
LD Wa=— U(T.P.)as=0. 


bp Ol bp 


(20) 


Therefore, the total transition rate out of the initial 
state is given by 


> Wa-—We. 


T b#a,p~p’ 


(21) 
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Equations (1), (16), (19), and (21) lead to 
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1 
: -i f ere, A gy: (r,t)(Pa, — © |W (p’ tv (8,t) | @., +2) 


X(b,, $2 [(1/2m) 0 A010 — Ain OW (11,0 Wt (p’,0) | ®., — ©)+- complex conjugate 


> 


= dim f art Kb, — 2 W(p't yt (p’,t) | Ba, +X) ep’ 


X(Pa, + * 


The kinetic energy term in the expectation value does 
not contribute to the lifetime since the expression which 
results is real. Since we are interested in the limit 
t—++x,t/—+—x, we may use the notation intro- 
duced before to write 


©,, +x) Ai(rdv(rdvi(p’t’) &., — =x) 


- fer (7H, (14,t virJ)y' “oy ). 


Kelt—t yy (rt ~ 


®,,+% 


- fora” D(x,2"" 


XP, te W(x” Wt (x’ 


ey 


x 


a) 


eat ¥p (r’,t’) 


+ fern r)(b,, +x W(xpt(x’) &,, -—=x 


x ¥p’' J). 


The lifetime then becomes 


XK ¢p’* (8,0) 24) 


2(x,% 


We use the four-momentum operator to refer the co- 
ordinate of y to the point x 


2 (xe iP.(z—2’’ 


If the incident particle is in a wave-packet state which 
is predominantly characterized by the four-momentum 


(25) 


T.P.(w)= lim >, 


r 


,— % Wp’ yi ( pt) | &,, += 
>> Osh 
— © . P 

The delta function will pick out only those terms in 
the sum over 6 and p such that the system finally has 
an energy £,+w, as compared with the initial energy 
E,. We sum over the complete set of intermediate 
states 


(30) 


and choose the exponential representation of the delta 


ANd, + |6(H— E,—w)d(p,Dv'(p',t’) | Ba, 


*(rt) 


[(1/2m) Vp (1,t) — Ai(r,Ov(1,.) Wt (p’t’) | Pa, 


— <x 


p’ then the state y'(p’,/’) \@,, — «) has four-momentum 
eigenvalues greater than the ground state of the system 
\@,, — ©) by the value p’. Thus 


1 
2 im f Prats” D(x,x"")e 
. 


X(Pa, =e y( p’ tyr p’,/) ®,, 


Xba, +e vr Wi(p’’) | &,,-—x)A 


x 


=2 ImA2(p’)(b., — ~ |W (p’,t’)W'(p’ 
Xba, +e Y(p Oy (pt) Pa, 


—x (26) 


At this stage we make the approximation which, if 
made at the outset, would yield an infinite lifetime. We 
assume that the single-particle state is well defined, that 
is, that the width of the single-particle energy state is 
small, and that the total transition probability for 
leaving the initial state is much less than one 


As (®,,, —-<x y( p tyr p’,!) $,, + 
X(ba, +2 (py! (p’t’) a, 


x 


x 
We now have the desired result for the lifetime. 


1/r=2 Imz(p’). (28) 


Other derivations of this result require the same 
approximation ; however, the proof is usually shown by 
illustrating the function |G(p’, ‘—?’) * which describes 
the propagation of single-particle excitations as a de- 
caying exponential in time.’ 

We now consider the evaluation of the total energy 
lost per unit time by the incident particle. The transi- 
tion probability for energy loss w is 


x 


function 


6(H— E.—w) f 


The completeness of wave-packet states, 


. dt, 
expl —i(H— I: 2 Wi} 


. 26 


te , . , > 
Lp ¢p(v,l) op* (r’,t) =46(r—v’), (32 


) 


3V. M. Galitskii and A. M. Migdal, Soviet Phys. 


oe JETP 34(7), 
(1958). 
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may be utilized in the expression for the transition rate 
for energy loss w: 


1 0 7 dl, 
fof e€ 
t(w) dl 0 26 


Xvi(r, (+4) (r,Ow'(p’,’) | Pa, — =) 


iwti 4 P,, di 


2 lW(p’, t' +41) 


(33) 


The factor e~'“" has been employed to translate the 
time coordinate of the field operators. The field equa- 
tion (1) is used to obtain 


* dl; 
=—2 Im f d*r 
2r 


Zz 


T(w) 
KAKO, — 2% Wp’, Uo +h)v i (r, t+h) 
KX Ai (r, (+t) (r,Ov'(p’,) Ba, —*%). (34) 


The kinetic energy term which gives no contribution 
has been omitted. To obtain the total energy loss per 
unit time we consider 


2 (p’, Util (r, (+4) Ai (nr, (4+4)0 (1,001 (pt) 
(by, — 2% W(p’, U +t) (r, (+4) Ai(r, (+h) b., + 
(@,, —% Wp’, U+4h)0" (4, (+4) | ®,, + 
(a, — 2 h(p’, U+d)Y' (4, (+4) Pa, + © Pa, + % 


This approximation, when made in the 
1/7(w), maintains the desired property : 


expression for 


(Q). (38) 
» T(w) 
This result comes about through a cancellation of the 
integral of the first two terms on the right-hand side 
of Eq. (37). The integral of the first term of Eq. (37) 
represents the transition rate for no energy loss, and 
that of the second, the transition rate to all states with 
non-zero energy loss. This equivalence is a restatement 
of the equality given in Eq. (21). Of course, Eq. (37) 
is exact for a noninteracting system in which the corre- 
lations are zero. When the width of the single particle 
energy state is small as assumed, the corrections to 
Eq. (37) calculated using intermediate states which 
differ from the ground state will be negligible. 
If we maintain the dominance of self-interactions, 
Eq. (35) becomes 
dk 
2 Im f ar. —x P(p't’yi(rt) &,, +%)AM 
10 
x (Pa, += 
1 Ol; 
XVv(r,A0'(p’,t’) | Pa, — ©) | =o. 


dr 
H,(r, t+t,) 


(39) 
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dE “ 1 “ dl, 
f da w= —2 Im { da—d*r A“ 
dr T(w) “ Qr 


L Lt 
wt | 


e’ (Pe, —xiP(p’, i’ +4,)Wi(r, t+4,) 


KHAyi(r, (+t) (r,0v'(p’t’) &., — = (35) 


If we integrate by parts over 4, and perform the w 
integration we find 


dk 1 0 
=2 Im f @r AW 
dt i Ol; 


Xba, — © |W(p’, U +A) t(r, t+4;) 


XAi(r, t +t) (r,)yvi(p’t’) | &., — x (36) 


{,;=0. 


At this stage the result is still exact and we see that the 
energy losses actually depend upon the correlations of 
a two-particle function with the interacting field. We 
will make the approximation that it is only the single- 
particle correlations with the interacting field which are 
dominant. Thus, we choose the self-interactions of the 
particle to be the most important in the noncorrelation 
approximation, 


®, —a) 


ay 


(,, + \W(r,Oyt(p’t’) | Pa, — = 


(b,, + | Hy(r, (+4) (r,0v'(p’,’) Pa, — = 
Hy(r, t+4:) Pa, + 


X(O., + |b (r,Y'(p'l’) | Pa, — 


, 


Now since we are interested int{— ~, l'- 
we may use Eqs. (8), (11), and (12) to obtain 


(@,, + | Ai(r, (+t)W(r,Dv'(p'’)|., — ©) 


f dr'(®,, +x |b, — x 


(Ai (8, (+A) (nO (00), )€(t—- 0) gp (8) 


fere. + x |b, — ©) yp (r’) 


x} Ha e, H+) v(r,Jyi(r’,t’) 


e-iv"s D(q) 


xX G( p—qg) p,q)G(x"""/x") | 


r 


(40) 


When combined with Eqs. (25) and (39) the above 
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equation leads to 


dE 
~= 2 Imi f a A-Kb,, — 0 |W (pt yt (4,2) | ba, +2) 
dr 


X (Pa, + |W (ry '(p'’) |Pa, — &) 


d‘g 
xf ¢D\ g)G(p’—g)T (p’,g). (41) 
( 


2r) 


We must again make the approximation equivalent to 
Eq. (27) which requires that the single-particle state 
be well defined and the total transition probability for 
leaving the initial state be much less than one. 


A~ far $,,— 2 o(p' ty '(r,0) |b., +0) 


X(b,, +o ole wt(p’t’) |, +2 (42) 


With this requirement, we obtain the total energy loss 
per unit time. 


dE d'g 
a2 Imi f - gD g)G( p’—q)T (p’,q). (43) 
( \4 


dr dr 


We may note that this is related to the result obtained 
for the lifetime except that the integrand is multiplied 
by the energy associated with the interacting field 
Green’s function. When we consider systems initially at 
nonzero temperatures we must take a statistical average 
over the possible ensemble of states in the expression 
for the transition probability. The result for the stop- 
ping is again given by Eq. (43) after we replace the 
ground state Green’s functions by thermodynamic 
Green’s function.‘ 

We next consider two examples to which Eq. (43) 
may be applied. In these examples it is sufficient to 
consider a lowest order Born approximation in order to 
obtain the already well-known results. However, there 
are many problems in which the single-particle state 
has a sharp energy but yet the Born approximation 
neglects the major effects. It is in these problems that 
the preceding formulation will prove most useful. 


BETHE SUM RULE 


The electromagnetic interactions between charged 
particles afford one example to which Eq. (43) may be 
applied. We will first consider the Coulomb interactions 
and give a demonstration of the Bethe sum rule. The 
field equation obeyed by a charged fermion is 


o 1 sl e 
i—y (x) =— ( v—“A(a)) y (x) 
at 2m\i c 
+6 fay D(x— x’ Wt (x W(x')W(x), (44) 


‘Such functions have been introduced and studied previously, 
e.g., P. C. Martin and J. Schwinger, Phys. Rev. 115, 1342 (1959). 
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where 


d*k 
(x)= f ——g 
(27)' 


and A is chosen to be transverse 


V-A=0. (46) 


We have taken the Coulomb interaction to act between 
identical particles. Were we to calculate the energy 
losses of a particle not identical to the other particles 
of the system, the equations would be simplified slightly. 
Our system is chosen to have a fixed homogeneous 
charged background which neutralizes the systems 
charge. Since the fixed background has no dynamical 
effects we have not included it in Eq. (44). We have 
also excluded the spin interactions of the particles in 
the system. 
We introduce the source terms 


J(x)- A(x) — eh! (xb (x) U (x) 


into the Lagrangian density. After the equations for 
the Green’s functions are generated, the external forc- 
ing terms J and U will be set equal to zero. The equa- 
tion for the fermion Green’s function is then written as 


‘ 1 #3 € 
— U ess (x) —- (-v- {A(x) 


2m\i 


1 ( 


We have separated the self-energy effects due to Cou- 
lomb interactions from those due to the transverse 
electromagnetic field. In Eq. (47) the Hartree potential, 


| 
) jG vx" 


Uen(x)= U(a)tef ae’ D(x— x’) p(x’ (48) 


is introduced. The expectation value (p) is of the total 
charge density, including the nondynamical positive 
background. The methods outlined before are used to 
evaluate 
Lc(x,y)=— ie f aay” D(x,x’) 

XG(x,0" TP (0 yx" 


where the interacting-field Green’s function is 
D(x,y)= D(x,y)— i fava” D(x— x’) D(y—2"’) 


K {((p(x’) p(x’), \— (pl r’))( p( x”) 7 (50) 


\ 


and the vertex operator is 


Pe(x,y,2) = —bG- (x,y) /bU ots(2). 
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Let us denote the Fourier transform of the charge 
density commutator by 


Ckw)= fare e~ tk (2—2"T 9(x), p(x’) }). (52) 


Then the Fourier transform of the Coulomb Green’s 
function is 


1 1 ¢* 
D(kw)=—+ _f 
ke kJ, 


e- 0,” 


dw’ w'C(k,w’) 
(53) 


4 , “> 
Tr w—w*t+ie 


where the terms involving the expectation value of the 
total charge density are set equal to zero, positive and 
negative charges canceling. 

The self-energy operator is evaluated by treating the 
incident particle separately from the rest of the sys- 
tem. It is considered as an external agent which pro- 
duces an electromagnetic field. The field produced is 
altered by the system and it is the reaction of the 
altered field back on the particle which is calculated in 
the self-energy. For an energetic incident particle the 
real part of the self-energy will be a small correction 
to the total energy and we will choose the uncorrected 
connection between momentum and energy to hold for 
the particle in the system. The vertex operator is taken 
in its lowest order approximation 


le(x,y; 3) =5(a— y)b(x—3). (54) 


The Coulomb self-energy is then 


So(p,p?/ 2m) 


kdw 
=— ie f —_ D(kw)G(v- k, 
(27)! 


As indicated above, we choose a free-particle approxi- 
mation for the incident particle: 


9 


P 


2m 


1 
G(p,p”) 


(56) 


p’— p?/2m+ (p?/2m—p)ib 
6-0, 

where u is the Fermi energy of the system. If the system 

is composed of particles which are not identical to the 


incident particle, all states are accessible, and p=0. 
Equation (43) for the total energy loss per unit time 
d‘k 4 


gives 
. P or 
=-—2 Imie wD(k)G{ p—k,——w }. (57) 
(2x)4 2m 


The Born approximation has been chosen as a start- 
ing point in several works and used to derive expressions 


dEe 
dr 


A 
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identical with Eq. (57).5 The most generally chosen 
notation in these works for the interacting-field Green’s 
function D(k,w) is k-’e,;-!(k,w). This choice is natural 
in this example since D(k,w) satisfies Maxwell’s equa- 
tion for the scalar potential in a medium with a single 
external delta function charge distribution. 


Performing the w integration in Eq. (57), there results 


dE¢ | 
=2e* Im; 


dk 1 


dr (p —k)?>2my (2)? k4 


” doy’ w'C(k,w’) 
0 Qe w'+k?/2m—p-k/m—id 


ak 1 
(2m)* kt 


1 f 
(p —k)? <2mu 
xf 
0 


We can obtain an imaginary part to the integrals only 
from the delta function terms is the integration over 
angle 


dEce 2re f dk 
dr 1 | Jy (27) 


(p —k)? 


w'C(kw’) 
. (58) 
Qe w'—k?/2m+p-k m—id) 


>2mu 


w’ +k?/2m <vk 


f 


D 


p —k)? <2nryu 


xX 


k?/2m| <vk 

where v= | p|/m is the magnitude of the velocity of the 
incident particles, and k& is now used to denote the 
magnitude of the momentum transfer. The second term 
in Eq. (59) would not contribute for a fast incident 
particle since the conditions on the integral demand 
w’+p?/2m<yu. Thus, for ~?/2m>yu the energy loss 


becomes 
i dk 
w’ +k?2/2m <vk 


The condition placed on the integral incorporates 


dk, e 
dr 


1 L 
dw’ w'C(kyw’). (60) 
b3 P 


(27)*v 


6 J. Lindhardt, Kgl. Danske Videnskab Selskab, Mat.-fys. 
Medd. 28, No. 8 (1954). L. Van Hove, Phys. Rev. 95, 249 (1954). 
U. Fano; ibid. 103, 1202 (1956). P. Nozitres and D. Pines, Nuovo 
cimento 9, 470 (1958). 
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energy and momentum conservation 


mo — (mr? — 2mw'))<k< mvt (m?r?— 2mw’)', 
(61) 


w’ <mv?/2. 


Current conservation is used to determine the 


value of the integral over w’. 


now 


—V-({4(x),e(2x’) }) unt 


= i1V°5(r—r’)ne2/m, (62) 


where » is the particle density. When Eq. (62) is 
written in terms of the Fourier transformed function 


- dw 
f wC (kw) = k2ne? m. 
T 


When the incident energy mv?/2 is large enough, we 
extend the integral in the energy loss to infinity and 
neglect any possible small positive contribution which 


may occur. 
dk, ‘ f dk 
dr hormone k 


there are two additional assumptions 
inherent to the Born approximation. One is the neglect 
of vertex corrections in the self-energy operator. The 
second is the choice of the free-particle Green’s function 
to describe the incident partic le. 


(O-+) 


Thus we see 


CERENKOV LOSSES 


We may develop an expression for the energy losses 
which take place in the form of Cerenkov radiation by 
considering the term of Eq. (44) linear in the electro- 
magnetic field. The transverse self-energy is 


Pp ie ed®*kdw r 
2m c; (2r)* 2m 


XtmDmt| kw)2,, 


(65) 


when we make the lowest order approximation for the 
vertex function and denote the velocity components of 
the incident particle by 2,,. In this case the interacting- 
field Green’s function is 


Dil xx" 


(660) 


We will derive an expression for the photon Green’s 
function when the system is described classically by a 
freque ncy depe ndent dielectric 
Maxwell’s equation for the transverse field is 


transverse function. 


1 
—J(x)-jla 


ENGELSBERG 


where the external current source J acts to induce cur- 
rents j in the system. To derive an equation for the 
photon Green’s function, we take the variational deriv a- 
tion of Eq. (67) with respect to J. 


T(x,x’) = (616 (x—x"))? 


6A,(x") bj mn (x) 
=F dix” 
6S (x x 


If we define the polarization tensor 

Pony (x,X") =8jm(x)/6Ay(2"), (69) 
in the case of a homogeneous isotropic system the 
Fourier transform of Eq. (68) is 


wo 
k?—— PD? (Kw) =8 27 + Pau(kyw)D,i(kw). (70 

We have written 
Smite = bmi— Rn Ry k?. (71) 


For a classical isotropic system there is 
between the transverse and Coulomb field: 


Pao™ (kw) Fe Ti kw) (). (72) 


no coupling 


The question we are asking when we evaluate P is: 
When the field measured in a medium is A, what are 
the polarization currents induced, given in terms of 
€r(w)? In the medium we will need the current J’ to 
field A; create the same field 
strength in a vacuum, we need a different current, J. 
The polarization current is then the difference 


j(x) J(ix)—J'(a 


In the medium we 
Maxwell’s equation 


cause a however, to 


write the Fourier transform of 


er (w) 


k?— 


uo) A kw J’ kw 


Cc 


Equations (69), (73), and (74) yield the evaluation 


{er(w)—1} 6, 


Pri” (kw 
Thus, the photon Green’s function satisfying outgoing 
wave boundary conditions is 


Ww 


Dyi™ (Ke) = m1? | k? — er(w 


when e7r(w) is real and positive. The energy losses are 
then obtained using Eq. (65) with the approximation of 
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Eq. (56) for the incident-particle Green’s function. We 
need only set 1=0 for the classical system. 


dE ev" 
2 Imi f 
dtr Cc 


d‘k 


w 
(22)! p- k/m—w—k?/2m+in 


l—z a 
x » REY 
k?— epw?/c?— iy 
x is used to denote the cosine of the angle between p 
and k, and \ — 0+. We assume that er is such that there 
is only one singularity of the integrand in the lower 
half plane at a frequency w=kc/[er(w) ]'—iy. The in- 
tegral over frequency in Eq. (77) is performed to give 


dEr ak 1 
= Ime f 
(27)’ er 
1i-—x+ | 


dr 

cher ?+k?/2m—v- k—in] 
When er has the properties stated above, the integral 
will have an imaginary part resulting from the delta 
function contribution in the integration over x.® 


(78) 


® When the relativistic Green’s function for the incident par 
ticle is used, the term &/2/ in Eq. (79) representing the quantum 
mechanical correction to the classical result is replaced by 
k/2p)(1—1/er). 
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dEr e72 k c 
= f dk | 1— ( 
dr 4dr ver? +k p) <1 €T VET ; 


The result obtained classically for the emission of 
Cerenkov radiation’? may be obtained from Eq. (79) by 
neglecting the quantum-mechanical correction k/2p. 

In the preceding examples we have separated two 
particular forms of energy loss and shown they are 
both contained in the expression given for the stopping. 
However, it should be noted that a major advantage of 
Eq. (43) is that it contains all the possible forms of 
energy loss provided one choses the complete inter- 
acting-field Green’s function and vertex function. 

These techniques will be used in a later paper to 
describe the collective energy losses in crystals. 
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Electronic Structure of the F Center in LiCl? 
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rhe electronic structure of the F-center lattice defect in LiCl is 
investigated with calculations based on the usual model of the 
F center proposed by de Boer. The ground- and excited-state 
wave functions and energies of the trapped electron are determined 
by two different methods. First, the method of linear combination 
of atomic orbitals (LCAO) is used. This method is capable of 
yielding good results but the complexity of the necessary calcula- 
tions is great. In an effort to avoid this complexity the method of 
vacancy-centered wave functions is investigated. Very simple 
wave functions are used in this method with satisfactory results. 
The coefficient of the hyperfine interaction of the F-center electron 
the neighbor lithium ion and the oscillator strength 


with nearest 


1. INTRODUCTION 


*XINCE the time that de Boer’ suggested the now 
familiar model for the F-center lattice defect in 
alkali halides, numerous theoretical calculations of its 
properties have been published. Two methods of ap- 
proximation for obtaining the wave functions of the 
F electron have been employed, viz. the linear combina- 
of orbitals (LCAO) method and_ the 
‘“‘vacancy-centered” (VC) method. The VC method is a 
| treatment 
approximated by simple functions, centered with respect 
to the missing ion site. Tibbs,? Simpson,’ and Krumhansl 
and Schwartz‘ used the VC method for a calculation of 
the main F-electron transition energy in NaCl. Others 
who have employed the VC method are Kubo, Naga- 
Pincherle,’? Inui and Uemura,’ Kojima’ and 
Gourary and Adrian. The calculations reported in 
the last three re pa 
cause of their great similarity. Kojima obtained very 
accurate results for the energy in LiF. 
Gourary and Adrian have performed calculations on a 
number of different alkali halide crystals. Blumberg and 
Das” gave a detailed calculation of the hyperfine inter- 
action in KCl. Inui and Uemura and Kojima have also 
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of the optical transition are calculated. The distortions of the 
lattice in the vicinity of the F center are calculated. A very small 
outward movement of the first and second nearest neighbors occurs 
in the ground state. The situation in the excited state is compli 
cated by the “p-type” symmetry of the F-electron wave function. 
In this case, the two nearest-neighbor lithium ions located on the 
symmetry axis of the wave function are found to undergo a large 
displacement outward from the vacancy. The other four nearest 
neighbors displace inward toward the center of the vacancy. The 
results of the calculations are discussed and detailed comparisons 
with other work of a similar nature are given 


used the LCAO method, obtaining results which are 
generally not as accurate as those derived by the 
vacancy-centered method. Muto" and Wood" have also 
used the LCAO method. 

In this paper we present some calculations on F 
centers in LiCl. The merits of the LCAO and the VC 
method are compared by evaluating the energies and 
wave functions of the ground state and the excited state, 
the oscillator strength of the optical transition and the 
isotropic hyperfine coupling constant with the nearest 
Li nuclei. Finally, the VC method is used to obtain the 
distortions of the lattice for both electronic states. 


2. LCAO METHOD 


The orbitals that were used in the LCAO method are 
analytical approximations to the free atom Hartree- 
Fock 2s and 29 Li functions"® centered on the six nearest- 
neighbor ions, oriented and enumerated as shown in 
Fig. 1. The ground-state wave function has full octa- 
hedral symmetry and is therefore of the form 


(1) 


> di. 


61 > dite: 


The excited state transforms like a vector and has 


the form 


= c1' (di— 2) +62" (7 — 8) 


; 
+C3 (dist $6 (2) 


— D231 O24), 


y 


together with similar expressions for the y and 
direction. 

The c, were evaluated for an undistorted lattice. The 
three center integrals appearing in the calculation were 
evaluated numerically with the ions replaced by point 
sources of charge +e. Details of this calculation are 
given in reference 14. 

3 T. Muto, Progr. Theoret 

4R. F. Wood, M. S 

unpublished). 

16 P. M. Morse, L 
18, 948 (1935) 
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Phys. Kyoto 4, 181, 243 (1949 


thesis, Ohio State University, 1956 
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Fic. 1. The six nearest-neighbor ions of the F center. The circles 
represent s functions and the arrows represent p functions 


The ground state wave function was subsequently 
orthogonalized to the Li ion cores by means of. the 
Schmidt procedure.'® The importance of this, in particu- 
lar for the calculation of the hyperfine interaction, was 
pointed out by Gourary and Adrian.” For the core 
function of the Li ion at the site R; ,we used 


$)*~exp(—¢|r—R;}), 
= 2.69 a.u. (atomic units). 

In an alternative calculation, the wave function of the 
ground state was written as 


with ¢ 


(4) 


to which the orthogonality condition was applied before 
the evaluation of the energy. The result was almost the 
same. 

The hyperfine interaction’? '> was calculated from (4) 
in terms of |W(R;)|*. Its value was indeed strongly de- 
pendent on the orthogonalization, without which it 
came out an order of magnitude too small. 

Finally, the oscillator strength was calculated from 


) 


m |? 
f=—(E’-E) Jvever ; 


rh 


y’ and y were taken from Eq. (2) and Eq. (4), respec- 
tively. £’ and E are the corresponding energies. 

Notwithstanding the fact that the functions (2) and 
(4) were the simplest that could reasonably be selected, 
the calculations were very tedious, and the prospect of 
having to treat the lattice distortions with this method 
was most unappealing. We therefore investigated the 
merits of the VC method by calculating the same 
properties. 


‘6 The 2s and 1s functions on any one ion are already orthogonal 
to each other. 

17 A. F. Kip, C. Kittel, R. A. Levy, and A. M. Portis, Phys. Rev. 
91, 1066 (1953). 

‘SW. C. Holton and H. Blum (to be published). We wish to 
thank Dr. Holton and Dr. Blum for communicating their results 
to us before publication. 
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3. VC METHOD 


In a variational calculation with vacancy-centered 
trial functions, the potential was again replaced by that 
of a lattice of point charges. The functions were chosen 
in the form of simple analytic hydrogenlike expressions 
in the polar coordinates r and # in analogy with the early 
calculations of Tibbs.? This leads inevitably to a viola- 
tion of the boundary condition at r=0 and a corre- 
sponding error in the energy. In order to avoid this, 
Kojima,’ Gourary and Adrian,’ and others have re- 
sorted to matching Bessel functions to hydrogenlike 
functions. This leads to somewhat more involved calcu- 
lations without a great gain in accuracy. 

The Coulomb potential + |r—R, of each ion was 
expanded in spherical harmonics about the center of 
the vacancy. For any normalized function $(7,8) which 
goes to zero exponentially when r— ©, we thereby have 


1% | - 1 n . 
J ay +-R? 2 i) o(pR;,0) ° 
( r—R, R, n=l 


Xp" P,,(cos(d— 3;) dp 


L 


fe Lu | 9 pRi,3) “(p’ et =) 


n 


xX P,(cos(d—d,) )d’p. (6) 


/ 


used three different trial 
~exp(—ar), ¢2.~rexp(—r), and 


For the ground 
functions, viz. ¢; 
PL.C.= 4191s T A225. 
nalization to the nearest Li-ion cores was performed 
subsequent to the variational calculation. The parame- 
ters a and @ in ¢1.c. were those obtained from the best 
di, and ¢»,, respectively. With the Hamiltonian 


state we 


In our first calculations, orthogo- 


(7) 


we find 


(Dis SC di 


t):R*LA4'(8)—A3'(8)], (9) 


W here 


x 
A, (a) f p" exp(—2aR p)dp. 
l 


Here ay is the Madelung constant and R;, is the lattice 
constant. 


(10) 
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For the excited state, two functions were tried, viz. 
d2p'~r cosd exp(—yr) and ¢3,'~9r? cos? exp(—nr). One 
finds 
y> au 4° 


\ 
J. 7 iain} 
ae 

ix 


a /% 


(4,'—A,')(3 cos?d,;—1) ] 


1 


—(3 cos*3;— 1), 


(11) 


and an analogous expression for (@3,'|3C|@3,’). For the 
the undistorted lattice, the sum of terms involving 
(3 cos?3;—1) in (11) vanishes. 

The orthogonalization to the nearest-neighbor Li 
cores was performed by writing for the ground state 


(12) 


Y=bo+b, d o 


and for the excited state 


vy’ =b,'o'+b2'(o2'*— 1"), (13) 
and applying the orthogonality condition. The ¢,'* are 
numbered as in Fig. 1. Owing to symmetry, ¢’ is already 
orthogonal to the core functions ¢;!*- - -@¢!*. 
The energy can now be written in an obvious nota- 
tion as 
E=bfRo+26,b2 > Koi tb" 2. Hj, 


(14) 


and a similar expression for the excited state energy E’. 
The terms H;(i# 7) were neglected; Ho; and KH; were 
calculated by using the exact potential V;(r—R,) for the 
ion in question and inserting the empirical value /"* for 
the ionization energy of the core electron. 

This gives for the ground state 


HK; E's+(ay-1 R,, 
and identical expressions, with @’ replacing ¢, for the 
excited state. 

We found that when we orthogonalized to the ion 
cores after the variation calculation the energy was 
raised considerably. With the functions thus obtained, 
the hyperfine interaction and the oscillator strength 
were calculated. The hyperfine interaction was too high 
by a factor of almost 3 and the oscillator strength 
calculated with Eq. (5) gave f>1. We also used" 


2h? 0 : 
‘aia fe var , 
m(E'—E Oz 


*We thank Dr. E. N. Lassettre for suggesting this 
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which is equivalent with (5) when y and y’ are exact 
solutions of a Schrédinger equation, but which is more 
immediately connected with the probability of a radia- 
tive transition. 

Next, we carried out all of the above calculations for 
the 2s and 39 functions by first orthogonalizing them to 
the ion cores and then varying the parameters. We 
found that the energy was lowered somewhat and that 
the calculated values of the hyperfine interaction and 
the oscillator strength were greatly improved. 


4. LATTICE DISTORTIONS 


The distortions in the lattice caused by the F-center 
defect were calculated by minimizing the total energy 
as a function of the displacements of the ions in the 
vicinity of the vacancy. We considered separately the 
case that the eléctron is in the ground state and the 
case that it is in the excited state. 

The energy was approximated by 


(18) 


Here &, is the energy of a fictitious crystal in which a 
complete halide ion has been removed without per- 
mitting any rearrangement of the valence or core elec- 
trons other than those connected with the (still arbi- 
trary) displacements of the ions. &, is the energy of the 
F-center electron in this fictitious crystal. &; was calcu- 
lated classically and was written in the form 


(19 


&, is the Coulomb energy of the complete, but distorted, 
lattice; & is the energy of interaction between the ionic 
cores of that lattice; and &,", &" are those terms in 
&, and & involving the removed halide ion. We assumed 
that only nearest-neighbor ions experience core inter- 
action, and this was represented by a two-body potential 
of the form 

V.(R) 


b R*. (20) 


The parameter \ was taken from the literature.” The 
quantities &), &, &;", and &" were expanded in Taylor 
series in the atomic displacements. All cubic and higher 
order terms in this expansion were neglected. 


TABLE I. Energy of ground state (£) and excited state (/ 
with LCAO method. R means rigid lattice. P means polarization 
included. Energy in a.u. ¢ and y refer to types of functions used 
in the text 


LiCl)-R only* 

R P o y 

E —0.271 
E’ -0.118 
AE (calc) 0.153 
AE (exp) 0.182 


0.094 
0.035 
0.129 


0.186 
0.080 
0.106 
0.115 


0.181 


* Present work. 


*” For LiCl, A=7 according to L. Pauling; see F. Seitz, The 
Modern Theory of Solids (McGraw-Hill Book Company, Inc., 
New York, 1940), p. 80 
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TABLE II. Energies corresponding to the VC wave functions in various stages of present calculations 
D means distortion effects included. Franck-Condon principle applies. Energy in a.u. 


No orthogonalization 
to ion cores 
2s PL.c. Yrs 
0.243 0.247 0.164 


0.136" 0.144" 0.0468 
0.107 0.103 0.118 


VL.C. 


0.167 
0.054» 
0.113 


Two types of deformations were considered : 


(a) An isotropic distortion, applicable when the elec- 
tron is in the ground state, and characterized by a radial 
displacement inward of the nearest and next-nearest 
neighbors by the amounts 


A, =6,R; and Ao= 62R, 
respectively. 

(b) An anisotropic distortion, applicable when the 
electron is in the excited state and characterized by 
radial displacements inward of the nearest neighbors 
by the amounts 


Ay’ 6,’R, and A,’ = 6o’R}. 

Here A,’ applies to the two neighbors in the direction of 
the excited state wave function and Aj’ applies to the 
four other neighbors. Displacements of the next-nearest 
neighbors were not considered in this case, for reasons 
of simplicity. 

The energy &, was calculated with the vacancy- 
centered functions orthogonalized to the core functions 
of the nearest ions both before and after minimization of 
the F-electron energy in the undistorted crystal. We 
found that the change in &, was practically the same in 
both cases as long as the distortions remained small. We 
took 2, for the ground state and @¢;,' for the excited 
state, with screening constants 8 and 7 unaltered from 
the case of no distortions. The value of &, for the ground 
state then follows from an equation of the form (14) 
in which Joo is given by [see Eq. (9) ]: 


(21) 


> (+): RAL A4'(8)—A3'(8) J 
3 


The R, are now the ion positions in the distorted lattice. 
The normalization constant }; [see Eq. (13) ] is approxi- 
mately equal to unity. Consequently, the second term 
in Eq. (21) cancels against the Coulomb term &,". The 
power series for the remaining terms in &, was obtained 
with graphical methods. 

The calculation of the excited state energy &,’, was 
entirely analogous, except for the fact that the quadru- 


Orthogonalization after 
minimization 


Orthogonalization before 

minimization 
v2? vi.c.? Y2s Y 20? 
0.174 
0.059» 
0.115 


0.155 
0.0408 
0.115 


0.158 
0.048" 
0.110 


0.183 
0.064" 
0.119 


pole term in 35Coo’(8’) [see Eq. (11) ] now gives a non- 
vanishing contribution. 

Finally, the influence of distortions on the optical 
transition energy in absorption was calculated. Owing 
to the Frank-Condon principle, this is given by &.’— &,, 
where both terms are taken for the distortion (6,62) 
belonging to the ground state. 


5. RESULTS 


The energies obtained in our LCAO calculations are 
compared to Kojima’s results in Table I and our wave 
functions in this approximation are illustrated in Fig. 2. 
The energies obtained in various stages of our VC 
calculations are summarized in Table II. Figure 3 shows 
the behavior of the energy as a function of variation 
parameter. A comparison of our best VC results with 
the calculations of Kojima’ and Gourary and Adrian"! 
is presented in Table III. 


The coefficients of the LCAO ground-state wave 
function y of Eq. (4) were found to be 


C1 0.145, C2 =()131, C3 —(0.049, 


The coefficients of ¢’ in Eq. (2) are 


c'=0.307, co’=0.142, c,/= —0.760. 


e GROUND STATE 


0.04 
es EXCITED STATE 
j i 
° \ 2 3 4 
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-0.16 
Fic. 2. The radial parts of the ground and excited state wave 
functions obtained with the LCAO method. The 100 ion is a 
nearest-neighbor ion. The large negative values of the wave func 
tions at the nearest-neighbor ions are results of the orthogonaliza 
tion of the wave function to the ion cores 
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TABLE III. E and E’ with the VC method. Energy in a.u. 


(LiF)*-" 

R 
—0.297 
— 0.150 


0.147 
0.182 


—0.105 
+0.077 
0.182 


—(0.205 

—0.015 

0.193 
0.182 


For the VC functions ¢ and @’ we found 


a=0.38, a,=0.305, += 0.50, 


8=0.69, a.=0.702, n= 0.69; 
and for orthogonalization after minimization in Eqs. 
(12) and (13), 


b,;=1.02, bo=—0.08, 


b,’ 1.02, b,’ 


0.135: 


practically the same for Yo, or Pi.c., and Yo,’ or Psy’. 
Figures 4 and 5 illustrate these functions. For orthogo- 
nalization to the ion cores before minimization, the 


results are 


b, bs = —0.059, 


1.02, 


b,/=1.03, b’= 0.125. 


Results for the oscillator strength are summarized 
in Table IV. The main hyperfine interaction constant, 
in terms of (yY(Li) 2, is given in Table V. 

The deformations are presented in Table VI. Our 
results were obtained from the following expressions for 
the distortion energy : 


TABLE IV 


Vvct AO 
0.997 
0.967 
0.985 


vce Lt Eq. 


0.68 0.67 0.81 


e 9. Wave functior thogonalized to ion cores 
e 10. Wave functions n malized to ion cores 
<« with 8 =0.82 and » =0.55 ir method 

iC. V. Heer, J. Phys. Chen 
od, Ann. Physik 27, 97 (1936). 
103, 1675 (1956). 


n referen 


! Bate anc ds 7, 1, 14 (1958) 
F. G. Kleinschr 
t R. H. Silsbee, Phys. Rev 
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The energy of the excited state when excited-state dis- 
tortions are taken into account is —0.088 a.u. compared 
to —0.059 a.u. when the ground-state distortions are 
used. 

6. DISCUSSION 


The energy values obtained, for a rigid lattice, with 
the LCAO method, as listed in Table I, apply to different 
crystals but are based on equivalent Hamiltonians. 
There is a difference in computational techniques, in 
that Kojima evaluated three center integrals by means 
of an expansion in spherical harmonics, where we used 
graphical methods, but barring errors one expects com- 
parable results. Table I indicates a difference of 0.085 


TABLE V. Isotropic hyperfine interaction in LiCl 


Nearest Li ions only 


LCAO* VC» Exp'’ 


Li 160 10" cm 101K 10% en 75X 107! cm 


* From 
From 


present work 


present work with 8 =0.82. 
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Fic. 3. Energy of the F-center electron as a function of the 
variation parameter for various vacancy centered trial functions. 
These are the energies before orthogonalization to the ion cores. 


a.u. for the ground state energies in LiF and LiCl, 
whereas Gourary and Adrian’s results with the VC 
method (Table III, under heading “‘R’’) indicate only a 
difference of 0.044 a.u. The LCAO wave functions ob- 
tained by Kojima also differ considerably from ours. 
Kojima finds that the coefficient of the p-terms, in the 
ground state, is about five times as large as the coeffi- 
cient of the s-terms, whereas we find them to be almost 
equal. It seems to us that this discrepancy must be 
attributed in part to a numerical error which is perhaps 
excusable in view of the complexity of the LCAO 
calculations. 

In evaluating the energies for a rigid lattice, obtained 
with the VC method, as given in Table IIT under ‘‘R,” 
Gourary and Adrian’s results must first be corrected for 
effects due to orthogonalization to the ion cores which 
are not included in their energies. We found that for 
LiCl orthogonalization raises the ground state energy 
by 0.060 a.u. and the excited state energy by 0.080 a.u. 
Applying these corrections to Gourary and Adrian’s 
results for LiCl gives fairly satisfactory agreement, for 
both states, with our calculations. If the same numerical 
correction is applied to LiF, their result for the ground- 
state energy is much closer to Kojima’s value, but there 
exists a large discrepancy for the excited state, for which 


TABLE VI. Lattice distortions in units of the nearest neighbor 
distance. Minus sign means displacement outward from center 
of vacancy. 


+-0.074 
+0.026 


(LiF)" (LiCl) (LiC}}* 


0.020 10.029 0.013 
0.002 
+-0.045 


0.175 


Present work. 
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Fic. 4. The vacancy-centered ground state wave functions in 
LiCl. Orthogonalization to the ion cores was carried out after 
minimization. The effect of minimization after orthogonalization 
is to increase the wave function in the vacancy and decrease it at 
the neighboring ions. 


we have no explanation. Gourary and Adrian have 
carried out the orthogonalization in the case of the 
ground state of LiF and the effect on the energy is in 
accord with our results (see reference 11). A comparison 
of the calculated oscillator strength (Table IV) gives 
no further clues. 

The effect of electric polarization on the energy is 
listed separately in Table III. There are two contribu- 
tions, due to induced ionic dipole moments and ionic 
displacements, respectively. Kojima, as well as Gourary 
and Adrian, found the influence of ionic polarization to 
be quite small. This is to be expected, especially for the 
ground state, where the electron is confined almost 
entirely to the vacancy. We neglected ionic polarization 
for this reason. Table III indicates large discrepancies 
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Fic. 5. The vacancy-centered excited state wave functions in LiCl. 
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between the various calculations. They are closely cor- 
related with the discrepancies in the lattice distortions, 
as given by the displacements 6; and 62 for the ground 
state in Table VI. We attribute these discrepancies to 
the following. 

Kojima calculated the forces acting on the first and 
second nearest-neighbor ions in order to determine the 
displacements. His calculation is quite analogous to the 
calculations involved in classical ionic crystal theory. 
The effect of the F-center electron is introduced only 
through the fact that some of the electronic charge ex- 
tends outside of the vacancy. The actual repulsive inter- 
action between the F electron and the core electrons is 
neglected. This interaction is quite large and can not be 
omitted. 

Gourary and Adrian, on the other hand, use an energy 
method to calculate the displacement of the nearest- 
neighbor ions. Their results show the displacements to 
be small and in toward the vacancy. However, these 
authors, in reference 10, have neglected the repulsive 
interactions between the F electron and the core elec- 
trons. They speculated, correctly, that inclusion of this 
interaction would cause the ions to move outward. In 
reference 11, they included this interaction and obtained 
results for the displacements in fairly good agreement 
with ours. They find, however, that the energy of the 
F electron is lowered whereas we find that it is raised. 
This difference could be due to the fact that they have 
not allowed for the displacements of next-nearest 
neighbors or it could be due to the fact that the results 
refer to different crystals. 

Neither Kojima nor Gourary and Adrian calculate the 
distortions in the excited state, so there is no theoretical 
basis for comparison with our results. Russell and Klick”! 
have constructed configuration coordinate curves for the 
ground and excited states of the F center derived from 
experiments on a number of different crystals. The con- 
figuration coordinate curves give the displacement of the 
nearest-neighbor ions in the excited state relative to the 
displacements in the ground state. Unfortunately, no 
statement can be made about the absolute displace- 
ments. The results of Russell and Klick show that the 
nearest-neighbor ions in the excited state are displaced 
outward relative to the same ions in the ground state 
by about 13% of the nearest-neighbor distance. It is 
difficult to interpret this figure, however, since Russell 
and Klick have not allowed for asymmetric distortion 
in the excited state. Table VI indicates a relative out- 
ward displacement between the ground and excited 
state of about 16% for the nearest-neighbor ions, but, 


due to the approximation of only nearest-neighbor dis- 


2G. A. Russell and C. C. Klick, Phys. Rev. 101, 1473 (1956 
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placements for the excited state, we must accept our 
result with some reservation. 

The importance throughout these calculations of 
using wave functions which behave properly near the 
ion is evident. In this connection, it should be mentioned 
that the early calculations of the energy performed by 
Tibbs,’ Simpson,’ and by Krumhansl and Schwartz‘ are 
very similar to the VC calculations reported here. The 
excitation energies in all of the calculations of this type 
seem to be too low by approximately 0.01 a.u. if orthogo- 
nalization to the ion cores is not considered. This is 
exactly the amount by which Tibbs was off in his 
calculation on NaCl back in 1939. 

The most sensitive indicator for the behavior near the 
adjacent ions is, of course, the hyperfine interaction, 
which is given in Table V. The influence of matching is 
seen from the fact that Kojima, who matches the two 
branches of his wave functions in LiF at a point nine- 
tenths of the distance from the center of the vacancy to 
the nearest-neighbor lithium ions, obtains a value of the 
hyperfine interaction which is too large by a factor of 
2; Gourary and Adrian, on the other hand, in reference 
10, carry out the matching process at the full nearest- 
neighbor distance and obtain a value which is too large 
by a factor of 3. In reference 11, they also match the 
two branches of their wave function at nine-tenths of 
the nearest-neighbor-ion distance which, 
overlap and distortion effects, improves their value for 
the hyperfine interaction considerably. 


along with 


We have seen that the calculated value of the hyper- 
fine interaction depends very strongly on the extent to 
which the wave function of the F electron overlaps the 
wave function of the core electrons bound to the sur- 
rounding ions. This overlap in turn depends on the 
distortion of the lattice in the vicinity of the vacancy. 
The dependence is such that the value of the hyperfine 
interaction increases with an increase in the overlap. 
An inward displacement such as Kojima obtains for the 
nearest-neighbor ions increases the overlap between the 
F-electron wave function and the ion-core functions and 
thus should cause an increase in the calculated value of 
the hyperfine interaction relative to the value for the 
undistorted lattice. An outward displacement of the 
nearest-neighbor ions has just the opposite effect. This 
could account for a considerable part of the discrepancy 
between Kojima’s results for LiF and those of Gourary 
and Adrian for the same crystal. 

We conclude from the results reported here that the 
properties of the F center can be described quite well 
with simple hydrogenic wave functions provided that 
they are orthogonalized to the neighboring ion core 
functions, 
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An analysis of stimulated emission processes in fluorescent solids is presented. The kinetic equations are 


discussed and expressions for pumping power and effective temperature of the exciting source are given in 
terms of the material parameters. A comparison of excitation intensity for three- and four-level systems 
is given. The spectral width of the stimulated radiation is discussed with particular attention to imperfect 


crystals. 


INTRODUCTION 


XPERIMENTS culminating in the achievement of 

stimulated optical radiation from Cr** in Al,O; 
(ruby) were recently reported by the author'*; in addi- 
tion, stimulated emission from other solids has since 
been reported.* A discussion of stimulated emission 
processes in the infrared-optical spectral region was 
presented previously by Schawlow and Townes,‘ with 
particular emphasis on an alkali vapor system ; however, 
the modifications of both the analytical and experi- 
mental problems encountered with solids are consider- 
able. Some of these extensions and revisions are pre- 
sented here. 

The general class of materials to be considered are 
fluorescent solids whose emission spectra consist of one 
or more sharp spectral lines. Excitation is normally 
supplied to these solids by radiation of frequencies 
which produce absorption into one or more bands. Some 
of this excitation energy is lost by a combination of 
spontaneous emission and thermal] relaxation to lower- 
lying states; however, if the solid has a relatively high 
fluorescent efficiency! most of the energy is transferred 
to the sharp fluorescent levels by means of a non- 
radiative process. Subsequently, by a combination of 
spontaneous emission thermal relaxation, the 
excited atoms (ions) return either to the ground state, 


and 


or another low-lying state. The spontaneous emission 
from these sharp levels is the observed fluorescent 
radiation. If the exciting radiation is sufficiently intense 
it is possible to obtain a population density in one of the 
fluorescent levels greater than that of the lower-lying 
terminal state. In this situation, spontaneously emitted 
(fluorescent) photons traveling through the crystal 
stimulate upper state atoms to radiate, and a net com- 
ponent of induced emission is superimposed on the 
spontaneous emission, 

We distinguish at this point between two useful 

* Now at Quantatron, Inc., 2520 Colorado 
Monica, California 

''T. H. Maiman, Phys. Rev. Letters 4, 564 (1960). 

2T. H. Maiman, Nature 187, 493 (1960); Brit. Comm. and 
Electronics 7, 674 (1960); Program of the 45th Annual Meeting 
of the Optical Society of America, October 12-14, 1960 (un 
published), p 14. 

3P. P. Sorokin and M. J. Stevenson, Phys. Rev. Letters 5, 557 
(1960); IBM J. Research Develop. 5 (1961). 

Schawlow and C. H. Townes, Phys. Rev. 117, 1940 
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solid-state systems: a three-level scheme typified by the 
level diagram shown in Fig. 1, and a four-level arrange- 
ment as shown in Fig. 2. Other configurations are, of 
course, possible, such as one in which all of the levels are 
relatively sharp and therefore more analogous to the 
gaseous situation. However, one of the features of the 
solid system is the possible use of a broad absorption 
band for the pump transition. This situation allows a 
relatively high pumping efficiency to be realized since 
most high-power optical sources have very broad 
spectral distributions in their radiant energy. 


PUMPING POWER CONSIDERATIONS 
Three-Level System 


In the configuration shown in Fig. 1, the ground state 
is the terminal level for the spontaneous emission 
transition 2 — 1. Therefore, to produce a net stimulated 
emission component it is necessary to have an incident 
pump radiation intensity large enough to excite at least 
one-half of the total number of ground-state atoms into 
level 2. The extreme difficulty of achieving such a 
radiation intensity led early investigators to ignore the 
three-level system here described.’ 

A more quantitative description of this scheme can 
be obtained from a solution of the steady-state rate 
equations : 


dN3/dl 
dN»/dl 


WisVi-— (WW 31 +4 sr +S32)V3=0, (1) 
W 12Ny— (Ao: t+ W011) NotS32N 3=0, (2) 
NitNotN3=No. (3) 


These processes are indicated in Fig. 1, where W4, is 
the induced transition probability per unit time for the 
transition (1—> 3) caused by the exciting radiation of 
frequency vi3, W.2: is the induced probability (2 — 1) 
due to the presence of radiation of frequency va, Asi 
and A», are Einstein’ A coefficients to account for the 
spontaneous radiation, and Sy. is the transition proba- 
bility for the nonradiative process (3 — 2). Ni, Ne, and 
V; are the respective level population densities, and No 
is the total active ion density in the crystal. It has been 
assumed that the thermal processes for both (2 — 1) 
and (3 — 1) are negligible compared to the correspond- 

5A. L. Schawlow, in Quantum Electronics, edited by C. H. 


Townes (Columbia University Press, New York, 1960), pp. 553- 
563. 
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(1) 


Fic. 1. Optical energy-level diagram 
for a three-level fluorescent solid. 


ing radiative processes but that the reverse is true for 
the transition (3 — 2).' It is also assumed that each of 
the energy-level separations is large compared to kT so 
that the Boltzmann factors are negligible. 

A solution to the above equations is 


N; 7 
. ) T Wie / (Ant+Wx). (4) 
Vi WyitAgctS 


If the solid has a high fluorescent quantum efficiency, 
e.g., ruby, A3:<<Sy2. Also, it will be found that even for 
very high pumping powers W3;<S2. These approxi- 
mations imply Vs<<.V,, Vs<<N2 and (4) simplifies to 


Vo N= (WastW 


Ag+ Wo y 
alternatively, 


No—N1)/ N&(Wy3-A 


W 3 +A or +2W po). (6) 


In order to obtain stimulated emission at the frequency 
vy, it is necessary that V.>.V, and therefore, from (6) 
we must have W ;>A.;. This is a minimum condition. 
In order to achieve a useful stimulated-emission 
amplifier or oscillator, it is further required that the 
N.—N,) be sufficient to overcome 
circuit losses.! The degree of population inversion 
needed can be conveniently represented for the optical 


excess population 


case as follows. 
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Fic. 2. Energy-level diagram in a fluorescent solid to illustrate 
a four-level] method of producing stimulated optical radiation. 














The energy in a wave propagating through a material 
with an absorption coefficient a is attenuated by the 
factor e~*', if / is the length of material. The absorption 
coefficient is related to the population difference by 


a= (Ni—No)oy, (7) 


where a: is the absorption cross section for the pertinent 
transition. If N2>.V,, @ is negative and e~*'>1, i.e., 
amplification instead of absorption ensues. However, 
if |a| is small, a useful degree of amplification will be 
obtained only with an impractically long crystal. In 
such cases the interaction of radiation with the material 
can be increased by placing it between reflecting plates 
and advantage taken of the resulting regeneration due 
to waves reflected back and forth many times through 
the crystal. A wave that has traveled through the crystal 
once and reflected once has changed in energy content by 
the factor e~*'r, where r is the reflection coefficient of the 
end plate. In order to achieve a high amplification, or 
in the limit a coherent oscillation, the requirement is 
e~*'y~1. In most cases —al<1 so that the oscillation 
condition reduces to 


—al=1-r (8) 


(VNo—N,)= | Ojo. (9) 


A different approach is to recognize that the parallel 
plate material system is an optical cavity, although not 
quite the same as a Fabry-Perot etalon because of the 
presence of the dielectric material; this latter point is 
discussed under “Spectral Width.” The “Q” of the axial 
modes in this cavity can be obtained by solving for the 
mean decay time 7 of photons moving perpendicular to 
the end plates.4 When (1—r)<1, 


r=le/[c(1—r) ], (10) 


where / is the distance between the plates and e is the 
dielectric constant of the material between the plates. 
Therefore, 

(11) 


O.=wr=2ale/[A(1—71) ]. 


x 


To account for the absorption (or emission) of energy 
within the material itself, we can define a material Q 
and find by similar reasoning to that above 


Ow 2rei/ax. (12) 


In these terms the oscillation condition is O0—Qxy 
and is seen to be the same as Eq. (8). If we denote as ay 
the normally measured absorption coefficient for the 
transition 1— 2 under low-power excitation, then, at 
the point of oscillation, 

(N2—N1)/NcEA—7) ‘al 
for a typical situation (1—r)<a/; therefore, 

N2 V»i2@142(1 r)/aol. (14) 


and only a small excess over ‘equal populations is 
required, 





STIMULAFEED OFTICAL EM?tSSION 


As the pumping power is increased above the point 
where W3;= Ao (equal populations), the crystal begins 
to emit stimulated as well as spontaneous radiation. 
The spontaneous emission power is .V2/vj2A 21, and since 
N» normally increases by only a small amount over the 
equal population value, as indicated above, almost all 
additional power developed at the frequency v2; appears 
as stimulated emission. Since only this latter component 
constitutes useful output it would be desirable to pump 
at levels where W13>>A21; unfortunately, however, it is 
difficult in practice even to reach the condition 
Wis= Ani. 

Consider a parallel beam of light incident on the 
surface of an optically thin sample of the material. The 
power in the beam is 

Po=nhyv,, (15) 
where » is the number of incident photons per second in 
the spectral region of the absorption band and 1, is the 
center frequency of the pumping light. From the defini- 
tion of transition probability 


(16) 


W i3=no>p A 


where oc, is the absorption cross section for the pumping 
transition (1—> 3) and A is the area of the crystal 
perpendicular to the incident beam. Therefore, the flux 
density to produce equal populations (W 3= A») is 


F=Po/A=An(hv,/o;). (17) 


Thus, in the case of an optically thin sample (a,/<1) 
the required flux density is independent of crystal 
concentration. Of course, in this case, only a small 
fraction of the incident power is absorbed, but increas- 
ing the ion density in the crystal results in nonuniform 
pumping so that in practice a compromise is made. The 
problem is alleviated somewhat if the back surface of 
the crystal is coated with reflecting material or if the 
entire crystal surface is illuminated uniformly. 

The energy density U, in the crystal is related to the 
flux density by U,=Fe'/c in the case of a parallel beam; 
therefore, using (17), 


Up=Wishe!/Apop. (18) 


Although derived for the case of a parallel beam, the 
energy density is the fundamental quantity that deter- 
mines transition probabilities, and, therefore, (18) is 
correct for other pumping geometries as long as the 
crystal is optically thin. The flux density, on the other 
hand, will depend on the particular configuration used, 
[e.g., P= (c/4e!)U, in the case of uniform illumination ]. 

A configuration more likely to be realized in practice 
is one in which the material is more or less uniformly 
illuminated over most of its surface. Such an arrange- 
ment might be comprised of an appropriate reflector, 
lens, or reflector-lens combination. An alternative 
technique would be to use an extended source and place 
the active material in close proximity to it. For example, 
the source may be in the form of a hollow cylinder or 
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helix with the active material placed inside. A dis- 
advantage of the latter arrangement is that unused 
radiation from the exciting source aggravates heat 
dissipation problems; however, the over-all structure is 
much more compact. 

The type of source most likely to be used is a high- 
pressure gaseous or vapor arc lamp. The spectral lines 
characteristic of the particular gas or vapor are 
practically nonexistent in such a lamp because of a 
combination of pressure and Stark broadening. The 
resultant output has some vague peaks, but is otherwise 
a more or less continuous spectrum with an effective 
radiation temperature typically between 4000°K and 
10 000°K. Therefore, it is convenient and not too 
unrealistic, to consider that the active material is 
immersed in isotropic blackbody radiation. 

We again assume an optically thin crystal so that the 
radiation density is uniform throughout its volume. 
Equation (18) is applicable to monochromatic radia- 
tion; in the case of broad-band radiation, 


Cov )p\ v)dv 
a 1is= . ; 
hype? 


where p(v) is the energy density per unit 
unit frequency interval. Taking o(v) as 
and using 


(19) 


volume per 
Lorentzian, 


Srhv'e} 
(20) 


we get 
dr eAryo pp 
W p= 


vo 
cle 


(21) 
T1) 


where Av, is the half-width of the absorption band. 
From radiation theory, 


A 21> 4 eAvyo py," ( 2 
for a Lorentzian line; therefore, 


W 31:= A 331/ (ehP/kT2— 1), (23) 


The source temperature required for equal populations 
(Ne=M,, Wi3= Aa) is therefore 


hv, 
T.= - (24) 
k Inf 1+(Aai/ Aa) | 


If the lifetime of the fluorescent level is not wholly 
radiative, 1/4»; should be replaced by 72, the actual life- 
time of this state. 

The important material parameters connected with 
pumping power requirements for the three-level system 
are indicated in (24). The effective source temperature 
is a measure of the power per unit area per unit fre- 
quency interval and is, therefore, germane to the pump- 
ing problem. Since the necessary temperature is pro- 
portional to the pump frequency v,, operation at shorter 
wavelengths becomes increasingly difficult. The main 
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consideration at a given wavelength is to maximize the 
ratio A3;:Ao. 

One of the main problems in obtaining stimulated 
emission from the three-level solid is the very high 
power density required for the pump source with its 
associated heat-dissipation problem. A possible solution 
is to use a pulsed rather than a continuous source, i.e., 
a high-power electronic flash lamp. If the pulse is short 
compared to the life of the fluorescent level (7,72) the 
atoms excited to the fluorescent level do not appreciably 
decay during such an exciting pulse. The total energy 
absorbed when equal populations are attained is 
E=4N hv,V. If the crystal is isotropically irradiated, 
the absorbed energy is also (from the definition of Oz 
at the pump frequency) 


E= (2rv,U,V/Qs)ts- (25) 
Combining with previously derived relations, we find 
that the required energy per unit area radiated in one 
pulse from the flash tube is 

J =F r.=hv,/ 40>. (26) 
If, on the other hand, the pulse is long compared to the 
fluorescent. decay time then the necessary peak power 
developed by the source is the same as that derived 
previously for a continuous source. The average power, 
however, can be made arbitrarily small by keeping the 
flash rate low. If large average powers are desired, 
larger flash tubes and consequently larger crystals can 
be employed. Although it requires about the same 
average input power to obtain a given average output 
power, the power dissipation problem is much less 
severe with pulsed operation than with continuous 
operation because of the greater volume of material 
involved. 


Four-Level System 


The level scheme depicted in Fig. 2 requires, in 
principle, lower exciting intensity than the three-level 
system discussed above.* If the low-lying level 2 is high 
enough above the ground state so that e~*"2/*7<1, 
then level 2 will be relatively unpopulated. It will be as 
difficult as before to obtain an excess population with 
respect to the ground state, but negative temperatures 
for the transition 3 — 2 will be obtained at much lower 


intensities. The rate equations for this system are: 


dl _ W a Ny tWogNo- 


»/ dt=Wy2.VNV — (Wost-Wo)N2+AN3=0, (28) 


Nit NotNV3= No. (29) 
We have neglected the induced rates W3.=W 23 which 
do not become appreciable until inversion is produced 
and have assumed as previously that the nonradiative 
process S4; is much greater than either Aw, Aa, Wis, 
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or Wo,4. The solution is then 


Ns Wis(Weat wo) t+ (Wogtwis) W a4 

= : (30) 
NV: Wis A g24+wi2(Ag2+A 31) 
The quantities wi. and we, are thermal transition 
probabilities, and the other quantities have the same 
meaning as previously stated. Since at room tempera- 
ture thermal relaxation between levels 1 and 2 is apt to 
be very fast (~10~ sec), wi2>>W 4 and we >>Wo4; also 
the thermal probabilities are related by 
expl—/vy./kT }. Therefore, 


(-) Wyse’ 
7 


A ° Ne r 


AT Wo 
and 


If we make the further assumption Wyy~ Wo, 


define A3= A31+A 39, we find that 


W i4— A3/ (1+? 


Wy 


In order to obtain high gain or oscillation the excess 
population must be 


N3-N& 


1—r) ‘ogol. 


> 


Combining (32) and (33 
we find 


N uel > 


and assuming 


W ur= 
\ 
where 7=1/A; is the lifetime of the fluorescent level. 
This result is to be compared with the 
requirement HW'r 


equivalent 
1 in the three-level system. 


SPECTRAL WIDTH 


The spectral width of the radiation emitted from. an 
optical maser is discussed by Schawlow and Townes in 
the ideal limiting case in which the oscillations excite 
only a single mode in a Fabry-Perot type of resonator. 
This situation is possible with extremely precise fabrica- 
tion in a gaseous or vapor system but has not been 
® The effect of the solid 
is the introduction of 


realized in solid state devices.” 
dielectric is twofold. The first 
“light pipe’ modes of propagation, due to internal 
reflection; the second is distortion of the mode patterns 
because of strains, inhomogeneities, and deviations from 
single crystallinity. The first effect is not so serious since 
it can, in principle, be circumvented, for example, by 
using a roughened cylindrical surface or immersing the 
maser material in a liquid (or solid) having nearly the 
same or higher refractive index; however, this is an 
additional problem to deal with. 


®R. J. Collins, D. F. Nelson, A. L 
Garrett, and W. Kaiser, Phys. Rev. Lett 


Schawlow, W. Bond, C. G. B 
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STIMULATED 


Temperature effects in a solid are apt to be more 
serious than in a gaseous system. Generally speaking 
solids require a much higher power density because of 
the much larger density of atoms. For this reason, the 
magnitude of temperature shifts will be larger, and in 
addition the same temperature shifts will usually be of 
more consequence. The chamber for a gaseous system 
can be made of quartz or other special low temperature 
material whereas the plate separation in the solid 
situation is determined by the maser material itself 
which in turn may have a relatively high expansion 
coefficient. Finally, the energy levels are temperature 
dependent in a solid [about 3 (kKMc /sec)/°C near room 
temperature for the ruby R; line ]. 

Crystal imperfections, light-pipe modes, and end- 
plate misalignments generally introduce ambiguity in 
the mode selection process; i.e., there may be a very 
large number of modes which are of equal status in 
contrast to the perfect situation where the axial (or 
nearly axial) cavity mode closest to the atomic reso- 
nance peak is clearly the preferred one. Temperature 
shifts give rise to frequency sweeping and mode hopping. 

As discussed by Schawlow and Townes,’ multimoding 
introduces additional noise into the system due to 
spontaneous emission considerations; in addition, as 
shown in any text on oscillator theory, this same noise 
input reduces the monochromaticity of the output 
radiation from the system when it is oscillating. 

We consider a system such as described above in 
which a large number of cavity modes enter into the 
oscillation because of poor mode selection. For purposes 
of illustration, we consider a cylindrical rod of three- 
level fluorescent material (such as ruby) with reflecting 
end plates .to form an optical resonator. The power 
dissipated in this cavity is the sum of spontaneous and 
stimulated emission components. The stimulated emis- 
sion power results primarily from the energy density 
built up in the cavity by standing waves and so essen- 
tially all of the stimulated emission power radiated by 
the material is coupled to the cavity. On the other hand, 
only a fraction (denoted by f) of the spontaneous 
emission power is dissipated in and excites the cavity. 
When regeneration ensues due to excess upper-state 
population, only the highest Q (axial and near axial) 
modes are excited appreciably. Although in practice 
only a small fraction of the total number of modes may 
be excited (limited principally by crystal perfection), 
the absolute number might be very large. (In a ruby of 
one-cm dimensions, the total number of 
~2X10".) 

The power per unit volume coupled to the cavity is 


modes is 


2rvy iL l QO. 


f. 1 op ohtvyo+ Wo4( No—-N, hv ys. 


p./V 


(35) 


Here U is the energy density in the cavity, and Q, is 
the loaded cavity Q (not including the material but in- 
cluding output coupling). Because we are dealing with 
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a multimode cavity with dimensions very large com- 
pared to a wavelength, the spectral distribution of the 
spontaneous radiation is essentially the same as the 
fluorescence radiating into free space. If we assume a 
Lorentzian line, the frequency distribution of spontan- 
eous power is .V2A ohvg(v), where 


Ap 1 


g(v) (36) 


) 


24 (v—vo)*+(Av/2)? 


and Ay» is the half-power width of the atomic transition 
(2 — 1). Analogous to Eq. (19), we have 


ca\v)p\ v)dv 
Wo f | 
hve 


where o(v)=37Avoog(v). The power per unit volume 
per unit frequency interval is then 


(37) 


2rvp(v) ( 
{NA nhvg(v)+—o(v)p(v)(.V2—.)), 


@) € 


x 


(38) 


therefore, using (12) 
1 fNe2A nhAvQ, 


p(v) ~ (39) 
4m? (v— 9)?+ (Av/2)?(1+0-./Om) 
Thus, the energy density is Lorentzian with a half- 
amplitude width 
B=Av(1+0./Qm)!. (40) 


The total power delivered to the cavity is 


2rvV 
P.= foc, 
0. 


therefore, using (36) and (37), 


B= fN2AnhvAvV i. (41) 


The fraction f in terms of cavity modes is well known 
to be 
n 


(42) 


dr’ vPAvV é} am 


where the denominator is the total number of modes 
within the integrated width (32Av) of the atomic transi- 
tion and 7 is the actual number of modes participating 
in the oscillation; also since 


Ay —= 4reAvov? Cc’; 
we find 


B=fncNoohvAv/éP.. (43) 


Then, using V2/N,=e~"’/*7« (where 7, is the effective 
temperature of the two-level system composed of the 
level and the ground state), |Qy/= 
2re!/|a| AO, (when the system is oscillating), and 
O.=v/dv (where 6y is the width of a single cavity mode) 


fluorescent 
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Fic. 3. Spectral bandwidth of the stimulated emission as a 
function of pumping power and the fractional number of cavity 
modes entering into the oscillation 


we obtain from (43 


(44) 


B=2rithvAviv/P.(1—e*"/*7*) 


(T, is a negative quantity). 

An alternative expression for the spectral bandwidth 
is obtained by considering the total power developed at 
the frequency v1, 


P.=N\WyhvpV=P.+(1—f)NeAnhvV, (45) 


41), we find 


then using 


fAp 
: (46) 
W 33/Aa "1/N2)—(1—f) 


When the pumping power is increased to the point 
where Wy3=Ao1(.Vi=V2), from (46) B=Av inde- 
pendent of f. Any further increase in pumping power 
results in the production of stimulated emission and 
narrowing of the spectral width. Equation (46) is 
plotted in this region for various values of the parameter 
f and shown in Fig. 3. Thus, with a fairly good crystal, 
where gi yod mode selection is feasible (f<K1 ), an abrupt 
change in the spectral width occurs with a fairly well- 
defined threshold pump power, but with a badly 
strained crystal (f~1), the energy is scattered into 
many modes and no well-defined threshold can be found. 
Both types of behavior been observed 
following paper). 

The validity of the foregoing analysis breaks down 
when the spectral width of the “mode packet” 
comparable to, or less than, that of the atomic reso- 
nance. In this case account must be taken of the 
modified spectral distribution of the spontaneous 


have (see 


is 


MAIMAN 


radiation as discussed by Purcell’ and Pound.’ In the 
extreme case of a single mode oscillation one can use a 
wire circuit analysis*® and arrive at an equation 
analogous to (44), ie., 


2rhv (dv) 


B= (47) 


P.(1—eh/#Te), 


This expression is similar to the one presented by 
Schawlow and Townes,‘ but more general in that 
account is taken of a finite lower state population (their 
result implies 7,— —0). Also the width of the cavity 
mode appears here, as it should, since usually (for both 
solids and gases) 6y< Ay and the narrower of these two 
is the dominant element in determining the spectral 
width. 


CONCLUSIONS 


Optical excitation into a broad absorption band is 
possible with many fluorescent solids; thus, stimulated 
emission may be produced with relatively efficient 
utilization of typical broad band pumping sources. A 
three-level solid system as described here (e.g., ruby), 
uses the ground state as the terminal level for the stimu- 
lated emission transition. The required pumping power 
for this scheme is quite high ; however, it has been shown 
that the important pumping parameter is the effective 
temperature of the source. A four-level fluorescent 
solid may also utilize a broad absorption band ; however, 
in some cases, depending on the material parameters, 
much less pumping power is required than for the 
three-level scheme. 

Soiid-state systems pose additional problems in mode 
selection not present in a gaseous system. A dielectric 
rod constitutes a waveguide (light pipe) and thus 
additional modes of propagation (which may be low 
loss) are introduced. Even more important are strains, 
inhomogeneities, and deviations from single crystal- 
linity which tend to scatter energy into undesired 
modes. Under the assumption that the mode selection 
is poor, i.e., many modes participate in the oscillation, 
an analysis was presented for the case of badly strained 
crystals. The general features of this formulation have 
been observed in the laboratory as discussed in the 
following paper. 

No attempt has been made here to treat the transient 
behavior or multiple spectrum observed in pulsed 
excitation of ruby and other solids. A quantitative 
description would require an analytical expression for 
the variation of Q of the various mode possibilities. This 
in turn is a function of the particular crystal and its 
history of fabrication (see following paper). 


7E. M. Purcell, Phys. Rev. 89, 681(A) (1946 

®R. V. Pound, Ann. Phys. (N. Y.) 1, 24 (1957 

*T.H. Maiman, in Quantum Electronics, edited by C. H. Townes 
(Columbia University Press, New York, 1960), pp 324-332 





PHYSICAL REVIEW VOLUME 1 


NUMBER 4 AUGUST #5, oes 


Stimulated Optical Emission in Fluorescent Solids. II. Spectroscopy and 
Stimulated Emission in Ruby 


T. H. Maiman,* R. H. Hoskuys,* I. J. D’HAENENs, C. K. 
Hughes Research Laboratories, A Division of Hughes Aircraft Company, 


AND V. EvTUuHOV 
Malibu, California 


ASAWA, 


(Received January 27, 1961) 


Optical absorption cross sections and the fluorescent quantum efficiency in ruby have been determined. 
This data has been used to correlate calculations with the analysis of the preceding paper. Stimulated 
emission from ruby under pulsed excitation has been studied in some detail; the observations are found to 


depend strongly on the perfection of the particular crystal under study. 


A peak power output of approxi 


mately 5 kw, total output energy of near 1 joule, beam collimation of less than 10~? rad, and a spectral width 
of individual components in the output radiation of about 6X10~4 A at 6943 A have been measured. It is 
suggested that mode instabilities due to temperature shifts and a time-varying magnetic field are con 
tributing to an oscillatory behavior of the output pulse. 


INTRODUCTION 


HE purpose of this paper is to describe the results 

of spectroscopic and stimulated emission experi- 

ments on Cr** in AlyO3 (ruby), and to apply the analysis 
of the preceding paper! to these results. 

The energy-level diagram for ruby (taken from the 
work of Sugano and Tanabe?) is shown in Fig. 1. 
Fluorescence in this crystal is easily demonstrated by 
irradiating it with green light to excite the 44,.— ‘F» 
transition, violet light to excite the 4A,— ‘F, transi- 
tion, or ultraviolet to excite a high-lying charge transfer 
band (not shown in the diagram*). The emission 
spectrum consists of a sharp doublet (“Z — 4A.) in the 
red whose components at room temperature are at about 
6943 A (R;) and 6929 A (R,) with respective half-power 
spectral widths of 4 and 3 A. 


ABSORPTION SPECTRA 


The absorption spectrum of ruby taken with a Cary 
spectrophotometer is shown in Fig. 2. The sample was 
a 1-cm cube cut with the c axis perpendicular to one 
pair of faces. The chromium concentration, determined 
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3. 1. Energy-level diagram for ruby. 


*Now at Quantatron, Inc., 2520 Colorado Avenue, Santa 
Monica, California. 

''T. H. Maimam, preceding paper, Phys. Rev. 123, 1145 (1961). 
Hereafter referred to as Part I. 

2S. Sugano and Y. Tanabe, J. Phys. Soc. (Japan) 13, 880 (1958) 

3D. McClure, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1960), Vol. 9. 


by chemical analysis, was 0.0515 +0,0005 weight percent 
of Cr.03: Al,O; corresponding to a chromium ion density 
No=1.62X 10!9/cm*. Absorption cross sections were 
calculated using g=a/.\ 
tion coefficient. 

The absorption data for the R lines (Fig. 2) is inac- 
curate because of insufficient resolution; therefore, an 
independent experiment was performed using a ruby 
optical-maser source to measure transmission through 
the cube. It was found that with light propagating 
parallel to the c axis the absorption coefficient for the 
R, line a {0.4 cm™ and therefore ¢=2.5X 10-*° cm. 


‘0, Where @ is the linear absorp- 


FLUORESCENT EFFICIENCY 


A parameter of particular interest in the study of 
fluorescent solids is the fluorescent quantum efficiency, 
defined as the ratio of the number of fluorescent photons 
emitted to the number of exciting photons absorbed. 
Wieder? reported 10-? for this quantity, whereas 
Maiman® obtained a value near unity for excitation 
into the center of the green band. These measurements 
were repeated and extended to cover excitation in the 
spectral range of 3500-6000 A. 

The sample used was the ruby cube referred to above 
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Fic. 2. Spectrophotometric absorption spectrum of ruby. The 
absorption cross section o (right scale) is given by e=a/No, where 
a is the linear absorption coefficient and No the number of ab- 
sorbing centers per cm’, 
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Fic. 3. Block diagram of the experiment setup for the 
determination of fluorescent efficiency in ruby 


A block diagram of the experiment is shown in Fig. 3. 
Radiation from a Bausch & Lomb monochromator at a 
power level of about 25 uw/cm* and of 60 A spectral 
width was incident on a side of the cube normal to the 
c axis. The total R-line fluorescence radiation was 
measured both along and normal to the ¢ axis with a 
photomultiplier tube placed 30 cm from the sample. 
This light was monitored through a red-transmitting 
filter and a 0.08-cm* aperture. The total radiated power 
was computed assuming the radiation pattern to be an 
ellipsoid with an axis of revolution along the crystal 
c axis. 

The light source and monochromator combination 
was calibrated by replacing the ruby sample by an 
Eppley silver-cadmium thermopile. The photomultiplier 
was calibrated by replacing the ruby by a mirror and 
comparing the resultant photomultiplier reading with 
that of the thermopile in the same position. In making 
the latter measurement a calibrated neutral-density 
(2.0) filter was used with the photomultiplier. 

The fluorescent quantum and power efficiencies were 
calculated from these measurements making use of the 
data of Fig. 2 and accounting for multiple reflections in 
the crystal. The results are shown in Fig. 4. The 
accuracy of the dotted portions of the curves is lower 
than in the solid portion because of low absorptivity, 
and hence low absorbed power in the crystal in these 
regions, which reduces the precision of the measure- 
ments. The accuracy of the results in the solid portion 
of the curves is estimated to be within 10%. 

The indicated results of about 704+5% can probably 
be accounted for by the following argument. The 
fluorescent lifetime of 7 — ‘Ae is 4.3 msec at 77°K® 
but is reduced to 3.0 msec at 300°K.® Estimates of the 
variation of the matrix elements with temperature 
indicate a much smaller change than this; therefore, 
we assume that the reduced lifetime at 300°K is due 
to thermal relaxation and this alone would restrict the 


6F. Varsanyi, D. A. Wood, and A. L. 
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fluorescent quantum efficiency to a maximum of 70% 
at this temperature. 


STIMULATED EMISSION 
Pumping Power Considerations 


We now consider the amount of input power required 
to produce oscillations. The thermal relaxation time 
between the excited states 2A(?#) and E(?F) at room 
temperature is estimated to be the order of one msec 
or less, whereas the lifetime of */ at this temperature 
is 3.0 msec.° For this reason it can be assumed that the 
components of */ are nearly in thermal equilibrium in 
the experiments to be described. Because of a somewhat 
greater population in E(?/) with respect to 2A (24), 
due to the Boltzmann factor and because the matrix 
element for the transition E(2E) — 44, is larger than 
that for 24 (24) > 44s, the former transition (R,) will 
be favored in stimulated emission experiments. 

It was shown in Part I that the excess population 
needed to produce oscillation is 

(Vo—N1)/ No —r)/adl. 
In the case considered here, V.- V; is the population 
excess of E(?E) with respect to 
cm, /=2 cm, and (1—r)=0.015 (evaporated silver at 
6943 A), we find (V.—.\V,)/ Vo 0.019. Thus, only a 
small excess over equal populations is required. 

A simple extension of the discussion in Part I indi- 
cates that equal populations will be produced when 


‘45. If we use ap~ 0.4 


W ys (1 +e lr) Ao, (1) 


where vq is the frequency of the transition 
2A (?E) > EE). 
This implies an energy density of pump radiation 


U >> (1+e-4/kT) 4 ath v/ €)/Ape p- (2) 


If the crystal is illuminated uniformly with isotropic 
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Fic. 4. Fluorescent quantum and power efficiencies for ruby 


ratio of output fluorescence to input absorptior 
wavelength. 


as a function of 
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radiation, 


rs (1+e~!*? hy ,A oy 


F=- 
dive 


U,=— 


Substituting the values applicable to ruby, i.e., 
o,p= 10-" cm’, 


va= 8.7 X 10""/sec, 
A3,= 330/sec ; 


¥p=5.4X 10"/se 


we find that F>555 w/cm? is required to produce 
stimulated emission in this crystal. 

Because of the broad spectral distribution of typical 
high-intensity exciting sources,! it is interesting to 
consider the brightness and spectral efficiency of a 
blackbody radiator in this connection. The flux density 
and relative spectral efficiency of such a radiator are 
given in Figs. 5 and 6. Radiation centered at both 
5500 and 4100 A and 1000 A wide are considered, cor- 
responding approximately to the green and_ violet 
bands in ruby. If we consider excitation into the green 
band only, for the moment, it is seen that a radiation 
temperature of about 5250°K is required for the onset 
of stimulated emission and that reasonable spectral 
efficiencies would be realized up to perhaps 15 000°K. 
Excitation into the violet band is not as efficient from 
a power standpoint (see Fig. 4) as the green band. 
Also, a side effect is possible from violet radiation. 
Maiman® has shown that appropriate wavelengths can 
stimulate transitions from °/2 to the charge transfer 
band; therefore, at high power densities, where the 
population of *£ is appreciable, the net effect of the 
blue radiation could easily be to depopulate 7. 

Due to the need for high source intensities to produce 
stimulated emission in ruby and because of associated 
heat dissipation problems, these experiments were per- 
formed using a pulsed light source. For the case in which 
the exciting light pulses are short compared to the 
fluorescent lifetime, the requirement on the flash tube 
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lic. 5. Fraction of radiation from a blackbody in 1000 A interval 
centered at 5500 A and 4100 A as a function of temperature. 
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Fic. 6. Surface brightness from a blackbody in 1000 A interval 
centered at 5500 A and 4100 A as a function of temperature. 


is that the energy per unit area! is 


J=(1+e-!T hy, /40p; (4) 


for ruby, this requirement is J=1.67 joules, cm’. 

The source which was used was a General Electric 
type FT-506 xenon-filled quartz flash tube; this tube 
has a luminous efficiency of 40 lumens per watt. By 
coincidence, the green absorption band of ruby is almost 
identical to the sensitivity response of the human eye; 
therefore, lumens are meaningful units in this experi- 
ment corresponding to 0.0016 w of radiant energy and 
the spectral efficiency of the lamp is therefore about 
0.064. The radiating area of this source is approxi- 
mately 25 cm* so that an electrical input energy to the 
lamp of 650 joules would be required to produce stimu- 
lated emission in ruby on the basis of the previous con- 
siderations. 


Apparatus 


The material samples were ruby cylinders about 
= in. in diameter and ? in. long with the ends flat and 
parallel to within A/3 at 6943 A. The rubies were sup- 
ported inside the helix of the flash tube, which in turn 
was enclosed in a polished aluminum cylinder (see Fig. 
7); provision was made for forced air cooling. The ruby 
cylinders were coated with evaporated silver at each 
end; one end was opaque and the other was either semi- 
transparent or opaque with a small hole in the center. 

A block diagram of the experiment is shown in Fig. 8. 
The energy to the flashtube was obtained by discharging 
a 1350-uf capacitor bank and the input energy was 
varied by changing the charging potential. The R, 
output radiation was monitored with a type 6217 photo- 
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Fic. 7. Apparatus for pulsed excitation of ruby. (Actual size, 
approximately 2X1 in. o.d. 


multiplier tube which was calibrated at 6943 A by 
comparison with an Eppley thermopile to radiation 
at this wavelength in a band 200 A wide. The thermopile 
was calibrated with an NBS standard lamp. The attentu- 
ation of the radiation necessary to insure linear response 
of the photomultiplier was obtained by the use of cali- 
brated neutral-density gelatin filters. Peak output power 
and details of the output pulse were obtained from the 
phototube output across a 1000-ohm resistor on an oscil- 
loscope ; the total instrumental response time was about 
0.1 usec. The total energy in the output pulse was ob- 
tained by integrating the phototube current with a 0.1-yf 
mica capacitor. 


Experimental Results 
1. Summary 


It was found with high-intensity excitation that the 
nature of the output radiation from the various ruby 
samples which were tried could be divided into two 
categories : 

A. Crystals which exhibited R; line narrowing of 
only 4 or 5 times, a faster but smooth time decay of the 
output (compared to the fluorescence), an output beam 
angle of about 1 rad, and no clear-cut evidence of a 
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Fic. 8. Block diagram of experimental setup for the observation 
of stimulated emission in ruby. 
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Fic. 9. R; line out- 

put pulse with vari- 
ous input energies: 
a) below threshold, 
b) threshold, (c) 
above threshold. The 
instrumental re- 
time is too 
long to resolve the 
oscillatory structure 
of the stimulated 
emission pulse. 


sponse 


threshold excitation. This type of behavior was reported 
and discussed by Maiman.? 

B. Crystals which exhibited a pronounced line nar- 
rowing of nearly four orders of magnitude, an oscillatory 
behavior of the output pulse, and a beam angle of 
about 10~ rad; these crystals were particularly charac- 
terized by a very clear-cut threshold input energy where 
the pronounced line and beam narrowing occurred. This 
second category of behavior was reported by Collins et 
al.,* and is the subject of further study reported here. 
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Fic. 10. Input electrical energy for the threshold of stimulated 
emission and stimulated emission output energy with an input of 
approximately twice threshold as a function of degree of coupling 
to the ruby. Coupling was changed by varying the size of a hole 
in one totally reflecting end. 

’T. H. Maiman, British Communications and Electronics 7, 
674 (1960); Nature 187, 493 (1960 

5 R. J. Collins, D. F. Nelson, A. L. Schawlow, W. Bond, C. G. B. 
Garrett, and W. Kaiser, Phys. Rev. Letters 5, 303 (1960). 
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Fic. 11. Stimulated emission output energy from a ruby with 
a semitransparent (7% transmitting) end face as a function of 
electrical energy input to the exciting lamp source. 


2. Threshold 


The R; output light at various levels of input illu- 
mination is shown in Fig. 9. The spontaneous fluorescent 
radiation is shown in (a). In (b), the input energy has 
been increased by approximately one part in 10* and 
the onset of stimulated emission can clearly be seen. 
We define this condition as threshold. In (c) (different 
vertical scale), the input energy has been increased still 
further and the stimulated emission is seen to increase 
rapidly over the spontaneous fluorescent radiation. The 
instrumental response time for these particular photo- 
graphs was long; hence, the structure of the stimulated 
emission pulse (discussed below) is not seen. 

The variation in input energy required for the onset 
of stimulated emission as a function of degree of coupling 
to the ruby is shown in Fig. 10. Coupling was varied by 
gradually enlarging a small hole in the center of one of 
the silvered ends of the ruby. The abscissa of the curve 
is the ratio of the area of the unsilvered hole to the total 
area of the face. Variation in coupling was also obtained 
by changing the thickness of a partially transmitting 
silver film on one end of the ruby. The latter mathod is 
more suitable to analytic treatment of the data; how- 
ever, in practice, it is much more difficult to take the 
ruby from its holder, remove a silver film, and resilver 


Fic. 12. Light out 
put pulse from the 
exciting lamp in the 
green (a) and stimu- 
lated emission out- 
put pulse from ruby 
(b) (time scale 200 
psec/division). The 
excitation energy for 
(b) was approxi- 
mately twice thres- 
hold. The initial spike 
in (b) is an electrical 
transient arisingfrom 
the trigger circuitry. 
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Fic. 13. Output 
pulse from ruby on 
an expanded time 
scale (10 yusec/divi- 
sion). (a), (b), and 
(c) represent the out- 
put approximately 
600, 1000, and 1200 
psec after the onset 
of oscillation. The 
vertical sensitivity 
and the base line are 
the same in each 
case. 


in a controlled manner than simply to enlarge a hole 
without changing any other experimental conditions. 

The qualitative behavior shown in the figure is 
expected, since increasing the hole size reduces the 
effective reflection coefficient of the end face; a larger 
population excess is then required, which in turn 
requires larger input energy to the system. When the 
hole size becomes sufficiently large, the necessary excess 
population to overcome the cavity losses is not attain- 
able at any value of pumping energy. 


3. Output Energy and Peak Power 


The variation of the total energy output with size of 
coupling hole at a fixed energy input (approximately 
twice threshold energy for small coupling) is also shown 
in Fig. 10. An optimum hole size for maximum energy 
output (which varies with available input energy and 
from sample to sample) is clearly indicated. This vari- 


Fic. 14. Change in 
stimulated emission 
output beam with in- 
put energy for a ruby 
with a small hole in 
one totally reflecting 
end. The angular 
width of the largest 
pattern is about 1°. 
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Fic. 15. Output beam 
pattern for a partially sil- 
vered ruby. 


ation is also readily understood in terms of coupling to 
a resonant cavity. The peak power output follows a 
similar curve. 

The energy output from a ruby with a partially 
silvered end face (7% transmitting) as a function of 
electrical energy input to the flash tube is given in 
Fig. 11. The slow initial rise of the curve is due to 
integration of spontaneous fluorescent radiation which 
makes up a relatively large portion of the light reaching 
the phototube detector at input energy levels near 
threshold. At higher input energies, the curve rises more 
rapidly as the spontaneous emission radiation becomes 
smaller in relation to the total output. Since the effi- 
ciency of the flash tube increases as the input energy 
increases, the curve does not represent light output as 
a function of light input. The peak power output, difficult 
to determine closely because of the pulsed nature of the 
radiation, same general curve, but 
with a faster initial rise, since the spontaneous emission 


again follows the 
is not integrated. Under the conditions of Fig. 11, the 
peak output power with 1730 joule input was more than 
3 kw and the total output energy was 0.4 joule (using a 
different ruby sample, a peak power output in excess of 
5 kw and an integrated output energy of near 1 joule 
was measured). 


Characteristics of Emitted Radiation 


The exciting flash tube output in the green and the 
stimulated emission pulse with an input approximately 
twice threshold are shown in Fig. 12, the time scale for 
both traces being 200 usec /division. The stimulated 
emission pulse (b) is seen to lag the input pulse (a) by 
approximately 300 ysec, the time required for the 
buildup of excess population in the *F level. The output 
pulse from a ruby with a 3% transmitt 
an excitation energy approximately twice 


ing silver film on 
one end with 
hreshold is shown in Fig. 13 on an expanded time scale. 
The amplitude of the individual pulses making up the 
output are seen to vary in an erratic manner and the 
average pulse repetition rate is seen todecrease markedly 
as the input light intensity decays. The rise time of the 
rise time of ~0.1 
usec and does not appear to depend upon the excitation 


pulses approaches the instrumental 
level. No apparent variation of pulse repetition rate or 
rise time as a function of coupling was found. 

Mode selection by means of the following experiment 
was tried. The silver coating from one end of the crystal 
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was removed and replaced by a mirror parallel to and 
5 cm from this end of the ruby. The beam angle 
decreased and the oscillatory behavior of the output 
changed, exhibiting a much greater separation between 
the individual pulses. 

The spatial nature of the stimulated emission from a 
ruby with a small coupling hole varies in an interesting 
way from that from the same ruby with a partially 
transmitting end coating. For a particular ruby with a 
(0).125-in. coupling hole in a totally reflecting end coating, 
the nature of the spot varied with input power as 
shown in Fig. 14. The image of the spot on a transluscent 
screen located 75 cm from the end of the ruby was 
photographed from behind the screen. At input energies 
just above threshold, the output starts as a barely 
discernible, small, approximately round spot not shown 
in the figure. As the input energy increases, the spot 
input levels 
a horseshoe shaped 


spreads in two directions to form, at 
approximately twice threshold, 
pattern of approximately one degree angular width. 

The same ruby with a partially transmitting end 
coating gives, slightly above threshold, a small round 
spot (of smaller linear dimension than the ruby face at 
close distances) surrounded by barely discernible rings. 
As the input energy is increased, the central spot 
appears to grow and fill in the space between the rings. 
Such behavior might arise if only a portion of the ruby 
were active. As the input energy is increased, the active 
portion of the ruby increases in size. The ring pattern 
from another ruby with a partially transmitting end is 
shown in Fig. 15. The size of the central spot projects 
to about 3 mm in diameter at the face of the ruby (the 
diameter of the ruby is about 9 mm) and has an angular 
width of 10-? rad. The angular diameter of the rings 
varies as (m+a)!, where m is an integer and a is a 
constant. The appearance of these rings is discussed by 
Wagner and Birnbaum’ and explained on the basis of 
a Fabry-Perot type phenomena within the ruby. 


Fic. 16. Stimulated emission from ruby as observed through a 
Fabry-Perot interferometer having an 18.5-cm plate separation 
interorder spacing 0.0135 A). Bright fringes are the white areas 
of the figure. 


> W. G. Wagner and G. Birnbaum (to be published 
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The spectral width of the emitted radiation was 
investigated with a Fabry-Perot interferometer. In 
general, one or more sharp components were observed 
of spectral width ~6X10-*A superimposed on a 
broader background (see Fig. 16). The fringe patterns 
were not, however, reproducible; that is, the number 
and relative intensity of the components changed in 
each photographic exposure. 


DISCUSSION 


The variation in the behavior of stimulated emission 
in ruby can be explained on the basis of the discussion 
in Part I. It was asserted that badly strained crystals 
scatter the energy into many cavity modes and that 
from the curves presented there it was expected that a 
clearly defined threshold would not be present in such 
cases. This is corroborated by the fact that the rubies 
which exhibit the pronounced beam and spectral nar- 
rowing, when viewed with polarized light, appear to be 
less strained than the others. 

Several theories to account for the oscillatory nature 
of the output based upon relaxation behavior have been 
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advanced.*:"” There is, however, a possibility that some 
type of mode-hopping process is also taking place, since 
the frequency of the inverted transition is certainly 
being swept in time during the oscillation pulse due to 
temperature changes and also due to a time-varying 
magnetic field produced by the current flow in the 
helical flash tube. Moreover, it is difficult to explain 
the appearance of several extremely narrowed lines 
observed with the Fabry-Perot interferometer unless 
some sort of mode sweeping is invoked. Further experi- 
mental work is indicated before the characteristics of 
the emitted light can be fully understood. 
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The method developed by Begbie and Born has been applied to alpha uranium, where equations are 
developed which give the macroscopic elastic constants in terms of the microscopic force constants. Inter 
actions of an atom with its first through fourth nearest neighbors, which involve twelve atoms, are con 
sidered. Through symmetry considerations, nineteen atomic force constants enter into this force system 
\n independent determination of the force constants is required before a valid verification of the solutions 
can be made. However, using measured values of the nine elastic constants, two sets of force constants are 
evaluated, one based upon quasi-central forces and the other upon neglect of fourth nearest neighbors. 


I. INTRODUCTION 
B" *BIE and Born! developed the so-called ‘*method 


of long waves” in order to study the relationship 
between elastic constants and atomic force constants. 
In their development the atomistic equations of motion 
are expressed in terms of the second derivatives of the 
potential energy function with respect to atomic 
displacements. These derivatives termed the atomic 
force constants are general in the sense that no assump- 
tion is made regarding the form of the potential. The 
elastic constants are obtained in terms of these atomic 
force constants by comparing these atomistic equations 
* This work was carried out under the auspices of the U. S. 
\tomic Energy Commission. 
'G. H. Begbie and M. Born, Proc. 
179 (1947); G. H. Begbie, Proc. Roy. Soc. 
(1947). 


Roy Soc. (London) AISS, 
(London) A188, 189 


of motion with the elastic equations for a macroscopic 
medium. 

The structure of alpha uranium can be described as 
a close-packed hexagonal lattice that has been distorted 
to orthorhombic symmetry. Choosing any particular 
atom as origin, it has two nearest, two second nearest, 
four third nearest, and four fourth nearest neighbors. 
The structure may be viewed as two interpenetrating 
unit cell 
containing two atoms. Using symmetry considerations 


side-centered orthorhombic lattices with a 
it is possible to study the interactions of an atom with 
its first through fourth nearest neighbors in terms of 
nineteen atomic force constants. 

In what follows, we develop equations which express 
the nine elastic constants in terms of these nineteen 
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parameters. Using measured values? of the elastic 
constants of alpha uranium and certain assumptions, 
thirteen atomic force constants are evaluated for the 
case where fourth nearest neighbors are neglected. For 
the case of quasi-central forces between all atoms, 
fourteen force constants are computed. We must view 
these values merely as representing an order of magni- 
tude. Before a more accurate test of the example can 
be made, an independent determination of the atomic 
force constants should be obtained. 


Il. THEORY 


The equilibrium position of an atom of type & in the 
ith cell is represented by the vector 


r(l; k)=r(l)+r(k), 


where r(/)=/;a:+-/2a2+/,a;, with the /’s being integers; 
r(k)=X'(k)ayt+A?(k)aot+A*(k)as, with O< A(R) <1 (7=1, 
2,3); and aj, as, a; are the basis vectors of the unit cell. 


For smal] displacements u of atoms from their 


equilibrium positions, we can develop the potential 


energy of the lattice in a Taylor expansion. In the 
harmonic approximation, it is sufficient to retain only 
terms quadratic in the nuclear displacements. The 
coefficients of these terms we define as the negative of 
the atomic force constants. They have the form 


PD 
‘ (2.1) 
Ou,(1; k)dug(l'; k’) 


2 E. S. Fisher and H. J. McSkimin, J. Appl. Phys. 29, 1473 
1958); H. J. McSkimin and E. S. Fisher, ibid. 31, 1627 (1960) 
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Fic. 1. First through fourth 
nearest neighbors of atoms O and 
O’ of a uranium. The unit cell is 
described by the basis vectors a, 
a2, and as. The vector b; separates 
the two interpenetrating lattices. 





In this expression ® is the lattice potential energy, 
Ua(l;k) is the a component of the displacement vector 
of lattice site (/;k), a=1, 2, 3, and ug(l’;k’) is the 
corresponding quantity for site (/’; k’). 

The number of independent atomic force constants 
$,, are reduced by observing the following: (1) The 
order of differentiation in (2.1) is immaterial, (2) ® is 
invariant under a rigid translation of the lattice as a 
whole, (3) ® is invariant under rotations, and (4) ® 
is invariant under all symmetry operations which 
belong to the space group of the crystal. These embody 
rotations, reflections, glide planes, and combinations of 
these. These statements are, respectively, manifested 
mathematically as 


&,3(1—l’; kk’) =Pga(l’—1; kk), 
> &,3(1—l’; kk’) =9, 


ik’ 


Y,8(1—l’; kk’) xy (1; k) =F Pyg(/—l’; kk’) xa(l; k), 


lk lk 


and 
®@(L—L’; KK’)=Te(i-l'; kk’) T*, (2.5) 
where the matrix T represents a symmetry operation 
of the lattice, T** its transpose, and (L; AK) is some 
other lattice position. 
Using the method of long waves, as found in Born 
and Huang,’ we relate the macroscopic elastic constants 


3M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1956), Chap. V 
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to the interatomic force constants through the relation 


Cay.ar= LaByyd ]+[By,ad ]—[Br, ary ]+ (ay,Bd). 


The square brackets are linear combinations of the 
atomic force constants and the curved brackets are 
linear combinations of products of the atomic force 
constants. Equation (2.6) holds only if we are dealing 
with a lattice initially free of stresses. The compatibility 
conditions for such a restriction are expressed in the 
additional relation 


(2.6) 


[By,ad ]=[ad,By ]. (2.7) 


In media free of stresses, the fourth-order tensor 
Cay,pr (a, Y,8,A\=1, 2,3) may be reduced to Voigt’s 
notation ¢,, (p, 7=1, ---6) in the usual manner. 


III. APPLICATION TO ALPHA URANIUM 


Alpha uranium is orthorhombic with symmetry D2,!’. 
Its structure is similar to the hexagonal metals except 
that atoms are skewed back and forth in the (010) 
directions. The room temperature lattice constants are 
taken as a=2.852 A, b=5.865 A, and c=4.945 A. The 
parameter y, which is a measure of the skew behavior 
in the 6 direction, is taken as 0.105. With any particular 
atom as origin it has two nearest, two second nearest, 
four third nearest, and four fourth nearest neighbors. 
The structure may be regarded as a lattice with a basis 
in which there are two interpenetrating side-centered 
orthorhombic lattices with a unit cell containing two 
atoms. The unit cell is formed from the three basis 
vectors aj, a2, and a3. The two interpenetrating lattices 
are separated by the basis vector b;. Figure 1 shows a 
portion of the lattice where we have labeled the twenty- 
four atoms involved in the calculation. 

The twelve neighbors of origin O are split into two 
groups P, P, and those of O’ into P’, P’ as follows: 


P— 1, 2, 3, 4, 5, 6; 
P— 1, 2, 3,4, 5,6; 
es Oe ee ee 
p’ — 1’, 2’, 3’, 4. 5’, 6’. 


The six atoms that are in the plane containing the 
origin O are denoted by type k=1, the six that lie in 


TABLE I. Atom positions referred to the basis 


0 
0 

—1 

(21) 


1 
—1 
(21) 


cr 
te) 


1 

0 

0 
(12) 
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—1 
0 
—1 
(21 
6’ 
0 
—1 
0 
(12 
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a 


) 


“~, 


the plane of O’ are of type k=2, and so forth. The 
labeling procedure for convenience follows closely that 
of reference 1. It is convenient to reduce the indices 
(1; kk’), representing the positions relative to the 
origin, to the notation (P; .V), where the correlation of 
(l; kk’) > P is given in Table I, and V=1, 2, 3, 4, 
denotes the first, second, third, and fourth nearest 
neighbors, respectively. In this scheme D(l; kk’) 
D(P; N), where 


Dasa(l; Rk’) =[1/ (mymy-)) }Pag(l; RR’). 


The symmetry operations of the lattice are referred 
to a Cartesian coordinate system centered at atom O 
and oriented as shown in Fig. 1. The symbol C?!™ ?/¢ 21/m 
describes the type of symmetry axes, etc. The sym- 
metry operations which are sufficient to reduce the 
number of independent atomic force constants are as 
follows: 


(a) A twofold axis of rotation about the x axis, 
followed by a reflection perpendicular to this axis and 
then a translation of amount (0, —2yb, 3c): 

f= 
0 
0 


0 
=7 
0 


0) 
0}. 
a 


T; = 


The corresponding change of label is 


P— P' P'—> P. 


and 


It is to be noted that the translations affect only the 
change of label. 

(b) A reflection in the plane perpendicular to the y 
axis plus a translation (0, —2yb, 3c): 


1 
0 
LO 


0) 
=" 
0 


0) 
0}, 
1) 


Ts; PP’, PP’. (3.2) 


(c) A reflection in the plane perpendicular to the 
% axis: 
0) 
1 
0 


—1 
0 
0 


(3.3) 


> 


1-1, 2-2, 3-3 


4— 4, 


, 


vectors of the unit cell. 


) 


) 
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Taste II. Atomic force constant matrices for the origin nuclei and their first through fourth nearest neighbors. 


8(2) 6(2) D(1; 2) a B(2) 
(2 ¥(2) . _ 
0 Div’; 2} m 


2:3) K 5(3) ana Ts —1 
- 7 1(3) 
D(2’; 3) aC 3) D(2’: 3 


B(3) 
— 


D(3; 3) (; —e(3) D(3; —1 
(: 1(3) ne 
3. 3) D(3’; 3) 
D(4; 1) Peak 
vA) . Ue 
p(l) a(1) D(4'; 


B(4) 
a 2 


5(4) (5; 4) ant 
> (4) “a = 
u(4) a(4) D(5’; 4) 


—5(4) 9) D(6; 4) | —1 B(4) 
= 6(4) 


—r(4) 


y (4) u(4) 


u(4) a4) D6’; 4)| 


28(2)+48(3)+28(1)+48(4) 
0 2y (2) +47 (3) +27 (1) +47 (4) 
0 0 


(d) A reflection in the plane perpendicular to the we find that Dy.(1; 2)=Doi(1; 2), Doi(1; 2)=Dy(1; 2) 
2 axis: and so Dys(1;2)= garg ; tarsi ‘hese and the 
other symmetry operations, we get the structure of 
1 0 0 the remaining matrices. 
Ty=|0 1 i— Il, The entire set of dynamical matrices is given in 
0 0 -1 4— 4, Table II, where D? and D®’, representing the force of 
i— 1, the atoms O and O’ on themselves, are determined 
4— 4, from Eq. (2.3). In this table we have introduced Greek 
letters for the force constants where the arguments 1, 
2, 3, 4, denote respectively the first, second, third, and 
fourth nearest neighbors. 
D(1:2) =D*(1;2), D(4;1) =D*(4; 1), The values of r” to be used in Eqs. (2.6) are given 
in Table III. 
D(2;3) =D*(3;3), D(5;4) =D*(5’; 4), Finally, through the use of Tables II and III and 
D(3;3) =D* (2:3), D(6;4) =D*(6';4), (3.5 Eqs. (2.6), we arrive at the following equations giving 
D(1': 2)=D*(1':2), D(4’:1)=D"(4: 1), the elastic moduli as functions of the atomic force 
2 € constants: 
D(2’; 3)=D*(3';3), D(5’;4)=D"(5; 4), 
D(3’; 3)= D**(2': 3), D(6’: 4)= D*(6; 4). 2a 
cu= | 23(2)+808) +300 
The use of Eq. (2.5) in conjunction with the stated be 
symmetry operations gives us the dynamical matrices + ” 


: Sa . »\ 8/2) 1 <2). 98(4)82 . 
in their simplest form. From (3.1), we have rv [25(2) —6(3) +€(3)+26(4) ] | (9. 
Y) 


| 


t 4 t 


| bho | i) 
~ 


On 
Y 


(e) Equation (2.2) in connection with Table I gives 
us the identities, 


D(P’; N)=T,D(P; N)T\* =D(P; ), (3.6) 


D(P; N) =T,D(P’; N)T\“"=D(P"’; N) [3)+8y¢r(0) +454 
We see that we need only calculate the twelve matrices 
D(P:N) and D(P; .N) as the rest follow from (3.6). 
The relations in (3.4) show for P=1, 2, 3, 1, 2, 3, r'(y) 
that the — positions are not affected by 7, and 
hence D(P; N)=TW(P; N)T*. This gives D,3(P; 2) ef a(1) 4 
=Dy(P; 2)=D2(P;2)=Ds(P;2)=0. Now (3.3) =~ & +a(4)— ——[y(1)+2u(4) 3} 
takes 1 1, 2— 2, and 3—> 3. Using (3.3) and (3.5), abl 2 r'(y) 


64 
[yy (1)— By (4) ‘| (3.8 
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TABLE IIT. Atom positions referred to the Cartesian coordinates centered at atom O. 


2b 
:- [a(3)-+8y8(1)+465808) 
ac 
64 
[vB 1)— pata), 
r(p) 


2a 
2a(2)+a(3)+a(4) |, 
be 


> 


( 4 
[svay+704)- [u(t) +2404)? 
) 


ab ‘la 


? 


4 
|-aw+ [u(1)+2u(4) ][26(2)—6(3) 
b I'(y) 


2a 
+(3)42000))]- 2a(2)+a(3)+a(4) ], 


IC 


8 } 
Cyy(1)— By (4) J[u(1) 
) 


m0 )— Bu(4)— 
r(y 


a 


2b 
[a(3 )+8y"a( 1)+4B’a(4) 1, 


ar 


) 
[vy (1)— By (4) ][26(2)+(3)—6(3) 
r'(y) 


2a 
+25 (4) \|- [2y(2)+7(3)+y7(4) ], 
bc 

where I'(a)=2a(1)+4a(4), I'(8)=28(1)+48(4), and 
I (y)=2y(1)+4y(4). 

The compatibility relation (2.7) and the invariance 
relations (2.4) give us additional relations among the 
force constants. Equation (2.7) gives 


2b 
[38(3)+8yv3(1)+4B8(4) | 
a¢ 


di 


I 
= —[2y(2)+7(3)+7(4) ], 


IC 


[38(1)+8(4) ], 
ab 


[ 2a(2)+a(3)+a(4) |= 


2b 2c 
[a(3)+8y'a(1)+4B%a(4) | 
ac ab 


[2y(1)+y(4)], (3.18) 


while (2.4) gives 
a{ 26(2)+ (3) —6(3)—28(4) ] 


4b y8(1)— BB(4)], (3.19) 


4b[ va(1)— Ba(4) | c[w(1)+2u(4) J. (3.20) 


We have a total of nineteen atomic force constants with 
fourteen relations between them. Equations (3.9) and 
(3.12) are equivalent to a single relation for our fourth 
nearest neighbor model, since their ratio equals I'(y) 
I'(a). This reduces the number of independent equations 
to thirteen. 


IV. DISCUSSION 


The model employed is based upon the fact that a 
solid is regarded as a collection of atoms coupled 
together by springs in which the spring constants play 
the role of the atomic bonds or atomic force constants. 
In view of this, the calculation expresses how the bond 
strengths and bond directions combine to give the 
various extensional and shear moduli. For example, 
Cy Which is the extensional modulus in the x direction, 
depends upon atomic force constants of the second 
through fourth Intuitively, one 
expects a term relating the force in the x direction on 
the second nearest neighbor due to a unit displacement 


nearest neighbors. 


of the origin atom in the x direction. This is manifested 
through the appearance of 6(2). Similar arguments can 
be applied to the other linear terms appearing in this 
and the other elastic moduli. 

Once the atomic force constants are known, we can 
determine the normal modes of vibration by solving 
the familiar secular equation and the frequency distri- 
bution spectrum determined. It turns out to be im- 
possible to do this entirely from elastic constant data 
when considering interactions out to fourth nearest 
neighbors as the number of force constants exceed the 
number of equations. An independent determination 
of the atomic force constants is required before we can 
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proceed with such an evaluation. In principle it is 
possible to evaluate them according to various theo- 
retical approaches‘ and/or to deduce them from 
experimental data obtained from long-wavelength 
neutron scattering. 

For an order-of-magnitude evaluation of the atomic 
force constants, we have resorted to the quasi-central 
force approximation and the three nearest neighbor 
atom model. The elastic moduli ¢33 and cys are each 
functions of the same argument. Consequently, the 
number of independent relations reduce to thirteen. 
The equation remaining serves as a cross check. In the 
numerical examples below the agreement with that 
equation was within an order of magnitude. It must also 
be noted that in the four nearest neighbor atom model, 
6(3), «(3), and 6(2) occur in such a way that all of 
them cannot be evaluated. This is a consequence of 
the fact that the matrices D(2; 3) and D(3; 3) are not 
symmetric. It is sufficient for them to be symmetric 
but not necessary. Therefore, in the calculation we have 
assumed 6(3)=e(3). This reduces the number of force 
constants to thirteen. The elastic moduli we obtained 
from extrapolations of the temperature-dependent data’ 
to O°K. The results are given in Table IV. 

To achieve the quasi-central force parameters we 
set 8(1), y(2), a(2), 6(2), and a(3) equal to zero. The 

TABLE IV. Elastic moduli in units of 10" dynes/cm? 
extrapolated to O°K. 


*H. C. White, Phys. Rev. 112, 


; 1092 (1958); A. B. 
ibid. 97, 363 (1955 


Bhatia, 
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TABLE V. Atomic force constants in units of 10 dynes/cm 
Quasi-central atomic force constants 


y*(1)= 10.1 Bt(3)= 2.6 + =—19 
a*(i)= 7.7 y* 3)= 15.2 *(4)= 4.7 
u*(1)=—2.5 e* (3) =5* (3) =1.08 = 19 
B*(2)= 4.9 B*(4)= 1.6 ; = —3.3 
}= —0.048 


Atomic force constants out to third-nearest neighbors 


= 1.9 
= 23 
= 0.19 
=5(3) = —1.6 


gx ® 
Nm nN hw we 
i il 


i 


remaining force constants are altered from the general 
situation and this fact is denoted by an asterisk. The 
term central force is reserved for two-body forces 
which interact only along the line joining their centers. 
The results of the quasi-central force approximation 
and the three nearest neighbor atom model are given 
in Table V. In each example there is a trend for the 
magnitudes to decrease as the neighbors become more 
distant, although the convergence is not rapid. Pre- 
sumably, according to this model, atoms in alpha 
uranium possess long-range interactions. Their influence 
could be employed in the calculation by including 
fifth nearest and higher order neighbors and/or intro 
ducing a term into the equations of motion pertaining 
to the effects of the electron gas. However, in order to 


test the validity of such models, one would need data 
currently not available. 
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A precise determination of the magnetic form factor of the ordered alloy Fe;Al has been made by dif 
fraction of polarized neutrons from a single crystal. Some 43 reflections in the angular range siné/A <0.9 A 
have been examined and show characteristic departures from a smooth single-valued function, indicating 
that the unpaired electron density in the unit cell is not spherically symmetric. The data are analyzed in 


two ways: 


by comparison with form factors calculated from free-atom Hartree-Fock wave functions 


including crystal-field splitting effects, and by two-dimensional Fourier projections of the unpaired spin 
density. The analysis indicates that, while the two types of iron atom in the lattice have similar radial spin 
densities, their orbital symmetry is different. The results are discussed with reference to various theories 


of the electronic structure in transition metals. 


I. INTRODUCTION 


EUTRON diffraction methods furnish information 

about the electronic structure of ferromagnetic 
metals and alloys by determining both the magnitude of 
the atomic moment and the variation of the magnetic 
scattering cross section with angle. This latter quantity, 
the magnetic form factor, is the Fourier transform of 
the scattering density and so may be used to obtain the 
spatial distribution of the unpaired 3d electrons. Such 
an experimentally derived density function may then 
be compared with that predicted by theoretical models 
employing wave functions of various symmetry. 

The neutron diffraction measurements of iron-group 
metals and alloys reported by Shull and co-workers! 
were concerned primarily with evaluation of the mag- 
netic moments, although general features of the form 
factor were presented. These measurements were in the 
main carried out on polycrystalline material with 
unpolarized neutron beams. More recently, the polarized 
beam method was used by Nathans et al.2 to determine 
the form factors of Fe, Ni, and Co single crystals. An 
interesting feature of these latter results was an indi- 
cation that some of the higher angle reflections departed 
from a smooth f curve appropriate to a spherically 
symmetric spin density. 

These irregularities have been attributed by Weiss 
and Freeman® to crystal field effects, which lift the 
degeneracy of the d orbitals and split them into two 
sets, a doublet having e, symmetry and a triplet having 
fe, symmetry. Such splitting has been appealed to in 


t Work carried out under the auspices of the U. S. Atomic 
Energy Commission. A preliminary account of this work was 
given in J. Appl. Phys. 34. 3728S (1960). 

1C. G. Shull, E. O. Wollan, and W. C. Koehler, Phys. Rev. 84, 
912 (1951); C. G. Shull and M. K. Wilkinson, Revs. Modern Phys. 
25, 100 (1953) and Phys. Rev. 97, 304 (1955). 

> R. Nathans, C. G. Shull, G. Shirane, and A. Andresen, J. Phys. 
Chem. Solids 10, 138 (1959); R. Nathans and A. Paoletti, Phys 
Rev. Letters 2, 254 (1959). 

‘R. J. Weiss and A. J. Freeman, J. Phys. Chem. Solids 10, 147 
(1959). 


various theories, for example those given by Mott and 
Stevens! and Goodenough,’ as a basis for dividing the 
d band in metals into bonding (conducting) subbands 
with diffuse wave functions and nonbonding subbands 
whose wave functions have a more localized character. 
On the other hand, the band structure calculations of 
Leigh,® Callaway and Edwards,’ and Wood?® indicate 
that cubic field splitting in metals is small compared to 
the d bandwidth. 

With reference to these questions, it would, of course, 
be helpful to obtain meaningful projections of the 
electron density in metals by Fourier inversion of dif- 
fraction data. These would illustrate directly any de- 
parture from spherical symmetry and/or movement of 
electrons into Practical limitations on the 
amount and precision of available data have militated, 
in the past, against such a procedure. With neutron 
magnetic scattering, however, the interaction is only 
with electrons having unpaired spins, and this re- 
striction, in addition to the much increased sensitivity 
of the polarized beam technique, offers more hope of 


bonds. 


success. 

The present work describes an effort to measure a 
magnetic form factor in some detail, with a view toward 
Fourier inversion of the data. The choice of the ordered 
alloy Fe;Al was made primarily because of its super- 
structure, which as a consequence of the greater density 
of points in reciprocal space provides a more thorough 


sampling of the charge in various symmetry directions. 


This advantage is of course offset by the presence of the 
aluminum, since more atoms must be resolved, but at 
the same time it allows an investigation of the way the 
alloy atoms affect the Fe moment and spin density. 
We first discuss in Sec. II the crystal structure of 
the ordered state of FesAl and review the previous 


N. F. Mott and K. W. H. Stevens, Phil. Mag. 2, 1364 (1957). 
J. B. Goodenough, Phys. Rev. 120, 67 (1960) 
*R. S. Leigh, Proc. Phys. Soc. (London) 71, 33 (1958). 
J. Callaway and D. M. Edwards, Phys. Rev. 118, 923 (1960). 
* J. H. Wood, Phys. Rev. 117, 714 (1960). 
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polarized neutron work on this material. In Sec. ITI 
the experimental procedure is described and the data 
presented, along with a discussion of the factors affect- 
ing their accuracy, such as Debye temperature cor- 
rections, extinction, depolarization, and multiple-scat- 
tering effects. Analysis of the data, given in Sec. IV, 
proceeds along two paths: comparison of the observed 
form factors with those calculated from free-atom 
Hartree-Fock wave functions, including crystal field 
effects ; and construction, by Fourier difference methods, 
of projections corresponding to the principal zone in 
which data were collected. Various factors contributing 
to the reliability of these density maps are considered, 
mainly series termination or diffraction effects. We 
conclude that asphericities in the spin density may be 
unambiguously demonstrated, and discuss what bearing 
the results may have on various theories of d electron 
states in metals. 


II. Fe;Al STRUCTURE 


In the course of an investigation of the Fe—Al alloy 
system, Bradley and Jay,’ using x-ray methods, dis- 
covered the formation of an ordered superstructure near 
the composition Fe;Al. The ordering can be described 
as the systematic replacement of half the body-centered 
atoms in a-Fe by Al, in such a way that the corner Fe 
sees four Fe and four Al near-neighbor atoms, each in 
a tetrahedral coordination. In the stoichiometric, per- 
fectly ordered alloy, the unit cell is as represented in 
Fig. 1. The supercell is composed of four interpene- 
trating fcc lattices, two occupied by Fe(II) atoms with 














Al 


Fe (Ir) 
Fic The ordered Fe;Al lattice. 


9A. J. Bradley and A. H. Jay, Proc 
210 (1932 


Roy. Soc. (London) A136, 
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their origins at },1,4 and 3,3,3, and the other two by 
Fe(1) and Al with origins at 0,0,0 and 3,3,3, respectively. 
The structure factors are related to the atom positions 
as follows: 
h,k,l odd, F 
hkl even, (A+k+1)/2 odd, 
F 4( GPe (I 
hkl even, (h+-k+/)/ 2 even, 


F=4(ar. Ip 7 Gal + Jar, 


4(ay; 


+41 — dp, 


where a is the scattering amplitude, nuclear or mag- 
netic. These expressions assume that the two Fe(II) 
atoms are identical. This assumption or an equivalent 
one is necessary to determine the structure completely, 
and the consequences of adopting it are discussed later. 

It is seen that the first two reflection types are super- 
structure lines, related to the difference in scattering 
between the body-center sites of the original cell and 
between the corner and body-center sites. The third 
type comprises the fundamental reflections which are 
related to the average scattering per atom in the unit 
cell. The superlattice structure factors are slightly dif- 
ferent if there is some small degree of disorder, but the 
order parameters enter the magnetic and nuclear 
structure amplitudes in the same way. They are needed 
only to relate the scattering amplitude per crystal- 
lographic site to that per atom. 

This composition was studied by Nathans ef al.," 
using neutron diffraction, in order to determine the 
effect of the environment on the moment of the Fe 
atoms and correlate any changes with magnetization 
measurements. Powder measurements indicated a dif- 
ference between the moment of the Fe atom with only 
Fe near neighbors [ Fe(1) ] and that of the Fe atom 
with both Fe and Al near neighbors [ Fe(II) }. This dif- 
ference was put on a more quantitative basis by a single 
crystal study using an incident polarized beam," the 
results being 


Mr. 1) = (2.18+0.10) up, and wre (1.50+0.10) up. 


The Al moment was found to be zero. 

In determining these moment values, only reflec- 
tions of order lower than (400) were measured 
(sind/A<0.35 A~'), and the magnetic form factor for 
metallic iron was adopted. As a justification of this 


procedure it was pointed out that ratios of the magneti 


scattering amplitudes of successive reflections having 
the same structure factor were quite close to equivalent 
ratios taken from the iron form-factor curve. In other 
words, in this angular region no sizeable difference was 
apparent between the shapes of the Fe;Al and the Fe 
Shull, Proceedings of the 


Vaterials, Boston, 1956 
New York, 1957), p 


 R. Nathans, M. T. Pigott, and C. G 
Conference on Magnetism and Magnetic 
(American Institute of Electrical Engineers, 
242. 
" R, Nathans, M. T. Pigott, and C. G. Shull, J. Phys. Chem 
Solids 6, 38 (1958). 
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metal form factor. This similarity was also borne out 
in a measurement of the x-ray scattering factor by 
Komura et al.” 

Such a situation is not unexpected in view of the 
calculations of Weiss and Freeman,’ who show that the 
effect on form-factor curves of asphericities in the 
d-electron charge distribution is insignificant for 
sind \<0.3 A~! and maximum in the region sin@/A 
~0.8 A~'. Consequently, any asphericity in the mag- 
netic electron density or any difference between the 
density of the two iron types will not be noticed in 
measurements confined to low angles as in these previous 
studies. 


Ill. EXPERIMENTAL METHOD AND RESULTS 
1. Polarized-Beam Method 


Since the polarized neutron diffractometer has been 
described elsewhere,’ we give only the brief background 
necessary for discussion of the present results. For a 
given Bragg reflection, we obtain, by reversing the 
incident neutron polarization, the ratio 


do,/do_= (1+7)"/ (1—-y)’, 


where y= p 6, the ratio of the magnetic to the nuclear 
structure factor. The sensitivity of this method results 
from the fact that the coherence between magnetic and 
nuclear scattering amplitudes is retained, while the 
absence of the necessity for determining a scale factor 
and measuring the integrated intensity makes the 
procedure relatively simple.’’ A knowledge of the 
chemical structure is, of course, nec essary in order to 
calculate the nuclear structure amplitude, a straight- 
forward procedure in the case of FesAl if the state of 
order is known. Since the present specimen was cut 


from the same crystal as that used in the previous 


study,'! we use, as was done there, the ordering scheme 
given by Bradley and Jay.* The observed ratio must 
be adjusted to allow for incomplete polarization of the 
incident beam (~0.95), for incomplete polarization 
reversal (~0.98), and for depolarization within the 
scattering crystal (normally small for single crystals). 
These corrections have been carried out according to 
the manner developed previously.” 


2. Experimental Results 


The measurements were made on two crystals cut 
from a common disk with a (100) face. They were in 
the shape of square pillars, roughly 2X2 mm in cross 
section and 1—2 cm in length, one cut with its long axis 
approximately [110] and the other [100 ]. The original 
crystal was grown from the melt and given a heat 
treatment necessary to achieve the ordered condition. A 
total of 43 reflections was examined, which includes all 


VY. Komura, Y. Tomiie, and R. Nathans, Phys. Rev. Letters 
3, 268 (1959). 
8 R. Nathans, J. Appl. Phys. 31, 350S (1960). 
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those accessible in the two mentioned zones under 
sind/A<0.9 A“!, the experimental limit of the spec- 
trometer. Studies were carried out at three wavelengths 
(0.80, 1.05, and 1.27 A) at room temperature, though a 
few measurements were also made at 77°K. 

The data are presented in tabular form in Table I 
and plotted as a function of sin#/A in Fig. 2. The y 
values have been corrected as mentioned above. The 
p values are calculated allowing for the state of incom- 
plete order in the crystal. The f values are defined by 


f=p/po, where po is the scattering amplitude in the 


forward direction. For the three types of reflection, po 
was obtained by normalizing the first three reflections 
to the calculated Fe spherical form factor of Weiss and 
Freeman,® which agreed very well with the measured 
Fe form factor. This procedure, which will be discussed 
more fully later, gives a good fit with the observed 
moment. For now, we wish to draw attention to the 
fact that as sin@/A increases, the experimental points 
begin to deviate more widely from the smooth curve, 


TABLE I. Observed magnetic scattering amplitudes and the 
form factor of Fe;Al. 


sind/X t 


(A + (10-2 cm f 


-_i >= 
> 
~ 


0.150 
0.173 
0.245 
0).287 
0.300 
0.346 
0.377 
0.387 
0.424 


)449 
0.489 


0.869+0.010 
0.253+0.003 
0.264+0.002 
0.540+0.004 
0.162+0.002 
0.185+0.002 
0.315+0.002 
0.101+0.001 
0.105+0.001 
0.254+0.002 
0.217+0.001 
0.091+0.002 
0.032+0.001 
0.061+0.002 
547 0.056+0.002 
367 0.097 +0.001 
574 0.033+0.001 
599 0.044+0.004 
rf 0.108+0.001 
0.617 
0.062+0.002 
0.624 0.028+0.002 
0.664 0.022+0.002 
‘0.692 0.034+0.003 
0.708 0.039+0.002 
0.713 0.024+0.002 
; 0.002+0.002 
0.022+0.002 
0.003+0.002 
0.002+0.002 
0.018-+0.002 
0.006+0.002 
0.052+0.002 
0.008 +0.004 
0.002+0.002 
0.011+0.001 
0.028+0.002 
0.011+0.002 
0.026+0.002 
0.010+0.001 
0.001+0.002 
0.029+0.002 
0.011+0.001 
0.019+0.002 


0.477 
0.135 
0.851 

().297 
0.087 
0.596 
0.175 
0.054 
0.338 
0.141 

0.119 
0.293 
0.017 
0.034 
0.179 
0.054 
0.018 
0.141 

0.060 
0.035 
0.015 
0.012 
0.109 
0.022 
0.013 
0.001 

0.071 

0.009 
0.001 

0.010 
0.019 
0.029 
0.026 
0.006 
0.006 
0.016 
0.006 
0.015 
0.005 
0.003 
0.017 
0.006 
0.010 


0.816+0.010 
0.765+0.009 
0.600+0.004 
0.507 +0.004 
0.494+0.006 
0.420+0.004 
0.299 +0.002 
0.307 +0.003 
0.238+0.002 
0.241+0.002 
0.203+0.001 
0.207 +0.004 
0.097 +0.003 
0.193 +0.006 
0.126+0.004 
0.092+0.001 
0.102+0.003 
0.099+0.008 
0.102+0.001 
0.060+0.002 
0.085 +0.006 
0.020+0.002 
0.077 +0.006 
0.038 +0.002 
0.074+0.006 
0.006+0.006 
0.050+0.004 
0.006+0.004 
0.002+0.002 
0.057 +0.006 
0.013+0.004 
0.050+0.002 
0.018+0.008 
0.004+0.004 
0.010+0.001 
—(.027+0.001 
—(0.010+0.002 
—().085+0.004 
0.028+0.003 
0.002 +0.004 
—().029+0.002 
—().034+0.003 
0.057 +0.006 
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Fic. 2. The observed magnetic form-factor values of the (AAl) 
reflections of Fe;Al as a function of sin@/X in reciprocal angstrom 
units. The solid curve labeled fspherical is taken from Weiss and 
Freeman’s calculation for Fe. The dashed faspherical is the weighted 
average (f/2—4/:+3/))/5 of their principal scattering factors. 
Deviations from the spherical curve should be proportional to 
this quantity multiplied by the appropriate asymmetry factor. 


and at several places the form factor is, in fact, multi- 
valued or has a negative value. Quoted errors are the 
standard deviation of repeated measurements, averaged 
over all the accessible planes in the form. 


3. Factors Affecting Accuracy of the Data 


Besides the straightforward corrections mentioned 
previously, other experimental factors may prevent 
observation of the true scattering amplitude. These, 
together with a discussion of how they were treated in 
the present instance, are as follows. 


(a) Primary and Secondary Extinction 


Since the scattering power of the crystal under study 
depends upon the polarization state of the incident 
neutrons, the measured ratio must be corrected if 
extinction is present in the crystal. Extinction correc- 
tions based on calculation of integrated intensities are 
not applicable in our case, but we have been able to 
obtain practically extinction-free measurements in the 
following manner. Because we use a peak-height ratio 
method, secondary extinction can be investigated by 
missetting the Bragg angle (which reduces the number 
of coherently scattering blocks).? In this way we could 
show that none of the superlattice reflections suffered 
from extinction (as expected, since they are relatively 
weak) and could also find extinction-free ratios for the 
fundamental reflections. This latter point was confirmed 
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by comparison with the polycrystalline ratios measured 
for the first two strongest peaks. Measurements made 
at the shorter wavelength, by reducing the reflectivity, 
serve also as a test for the presence of primary extinc- 
tion. In no case were changes noted upon changing 
wavelength from the polarization ratios measured as 
above. The values for y listed in Table I are therefore 
considered to be free of extinction. 


(b) Debye-Waller Temperature Correction 


Again because this is a ratio method, the correction 
to the coherent intensity caused by thermal vibration 
of the atoms cancels for simple structures if the vibra- 
tion amplitude of the d-shell electrons is the same as 
that of the nuclei. For the ordered FeAl structure there 
exists a correction because of the differing Debye-Waller 
factors for Fe and Al atoms. This effect, although small, 
has been calculated using previously given quantities” 
and applied to the p values listed in Table I. 

There remains the possibility of a difference in the 
Debye-Waller coefficient for the magnetic electrons and 
the nuclei. We investigated this point in the present 
case by noting whether a change in temperature affected 
the difference in the (600, 442) doublet, using a simple 
cryostat in which the crystal was in thermal contact 
with a liquid nitrogen reservoir. If temperature effects 
are important, one would expect some variation between 
300° and 77°K. We find that, after correction for Bril- 
louin saturation (as determined from an inner reflection) 
there is no change in the magnetic scattering amplitude 
of these two points within the experimental accuracy. 
We thus conclude that the fluctuation of the experi- 


mental points observed here is not a result either of 
possible asymmetric temperature factors or of different 
vibration amplitudes for electrons and nuclei. 


(c) Multiple-Scattering Processes 


The importance of considering the possibility of 
simultaneous reflection from more than one crystal 
plane when measuring weak structure factors has been 
emphasized by Renninger." If another point in recip- 
rocal space, besides the one under investigation, lies on 
the sphere of reflection, simultaneous reflection from 
this second plane may diminish the incident intensity 
intensity (“Aufhellung’’). In addition, the reflected 
beam from the second point may serve as an incident 
beam and reflect back into the original direction through 
the reciprocal lattice vector that is the difference of the 
first two (““Umweganregung”). Finally, the inverse of 
this last process may serve to reduce the measured 
reflectivity. These effects, since they involve double 
reflection, are usually unimportant when intense reflec- 
tions are being measured, but may become significant 
when either one or both of the other structure factors 


1937 
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involved in the process are large compared to the one 
being measured. Only the first possibility applies in 
our case insofar as the weaker reflections are concerned, 
because a superlattice vector can be produced in the 
Fe;Al reciprocal lattice only by combining a funda- 
mental and a superlattice reciprocal vector. 

Since the occurrence of these simultaneous reflections 
depends on accidental intersections of reciprocal lattice 
points with the sphere of reflection, they can, except 
in special cases, be altered by varying the wavelength 
(i.e., the radius of the sphere) or by changing the 
azimuth angle of the scattering normal (i.e., rotating 
the sphere about the reciprocal lattice vector). We have 
used both these methods of testing for the presence of 
double scattering in this study. The pairs of reflections 
(511, 333), (600, 442), and (551, 711) were examined 
both at A=0.80 and A=1.05 A. No change in any of 
the values outside experimental error would be detected. 
Secondly, the (600) and (442) polarization ratios were 
measured at a wavelength of 1.27 A while the crystal 
was rotated about the scattering normal, and again no 
change in scattering factor was measurable. We conclude 
that, at least for the superlattice reflections, the possible 
contribution to the scattered intensity from double 
scattering is not significant. This statement cannot be 
made with as much confidence concerning the funda- 
mental reflections, because some small differences, 
outside experimental error, were observed in this case 
when rotating the crystal about the scattering normal. 


IV. ANALYSIS OF THE DATA 


smooth form-factor 
curve have been put on a firm experimental footing, we 


Once these deviations from a 


may analyze them for the information they contain 
about the spin density. In general, two methods are 
available: One may start with a given set of wave 
functions and the charge density constructed there- 
from, perform a Fourier transformation, and compare 
the resulting set of scattering amplitudes with the 
observed data. Alternatively, the observed form factor 
may be inverted to give a Fourier projection of the 
density. The first procedure requires a specific model 
of the atom in the solid as a basis for choice of the wave 
functions; the latter is more difficult to free from experi- 
mental uncertainties, because the Fourier coefficients 
beyond the experimental cutoff in siné/A must be 
supplied by some approximation. It is, of course, true 
that once a theoretical form factor is found to fit a 


given set of data (as we shall find in the present case), 
no new information is obtained by the Fourier pro- 
jection. Nevertheless, this procedure would be quite 
useful where a suitable specific model is lacking, and it 


is therefore instructive to determine with what con- 
fidence the method can actually be used, given present- 
day experimental techniques. 


DENSI’ 


TY IN ORDERED Fe;Al 
1. Comparison with Hartree-Fock 
Free-Atom Form Factors 


It was mentioned earlier that the measured form 
factor of Fe;Al agreed (at least in the small-angle 
region) with that of pure Fe, which is a not unreason- 
able result. The Fe form factor, in turn, was in surprising 
consonance with calculations*® made by using Hartree- 
Fock wave functions derived from a self-consistent field 
solution for the free iron atom in a configuration 3d*4s*. 
Arguments have been presented by Herring'® to the 
effect that the radial charge distribution of the d elec- 
trons in the free atom and in the solid should not be 
much different; this is especially true of the unpaired 
electrons near the top of the band, whose wave func- 
tions, as the calculations of Stern’? and Wood® show, 
have a localized, nearly atomic character. We accept 
here the spherical free-atom form factor of Weiss and 
Freeman as being a reasonably accurate representation 
of the radial dependence of the unpaired electrons in 
the iron atoms in Fe;Al. 

The deviations of the observed f values from this 
curve, and especially the different values obtained for 
reflections whose reciprocal lattice vectors have equal 
magnitude but different orientation, imply unequivo- 
cally that the unpaired spin density is not spherical. 
Therefore, we have attempted to fit our data with the 
Fe form-factor calculations that take into account the 
symmetry of the cubic crystalline field. Of the five-fold 
degenerate d-wave functions, the two e, are those whose 
angular dependence shows maxima along the cubic 
[100] directions, the three f2, along body-center [111] 
directions; a 2:3 proportion results in spherical sym- 
metry, as in a half-full or completely full shell. The f 
values for solely e, or f2, symmetry were calculated for 
each reflection from the principal scattering factors 
given by Weiss and Freeman.* We then attempted 
to fit the observed value by some arbitrary but con- 
sistent proportion of the e, and fs, values. 

This procedure allows a fairly consistent fit if one 
grants that the symmetry of the two iron atoms, Fe(I) 
and Fe(II), need not be the same. We find in particular 
that the (111) type, whose structure factor is propor- 
tional to the moment of Fe(I), represents a mixture of 
approximately 60% e,—40% ts, symmetry, while the 
(200) type, proportional to the difference of twice the 
Fe(II) moment minus Fe(I), represents 10% e,—90% 
toy. The calculated values for the superlattice peaks can 
be seen to be in reasonable agreement with the experi- 
mental data in Figs. 3 and 4. The fundamental reflec- 
tions, to be consistent with the above assignments, 
should correspond to 53° e,. The agreement with the 
observed values is not so good in this case, although the 
average value for all the reflections is close to this figure. 
In particular, (440) and (444) lie significantly above 

16 J. H. Wood and G. W. Pratt, Jr., Phys. Rev. 107, 995 (1957). 


16 C, Herring, J. Appl. Phys. 31, 38 (1960). 
7 F, Stern, Phys. Rev. 116, 1399 (1959). 
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Fic. 3. Comparison of the measured (111) type superlattice 
form factor with calculated values. The solid curve is the spherical 
form factor as in Fig. 2 


the calculated values, while (224) and (620) fall below. 
The explanation for these discrepancies must almost 
certainly be sought in double Bragg scattering, as 
already alluded to. The correct magnitude and direction 
of the expected change in the polarization ratio can be 


determined only by the knowledge of the exact scat- 
tering processes in each case. 

In interpreting Figs. 3 and 4, it is important to 
recognize the restrictions implied by our procedure. 
First, the calculations were made assuming a common 
radial wave function for both e, and fs, electrons,*? and 
in fitting our points we have not allowed for the possi- 
bility of a different spherical form factor (i.e., radial 
wave function) for the two iron types. Secondly, the 
wave functions were calculated according to the 
restricted Hartree-Fock method, which does not take 
into account the different exchange interaction for spins 
aligned parallel and antiparallel to the net spin of the 
atom.'®'* Inclusion of these effects may give better 
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‘1G. 4. Comparison of the measured (200) type superlattice form 
factor with calculated values. 


18 R. E. Watson and A. J. Freeman, Phys. Rev. 120, 1125 (1960); 
ibid. 120, 1134 (1960). 


AND R. 


NATHANS 


detailed agreement, but the systematic fit observed here 
gives some confidence that no substantial change would 
have to be made. Finally, the measurements represent 
scattering only from the unpaired electrons; hence, no 
detailed information can be obtained about the total 
d-electron density. With these qualifications, our 
analysis indicates that the unpaired electrons about the 
Fe(I) atom preferentially occupy e, orbitals (60%), 
while those about Fe(II) slightly favor /2, symmetry 
(52%) and are thus closer to being spherically sym- 
metric. The fact that (200) type reflections are dif- 
ference peaks is responsible for the departures of these 
structure factors from spherical symmetry. 

We wish to comment here on the assumption made 
in the calculation of the structure factors that the two 
Fe(II) atoms are equivalent. A difference between these 
two atoms, related to their bonding with either near- 
neighbor Al or Fe(I) atoms, is of course possible.® 
Invoking such a model adds a contribution proportional 
to this difference to the (111) type reflections, so that 
some deviations would then be observed in both types 
of reflections even if the Fe(I) atom is spherical. There 
is no straightforward way of ruling out this possibility, 
but we can argue that the effect, if present, is small. 
This argument rests on the grounds that the moment 
and symmetry of the Fe(I) atom and the pure Fe are 
doubtlessly related, so that a model predicting spherical 
symmetry for the Fe(I) atom is less likely, in view of 
the finding in pure Fe of a preference for e, symmetry.’ 
In either case, the most important conclusion, aspher- 
icity of the charge density in the unit cell, would not 
be altered. 


2. Fourier Inversion of the Data 


Because the divergences in our observed data from 
a spherical model are so noticeable, we tried to find 
what features of the magnetic charge density can be 
recognized in two-dimensional Fourier projections. The 
major difficulty facing this effort is the finite termination 
of the Fourier series caused by the lack of data beyond 
the experimental limit in siné/A. However, because the 
unpaired electrons seen by the neutron are (predomi- 
nantly) in d shells and not in the atom core, the form 
factor falls off more rapidly than the x-ray scattering 
factor, so the situation is less serious than if similar 
information were to be derived from x-ray measure- 
ments. Also, temperature motions not independent of 
the nuclei have been automatically corrected for and 
the phase of the magnetic amplitude, relative to the 
nuclear, is known unambiguously. We have chosen to 
obviate series termination errors by using difference 
observed densities,’ 
artificial 


projections of spherical and 


although other methods (e.g., convergence 


factors) are also available.2” This method relies on the 
 R. Brill, Acta Cryst. 3, 333 (1950 


20 J. Waser and V. Schomaker, 


(1953). 


Modern Phys. 25, 671 
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assumption that in the Fourier difference sum 


Ap(xy)= & YY AF (hk) expl—2xi)hxt+ky) ], 
h no k x 


the terms AF= Fobservea=F spherical Corresponding to 
higher values of /, k, than the observed limit will make 
a negligible net contribution. The effect on the density 
map of varying the cutoff point is the obvious criterion 
for judging the validity of this approximation. 

The Fourier syntheses were performed on the IBM 
704 using a program for centrosymmetric structures 
written by R. Sass. 

(a). Bec Fe 

In order to illustrate more clearly the features of e, 
and f2, projected charge densities, we treated in addi- 
tion to Fe;Al the simpler case of bec Fe, using the 
theoretical form factors of Weiss and Freeman’ for 
both the spherical and aspherical cases. It was found 
that features of the Cy and lo, lobes were easily recog- 
nizable in total projections carried out only to sin@ A 

0.7 A~'. We present in Fig. 5 the difference projection 
(Paspherical—Pspherical) ON (110) for the cases of e, and fe, 
symmetry, carried out to sind) A= 1.2 A. Inspection of 
these maps shows that the net changes from the spherical 
density are quite well detined, the highest region cor- 
responding to a density of about 1.5 w,/ A®. Integration 
of the difference projection in Fig. 5(b) yields only 
—5 X10 ywr/atom, while integration over a total pro- 
jection carried out to the same point shows that 
essentially all the charge of 2.20 4,%,/atom has been 
recovered. Termination errors seem to have been 
reduced to the order of the shallow peaks seen between 
the atoms. 

(b). FesAl 


We used the set of thirty-six structure amplitudes in 
the [110] zone to prepare difference projections 
(Pobserved—Pspherical) ON the (110) plane. Because data 
were collected to a limit lower than above (sin@/A 

0.9A~') and because the observed data contain 
experimental uncertainties, this projection was studied 
in somewhat more detail. These results are illustrated 
in Fig. 6. 

Figure 6(a) identifies the portion of the (110) plane 
covered by the synthesis, the smallest asymmetric unit, 
which is one-sixteenth the total area. Figures 6(b), (c), 
and (d) show the effect on the map of varying the cutoff 
point through sin@/A = 0.7, 0.8, and 0.9 A~', respectively. 
The regions of positive and negative density sharpen 
up considerably as the limit is increased. Since the 

Fic. 5. Difference projections Paspherical-pspherical ON the (110) 
plane of bee Fe prepared from theoretical form factors. (a) (in 
dashed outline) shows the portion of the plane covered by the 
projections; the atoms shown as open circles project from a/\2 
away. (b) shows the Ap for eg symmetry, (c) for fa, symmetry 
Contours are plotted at intervals of 0.152u4%/A?. Zero contours 
are shown as dashed lines, positive as solid lines, and negative as 
dotted lines, 
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approximation must become better as more data are 
included, we believe these aspects represent features of 
the difference density that are relatively free of ter- 
mination errors. Integration of the total and difference 
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projections for siné/A<0.9 A-! reinforces this con- 
clusion: the former yields 1.354,/atom versus an 
expected 1.32, the latter —0.003 uz/atom. The differ- 
ences are now shallower than in the case of bec Fe, the 
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Fic. 6. Difference projections pobserved-pspherical on the (110) 
plane of Fe;Al. (Notation as in Fig. 5.) (a) shows how the atoms 
project on the (110) plane, one quarter of which is shown. Atoms 
joined by dotted line project from +v2a/4 away, while dashed 
line encloses the area covered by Fourier synthesis. Figures 6(b), 
(c), and (d) were prepared by cutting off the coefficients at 
siné/A=0.7, 0.8, and 0.9A~1, respectively. Contours are at 
intervals of 0.063 uz/A?. (e) shows the result of replacing the 
fundamental structure factors in the synthesis of (d) with cal 
culated values as described in the text. 
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highest peak corresponding to a density of about 0.57 
up/ A’. 

Because of the earlier mentioned possibility of errors 
in the fundamental structure factors due to double 
Bragg scattering, the synthesis was repeated with cal- 
culated values for these reflections consistent with the 
symmetry observed for the superlattice reflections. This 
result is depicted in Fig. 6(e). Several quantitative, but 
not qualitative, changes have taken place, particularly 
in the region between the atoms. The principal result 
has been to shift some of the positive density from the 
midpoints between Fe(I) and Al and between the two 
Fe(II) closer to the Fe atoms. The configuration about 
Fe(I) has sharpened in detail, the peak density now 
being 0.65 wp/A?. 

This last synthesis, Fig. 6(e), represents the most 
reliable picture of the aspherical electron density 
derived to data, inasmuch as termination errors and 
experimental uncertainties have been removed in the 
best possible manner presently available. The most 
noticeable features are in the area about Fe(I) which, 
by comparison with Fig. 5(b), shows characteristics of 
é, symmetry. This result and the fact that only slight 
densities are seen around Fe(II) were, of course, 
expected from the form-factor analysis. The differences 
between Fig. 6(e) and (d) point up the necessity of 
having accurate data if spurious detail in the density 
map is to be avoided. One may question, finally, how 
sensitive the appearance of these maps is to the choice 
of the spherical form factor. Granted that the con- 
sistent fit between observed and calculated form factors 
is enough justification for the choice made in the present 
instance, the null result obtained by integration of the 
difference charge densities would seem to be a valuable 
criterion for a choice in a case where the appropriate 
spherical form factor is uncertain. 


V. DISCUSSION AND CONCLUSIONS 


The results presented here are of interest in relation 
to the question of electron sharing in the Fe—Al bond 
in the alloy Fes;Al, but in their broader aspects they 
also have some bearing on the electronic structure of 
elements of the first transition period. 

With regard to the first point, electron transfer had 
been suggested by Nathans ef al.'° as the origin of the 
lower moment on the Fe(II) atom. Later, Sato and 
Arrott® attributed this result to a different Brillouin 
temperature dependence of the Fe(II) sublattices, while 
Goodenough® suggested that some of the Fe(II) spins 
are antiferromagnetically aligned. We believe that the 
finding of different symmetry for the unpaired spin 
density of the two iron atoms definitely points to some 
intrinsic change in the number or nature of the 3d 


*1H. Sato and A. Arrott, J. Appl. Phys. 29, 515 (1958). 
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electrons in Fe(II) by reason of the near-neighbor bond 
with Al. This conclusion is further borne out by neutron 
diffraction measurements” on Fe—Al alloys of con- 
centration 33-50 at. % Al, which exhibit no long-range 
antiferromagnetic order at 4.2°K but an Fe moment 
greatly reduced from 2.242, as determined from the 
paramagnetic scattering. It is interesting to note that 
the change of symmetry from Fe(I) to Fe(II) can be 
correlated with the change in moment; that is, if 0.7 
unpaired e, electrons are removed from Fe(I), the 
resulting symmetry is very close to that observed in 
Fe(II). 

More generally, we believe that the present study 
unambiguously demonstrates that aspherical d-electron 
charge densities exist in Fe series elements, of sufficient 
magnitude to be visible in two-dimensional Fourier 
projections when difference syntheses are used. It has 
proved possible in the present instance to obtain agree- 
ment with experiment by means of a relatively un- 
sophisticated model of the Fe atom, which does not 
relax any of the constraints of the restricted Hartree- 
Fock method. In terms of a band model, as noted earlier, 
the unpaired spin density seen by the neutrons comes 
from electrons of higher energy whose wave functions 
are sharpened up not only in their radial but also in 
their angular dependence.'? The observed admixtures 
of e, and fz, symmetry are thus to be related to the way 
in which these levels are filled up in the actual band 
structure of the solid, and are in no way inconsistent 
with the calculations indicating that crystal field effects 
in metals are much smaller than the total d bandwidth. 
An exact prediction of the expected symmetry of the 
unpaired spin density requires accurate knowledge of 
the band structure, including exchange splitting in the 
ferromagnetic state, and of the density-of-states curve. 
Qualitatively, however, the change in moment and 
symmetry of Fe(II) referred to above is consistent with 
a band structure in the alloy with the fs, levels lying 
below® the e,, if the band for the Fe(II) sublattice is 
displaced in such a way as to shift the Fermi level 
toward the bottom of the band and at the same time 
toward a lower density of states. Although a more 
quantitative comparison with theory for this case is not 
possible at present, it is clear that polarized neutron 
measurements of the type reported here contain the 
necessary information if such correlations are to be 
made in the future. 
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The lattice vibration spectrum of a solid can be characterized 
by one single frequency, which is defined as ‘‘the frequency of 
the center of gravity” of this spectrum or simply “center 
frequency.”’ From its equality with the characteristic frequency 
of specific heat we have recently derived the “center law of the 
lattice vibration spectra.” In assuming now that in a lattice, at 
equilibrium, the hypothetical maximum of vibrational energy 
of an atom (ion) pair equals the total cohesive 
energy (potential energy), and at the same time considering the 
anharmonicity of lattice vibrations, we derive a basic inter 
relation between center frequency and total cohesive energy. 
It constitutes a substantial extension of the above 
Its validity has been illustrated for 26 solid compounds of six 
different lattice structures which cover almost the entire range of 
lattice vibration spectra of solids. This interrelation allows a 
first determination of thus far inaccessible data of cohesive energy 
for solids of extremely high sublimation temperatures, such as 
silicon carbide, boron nitride, and the two types of diamond. 


(kinetic energy 


“center law.” 


1. INTRODUCTION 


ATTICE vibration (infrared) spectra are a very 

promising means for studying the cohesive forces 
in solids, since they disclose the magnitude of these 
forces. Generally speaking, the higher the region of 
resonance frequencies in the vibrational spectrum, the 
greater the cohesive energy of a material. It is the aim 
of the present researc h to develop this statement into 
a precise interrelation. We may proceed according to 
either quantum mechanics or classical mechanics. 

In order to simplify the problem, we may characterize 
the vibrational spectra unambiguously by one single 
frequency which is adherent to the substance examined. 
As such a frequency we recently’ introduced “the 
frequency of the center of gravity of the lattice 
vibration spectrum,” simply called “center frequency,” 
which is defined by 


x £ 
v= f ifte)de | f f(v)dv, (sec) (1) 


where pv = frequency, JW) -either the reflectance R or 
the absorption coefficient A. The center frequency has 
the following outstanding properties: (a) Its value 
remains the same whether it is determined from the 
reflectance or from the absorption-type spectrum of a 


* The essence of this paper was presented by the author at the 
Seventh Annual Science and Engineering Symposium of the 
U. S. Air Force, Air Research and Development Command, 
November 30, 1960, at Boston, Massachusetts; also at the Fifth 
European Congress on Molecular Spectroscopy, Amsterdam, The 
Netherlands, May 31, 1961. 

1 J. N. Plendl, Phys. Rev. 119, 1598 (1960 
read (k/h)©@ instead of k/hO.] 


. [In Eqs. (2) and (3), 


Detailed study of the anharmonicity of lattice vibrations results 
in additional interrelations, such as one between exponent of 
repulsion and “‘related mass’? [=reduced mass of the vibrating 
atom (ion) pairs related to argon], one between exponent of 
repulsion and “relative compressibility” 
with pressure over compressibility), and thus between 
“relative compressibility” and ‘related mass.” In combining 
the two interrelations of center frequency, namely that with 
characteristic temperature and that with cohesive energy, we 
derive an interrelation between characteristic temperature and 
total cohesive energy. Examination of the relationship between 
anharmonicity and atomic behavior suggests a classification of 
solids according to their different anharmonic force characteristics. 
The solids can have either a soft or linear or hard force char 
acteristic, dependent on the configuration which they resemble in 
the periodic chart of the atoms 
anharmonicity deduced in this paper helps to understand the 
physical properties of solids from an atomistic point of view 


change of compressibility 


one 


The underlying concept of 


solid, although the two types can be very different 
from one another. (b) Its value remains constant with 
varying temperature from liquid air to the vicinity of 
the melting point. (c) Its value is equal to the mean 
value of Debye’s characteristic frequency from specifi 
heat, within the entire range of vibrational spectra of 
solids. This equality constitutes ‘the center law of the 
lattice vibration spectra”? which reads: 


f opted | f flv)dv (k/h)O, (sec) (2) 


where ©= mean value of Debye’s characteristic temper- 
heat, k 
and h= Planck’s constant. 


ature from specifi Boltzmann’s constant, 

In examining the lattice anharmonicity on the basis 
of these results of a recent study,' we have found that 
we can discriminate the different types of anharmonicity 
adherent to various solids and define them in simple 
terms. This knowledge will help us to define, under- 
stand, and even predict some physical properties of 
solid materials from atomic data. 


2. COMPUTATION OF THE VIBRATIONAL 
ENERGY OF A LATTICE 


A. According to Quantum Mechanics 


In the energy expression for anharmonic vibrations 
of a lattice we have not only a sum of independent 
terms corresponding to the different normal vibrations, 
but also a sum of cross terms containing the vibrational 
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quantum numbers of two or more normal vibrations? : 
3N—6 


(1/he) Ur, v2, = Xot > X;,(04+3) 
k=1 


3N 


N-6 
DY Xerlte +3) (ti +3), (3) 
I=1 


H 
+z 
k=1 


where %=the quantum number of the &th mode, 
3N—6=the number of fundamental frequencies, 
h=Planck’s constant, c=the velocity of light, and 
X=wavenumbers. The term X;:(%+4)(v:+3) arises 
from the effect of cubic, quartic, and other anharmonic 
terms of the potential energy. Calculating the X;’s 
from the cubic and quartic coefficients is, however, a 
formidable problem which has been solved in only a 
few of the simplest cases.’ 


B. According to Classical Mechanics 


The infrared spectra of lattice vibrations deal with 
the relatively slow movements of the comparatively 
heavy nuclei, and, therefore, the quantum mechanical 
laws closely approach the laws of classical mechanics 
(Bohr’s correspondence principle).* In this case we are 
thus justified in applying the laws of classical mechanics. 

Lattice vibrations become strongly anharmonic with 
increasing amplitude. Their anharmonicity may be 
due either to lack of proportionality between nuclear 
displacements and restoring forces, or lack of pro- 
portionality between displacements of both the nuclei 
and the electrical charges.* The nonlinearity of the 
restoring forces as a function of the displacement r can 
be twofold’: (i) hard, when the second derivative of 
f(r) increases with r [see Fig. 1A], (ii) soft, when the 
second derivative of f(r) decreases with r [see Fig. 1C ], 
where f(r) represents the total cohesive energy, f’(r) 
the restoring force, and f(r) the stiffness. The linear 
or harmonic case occurs when f’’(r)=constant [see 
Fig. 1B]. Since we do not know in advance of trial 
what type of force characteristic applies to the inter- 
atomic forces of various solids, we shall first consider 
the middle or linear case and develop the two an- 
harmonic modes “‘soft” or “hard” from it. 

For any atom (ion) pair within the lattice of a binary 
compound which vibrates with frequency w against its 
center of gravity, and has the displacements r, and r, 
of its masses M and m, respectively, we have 


Mr,=mr,,. (4) 


2 E. Bright Wilson, Jr., J. C. Decius, and Paul C. Cross, Mo- 
lecular Vibrations, The Theory of Infrared and Raman Vibrational 
Spectra (McGraw-Hill Book Company, Inc., New York, 1955), 
p. 193. 

3M. Born, Optik (Springer-Verlag, Berlin, 1933), pp. 469 and 
537. 

*F. O. Rice and E. Teller, The Structure of Matter (John 
Wiley & Sons, Inc., New York, 1949), p. 211. 

5 J. J. Stoker, Nonlinear Vibrations (Interscience Publishers, 
Inc., New York, 1950), p. 15. 
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ANHARMONIC HARMONIC OR “LINEAR” 
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Fic. 1. The different types of anharmonic force characteristic 
(soft and hard) schematically represented. The linear or harmonic 
force characteristic indicates the transition from soft to hard 
force characteristics. [r=interatomic distance, f’(r)=restoring 
force. | 


“SOFT” 


We compute the vibrational energy of an atom (ion) 
pair in the linear case simply by the formula 


U,= }w?(Mr2+mr,’). (5) 


The vibrational amplitudes r, and r, could in no case 
be larger than the corresponding nuclear distance ro 
allows. Hence, 

max(r;)-+max(r,)=10 (6) 


is the hypothetical limit for the sum of the two ampli- 
tudes, and we accordingly obtain the maximum vibra- 
tional energy as 

max(U,)=3w°m,r¢’, (7) 


where m,=Mm/(M-+m), the reduced mass, and w an 
angular frequency as defined below. 


3. INTRODUCTION OF A DEFINITE FREQUENCY 


In the linear case, w stands for a definite frequency 
(wa) which represents the vibrational spectrum of the 
solid in its entirety. In order to determine wa from 
experimental data we equate the maximum of the 
vibrational energy (kinetic energy) with the total 
cohesive energy (potential energy) per valency bond 
(U/s). In this U=the total cohesive energy 
(experimental value) and z=the valency within the 
molecule.* Proceeding in this manner and solving for 


case, 


6 According to definition, z is the largest common factor of the 
valencies of all types of ions present in a solid (see H. H. Landolt 
and R. Bornstein, Zahlenwerte und Funktionen (Springer-Verlag, 
Berlin, 1955), Vol. I, Part 4, p. 534. 
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TABLE I. Experimental and computed data for 26 solid compounds of 


ro 


Z 


Substance Structure 
LiF 
NaF > 
KF 
NaCl 
KCl 
RbCl } 
CsCl | 
TICI 
NaBr 
KBr > 
RbBr 
CsBr 
TlBr 
Nal 
KI 4 rocksalt 
RbI 
Tu 
CaF, 
SrF, 
BaF, 
BeO 
MgO 
CaO 
ZnO 
ZnS 
Al,O; 
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2.31 
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the definite frequency w=wz, we obtain 


wa= (1/r9)(2U/zm,)', (sec) (8) 


hg= 13.3% 10" ro(zm,/U)!, (microns) (9) 
(all members in cgs units).’ 

Anharmonicity of the lattice vibrations would shift 
the frequency wg away from the linear value. Hence 
we may conceive the frequency shift to be a function 
of the anharmonicity and attach the corresponding 
frequency ratio as a factor, F(A), to we. On the basis 
of Eq. (9), applying molecular and cohesive energy 
data (experimental values),* the author determined the 
definite wavelengths \_ for 26 nonconducting or semi- 
conducting solids. They cover the region from 11 yu to 
170% and represent the essential part of the lattice 
vibration spectra of the solid state. From these ex- 
perimental results, shown in Table I, we may study 
the definite frequency (1/A4) in detail and subsequently 
determine F(A 


4. COMPARISON OF THE DEFINITE FREQUENCY 
WITH THE CENTER FREQUENCY 


A striking phenomenon is discovered when comparing 
Aa with the wavelength A, which corresponds to the 


7 The wavelength scale is chosen instead of frequencies because 
the original data in pertinent literature are mainly presented in 
wavelengths 

® For detailed representation of experimental data for a great 
number of solids, and also a comprehensive bibliography of 
pertinent literature, see Landolt-Bérnstein, reference 6; further: 
O. K. Rice, Electronic Structure and Chemical Binding (McGraw- 


Hill Book Company, Inc., 
Chem. Rev. 11, 93 (1932). 


New York, 1940), and J. Sherman, 


(10° cm) 


l ha 
(kcal/mole) (10-4 cm 


246 19 
218 33 
193 43 
184 51 
169 67 
162 S4 
157 98 
168 9? 
176 62 
160 86 
157 114 
153 138 
164 132 
166 72 
152 101 
150 139 
~155 ~170 
629 31 
26.2 597 38 
28.0 564 
9. 1053 
16. 940 
19. 842 
21.5 965 
36.0 853 
16.8 3610 


0.79 
0.95 
~().96 
0.96 
1.03 
~1 06 
~1.03 
1.06 
~0.97 
1.03 
1.09 
1.11 
1.13 
mO.99 
1.06 
~1.12 
~1.14 
0.98 
0.95 
1.00 
0.87 
0.97 
0.94 
0.96 
1.04 
0.94 


69.0 
83.4 
96.2 
32.4 
50.0 
85.6 
131.0 
21.6 


frequency of the center of gravity of solids.! For the 
majority of these solids we establish equality between 
dag and X,, considering the over-all inaccuracies of the 
data used for determination of their values. Table I 
gives a compilation of values for \z and \, for 26 solid 
compounds for which data are now on hand,* while 
Fig. 2 is a graphical presentation. 
In Fig. 2 the frequency ratio 


F(A)= We / Wd Aa/A (10) 


is plotted against the reduced mass m, (curve a). The 
line parallel to the abscissa at 1.00 represents \g=)¢. 
The limits of experimental error are indicated by dotted 
parallels at distances of +0.05 from the line \g=A., 
while the average inaccuracy of the experimental data 
is about +3%. With due regard to the above-mentioned 
factors we establish near equality between wa and w, 
for 14 out of 26 solids, ranging in m, values from 20 to 
50X 10-*4 g. Below and above this range, however, we 
observe deviations which are opposite in the sign and 
at the same time beyond the limits of data inaccuracy. 
Thus for the light compounds, such as BeO and LiF 
(m,< 20X 10-4 g), the deviation increases rapidly in 
the minus direction, whereas for the heavy compounds, 
such as RbI and CsBr (m,> 50X 10-% 
increases slowly in the plus direction. For the heavy 


g), the deviation 


compounds Ag approaches the main resonance wave- 
length A» (defined as the wavelength of maximum 
absorption) which here has an average value of 1.10 d.. 

Since wa is computed on the basis of harmoni 
vibrations, w,./wga=unity corresponds to the quasi- 
harmonic or linear case. Consequently, the deviations 
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six different lattice structures (used for the graphs of Figs. 2, 4, and 9). 


Xo n 


(10-4 cm) (from measured values) Xm=m,/m,(A) 


32.6 6.1 0.275 
40.6 8.9 0.56 
ee 9.0 0.69 
61.1 9.1 0.77 
70.7 10.7 1.00 
84.8 11.5 1.35 
102 10.8 151 
117 11.5 1.64 
74 9.3 0.96 
&8.3 10.8 1.42 
12.3 2.22 
12.9 2.69 
13.5 3.10 1.13 
98 1.045 01 
11.5 1.61 O€ 
13.0 2.76 
13.5 4.23 
9.5 0.70 
8.9 0.845 
10.0 0.905 
7.4 0.315 
9.3 0.52 
8.7 0.62 
9.1 0.695 
11.0 1.16 
8.7 0.54 


0.81 
0.94 
0.96 
0.97 
1.00 
1.03 
1.05 
1.06 
0.99 
1.04 
1.09 
1.11 


above and below are understood to be caused by the 
anharmonicity of the lattice vibrations. Combining 
now Eqs. (9) and (10), we obtain as a general formula 
for the center frequency 

w.= F(A) 


wa= F(A)(1/1r0)(2U/2m,)!. (11) 


5. ANHARMONICITY OF LATTICE VIBRATIONS AND 
EXPONENT OF REPULSION 


The frequency ratio F(A)=,/wa represents a unit 
of measure for the anharmonicity. Strictly speaking, 
the anharmonicity is inversely proportional to F(A), 
as shown in curve b of Fig. 2. The anharmonicity is 
mainly caused by the forces of repulsion, since the 
repulsive energy increases rapidly when the ions 
approach one another during vibrations (r < ro), but 
is close to zero when the ions deviate from one another 
(r>ro), as Fig. 3 indicates. The repulsive energy is 
inversely proportional to the exponent of repulsion ». 
Hence F(A) must be a function of . 

The analytical expression for curve (a) of Fig. 
obeys the function 

F(A)=,/wa= 


Aw”, (12) 


where X,,=m,/m,(A), and m,(A)=31X 10-4 g 
responds to the reduced mass of KCl, with the argon 
configuration satisfied in all ion partners. The intro- 
duction of the dimensionless quantity X,, helps to 
simplify the equations. We may coin it “the related 
mass,”’ 1.e., the reduced mass of the vibrating atom 
(ion) pairs related to the reduced mass of K and Cl. 


cor- 


Xm"? (2.303X,!/?) (kcal/mole) (Uc—U) (after Sherman) 


(computed) 
(104 cm) 


n=exp Uc n=U n 


6.4 2 6.5 6 
8.7 25 7.6 
9.1 § 8.7 
9.3 9.3 
10.9 
11.8 


10.0 
10.8 
11.2 . 
11.3 (16) 
98 5 10.2 
11.0 9.6 
12.3 7 13.0 
12.9 
13.8 
10.1 
11.3 
13.5 
14.8 
9.1 
9.6 
10.0 
7.3 
8.5 
8.9 
9.1 
10.4 
8.5 


mm 


— — ee 
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For the value of p we have p=23.0 X,, for the small 
range of m,S12X 10-4 g, and p=9=constant for the 
large range of m,212X 10°** g. In order to determine 
the n-scale units (Fig. 2) we take into consideration 
that for X,,=1 (KCl), »=10, corresponding to F(A) 
=1.00; and for X,—0, n— 1, corresponding to 
F(A) — 0. It thus conveniently follows that 


X ql? = F(A) (13) 
Values of m, determined for the solids of Table I 
according to Eq. (13), in general agree with the values 
of m obtained by various other methods, as Table I 
shows. Thus Eq. (13) gives a useful interrelation 
between exponent of repulsion and “related mass.” 


login or n=exp(2.303X,,'/"). 


6. EFFECT OF ANHARMONICITY ON THE 
VIBRATIONAL SPECTRA OF SOLIDS 


Nonlinear relationship between restoring force and 
displacement in free oscillations causes at resonance 
an increase of amplitude with frequency if the force 
characteristic is hard, but a decrease of amplitude 
with frequency if the force characteristic is soft, 
whereas in the linear case the amplitude is independent 
of frequency.‘ Therefore, the center of gravity of the 
vibrational spectrum (1) shifts towards higher fre- 


*The values of n, determined from the difference between 
electrostatic and cohesive energy, deviate considerably for solids 
with CsCl structure. The reason for this will be discussed in a 
forthcoming paper. For values of m from compressibility data, 
see Geiger-Scheel, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1933), Vol. 24, Part II, p. 720, article 
by M. Born and M. Goeppert-Mayer. 
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Fic. 2. Anharmonicity data of lattice vibrations (derived from 
spectral data compiled in Table I) as a function of the reduced 
mass m,. Circles: anharmonicity factor F(A)=Aa/Ae (experi- 
mentally determined). Curve (a): F(A)=X,,!/? (calculated), 
also exponent of repulsion m. Curve (b): 1/F(A)=X,71/? 
(calculated). “relative compressibility” (Wo/Ko)r-o, 
(from experimental data compiled in Table II, the scale being 
K =6 times that of X,,~'/”). Equality between Ag and A, occurs at 
m,=31X10- g (KCl). It indicates the linear force characteristic 
as a transition from soft to hard force characteristics. 


Crosses : 


quencies (w.> wa) if the force characteristic is hard, 
(2) shifts towards lower frequencies (w< wa) if the 
force characteristic is soft, and (3) remains unchanged 
if the force characteristic is linear. This 
corresponds exactly to the frequency shift observed 


(wW-= wa) 





Fic. 3. Diagram of 
the potential energies 
for NaCl (calculated) 
as a function of the 
interatomic distance r. 

- electrostatic (Cou- 
lomb) energy of attrac 
tion (—Uc); ---- re 
pulsive energy (+Up), 
based on the value of 
9 for its exponent n; 

total cohesive energy 

-~U =—Uct+UrR) 
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ro =2.815K1078 cm, U¢ 
= Dev 

















N. PLENDL 


along curve (a) in Fig. 2, where 
w-> wa for heavy solids, 
w< wa for light solids, 
w-=wa for the argon configuration (KCl). 
Hence we have to assume three different types of force 
characteristic in the solid state: 
hard for compounds heavier than KCl, 
soft for compounds lighter than KC], 
linear for compounds in the vicinity of KCl. 
Here it is essential to note the behavior of f’(r), as 
indicated in Fig. 1: 
For the heavy compounds (hard force characteristic) 
the curve initially is flat, whereas for the light com- 


pounds (soft force characteristic) the curve initially is 
steep. 





cM a 


Fic. 4. Experimental data of the exponent of repulsion m as a 
function of the interatomic distance at equilibrium (ro) for 
various solids. The vertical lines indicate data inaccuracies, the 
dashed horizontal lines correspond to the various m levels. A 
point of inflection occurs at ry>=3.14K10~§ cm (KCl) 


Because of the importance of anharmonicity in 
understanding the properties of solids from an atomistic 
point of view, this concept shall be illustrated and 
confirmed in the following three ways: 


(A) By means of the force characteristic itself: 


Setting y=r/ro, we have 


1—y-"/n) 


U = — (a2,22€7/1r0) (y 


(cohesive energy), 


(14) 
dU/dr= 


(az 22€" ro)(y ess whe ) 


(restoring force), (15) 


aU /dr? 


— (az122€7/ 765) [ 2y3— (n+ 1)y-("*? ] 


(stiffness), 


(16) 
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where a= Madelung’s constant (e.g., a= 1.748 for the 
rocksalt structure), e=the unit electronic charge, 
ro=the nuclear distance between adjacent atoms at 
equilibrium, 2; and z.= the valencies of the ion partners, 
and m=the exponent of repulsion. At equilibrium 
(r=ro), the repulsive term as compared to the attractive 
term, is small in (14), becomes equal in (15), and has 
in (16) a value (w+1)/ro larger than that in (15). 
Hence the material constant (n+1)/ro essentially 
characterizes the anharmonic portion of the stiffness. 
As we see from Fig. 4, the exponent increases with 
r) and, although in various steps of different constant 
values (n—levels), it may be approximated by a 
continuous curve which is best defined in the vicinity 
of KCl (m=10). In plotting (m+1)/ro against ro 





(a) (n+ /r, 


) af (m+1)/e, ] /ex, 

















(1078 cm) 


Fic. 5. Curve (a): experimental data of the anharmonic portion 
of the stiffness coefficient [(m+1)/ro] for various solids. Curve 
(b): its differential quotient with respect to ro, both as a function 
of ro. Minimum in (a) corresponds to a change of the sign in (b). 
They occur at r9>=3.14 1078 cm (KCl), indicating a change from 
soft to hard force characteristics. 


[see Fig. 5(a)], we notice a distinct minimum at 
KCl. This indicates a change of stiffness with respect 
to ro from a negative to a positive value; as 
shown unequivocally through the differential curve 
{dL (n+1)/ro]/dro being a function of ro} in Fig. 5(b). 
In this manner, the change of the force characteristic 
from soft through linear to hard, with increasing value 
of ro, is confirmed. 


(B) By means of resonance absorption data: 


The resonance curves of anharmonic vibrations have 
an unsymmetrical shape as Fig. 6 schematically shows. 
Curve (a) refers to a solid of soft force characteristic, 
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Fic. 6. Principal shape of the resonance absorption curves in 
relation to the two types of anharmonic force characteristic: 
(a) soft and (b) hard (schematically represented for the heavily 
damped lattice vibrations). 


while curve (b) corresponds to a solid of hard force 
characteristic." As a matter of fact, the experimental 
absorption curves in Fig. 7 indicate a soft force 
characteristic for LiF and NaCl, but a hard force 
characteristic for RbCl, exactly as expected." In 
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Fic. 7. Experimental absorption spectra of some alkali halides.! 
[Abscissa: related frequency w/wo, where wo=frequency of 
maximum absorption. Ordinate: relative values of K or (1—D), 
setting Kmax or (1—D)max=1.0, where K=absorption coefficient, 
D=transmission. ] The shape of the main lobe indicates a soft 
force characteristic for LiF (—) and NaCl (- ---), but a hard 
force characteristic for RbCl (-----), when compared to Fig. 6 
above. [KCI (not shown here) has a symmetrical shape, indicating 
a linear force characteristic. ] 

4°]. J. Stoker, Nonlinear Vibrations, (see reference 5), pp. 21 
a nd 92. 

"For LiF and NaCl see pertinent literature in reference 1; 
for RbCl see R. B. Barnes, Z. Physik 23, 723 (1932). 
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addition, KCl, not shown here, has a nearly sym- 
metrical absorption curve and hence a linear force 
characteristic. This observation again confirms the 
above concept. 

We should, moreover, observe proportionality be- 
tween both the deviation from harmonicity of the 
lattice vibrations and the deviation from symmetry in 
the absorption curves. Since we define the anhar- 
monicity as a function of w./wa, the deviation from 
harmonicity (=‘‘coefficient of anharmonicity’) be- 
comes (1—w,/ ws). Further, we define the asymmetry 
of the absorption curve by the ratio (g) between the 
half-widths at both sides of the maximum; con- 
sequently, the deviation from symmetry (= ‘‘coefficient 
of asymmetry’) by (1—g). In comparing now 
(1—w,/ wa) with (1—g), we obtain the following results: 


(1—g) 
0.75 
0.15 

—(.20 


1—w,/wa 
LiF 0.21 
NaCl 0.04 
RbCl — 0.06 


The proportionality between the values of the two 
columns is evident, its factor C being the same (C~3.5) 
for all three solid compounds. Both this proportionality 
and the change of the sign that occurs when we pass 
from compounds lighter to those heavier than KCl 
once again confirm the above concept. In addition, we 
obtain the relation: 
F(A)=a 


1—[(1—g)/C] (17) 


which requires verification by some more solids, once 


conclusive data become available. 
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TaBLe II. Data of compressibility (x )ro and change of 
compressibility with pressure Yo, according to Slater” (applied 
in determining the data of “relative compressibility” (Wo/xo) reo. 
reduced to the absolute zero). 


— Ko ra 
T=H°C T=0°K 
(10 d/cm?) ] 


mr, 
Substances (107% g) 
LiF 8.5 
KF 21.4 
LiCl 9.6 
NaCl 23.4 
KCl 31.0 
LiBr 10.6 
NaBr 29.7 
KBr 43.9 
RbBr 69.0 
KI 50.0 
RbI 85.6 
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(C) By means of compressibility data: 


A striking phenomenon is discovered when we plot 
against m, the dimensionless ratio (Wo/ko)r-o0 (i.e., 
change of compressibility with pressure over com- 
pressibility, reduced to 0°K,” for which we propose 
the notion “relative compressibility.” The curve thus 
obtained (see Fig. 8), in using the data of Table IT, is 
very similar to the anharmonicity curve (b) of Fig. 2, 
representing X,,'/?=f(m,). In fact, by correlation of 
the two quantities (Yo/Ko)r-o and NX,” we find 
proportionality between them, the coefficient being 
K=6. This is illustrated by the crosses in Fig. 2, 
fitting the curve (b) within the limits of error [=+10% 
for the data of (Wo/xo)7~0, due to the extrapolation to 
0°K ], if the ratio between the two ordinates is chosen 
as 1/K. Thus we arrive at the interrelation 


(Wo/xo)r-0o= KX, (18) 
where the coefficient K equals the coordination number 
of the rocksalt structure. Since the substances 
examined here all belong to this structure, and X,, is 
determined per ion pair, while po and xo are volumetric 
quantities, it seems obvious that AK corresponds to the 
number of ions of opposite sign surrounding each ion 
within the lattice (=coordination number). However, 
this statement has to be confirmed for solids of struc- 
tures other than NaCl, when the corresponding yo data 
become available. 

From Eq. (18) follows that data for the “relative 
compressibility” of solids can be determined from 
“related mass” data, or in other words, that the 
anharmonicity of lattice vibrations (see Eq. 12) can 
also be expressed by pure elastic data. Since Yo was 
found to be independent of temperature,'? Eq. (18) 
allows determination of compressibility data (xo values) 
at the absolute zero thus far uncertain 
extrapolation. 

We can obtain another interesting interrelation by 


without a 


2 Data for compressibility and change of compressibility with 
pressure, reduced the absolute zero, from J. C. Slater, Phys. Rev, 
23, 488 (1923). 
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eliminating X,,\/? and X,,-/? between Eqs. (13) and 
(18), respectively. It results in an equation relating 
the exponent of repulsior (7) and the reciprocal of the 
“relative compressibility,” as follows: 


logiom = K (ko Vo) rao. (19) 


As a matter of fact, Fig. 8 or curve (b) in Fig. 2 
show that the “relative compressibility” decreases 
with increasing m,. This indicates hardening of the 
force characteristic as m, increases, and in this manner, 
once again confirms our concept above. 

In summing up the methods used to illustrate and 
confirm our concept of the anharmonicity of lattice 
vibrations, we discovered through them useful inter- 
relations and data concerning the anharmonicity, and 
helped to explain the asymmetry of the main lobe in 
the absorption spectra, e.g., of alkali halides. 


7. CLASSIFICATION OF SOLIDS BASED ON THEIR 
DIFFERENT ANHARMONIC FORCE 
CHARACTERISTICS 
The concept of anharmonicity of the lattice vibra- 
tions, deduced in this paper, allows us to draw certain 
conclusions concerning the atomic behavior of solid 
matter. Since for light compounds the values of atomic 
weight and volume, number and density of the electron 
shells, also their deformability (polarizability), are 
small, the atoms experience mutual interpenetration 
rather than deformation of the electron clouds during 
vibrations. The mutual repulsion between adjacent 
atoms, resulting from interpenetration, is initially 
strong, but increases less than linearly with decreasing 
distance, because, as Slater and Frank have stated,!* 
the part of each atom which penetrates the other finds 
itself in a field attracting it towards the nucleus of the 
other, since it is no longer shielded by all the shells of 
the other. For this reason, the force characteristic is 
soft for the light compounds (argon configuration not 
satisfied in at least one ion partner). On the other 
hand, for the heavy compounds the values of atomic 
volume, deformability of the ions, etc., are relatively 
large. During vibrations, therefore, the heavy atoms 
experience mutual deformation rather than inter- 
penetration of the electron clouds. The mutual re- 
pulsion between adjacent atoms, resulting from 
deformation, is initially weak, but grows stronger than 
linear with decreasing distance, due to the initial high 
density of the electron clouds. For this reason, the 
force characteristic is hard for the heavy compounds 

(argon configuration satisfied in all ion partners). 
Since mutual interpenetration prevails within the 
light compounds and mutual deformation within the 
heavy compounds, we conclude that the effects of both 
interpenetration and deformation are in equilibrium 
and the force characteristic is linear, when the argon 
configuration is just attained. The linear or transition 
J. C. Slater and N. H. Frank, Jntroduction to Theoretical 


Physics (McGraw-Hill Book Company, Inc., New York, 1938), 
p. 442. 
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state, then, corresponds to the known breaks in grating 
space, compressibility, and change of compressibility 
with pressure at argon, when plotted against the rare 
gas configurations.” 

The importance of this classification of solids, based 
on their different anharmonic force characteristics, 
will be shown through various applications in forth- 
coming papers. 


8. INTERRELATIONS BETWEEN TOTAL COHESIVE 
ENERGY, LATTICE VIBRATION SPECTRA, AND 
CHARACTERISTIC TEMPERATURES 

From Eqs. (11) and (12) we may now formulate the 
underlying interrelation between total cohesive energy 
and lattice vibration spectra for the entire range of 
nonconducting or semiconducting solids (binary com- 
pounds, so far") : 


wWe= (Xm!/?/1r9)(2U/zm,)', (sec) 


(20) 


U=($)zm,(weroXm/”)*.  (ergs/mole) 


In order to illustrate the validity of this interrelation 
we plot calculated and experimental values of 1/A, 
against one another for all 26 solids of Table I (see 
Fig. 9). We obtain a perfectly straight line of 45° slope, 
which indicates the equality of the two frequencies. 
The deviations average +3% for all these solids, and 
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Fic. 9. Equality of experimental data of the center frequency 
(1/A-) with data of (1/A,) computed from total cohesive energy 
values. The two types of data of 26 solids (compiled in Table I) 
are plotted against one another, thus the deviations from the 
45° slope stand for deviations from their equality. The fact that 
they remain within the limits of error (=radius of the circles) 
indicates the validity of the interrelation between center frequency 
and total cohesive energy for almost the entire range of center 
frequencies of solids (in logarithmic scales). In the same manner 
as a corresponding diagram (showing the equality between 
center frequency and characteristic frequency from specific heat, 
see Fig. 6 of reference 1) constitutes the ‘‘center law of the lattice 
vibration spectra,” the above diagram illustrates the extension 
of this ‘‘center law” with respect to the total cohesive energy. 


4 The treatment of a ternary compound, as an example, is 


shown in Table IIT and Sec. 9. 
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TaBLe III. First determination of total cohesive energy data for solids of extremely high sublimation temperatures 
(hence thus far inaccessible) from their infrared spectra. 


ro Mm, Ae U 
(1078 cm) (10-4 g) (10~* cm) 


14.1 


(kcal/g) 


4200 105 
10.2 5400 220 
10.1 5. 9500 395 
10.1 . 17 000 710 
21.5 25 000 34 


(kcal/mole) 


Zz 


Substance Structure 
SiC zinc blende 
BN zinc blende 
C-—C!l diamond (a) 
C-C ll diamond (8 
Y;Fe;O;. garnet 
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thus agree exactly with the average inaccuracy of 
data determination. 

Impurities in the investigated nonconducting or 
semiconducting solids (averaging close to 1%) may 
cause small deviations in some of the experimental 
data. However, no changes beyond the over-all in- 
accuracies of the experimental data are to be expected, 
either in the total cohesive energy, the center frequency, 
or the frequency of maximum absorption, provided 
these impurities do not substantially increase the 
electric conductivity. 

In combining Eq. (20) with Eqs. (1) and (2), we 
obtain a substantial extension of the center law of the 
lattice vibration spectra! which reads: 


x Z£ 
f vf ( ridv / f f(v)dv= (X,!/?/ 2x9) (2U/am,)4 
0 f 


= (k/h)@. (21) 


{sec *) 
In eliminating the center frequency, we arrive at a 
new interrelation between characteristic temperature 
and total cohesive energy : 


O= (hX,,)/?/2rkro)(2U /2m,)'. (°K) (22) 


This equation allows determination of characteristic 
temperatures from cohesive energy data and vice versa. 
Its value will be illustrated in a forthcoming paper. 


9. PRACTICAL APPLICATIONS OF THE INTERRELA- 
TION BETWEEN TOTAL COHESIVE ENERGY 
AND LATTICE VIBRATION SPECTRA 

As such an application we may consider a first 
determination of thus far inaccessible cohesive energy 
data for some solids of extremely high sublimation 
temperatures (e.g. above 4000°K). 

On the basis of Eq. (20) the author determined the 
total cohesive energy of four arbitrarily chosen solids, 
as shown in Table III. Passing down the list from No. 
1 to 4, we observe a successive, strong increase of the 
total cohesive energy (U’) from 105 kcal, g (as for SiC) 
to 710 kcal/g (as for the diamond of type II). These 
data may be compared with U=35.5 kcal/g for 
corundum (Al,O;), see Table I, No. 26. 

The yttrium iron garnet (No. 5 in Table III) 
represents an example for a ternary compound. It 
consists of the two ionic groups Y.O; and FeO, of 
which They are distributed in the ratio of 
1.5/2.5= 3/5, in order to satisfy the molecular formula 
Y;FesOy2. Since both ionic groups contribute to the 


z= 6. 


vibrational spectrum, whose center of gravity is at 
A.=17 u,!5 we determine the effective mean values 
m,, %o, Z, and X,,-? for the combined ionic groups 
according to their distribution ratio. In introducing 
them into Eq. (20) we obtain U’ =34 kcal/g which is 
close to the U value of Al,O;. In addition, Eq. (22) 
yields @=850°K for the characteristic temperature of 
the garnet of No. 5. 

The results of Table III will be independently 
confirmed and additional applications will be separately 
treated in forthcoming papers. 


10. CONCLUSION 


In both the preceding and the present paper we 
examined experimental and computed data of a great 
number of solids. We derived a series of equations 
which interrelate various physical data of solids. 
They are: characteristic temperature, total cohesive 
energy, exponent of repulsion, and a number of new 
concepts, such as “center frequency,” “related mass,”’ 
“relative compressibility,” “factor of anharmonicity,” 
“coefficient of anharmonicity,” and ‘coefficient of 
asymmetry.” These notions define the anharmonicity 
in various ways, and at the same time, simplify the 
interrelations. In addition, we deduced a method for 
classification of solids, based on their different an- 
harmonic force characteristic (soft-linear-hard), and 
drew certain conclusions concerning the atomic behavior 
of solid matter. Finally we accomplished a first deter- 
mination of some so far inaccessible data of total 
cohesive energy from infrared spectra. 

Many practical applications may come from these 
results, some of them highly important. As a first 
example, the hardness of minerals and inorganic 
crystals will be defined and determined on the basis of 
interatomic forces in the next paper to appear. 

It is hoped that the results of this presentation will 
stimulate experimental and theoretical basic research 
in the field, in order to provide confirmation and/or 
modification of them. 
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We use a method due to Tsekhmistrenko to eliminate from the Fréhlich Hamiltonian the electron-phonon 
interaction term. We then evaluate the thermodynamic properties of a superconductor described by this 
Hamiltonian, using a formalism developed by Zubarev and Tserkovnikov which is based on a paper by 
Bloch and De Dominicis. We introduce an extra term in the Hamiltonian to take the impurity scattering 
into account and study the effect of this extra term on the transition temperature. For the product of the 
mean free path and the relative change in the transition temperature we find values of 7K 10~-®, 9X 10-8, 


and 8X10~-* cm for Sn, In, and Al. 


1. INTRODUCTION 


ECENTLY Lynton and co-workers! have shown 
that the effect of impurities on the transition 
temperature of superconductors is to a first approxi- 
mation to lower it by an amount which is inversely 
proportional to the mean free path. This lowering can 
be readily understood qualitatively as it has been 
shown by Pippard® that the electron-phonon interaction 
which is responsible for the superconductivity transi- 
tion—is reduced if the electrons are scattered by im- 
purities. This effect has been studied by Nakamura‘ 
using the Bardeen-Cooper-Schrieffer theory® of the 
thermodynamic properties of a superconductor, and he 
found a rough agreement between his calculated value 
and the experimental value for tin. One can raise 
several objections to the way the thermodynamic 
properties of a pure superconductor are derived in 
BCS, and we have therefore applied a more rigorous 
method to derive the thermodynamic properties of a 
superconductor. The method is due to Bloch and 
De Dominicis® and was applied by Zubarev and 
Tserkovnikov’ to the Frohlich Hamiltonian, that is, 
the Hamiltonian which contains an electron-phonon 
interaction term. For many calculations it is more 
convenient to work with a BCS-type Hamiltonian where 
the electron-phonon interaction term is replaced by an 
effective electron-electron interaction term. Tsekhmi- 
strenko® has recently shown how one can use Feynman- 
diagram techniques to change from the Frohlich 
Hamiltonian to the BCS Hamiltonian. Unfortunately 
there seem to be a few small errors in his paper and we 
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have therefore repeated his calculations to arrive at 
essentially the same result. As our derivation goes a 
little farther than Tsekhmistrenko’s, we give the main 
arguments in the next section. Having thus obtained a 
BCS-type Hamiltonian, we apply in Sec. 3 the Bloch- 
De Dominicis-Zubarev-Tserkovnikov method for ob- 
taining the thermodynamic properties of a pure super- 
conductor, after having made the essential BCS 
assumption about the electron-electron interaction 
matrix elements. In Sec. 4 we evaluate the influence of 
impurities on the transition temperature applying the 
method developed in Sec. 3 and using Nakamura’s 
expression for the electron-impurity interaction term. 


2. ELIMINATION OF THE ELECTRON-PHONON 
INTERACTION TERM 


In this section we use Tsekhmistrenko’s method® to 
eliminate from the total Hamiltonian H, 


H=HatHyatV in, (1) 
Ha=LieExde.'dx.0, (2) 
Hon=Xig ftw (q)ba'ba, (3) 
Vin= 2 


int y =’ 
k.q.o 


13 


g(q)[ tw(q)/22 |} 
KX Lene’ @ut¢.c9q' +anrq,0'@r,00q |, (4) 


the term V int. In Eq. (1) we have neglected the Coulomb 
interaction term; this is justified as long as the average 
phonon energy is small compared with the average 
energy of an electron transition, as we shall assume to 
be the case. In Eqs. (2), (3), and (4), ax,.' and ay,, are 
the creation and annihilation operators for electrons 
with momentum k and spin g, b,' and 4, are the creation 
and annihilation operators for phonons of momentum q, 
Ey is the kinetic energy of an electron of momentum k, 
taken relative to the Fermi surface energy, #w(q) is the 
energy of a phonon of momentum 4, g(q) is the electron- 
phonon coupling constant, and Q is the volume of the 
system. The Hamiltonian of Eq. (1) was introduced by 
Fréhlich® in 1952. 

We eliminate Vint by considering H.a+H,,=Ho to 
be the unperturbed Hamiltonian and by changing over 


9H. Frohlich, Proc Roy. Soc. (London) A215, 291 (1952). 
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to the interaction representation, retaining only those 
terms which are of the lowest order in w (as was done 
by Tsekhmistrenko). The new interaction term H int is 
given by the symbolical equation 


|, 7] V m0) exp(—i/t) f V mt" (5) 


where T indicates time-ordering and where 


V ine(t) =exp(iHot/h)V int exp(—itHot/h). (6) 


It is convenient to introduce a canonical trans- 
formation from the electron a‘ and a to those for 
electrons and holes. This means that the vacuum state 
will correspond to a Fermi sphere which is just filled 
and that Hp is given by the equation 


(7) 


Hy=>¥ howl q)b,'6,+> e(k)ax,,'dx,0, 
q = 


where 


e(k)=Fy, if |k!>kr; e(k)=—Ex, if |k|<kp, (8) 
with kp the radius of the Fermi sphere, and where the 
at (a) create (annihilate) an electron, if |k!>&p and 
a hole, if |k| <&p. 

If we evaluate V ;,:(¢) by the usual diagram technique, 
it turns out that main contribution is given by the ring 
diagrams of Fig. 1. It was shown by Tsekhmistrenko 
that other diagrams give contributions of a higher order 
in w. The diagram of Fig. 1(7) gives a contribution 


7 { 4 
g(q)g(q) 


Xhlw q)w q) bax o' (O)d+9,0(9) 


*()awsqe (By (t), (9) 


+h o (10) 


(7), 


usual the contraction of a 
pair of operators and where the sum is only over such 
momenta that | k’—q! <p and |k’| >&p. In integrat- 
ing over ¢ we introduce an adiabatic factor e#(A>0) 
into the integral and take the limit \—> 0. Using the 
w(q)=w(—q) and g(q)=g(—q) and the 


where the dots indicate as 


relations 
relation 


B,(t)By (t’)=[A(t—t’ etto(v e'—# 


+ 0(t'—the*o(a (11) 


a 16q+q’.0, 


A(t)=1, if ¢>0, 


\.6-0-0-- o-¢ 
a 


Fic. 1. The ring diagrams which contribute to Vint(t). Solid lines 
are electron and hole lines and dashed lines are phonon lines. 
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we get from Eq. (9), 


hw (q)e?(q) 
> q q 
k.k’.q.o.0’L {2(k’.q)+hw(q)} 


X dx,o' (O) dur g.o(O) ae: ot (O)ae-—¢,0°(0), 


V int = (20) 


(12) 
where 
(k’,q)= Ey — Ex_a. (13) 
Equation (12) differs from the one derived by 
Tsekhmistrenko by a factor fiw/[%imw—2z(k’,q) ]. This is 
a minor correction which occurs as an additional factor 
in all terms in V jnt(¢) and thus also in the final Eq. (23). 
To evaluate the higher-order contributions we need 
the factor C(t’,t) given by Tsekhmistrenko’s Eq. (11). 
{ Note that Tsekhmistrenko uses units in which #=1, 
so that his w corresponds to our ftw. }] This factor cor- 
responds to the diagram of Fig. 2. It is equal to 


CU DN=2 Dg Lu Cag OB_(d), (14) 


where 

Crug (t’,f) =[20( —0)/i( V?2—h?w*) J 
x [Veito tt) — hae’ ¥ ( 
—[eitertit¥/i(ha + YY) 
+[20((—0')/i(¥?— hw) | 


xXLYVe ho (t’—t) __ rayei¥ (t’—t |; 
Y= V(k,q)=e(k+q)+e(k), 


(15) 


(16) 


for which 
the 


and where >,‘ indicates a summation 
k+q >kr and |k| <kpr. As VY>fw, we 


approximation in which we work put 


can in 


Crug (t’,t) = (—21/V) A(t —te*+ 


+A(i—t’ ye fiw (t’ 


(17) 


The nth order diagram of Fig. 1() gives a con- 
tribution which after contraction and after using Eq. 
(17) is equal to 


> [ee (q)htw(q)/22 )” 


k.k’.q.0,0" 
X[ERO4/ VOD 


Xauiq.c Odo (O) dn 9,0 


V | 
int a 
3,W)d% 7» (0) 


where 


rls) =i f . fw: --dl, exp(izi,,) 


Xexp(ihwt:) exp[—ihw| ta—tn_i| |-°- 


(19) 


Xexp[—ithw| to—t1| ]. 


t, a 


<a e Fic. 2. The 


sponding to ( 


diagram 
tt). 


corre 
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This multiple integral is evaluated in the Appendix and 
the result is 


n—1 
1 .(s0)= 5 KAJ (n—2,2), 


A=0 


(20) 


where 


, 4 Co 
K,, am — ) 
nN n 


J (Byy) = (sthw)-8(2hw)-%. (21) 


In our present approximation we retain only the term 
with the largest value of w and we have thus 


T,.(tw)=K,"—"J (1, n—1) 
= {2(2n—3)!/[n!(n—2)!]} 
XK (s+ hw)" (2hw)-"*!, = (22) 
so that we get for Hint 


¥  [e2(q)hw(q)/{2(k’,q) +hw(q)}] 


kk’ ,q.o,¢ 


— (20) 


As . = 


KE(A Axo! (O)akyg,0 Olax ot (O)ay: q.o'(9), (23) 


=1+ >> [2(2n—1)!(m—1)!(n+1)!JA" 
n=l 


=[1—(1—4A)!]/2A, (24) 


A=[¢?(q)/2]«'? Le(k) +e(k—q) J. (25) 

Apart from the factor fiw, [f#w—-z] mentioned before, 
Eq. (23) differs from the one derived by Tsekhmistrenko 
in the expression for =(4) for which he finds (1—A) 
(1—2A). This means that we do not agree with a result 
of Wentzel,'° who estimated a radius of convergence of 
A =4—as was found by Tsekhmistrenko. Our series has 
a radius of convergence equal to }. 

By the Tsekhmistrenko method we have succeeded 
in replacing V int by Hint which is of the form 


Ha= > 


kk’ .q.o,07 


T( kk’ ,q)ax. dns q.odk’ o Ay? q,0"9 (26) 


which is a BCS type electron-electron interaction term. 
In the following we shall use the actual BCS Hamil- 
tonian, where 7(k,k’,q) is zero, except when k’=—k, 
a= —0o’, which reduces Eq. (26) to 


A int= > J(k,k’)a k, tan a tdy er 40 Po (27) 
ay 


and where, moreover, J(k,k’) is assumed to be a 
constant, negative, isotropic interaction if both “y and 
ky are within an interval to width 2% centered around 
the Fermi energy, and is assumed to vanish otherwise. 


0G. Wentzel, Phys. Rev. 83, 168 (1951). 


‘ 


RTY SUPERCONDUCTORS 


3. THERMODYNAMIC PROPERTIES OF A 
PURE SUPERCONDUCTOR 


It is well known" that the thermodynamic properties 
of a quantum-mechanical system can be obtained from 
the grand canonical density matrix or, alternatively, 
from the grand partition function 


Z(8)=Tre-##, (28) 


where H is the Hamiltonian 
H= HatHint; (29) 


we can from now on neglect the phonon part of the 
Hamiltonian, as it is independent of the electron part. 
In Eq. (28), 8=1/kpT (ke is Boltzmann’s constant; T 
is the absolute temperature). 

It is convenient to introduce new fermion operators, 
which conserve both momentum and spin, but not the 
number of electrons or holes, by the canonical trans- 
formation 


-k,+ — COSQ,d, 5 ,'—sina,@ rang 


(30) 


+ ‘ 
k,—— COSQ,d_,, + SING, 4 k45 


where the a,x(=a_,) are arbitrary parameters to be 
determined presently. The transformation (30) is such 
that the £& operators satisfy the same commutation 
relations as the @ operators. 

From Eqs. (30) it follows that 
COSQ, S4k 40 T sina, k 


Qik +> 


: (31) 


ad_ cosa,e k, sina, sk 4, 


and in terms of the & operators the Hamiltonian is 


equal to 


H=Ayv+H’, H=H\+H.t+H3+HitA;, (32) 


where 


Mo=DLix exlEpE,4+£-£1]4+2 Ex Ex sin’ay, 


Din( Ey cos2ay— ex) (E,E,T+ EE 


2 ye J(k,k’) sin2ay sin2ay (1—£,¢,t—¢ 
x (i—-€,'G."—£ 
Dx k’ J (kk) [cos’aye, é 


=3 ar k’ J (kK) [ (sir 


sin-a,&_"§ 
4 } ‘+ >) 
— SIN ay’ S+ F— | 
1-Q, SIN-Ay’ + COSA, COS“, ) 

1 kia tea te 9 


‘ c & ) 
-o— & 


+ 


c 
— (sin’a, COS"ay+sin’a, COS?a,) 
» + . + , 4 
K (EEE, E +E 


+ 


H,=> 


Dk fy sin2a, (EE, 


1! For instance, D. ter Haar, Elements of Statistical Mechanics 
Rinehart and Company, New York, 1954), Chap. VII. 
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H;s=}3 De’ J (k,k’) [sin 2a, ( 1—tET- £,&,7) 
X (costay £_"TE,'!—sin?ay £,’E_’) 
+sin2ay(1—§"§_’T—£,’E,"1) 
X (costa, ££ —sin’a,t_"t,*) 
=) Daw J( KK’) cos2ay sin2ay (§,é + £78") 


x (1—£E_T—£,"8,""), (38) 


where we have used the fact that J(k,k’)=/(k’,k) and 
where 


- , - . ; 
- = & , — 
S+ Eek’ .+, S— 


(39) 


=¢ i 


Let |0) denote the state in which no electrons are 
present, and #» the vacuum state for the & operators. 
Writing for &9 the product expression 


bo= [J] x box, 


we see that 


(40) 


dox= (cOsay+sinayas x ,4'd_%,—')| 0) 


E.'doe=0, §&'dx.=0, (41) 


so that &p is a reasonable assumption for the vacuum 
state. 
As 


Edor=Gyn4'|0), £box=a_-x"|0), 


(42) 


££ don= (COSQ, G4 % ,ta_, _t—sina,) 0), 


we can construct any wave function VW which is a com- 

‘ple é 
bination of |0), a4x,4°|0), a_x—*|0), and ayx,4%a_-x,_*|0) 
as a combination of dox, E:dox, E-ox, and ££ ox, or 


W= [Tal petig e+ sud, +t )+(1—2sn— pu)? ho. (43) 


The expectation value & of the energy corresponding 
to the state WV follows from Eqs. (32) to (38) and (43) 
and turns out to be equal to 


E=)'» 2Ey{cos2ay (Sut px) +sin’a,y 
+sin2ox[ px(1—2su— pe) +e. J(K,k’) 
X {cos2ax[px(1—2su— px) |}! 
+4 sin2a,(1—2s,—2px)} 
X {cos2ax:[ pu (1—2se-— px) |! 
+} 


sin2a, { 1—2s, —2py )}. 


(44) 


To find the ground state of the system, we minimize 
E with respect to the ay, Sx, and p,, and find the fol- 
lowing equations (for the sake of simplicity we have 
everywhere dropped the indices k): 
dF / da=2E{sin2a(1—2p—2s) 

+2 cos2a[ p(1—2s— p) }*} 
—2J{cos2a(1—2p—2s) 
—2 sin2a[ p(1—2s— p) }}}, 
dF ds=2E{cos2a—sin2a[ p/ (1—2s—p) }} 
+2J{sin2a+<¢ os2a[ p (1 —2s—p) }}, 
dE / dp= E{2 cos2a+sin2a[(1--2s—2p)* 
p(1—2s—p) }4}}+J{2 sin2a—cos2a 
< [(1—2s—2p)*/ p(1—2s—p) ]}}, 


AND D. 


where 
J=J,=dv J ( kk’) {cos2ax: [pr ( 1-— 25%: — pr’) }! 
+3 sin2ay(1—2s_:—2px:)}. (48) 


Equations (45) to (47) can be simplified by intro- 
ducing quantities \ and y as follows: 


A cos2y=1—2s—2p, dAsin2y=2[p(1 }*, (49) 


or, 
A=1-—2s, tan*’y=(1—2s—p)/ p. 
We then get, instead of Eqs. (45)-(47), 
FE sin2(a+y)=J cos2(2a+y), 
2 secyLE cos(2a+y)+J sin(2a+7 ) ]=0, 
(2/A)LE sin2(a+y)—J cos2(a+y) ] escy=0. 
If we use the BCS potential, 
J(k,k)=—-V, if | Fy—F; 


=(), otherwise, 


<tw and | Ey: —Er! <tw: 


we find that 
J,=0. if ky— Er > hw, 


and 


Jyv=3 Dw J (kK kK’ )A, sin2 (a, +x constant 
otherwise. 


= €0, 
Equations (51) and (53) are satisfied if 


Fy tan2(ay+r7 x) = €0, (57) 


and one finds that Eq. (52) can only be satisfied, if 


COSY~K= 0. (58) 
In deriving Eq. (58) one uses Eq. (57). 
Using Eq. (58), we get for / the' expression 


E=)'. Fy{[cos2a,(1 — Xx ( os2yx +2 sina, | 
e7/V. (59) 
We see that we can now determine Ay by requiring 
that Ay cos2y, be a maximum, or, that 1—2s,—2p, be 
a maximum, which means that #» corresponds, indeed, 
to the ground state, provided the a, satisfy Eq. (57). 
We shall now evaluate the grand partition function 
and hence the Gibbs free energy G which is related to 
Z(8) by the equation 


8G=—\InZ. (60) 


We evaluate Z by considering H’ of Eq. (32) to be a 
perturbation to the H» which corresponds to noninter- 
acting excitations. The terms H, to H; have the follow- 
ing physical meaning: H, is the self-energy of the single 
“particles,” H» is the self-energy of the particles in 
pairs, due to the interaction between them, and Hz, 
H,, and H; correspond to the simultaneous creation or 
annihilation of one or two pairs of particles. Feynman- 
diagram perturbation theory is used. In our diagrams a 
solid line going up marked by k represents the presence 
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of a pair of quasi-particles +k,+ and —k,— ; if a solid 
line goes down it represents a pair of holes; a dashed 
line, which only occurs through H, vertices, represents 
a single quasi-particle. 

For the Gibbs free energy we find 


G=GitG’, (61) 


where Go is the Gibbs free energy corresponding to the 
noninteracting quasiparticles, 
Go= ae 2kpT a iy sin’a, 

—2keT > y In[1+exp(—Bex) ], 
where €, is the (as yet unknown) energy of the quasi- 
particles which will be determined from the requirement 
that the system is in equilibrium; G’ is given by the 
sum over connected diagrams (indicated by the 
subscript c) 


* B 8 
G'=— kT ZED f of dt,-+-dt, 


p= 


(62) 


XT[H'(th)---H'(t,)], (63) 


with 


H'(t)=exp(Hot)H’ exp(— Ho). (64) 


In Fig. 3 we have given a number of diagrams corre- 
sponding to vertices at which a pair of quasi-particles 
with momentum k is created; the vertices (a) arise 
through H,, and the vertices (b) and (c) through Hs. 
These vertices will give large contributions to G’ and 
we shall choose the a, such that the total contribution 
from all vertices of this kind will vanish. This means 
that the a, must satisfy the relations 


Ey, sin2ay+3 cos2ay ¥ ye J(k,k’) 
Xsin2a,y (1—2n,-)=0, 


where 


Nk= Exdx- 


If we use for J(k,k’) Eq. (54), we get 


Ey, tan2ay=} Sow V sin2ay:(1—2ny-)=€0. (67) 
where €o is defined by Eq. (67). 

If we consider the general expansion (63) and bear 
in mind that V is a small parameter (this can be verified 
to be the case for actual superconductors; see Table I 
for values of V(0)V, where N(0) is the number of 
states per unit energy at the Fermi surface which is a 
large number) we see that the only terms which are 
left over, if we choose the ay, according to Eqs. (65) or 
(67), and which are not of a higher order in V, are 
the ones coming from H, and Hz which give for G’ 


G' = —kaT[Lik me( Ex cos2ax— ex) 


—3 Your V sin2ay sin2ay(1—2ny)(1—2ny-) ]. (68) 


DIRTY 
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@) 


Fic. 3. Vertices at which a pair of quasi-particles is created. 


The equilibrium condition is 0G’/dn,=0, and we get 
from this condition and Eqs. (68) and (67) 


[ Fx cos2a,— €x |+sin2a, hy tan2a;,=0, 


hy = €p cos2a, ; 


(69) 


and from Eqs. (67) and (69) we get finally for the 
energy of the quasi-particles the equation 
€,°= ect E.2. (70) 

Equations (67) and (70) are the BCS equations which 
we now have derived by the Zubarev-Tserkovnikov 
method. 

Thouless’” has drawn attention to a possible diver- 
gence arising from the contributions to 0G’/dn, of the 
‘‘ladder-diagrams” that are made up entirely of vertices 
in which a pair of quasi-particles is annihilated and 
another pair of different energy is created to take its 
place. It is possible to show'”* that, if we renormalize the 
energies using H, and Hs, this contribution is smaller 
by at least one order in V than the terms considered 
and thus can safely be neglected. 


4. THERMODYNAMIC PROPERTIES OF 
IMPURE SUPERCONDUCTORS 


In considering impure superconductors, we shall 
follow Nakamura‘ and add an extra perturbing term H, 
to the Hamiltonian of Eq. (32) which describes the 
scattering without spin-flip of the electrons by an 
impurity. We write 

Hy= > Uk Kk’ dk 0 Ay’ o 


kk’ 


(71) 


and assume 


Uk k D_& k- (72) 
In fact, we shall replace vx by an average value vp 
which is an average taken over the Fermi surface (see 
Nakamura‘). 

Using Eq. (72) and Eqs. (31), we can write He in the 


2). J. Thouless, Ann. Phys. (N.Y.) 10, 553 (1960). 
2a This proof will be published elsewhere 
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Fic. 4. Second-order diagrams contributing to G’ in impure 
superconductors. 


form 


HH, 


= > « k vp[ 2 sin?a,6 x k +cOs(ay+ay,’) 


x (Ez ¢ 
S++ 


fo 1 8 ' 
& + SIN (Q,y +a,’ ) 


XK (EE + EE 


+e 
is 


(73) 


) }. 


As we are considering scattering processes the term 
involving 5x,x may be dropped. 

In lowest order the only terms contributing to G’ 
will be those corresponding to the second-order dia- 
grams of Fig. 4. These diagrams give a term B in —8G’ 


which is equal to 


BaT, 


> «x | te *{cos?(ay tay )[n(1—n’)—n'(1—n) ] 
x (e'— €) + sin? (ay tay) 
<[(1—n)(1—n’)—nn’ (+6) }, 
where 


, 
€=€x, € —€y’. 


From Eq. (69) it follows that 


sin?(ay+ay:) = 3+ (e?— EE’)/ 2ee’, 


1 (¢?— EE’)/2ee’. 


(76) 


cos Ta, 


a, 

The sums in Eq. (74) are taken on both sides of the 
Fermi surface and as £ is an odd function and ¢ an 
even function with respect to that surface, we can drop 
the terms involving EZ’. We thus get for B the equation 


B=Diuw' tr *{L(n’—n), (e—e 
+[(1—n—n’) 


XL n'—n 


n\> _. 
(e-e€ ) |— (€0"/ €€ ) 
, ’ 


e“¢ IT (eg €€ 


x[(1—n—n’) 


(e+e’) ], (77) 
and we get a contribution C to —8dG’/dn, from this 
term which is equal to 
os . 
C=D)o | vr |*L2e—2( er 


All sums are over the region —tw<e, «’ <tw. As we 
are considering low-impurity concentrations, we can 
put &—e” in zeroth approximation equal to #—E”. 
Changing from a sum to an integral, we get 


C=2N(0)\ tv, f 2*dE'/(e(E?— E’) ] 


hw. 


(78) 


where 
2VN(0 Ue 


In deriving Eq. (80) from Eq. (79) we have used the 
fact that over the range of values in which we are 
interested, the logarithm resulting from the integration 
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can be expanded in a power series, and only the first 
term retained (compare Nakamura‘). 

We can now again use Eq. (67) and the condition 
dG’ /dny=0 to determine the thermodynamic properties 
of the superconductor. The equilibrium condition which 
led in the previous section to Eq. (69) now includes the 
term C/(—8), and instead of Eq. (70) we get, using 
Eq. (67), 


l 


(1+ v)ex (eo? + F),”) + (82) 


To the approximation in which we are working the 
influence of the impurities is thus a change in the 
€x scale, and thus a change in the temperature scale, as 
the energy spectrum directly determines the thermo- 
dynamic behavior in the BCS theory. We get thus, 
instead of a transition temperature 7., for a pure 
superconductor, a transition T. jmp for the impure 
superconductor which is related to T., by the equation 

(i--v)T. imp= Tc. (83) 

In order to estimate the shift in the transition tem- 
perature, we must find ». Using Nakamura’s result‘ for 
vp |* we get from Eq. (81) 


y=9h'/[4(r.ao)'mk pOE rl, ], (84) 


where do is the Bohr radius, r, the mean distance 
between the electrons in units of ap, 0 the Debye tem- 
perature, Ep the Fermi energy, and /, the mean free 
path corresponding to the residual resistance. Values of 
Er can be obtained from electronic specific heat data 
and those for r, and © are given by Pines.'* In Table I 
we have collected for Sn, In, and Al the values of r,, 
©, Er, and V(0)V (which enters into Nakamura’s ex- 
pression for the change AT, in the critical temperature), 
as well as the experimental and theoretical values of 
l,AT../ T,. For comparison we have included the values 
following from Nakamura’s Eq. (21). 

We see that our results are rather larger than the 
experimental data, while Nakamura’s values are by 
about the same factor smaller than the experimental 
ones.'# 


TaBLe I. Experimental and theoretical data for the 
superconductors Sn, In, and Al 


Sn In 


zs 21 
© (in °K) 19: 
Ep (in 10-™ erg) a 
NOV 0.2 
LAT ST. (Experimental 2.7 
in 10 *cm } Nakamura 0.7 
From Eqs 
| (83) and (84) 


109 
31 1.194 
O¢ 0.345 
+0.3 2.6+0.7 
3 0.82 


6.9 9.0 


3 P. Pines, Phys. Rev. 109, 280 (1958). 

4 Abrikosov and Gor’kov [J. Exptl. Theoret. Phys. (U.S.S.R) 
39, 1781 (1960) ] have recently studied the influence of impurities 
on the superconducting transition temperature. Their conclusion 
that the term //, of Eq. (61) cannot lead to an appreciable lowering 
of the transition temperature seems not to be corroborated by 
either Nakamura’s or our analysis 
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APPENDIX 


In this Appendix we prove Eq. (20) of Sec. 2. We 
note first of all that 


zx 


= —ife®**/(st+hw)+ (e**'!—e'**)/(z—hw) |, (Al) 


so that it follows from Eq. (19) that 


T,,(2,w) = f, 1 (2,0) (stthw) 


+ [7 n—1(ww) —T ni (sw) |/(s—tw). (A2) 


PIRTY 3S! 


PERCONDUCTORS 


Consider [2(z,w) : 


0 
T2(2,w) = -f feat « at’ ethate— iho |t—t 
0 
-if di{ e?**#! (g— tw) l 


the) (-+-hhw)!— (s— hw) }} 
= J(2,0)+J (1,1), (A3) 


|_ pilz 
a 


where J(8,y) is given by Eq. (21). 
From Eqs. (A1) and (A3), it follows that 


n—l 
I,,(2,w)=>> K,J(n—i, d), 


A=) 
and from Eq. (A1) that 


aN 
K => Ke. (AS) 


M 


The K,,* can be evaluated by induction and Eq. (21) 
follows. 
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Absorption Spectra of Transition Ions in CdS Crystals 


R. PAPPALARDO AND R. E. Dretz 
Bell Telephone Laboratories, Inc., Murray Hill, New Jersey 


(Received March 21, 1961) 


The low-temperature optical absorption spectra of single crystals of wurtzite CdS containing impurity 
ions of the first transition series and one rare-earth ion, ytterbium, were studied in the range of 4.5 to 0.4 u. 
The main features of the spectra were found to be in good agreement with a cubic crystal field model, while 
structure found in the spectral bands of nickel and cobalt impurities could be described by a simple, first 
order treatment using the free ion spin-orbit coupling constants. The relevant crystal field parameters, the 
site symmetry, and formal charges of the impurity ions were determined where possible. 


I. INTRODUCTION 


ANY properties of impurities in CdS have re- 
cently been investigated by such techniques as 

electron spin resonance,’ optical fluorescence,*> and a 
variety of photoconductivity effects.* In order to sup- 
plement this considerable body of information and also 
to investigate the limit of applicability of the crystal 
field theory, we have studied the optical absorption 
properties of single crystals of CdS doped with ions of 
the first transition series. In view of the considerable 
success of the crystal field theory in interpreting analo- 
gous properties of aquocomplexes,’~* oxides,’-" and 
halides,*"* one might expect that the same formalism 
could be extended to the case of sulfides. According 
to the crystal field formalism, the 3d electrons of the 
impurity ions are localized on the corresponding ions 
and are essentially coupled to the lattice by the electro- 
static potential of the nearest neighbors. The basic 
ideas of the crystal field theory are contained in a num- 
ber of papers'*—'*; recent theoretical and experimental 
work is summarized in the review articles by Fick 
and Joos’ and by McClure.” 
1 P. B. Dorian, Phys. Rev. 112, 1058 (1958 

? J. Lamb and C. Kikuchi, Phys. Rev. 119, 1256 (1960). 

3J. Lamb, J. Baker, and C. Kikuchi, Phys. Rev. Letters 3, 
270 (1959) 

*G. Meijer and M. Avinor, J. Phys. Chem. Solids 12, 211 (1960 

5G. Meijer and M. Avinor, Philips Research Repts. 15, 225 
1960). 

®R. H. Bube, Photoconductivity 
Inc., New York, 1960). 

7C. K. Jorgensen, Report Xth Solvay 
Stoops (Brussels, 1956). 

8D. G. Holmes and D. S. McClure, J. Chem. Phys. 26, 1686 
(1957). 

* A. D. Liehr and C. J. Ballhausen, Phys. Rev. 106, 1161 (1957). 

0M. H. L. Pryce and W. A. Runciman, Discussions Faraday 
Soc. 26, 34 (1958). 

UW. Low, Phys. Rev. 103, 247 (1958); 109, 256 (1958 

2S. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 709 (1959 

3 J. W. Stout, J. Chem. Phys. 31, 709 (1959); 33, 303 (1960) 

4R. Pappalardo, J. Chem. Phys. 31, 1050 (1959); 33, 613 
(1960). 

18E. Ilse and H. Hartmann, 
239 (1951). 

* L. E. Orgel, J. Chem. Phys. 23, 1824 (1955). 

17Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753, 766 
(1954). 

18 A. D. Liehr, J. Phys. Chem. 64, 43 (1960); also containing 
an extensive list of references on the subject. 

9 E. Fick and G. Joos, Handbuch der Physik, edited by S. 
Fliigge (Springer-Verlag, Berlin, 1957), Vol. 28, p. 205. 

*T). S. McClure, Solid State Phys. 9, 399 (1959) 


of Solids (John Wiley & Sons, 


Council, edited by R. 


Z. physik Chem. (Leipzig) 197, 


CdS offers several advantages as a host lattice; 
paramount among these are the availability of large, 
pure single crystals having a well-defined structure 
(wurtzite) and a facile means of introducing impurity 
ions, namely, by thermal diffusion. There are two dis- 
advantages. The first of these pertains to the very in- 
tense edge absorption which commences at approxi- 
mately 20 000 cm, and arises from the excitation of 
electrons from the valence band to the conduction band 
of the pure crystal. This absorption obscures the weak 
absorptions arising from crystal field transitions in that 
region. The second possible disadvantage arises from 
the nature of the symmetry of the Cd site. As the CdS 
crystals studied were of the wurtzite (hexagonal) struc- 
ture, the sulfide ions do not coordinate the cadmium 
ions in a regular tetrahedron, but experience a slight 
uniaxial distortion along the optic axis of the crystal. 
Three of the sulfide ions forming the tetrahedron lie 
in a plane normal to the optic axis and are equidistant 
at 2.53 A from the central cation. The remaining sulfide 
ion is extended along the optic axis at a distance of 
2.51 A.” This axial distortion may be expected to pro- 
duce a small splitting of levels which are degenerate in 
a perfectly cubic field. As we shall see, this effect com- 
plicates the identification of some of the observed fine 
structure. 

We would like to point out that different 
charges and site symmetries of the same impurity ion 
should produce drastically different absorption spectra 
according to the crystal field theory”~**; where positive 
identification of the spectra of an impurity ion can be 
accomplished, the determination of ionic charge and 
site symmetry in CdS will be an important by-product 
of this investigation. 


ionic 


II. EXPERIMENTAL 
A. Preparation of Samples 


Single crystals of CdS were obtained from the Eagle 
Picher Company. These were oriented by polarized 


21 R. W. G. Wyckoff, Crystal Structures (Interscience Publishers, 
Inc., New York, 1948), Vol. I, p. 31. 

2 C. J. Ballhausen, Kgl. Danske Videnskab. Selskab, Mat.—fys. 
Medd. 29, No. 4 (1954). 

*3R. Pappalardo, J. Mol. Spectroscopy 

*R. Pappalardo and D. L. Wood, J 
(1960). 


to be published) 
Chem. Phys. 33, 1733 
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ABSORPTION SPECTRA OF 


ERARNSITION FORNS 


TABLE I. Spectrochemical analysis of CdS crystals. 








(a) Qualitative 


Nominal 
Sample element 


No. doped >1 0.1-3.0 


0.01-0.3 





1-0-6 | Mn 


Estimated range (percent) 
<0.03 


Mn Fe 


<0.005 


<0.001 
Ag,Al,Ca,Cu, 
Mg,Si 
Ag,Ca,Cu 
Ag,Al,Ca,Cu,Mg, 
Mn,Si 
Cu,Mn V Al,Fe,Mg,Si Ag,Cu 
Cu Ag,Al,Ca,Mg, 
Mn,Si 


Cr Mn Al,Fe,Mg,Si 
cr Fe 





(b) Quantitative 


1-60-6 
1-79-2 
1-72-3 
1-67-5 


Mn 0.045% 
Cr 0.022% 
Cr 0.0049% 


Cu 0.27% 
Ni 0.018% 
Co 0.008°; 


67-! Cu 0.11%; V 0.0053%%; Mn 0.023% 


light and cut into slices about a millimeter in thickness 
such that all faces were either perpendicular or parallel 
to the optic axis. Films of the various transition metals 
of a few microns in thickness were evaporated on the 
surfaces of the slices. The metals were then diffused into 
the CdS by sealing the crystals in evacuated silica 
glass tubes and heating in a furnace for several hours. 
To prevent the crystals from subliming at the high 
temperatures required for diffusion, small amounts of 
sulfur were introduced into the capsules. It is possible 
that by combining with the metal the sulfur also facili- 
tated the introduction of the impurity ions in the crystal. 
To ensure a maximum concentration of impurities, all 
samples were quenched by dropping the hot capsules 
into water. 

Of the transition metals, copper and cobalt diffuse 
most readily into CdS. Although copper diffused rapidly 
in high concentration (about 0.3%) at 900°C, the most 
intense spectra were observed when the diffusions were 
made at 1200°C. Cobalt also has a high rate of diffusion, 
but has a lower saturation concentration than copper. 
Diffusion of cobalt at 1150°C was observed to be virtu- 
ally complete after only 10 or 15 minutes. The satura- 
tion concentration of nickel was about the same as for 
cobalt (about 0.01%), but the rate of diffusion was 
slower by an order of magnitude. Diffusion of the other 
transition ions is more difficult, and the saturation con- 
centrations appear to be lower than for copper, cobalt, 
and nickel. A few microns of the surfaces of most 
samples were polished off after diffusion; this was par- 
ticularly necessary for impurities as chromium, vana- 
dium, titanium, and manganese which were relatively 
insoluble and often remained as visible layers of metal 
or metal sulfide on the surfaces after diffusion. 

The samples containing the intentionally introduced 
impurities, and the single-crystal CdS starting material 
were analyzed for impurity content by emission spectro- 
chemical techniques. Table I lists the principal impuri- 
ties found in the various samples for which spectra 


are given in this paper. Samples containing impurity 
concentrations over a wide range were prepared for each 
impurity ion. With the exception of chromium, the 
ratios of the intensities of the various absorption bands, 
observed for samples containing a given impurity ion, 
did not vary over the range of concentrations studied. 
Furthermore, these ratios did not change with the tem- 
perature or duration of heating during diffusion. Al- 
though we were able to introduce small amounts of 
Ti into CdS, we did not observe any band spectra for 
the corresponding ions. 


B. Apparatus 


A Cary model 14 Universal double-beam spectro- 
photometer was used in the region 2.6 to 0.2 u, while 
for longer wavelengths a single-beam Perkin-Elmer 
model 112 spectrophotometer was used. At 78°K, a 
quartz cryostat and a Pyrex glass cryostat were used for 
wavelengths shorter than 2.44, while a brass cryostat 
with NaCl windows was employed at longer wave- 
lengths; for work at 4.2°K a double cryostat of Pyrex 
glass was used. 

Polarized light was used to study the absorption at 
78°K of some samples of CdS:Co and CdS: Ni having 
faces containing the c axis. Since only slight differences 
were observed for the two orthogonal directions of 
polarization of the incident light, we shall limit our 
considerations in the present study to optical absorption 
using unpolarized light. 


Ill. CdS:Cu 
A. Observed Spectra 


We now consider the optical absorptions of the vari- 
ous iron-group ions in order of increasing number of 
holes in the 3d shell. For Cu** the electronic configura- 
tion is (argon) 3d*; in other words the system is equiva- 
lent to one positive charge in the 3d shell. The absorp- 
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CdS:Cu (I- 79-3) 
(a)room temp. 
(b)at 78°K 


OPT. DENSITY (arb.origin) 








Fic. 1. CdS:Cu sample J-79-3, 0.83 mm thick. Absorption 
a) at room temperature; (b) at 78°K. 


tion spectra of the various samples of CdS: Cu studied 
show some differences; we shall discuss in detail the 
spectra of two representative samples. 


Sample I-79-3 


Spectrochemical analysis data are given for this 
sample in Table I. Very little difference is found in the 
absorption spectra at room temperature and at 78°K: 
in both cases the absorption is in the form of a rather 
intense bell-shaped band superposed on a flat back- 
ground (Fig. 1). The position of the peak (or center) 
of the band at ~ 7000 cm“ found in all Cu-doped crys- 
tals is fairly constant. 

The oscillator strength was 2 10~ which was calcu- 
lated by assuming that all the Cu ions present are in 
the divalent state and occupy tetrahedral sites. Since 
Cu may also be present in other valence states, the value 
given for the oscillator strength must be considered as 
a lower limit of the true value. This value is quite close 
to the f numbers found* for ZnO:Cu. Although the 
spectrum of this sample is in good agreement with the 
prediction of the crystal field theory for Cu** in tetra- 
hedral coordination,” a better comparison with the 
theory can be made by using the spectrum of the follow- 
ing sample, in which structure is present in the absorp- 
tion at ~ 7000 cm 


Sample A-100 


This sample showed at 78°K a considerably narrower 
absorption in the ~ 7000 cm™ region than did the pre- 
vious sample ; also, the edge absorption has been shifted 
to longer wavelengths. (See Fig. 2.) The band is moder- 
ately intense at 78°K and shows some structure. When 
the sample is cooled to 4.2°K, the intensity of the band 
is greatly diminished, but the previous (at 78°K) bell- 
shaped absorption is now resolved into some faint, but 
reproducible, narrow structure. In effect the absorption 
consists of a weak but distinct line A at 6430 cm™ 
which is followed by a poorly resolved doublet B at 
6540 cm™ and another at 6800 cm~. This resolution 
of the observed spectrum is very similar to the structure 
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found at 78° and 4.2°K for ZnO:Cu (Fig. 3) and Cu- 
doped yttrium gallium garnet.” 


B. Energy-Level Scheme for Cu** 


The electronic energy-level scheme (inclusive of spin 
orbit coupling) for Cu?* in different crystal coordina- 
tions has been given by Liehr.'* In the simple case of 
cubic symmetry the energy of the three possible levels 
are given by the following expressions, in which the 
double-valued representations, for cubic symmetry, of 
the orbital momentum spin product space®® are used.?® 


E=\—4Dyg. (1) 


r, = 
I's:|—3\—4Dg—E (3) | =0. (2) 
(3) 6Dq—E 


In this formula J is the spin-orbit coupling constant 
and Dg the cubic field parameter, which is the scale 
factor in the expression for the cubic symmetry poten- 
tial and is accordingly the only quantity which deter- 
mines the energy-level ordering in a one-electron system. 
In terms of physical parameters of the system, 
Dg = (Zeese/ R®*)(r*), where Zeus: is the effective charge of 
the nearest neighbors (ligands), (r*) is the fourth mo- 
ment of the 3d electron, and R the cation-ligand distance. 
For aquocomplexes of coordination number six, it is 
found experimentally'®~'’ for ions of the first transition 
series that Dg~2000 cm™' for trivalent ions and 
Dg~1000 cm™ for divalent ions. As shown also in 
Fig. 4, the following relation® holds for Dg in going 
from octahedral to tetrahedral coordination of the same 
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10°cm~' 


Fic. 2. CdS:Cu sample A-100, 1.46 mm 
(a) at room temperature; (b) at 78°K; (c) at 
indicate reproducible fine structure. 


thick. Absorption 
$.2°K. The arrows 


25H. Bethe, Ann. Physik 3, 181 (1929). 

% The following symbols for cubic group representations are 
equivalent: T; and A;; [2 and A2; T'3 and E; Wy, 71, and /1; 
rs, T2, and Fo. 
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ligands, for cubic site symmetry” : 


DQtet= —(4 9) Doct (3) 


It is also found experimentally that Dg values for 
coordination six are very similar for both aquocom- 
plexes® and oxides." One cannot predict @ priori what 
the values of Dg pertaining to a coordination of sulfide 
ions will be. We expect, though, that the change from 
Dg (oxides) will not be drastic and from consideration 
of the relative sizes of the 0? and S*- electronic clouds, 
we expect that S*> will be located (provided covalency 
effects are not preponderant) between F~ and O*~ in 
Tsuchida’s spectrochemical series,?* which lists the 
ligands in order of increasing strength of the crystal 
field as 

Br<Cl<F<O<N. (4) 

Figure + shows for the case of tetrahedral symmetry 
the predicted ordering of the energy levels of Cu’? in 
oxide systems (ZnO, tetrahedral sites of yttrium gallium 
garnet) and the experimental data for these systems and 
CdS :Cu. On the basis of the preceding considerations, 
we may make the following conclusive remarks: 


(1). The predictions of the crystal field theory for 
the energy of electronic transitions within the 3d shell 
of Cu®+ in tetrahedral coordination of sulfide ions are 
in very good agreement with the observed absorption 
(Figs. 2 and 4). 

(2). Departures from cubic symmetry can only cause 
a twofold splitting of the excited electronic I's level. 
The fact that in ZnO:Cu; YGG:Cu, and also CdS:Cu 
many more lines than the expected maximum of two 
are observed can be explained on the basis of the Jahn- 
Teller theorem, as will be shown by Liehr.” 

(3). The energy of the observed band does not de- 
pend simply on Dg (cubic field parameter) as in the case 
when the energy levels of Cu** are treated neglecting 
spin-orbit effects, but depends also, in a more complete 
theory, on the value of the spin-orbit coupling 
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ZnO: Cu AT 4.2°K 
(0.02% Cu; SAMPLE 0,014" THICK) 


5788 CM"! 
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(HALF WIDTH) 
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6.50 6.25 6.00 5.75x107Cm~! 


Fic. 3. Absorption spectrum of ZnO:Cu at 4.2°K. (From 
reference 23.) Compare with Fig. 4. 
7 Provided (r4/R®)ter= (AR) oct 
*°R. Tsuchida, Bull. Chem. Soc. Japan 13, 388, 436, 471 (1938). 
* A. D. Liehr, Progr. Inorg. Chem. (to be published). 
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OCTAHEDRAL 
COORDINATION 


TETRAHEDRAL COORDINATION 


ZnSiFg-6H20:Cu 


= 


PREDICTED OBSERVED 


ZnO:Cu YGG:Cu CdS:Cu 


——— Te 


























Ts rT 


Fic. 4. Predicted and observed energy-level scheme for: Cu?* 
in tetrahedral coordination (from reference 10). YGG stands for 
yttrium gallium garnet. The energy of the leading absorption 
line in each system is indicated. 


constant A in the crystal studied. These spin-orbit ef- 

“fects can be considerable: In fact, in the absence of 
spin-orbit interaction the ground cubic field term ?7, 
is triply degenerate, while in the spin-orbit treatment 
the ['s(?72) multiplet component is increased in energy 
by some 1000 cm™', and the excited I's(*/) is increased 
by the same amount (Fig. 4). 


Thus, although the leading absorption line in CdS: Cu 
has greater energy than in ZnO:Cu (Fig. 2), it will not 
be correct to conclude that Dg(CdS:Cu)>Dg(ZnO: Cu) 
unless the corresponding values of the spin-orbit cou- 
pling constants \ are known in both cases. The fre- 
quencies of the impurity absorptions should also differ 
since the zero-point vibrational energies of the impurity 
ions are different for the two host lattices. 


IV. CdS: Ni 
A. Observed Spectra 


Similar spectra were observed for the various samples 
of CdS:Ni studied. The absorption spectra at 4.2°K 
differ from the spectra taken at 78°K only in the better 
resolution of the structure of the various absorptions ; 
but no absorptions disappear in cooling from 78° to 
4.2°K as was found® for the corresponding case of 
ZnO: Ni. 

Absorptions found in the 4000 to 4400 cm™ region 
are only evident at 4.2°K (Fig. 5); another absorption 
at ~8200 cm shows considerable fine structure at 
$.2°K (Fig. 6), a rather broad absorption occurs at 

*® R. Pappalardo, D. L. Wood, and R. C. Linares, Jr., J. Chem. 
Phys. (to be published). 
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Fic. 5. CdS: Ni sample V-100, 1.93 mm thick. Absorption 
in the 4000 cm™ region: (a) at 78°K; (b) at 4.2°K. 


~ 10 000 cm~ (Fig. 6) and there is a very intense band 
in the 12 500 cm™ region (Fig. 7). This last absorption 
is rather broad at room temperature [Fig. 7(a) ], but 
shows a triplet structure at 78°K, while at 4.2°K a 
more complex pattern appears [Fig. 7(c)]. Finally a 
narrow, weak absorption appears at 15 000 cm™ super- 
imposed on the steep slope of the CdS edge absorption 
(Fig. 8). Oscillator strengths are tabulated for the 
various absorption bands in Table II. 


B. Evaluation of Crystal Field Parameters 


While in the one-electron systems the electronic en-, 
ergy scheme (neglecting spin-orbit coupling) depends 
only on the value of the cubic field parameter Dg, which 
is a scale factor for the interaction of the 3d electron 
with the rest of the lattice, the energy-level scheme for 
systems of more than one 3d electron must also take 
into account interactions between the electrons in the 
3d shell. The additional parameters needed to describe 
these interactions are Racah’s parameters of electro- 
static interaction’ B and C. The general appearance of 
the absorption spectrum is that of Ni** in tetrahedral 
coordination, as can be seen by comparing it, for in- 
stance, with the spectrum® of Ni in ZnO. In the case 
of CdS, however, a general shift to lower frequencies 
is observed, as compared with the analogous spectrum 
in ZnO. Since in the present case the ions coordinated 
to Ni** are sulfide ions, this general shift in energy 
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Fic. 6. CdS:Ni sample N-100. Absorption in the 7500 cm™ 
to 11000 cm™ region: (a) at room temperature; (b) at 78°K; 
c) at 4.2°K 
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could be due either to a lower value of the cubic field 
parameter Dg, or to a considerable decrease in the pa- 
rameters of electrostatic interaction associated with 
increased covalency effects, or both. 

Six absorption bands have been observed; of these, 
three are required to determine values for Dg, B, and C 
from which the energies of the other levels may be 
predicted. The remaining three observed bands can 
then be compared with the levels so predicted. 

For Ni*+ and Co** and the conjugate d?* systems, 
the positions of the intrasystem (same spin multi- 
plicity) bands are fixed by only the two parameters 





CdS:Ni 
(a) AT ROOM TEMP. 
(b) aT 78°K 
r (Cc) AT 4.2°K 


u 


OPTICAL DENSITY (ARBITRARY ORIGIN) 
° 











13 
10°cm~! 
Fic. 7. CdS:Ni sample N-100. Intense absorption band in the 
13 000 cm™ region: (a) at room temperature; (b) at 78°K; (c) at 
4.2°K. 


Dg and B, if spin-orbit coupling effects are neglected. 
Thus, the observed positions for the two intense bands 
in Ni?+ should determine the value of Dg and B; for 
this purpose, we make the following assignments: 
Corresponding electronic 

transition 

al _—e 37 . 

ort ’ Ty 


Observed absorption 


~ 4000 cm=! 


~12 500 cm (5) 


To evaluate Dg and B from the observed energies of 
transitions between multiplet components of cubic field 
terms, one must calculate the energy difference of the 
baricenters of the corresponding multiplets. 
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The first assignment (5), which neglects the spin- 
orbit coupling effects, was used to deduce approximate 
values of B and Dg; these values were then used, fol- 
lowing the method of reference 30, to evaluate the mag- 
nitude of the spin-orbit splitting constants®*! cq and cy 
for the *7 cubic symmetry terms and so provide an 
estimate of the (first order) spin-orbit splitting both 
in the ground and excited terms. The quantities c; are 
given by: 


2cos"6+sin’6+ 2sin286, (6a) 


2cos?6’+ sin’6’+ 2sin26’, (6b) 
where 
—12B 


10Dg—9B 


tan20= 


’ 


sin2@= —12B[225B?—180DqgB+100Dq? }', (7a) 


—12B 
tan26’= 


10Dg—9B- 


sin26’ = 12B[.225B2—180DgB+100D_}3, (7b) 


TaBLe II. Oscillator strengths. 


Oscillator strength 
78°K 
2.0% 10 


Band ~300°K 4.2°K 


Ion 


Cu(J-79-3) 
Ni(.V-100) 


2.6X 10 
9x 107° 
4X10"! 


1B 
CD 
iF 
GHIL 3X10 % 
Co(0-100) i 1.2*10°3 1.36 10 2.010 
D 0.8102 0.9% 10-2 0.9X 10-2 
G 0.85 10 
210 210-4 
4.5 10 1.5X10°4 
1.6 10°43 1.510 


2X10 
1.3X10-* 
3x10 
2.2% 10°3 


1.7X10 
3X10 
3.5K 10" 


Mn(J-60-6 
Cr(/-72-3b 


Cr(J/-79-2 O.85X 10 4 1.5 10™ 


1.710 
V (1-67-5) 


6.4 10°3 7.010" 


1.9 10°" 


8.0X 10 
3.3X 10" 


and 
a 1 
eT 


cos0’ 37 (detdy'))— sind’ *7\(dedy*)), (8a) 


=-cos# 3T 1 (détdy') —sing 3T | (de*dy’)). (8b) 


We thus expect the ground term to be stabilized, 
due to spin-orbit coupling effects, by some 600 cm™ 
(separation of the baricenter of the ground multiplet 
from the lowest multiplet component). The position of 
the baricenter of the ,°7, multiplet is then assumed to 
be given by the position of the first intense peak of the 
band at ~12500 cm", plus the quantity ~3¢a~470 
cm™', which is half the predicted width of the ,°7; 
multiplet in first order, minus the ground state stabiliza- 
tion. Analogous procedures apply to *7». 


31S. Koide, Phil. Mag. 4, 243 (1959) 
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3. 8. CdS:Co sample V-100. Weak absorption in 15 000 
cm" region: (a) at 78°K; (b) at 4.2°K. 


The remaining levels, as can be easily seen from 
group theory considerations, are not split by spin-orbit 
effects in first order, and so, in order to estimate their 
predicted energy, one needs only be concerned with the 
ground term spin-orbit stabilization. When this pro- 
cedure is followed, the values of the Dg and B param- 
eters are obtained as 


B=615 cm Dqg=415 cm (9) 


It is interesting to remark that while B is considerably 
smaller, Dg is not very different from the value found® 
for ZnO: Ni, namely B=795 cm™ and Dg=405 cm“. 
A decrease in the values of the parameters of electro- 
static interaction points to a larger degree of covalency. 

Morin® and Liehr and Ballhausen* have recently 
discussed the effect of strong covalency on the value of 
the cubic field parameter Dg, which should now be 
understood as characterizing the energy differences 
between molecular orbitals of e and 42 symmetry. When 
treating the one-electron problem in a system in which 
the energyl-evel scheme is as depicted in Fig. 9, an 


TETRAHEDRAL COORDINATION 


IONIC CASE o - BONDING 7” - BONDING 


te 


x “(NON - BONDING) 

Fic. 9. Effect of covalency on magnitude of Dg. 

2 F. Morin, Proceedings of the International Conference on 
Semiconductors (Prague, 1960). 

% A, D. Liehr and C. J. Ballhausen, J. 


Mol Spectroscopy . 
342 (1958); 4, 190(F) (1960). 
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increase in covalency tends to increase the energy of the 
antibonding ¢2 orbitals with respect to the non-o- 
bonding e orbitals. Therefore, covalency will cause an 
increase in Dg, when compared to the limiting case of 
a purely ionic system, to the point where m bonding 
causes a destabilization of the e non-o-bonding orbitals 
by making them z antibonding and the two processes 
start competing. 

On the other hand, from a comparison of the ionic 
radii (Ahrens** gives 0.97 A for Cd?* and 0.74 A for 
“n**), lower values of Dg and B would be expected for 
impurity ions in CdS than for the same ions in ZnO, 
in the absence of covalency effects and lattice distortion 
at impurity ion sites. 

Using the values of B and Dg of Eq. (9), one can 
calculate the values of the constants for the spin-orbit 
splitting of the *7 manifolds: 


Ca= 2.907, Co — 1.906, 


and the form of the wave functions: 
al ;)=0.9474 | de'dy*) —0.3203 | de’dy*), 
Poe ip 


= +().3203 | de'dy*)+0.9474|dedy*). (10) 


From these data the position of the remaining triplet 
level 34> de'dy’ is predicted at 8285 cm“. Experi- 
mentally, a band is found centered at ~8000 cm 
(Fig. 6). 


1o3cm~' 
| CALCULATED OBSERVED 


40 


CdS EDGE ABSORPTION 








Fic. 10. Energy-level scheme for CdS: Ni. Left: Calculated as 
suming divalent nickel in tetrahedral coordination with B=615 
em', C=4.38 B, Dg=415 cm", and spin-orbit stabilization of 
the ground state as 600 cm7'. Right: Observed absorptions. The 
energy separations indicated by arrows were used to calculate the 
energy levels on the left. 


* LL. H. Ahrens, Geochim et Cosmochim Acta 2, 155 


1952). 
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C. Position of the Singlet Levels 


From the Tanabe and Sugano” energy-level scheme 
no singlet levels are expected at energies lower than 
that of ,°7. In the observed absorption spectrum, a 
weak absorption, slightly affected by temperature 
changes, is found at ~15 000 cm~. We shall assume 
that it corresponds to the .°7';—> 'T» transition. Using 
the values of Dg and B of Eq. (9), we then calculate 
C=2695 cm", which implies C/ B=4.4, close to the 
value 4.709 found for the Ni’* free ion. 

We are now able to predict what the complete energy- 
level scheme should be for Ni?* 
in Fig. 10. 


in CdS. This is shown 


D. Spin-Orbit Coupling Effects (First Order) 


Only the triplet cubic field terms *°7, and *7» will 
be split by spin-orbit coupling, while the remaining 
triplets #42 will remain unsplit. This can be easily seen 
by considering the following products of the represen- 
tations corresponding to the spin and orbital angular 

raBweE III. First-order spin-orbit splitting of $7 cubi 
field terms 


rv properties 


t 


properties 


prope rties 
¥ properties 
prope rties 


y properties 


momentum: 


(11a) 
(11b) 
(11c) 
(11d) 


MyxXPi=Vs, 
M4xP.=Ps, 
MgXP4=P1i4Ts- 
MgXPs=P.+Ts 


teres 
tTletl's 


since S=1 transforms as I’. 

The product corresponding to *.12 contains only one 
cubic field representation in the total angular mo- 
mentum space; similar considerations apply to all the 
singlet terms. Shifting of the position of 7A. and of the 
singlet terms may occur only when matrix elements of 
spin orbit connecting different cubic field terms are 
taken into account. The effect of the spin-orbit coupling 
on 37; and *7> is quite similar to the effect in MgO: Ni 
and ZnO: Ni. 

Group theory can be used to predict the maximum 
number of multiplet components which arise from the *7’ 
manifolds [Eqs. (11) ], while the actual detail of the 
spin-orbit interaction may be obtained by using the 
Tanabe and Kamimura formalism*®; details of the 
calculation are given in the similar paper” on Ni** in 


3 Y. Tanabe and H. Kamimura, J. Phys. Soc. Japan 13, 394 


(1958). 
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cubic symmetry, and the results of the calculation are 
listed in Table ITI. 

Term ,°T;. The lowest component of the ground 
multiplet should be, according to Table ITI, a I; level, 
followed by a triply degenerate and a fivefold degenerate 
multiplet component (Table III). The energy spacings 
are }{c. and }¢cq respectively ; the over-all width of the 
multiplet is 3¢ca~470X 2.9= 1360 cm™, assuming for 
¢ the approximate value 7 630 cm™!. 

Term »°T,. The ordering of the multiplet components 
will be inverted and the spacing will be different, since 
co= — 1.906. 

Term *T>. The multiplet component lowest in energy 
should be fivefold degenerate, followed by a threefold 
degenerate level $¢~315 cm™ distant and this by a 
nondegenerate level spaced }{~157.5 cm™ further 
away. 

The predicted splitting pattern and the observed 
energy spacings are collected in Fig. 11. While the 
previous spin-orbit splitting is limited to a first-order 
treatment, Liehr and Ballhausen*® have treated the 
effect of spin-orbit coupling on Ni®?*+ and V** simul- 
taneously with Coulombic interaction and cubic field 
effects, and plotted as a function of Dg using the exem- 
plary set of parameters B= 810 cm™', C=3.9 B, the en- 
ergy levels obtained from the computer solution of a 
number of secular equations. For CdS:Ni, B is quite 
different from the B values used by Liehr and Ball- 
hausen so that a direct comparison of CdS: Ni spectra 
with the calculations of these authors can only give an 
indication of the magnitude of second-order effects of 
spin-orbit coupling in CdS: Ni. 


E. Comparison with Experiment 


The preceding discussion of the electronic energy- 
level scheme has been based on the hypothesis of a 
predominant cubic field and on the first order treatment 
of the spin-orbit coupling. The predictions of this model 
will now be compared with the observed spectra ignoring 
noncubic components of the crystalline potential, higher 
order effects of spin-orbit coupling, and the contribution 
of vibrations to the process of optical absorption. 

Ground Term ,°T. In considering the intensity pattern 
of the absorption located at ~ 12 500 cm”! as it appears 
at room temperature, 78° and 4.2°K, it seems that a 
contribution exists at room temperature from a state 
~500 cm! above the ground state (Fig. 7). This is in 
agreement with the predicted spin-orbit splitting of the 
ground cubic field term (Fig. 11). Apart from this, there 
is no contribution from a level of the ground manifold 
at about 150 cm™ above the lowest state, as was found 
in ZnO: Ni. 

Term *T,. This corresponding absorption can be 
roughly considered as made up of two groups, separated 
by some 400 cm™ (Fig. 5). The first group shows four 


36 A. 1). Liehr and C. J. Ballhausen, Ann. Phys. (N.Y.) 6, 134 


(1959). 
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Fic. 11. CdS: Ni. Left: Predicted first order spin-orbit splitting 
assuming \=630 cm7!; Dg=415 cm™; B=615 cm™. Right: Ob- 
served energy separation of fine structure. The term separations 
al Ts; 7; — 37) are not drawn to scale. 


peaks, which may possibly arise from the lifting of the 
cubic field degeneracy of *I; and *T;,7 while the four 
peaks of the second group may be associated with *I’, 
and *I’p (Fig. 11). So far, the simplified model used seems 
to be able to predict the main features of the fine 
structure of the absorption spectrum. 

Term *A2(de8dy*). This simple model is inadequate, 
however, to interpret the complex pattern at ~ 8000 
cm~!; according to our predictions the transition should 
be to *A». The intensity of this group is considerably 
lower than that corresponding to the transition to the 
other triplet at 12 500 cm“, but this is reasonable since 
the ground term has essentially the configuration 
de‘dy* [Eq. (10) ] so that the transition to *4, involves 
a change of ‘wo electrons in the subshell configurations, 
and is therefore a transition of low probability. 

As for the number of fine-structure components in the 
absorption, if our assignment is correct one would expect 
no more than three lines, even if low-symmetry com- 
ponents of the field cause a splitting of the multiplet 
component I’; [Eq. (11b) ]. However, in Fig. 6, the 
sharp triplet C seems to be followed by a vibrational 
replica D, located 440 cm™ away, which is, incidentally, 
similar to the separation of the two observed groups 
A and B belonging to *7». 

Term '‘T, and ,'E On the basis of the spectra of aquo- 
complexes** and oxides,'’” absorptions corresponding 


37 The I’; notation specifies the over-all spin orbit state sym- 
metry, while the superscript designates the predominant spin 
multiplicity contribution to a given spin orbital state. 

3 R. Pappalardo, Phil. Mag. 9, 1397 (1958); 4, 219 (1959). 
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to transitions to the singlet terms, which have essentially 
the same subshell configuration as the ground term, 
should be narrower than observed experimentally in 
CdS:Ni at 4.2°K in the 10000 cm region. In the 
present case, however, Dg is smaller and so Coulomb 
mixing of ,'T and ,'T (f= A,, FE, T2, T;) terms is more 
important than in aquocomplexes and oxides and could 
partly account for the observed broadening as could 
spin-orbit mixing of singlet and triplet terms. However, 
the positions of the centers of the two bands correspond 
rather well to the predicted energy levels, as shown in 
Fig. 10. 

Term ,°T,. The observed pattern at ~12 500 cm 
seems in fair agreement with the simple model based on 
cubic symmetry potential and spin-orbit coupling. The 
decrease in the intensity with increasing frequency can 
be correlated in this context to the predicted decrease 
in the cubic symmetry degeneracy of the multiplet com- 
ponent in going to higher energies (Fig. 11). From Fig. 7, 
it is seen that the structure of the band at 78°K can 
be explained by first-order spin-orbit coupling without 
invoking lattice vibration contributions to the absorp- 
tion. The new peaks present in the 4.2°K spectrum may 
be associated with the lifting of the degeneracy of the 
cubic field multiplet components *f; and *I’s. On the 
other hand, the second peak found at 4.2°K, which is 
~350 cm™ away from the most intense absorption, 
could be a vibrational replica of the first one, since it 
involves an energy difference already found in other 
regions of the spectrum. The latter hypothesis can be 
investigated only by a systematic comparison with the 
absorption spectrum of other ions in CdS. 


1 


F. Concluding Remarks 


There is a very satisfactory agreement between the 
predicted position of the first six excited terms of Ni** 
in CdS and the corresponding absorption bands. As a 
further indication of the reliability of the crystal field 
approach, the value Dg(CdS:Ni)=415 cm, derived 
from the absorptions taking into account the spin-orbit 
stabilization, is in good agreement with the value one 
would expect for Dg in tetrahedral symmetry. Rather 
surprising is the low value of the B parameter: the 
hypothesis has been advanced that both the decrease 
in B and the slight increase of Dg in going from ZnO 


to CdS are an indication of stronger covalency effects 
in CdS. 


\ second point concerns the interpretation of the 
fine structure. The simple model we have used, namely 
consideration only of first-order spin-orbit effects, 
neglecting vibrational contributions and the effect of 
low-symmetry components of the potential, provides 
a satisfactory explanation of the structure observed in 
the individual absorption bands. But a more detailed 
agreement of theory and experiment for the fine struc- 
ture is only sporadic. 
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V. CdS:Co 
A. Observed Spectra 


Several samples of CdS: Co were studied, all showing 
identical spectra ; we discuss here in detail sample O-100. 

The absorption spectrum in the 2.6- to 0.4- region 
was taken at room temperature, liquid nitrogen and 
liquid helium temperature, using the Cary 14 Universal 
spectrophotometer. Figures 12 and 13 and Table II 
give the details of the observed absorptions. Two intense 
absorptions are found one in the ~6000 cm” region 
(band H) and another at 14 000 cm“ (band D). A much 
weaker absorption (G) is also present at ~ 16 400 cm“. 
The spectrum was also investigated in the region 4.2 to 
2.04 using a Perkin-Elmer model 112 spectrometer. 
No absorptions were observed in this region, however, 
either at room temperature or at 78°C. 

The effect of cooling at 78°K on the band D is to 
resolve the broad band, which has very little structure 
at room temperature, into a set of three similar line 
groups (#/,,H»,H;). The fine structure of each of these 
groups is much more distinct at 4.2°K, and the leading 
lines of each group shows enhanced intensity [Fig. 
12(c) ]. 

The intense band D at room temperature shows a 
peak at 13477 cm™ and an indication of a double 
structure at 14 500 cm™. By cooling to 78°K, a pattern 
of four narrow bands (D,, D2, Ds, and D,), progressively 
decreasing in intensity, becomes evident. No remarkable 
changes in the absorption are brought about by lowering 
the temperature to 4.2°K. It is interesting that much of 
the low-energy tail present in the absorption band D at 
room temperature disappears at 78° and 4.2°K (Fig. 13). 


B. Identification of Absorption Bands 


As with nickel and copper, we shall compare the ob 
served spectra with that predic ted for Co** sites pos- 
sessing tetrahedral symmetry. 

The energy-level scheme for the quartet terms of the 
configuration 3d’ depends only on the value of two 
quantities, B and Dg. Since the values of these param- 
eters should be similar for Co** in either CdS or ZnO, we 
can make the following assignments by referring to the 
related dis 


spectra® observed for ZnO:Co (recall the 


Pasce IV. Values of crystal field parameters obtained 
from optical absorptior 


MeQ* ZnO* 


927 


845 


Dq) (cm™) 
B(cm™) 


* See reference 39 


*®R. Pappalardo, D 
published 


LL. Wood, and R. C. Linares, Jr. (to be 
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cussion of Sec. IV for the analogous nickel systems): 
Transition 
*A2— 'T) 


446 =? iT 


Absorption band 


~ 6000 cm7! 


~15 000 cm"! (12) 


A more accurate evaluation of the position of the 
cubic field terms should take into account possible 
splittings of the terms due to spin-orbit coupling and 
noncubic components of the field. Since for Co** the 
spin-orbit coupling constant has a high value (¢¢= 540 
cm for the free ion in the n/m ym, scheme) one expects 
considerable spin-orbit splitting of the excited ‘7, ‘71, 
and ‘7's cubic symmetry terms, while the ground state 
‘41. will be unsplit and unshifted in first order. 

From the treatment® of ZnO:Co one expects in the 
present case an upper limit of 600 cm™ for the total 
multiplet width of 7). As for the determination of the 
baricenter of the ‘7, term, we can take as a good ap- 
proximation the center of the triplet structure of 
band H. 

The following assignments are then made for the 
positions of the baricenter of the cubic field terms: 


4 on) 


‘1,— 17) =13 950 cm™ (first intense peak of band D, 


4 . 


=550 cm™! (center of band H); 


plus half the predicted 


multiplet width). (13) 


By using the energy matrix elements given by Tanabe 
and Sugano,'’ one can derive from (13) the following 
values of the parameters: 


Dg=316 cm', B=664 cm (14) 
In Table IV, we collect the results of similar calcu- 
lations based on the study of Co** in different host 


lattices. 


me 


1.6 1.8 2.0 





CdS:Co (SAMPLE O-100) 
a) AT ROOM TEMP. 
bo) aT 7e°K 


c) at 428 
(C) AT 4.2°K 
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Fic. 12. CdS:Co sample 0-100, 1.38 mm thick. Absorption in 
6000 cm region: (a) at room temperature; (b) at 78°K; (c) at 
4.2°K. Note the very sharp peak (half-width: 6.5 cm™!) at the 


beginning of absorption at 4.2°K 
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OF TRANSITION TONS 





CdS:Co (SAMPLE O-100) 
(@) AT ROOM TEMP. 
(b) at 78° 
(Cc) AT 4.2°% 


OPTICAL DENSITY (ARBITRARY ORIGIN) 











14 
to?cm' 


Fic. 13. CdS:Co sample 0-100. Intense absorption band in 


visible region: (a) at room temperature; (b) at 78°K; (c) at 4.2°K. 
Compare structure of absorption to that of Fig. 9 (CdS: Ni) 


The wave functions of the ‘7, terms are also given 
for the evaluation of spin-orbit coupling effects: 


"oF 
aly 


0.8163 dedy*)+0.5776 | de'dy*), 


—().5776 | detdy®)+0.8163|\dedy?). (15) 


The complete energy level scheme for the configura- 
tion 3d? can be calculated when the value of the param- 
eter C of electrostatic interaction is known: A typical 
value is C=4.5 B. The energy level diagram for CdS: Co 
is then obtained after solving the relative secular equa- 
tions and is shown in Fig. 14. In the Appendix we tabu- 
late the wavefunctions for the doublet levels as linear 
combinations of states having a definite subshell con- 
figuration and symmetry classification. This form for 
the wavefunction is useful in the treatment of spin-orbit 
coupling by means of the Tanabe and Kamimura 
formalism.*° 


C. Spin-Orbit Coupling Effects 


When the effect of the spin-orbit coupling is treated 
in first order, using as basis the cubic field d-functions, 
only the spin-orbit interaction within the individual 
cubic field terms need be considered; the spin orbit 
mixing of different terms may be neglected. The first- 
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Tae V. Double-valued representations in spin-angular 
momentum product space. 


rsXl.=le4+T74+27's 
rsXPs=Ce+l74+270's 
rsXP:=Ps 
rsXPs=Ps 
PeXly=Cet+T's 
lsXPs=Cst+Tr; 
S=3 17] 

[S= . l'. | 


4 


order effects in Co** can thus be easily calculated by use 
of the Tanabe and Kamimura formalism. 

An indication of the kind of splitting to be expected 
can be gained from simple group theory by considering 
the products of representations" of Table V. 

The resulting spin-orbit energy level pattern is given 
in Table VI. 

The values of the spin-orbit splitting constants 
c,(i=a, 6) are derived®*” from the following relations: 

= cos*@— 2sin*é— 2sin29, (16) 
cos?@’ — 2sin?6’— 2sin26’, (17) 


—12B/(10Dg+9B), 
= —12B(225B?+ 180BDg+100D¢) 


tan26@= 


sin2@ (18) 


; 


A’ = A—90°. (19) 


Using the values of Dg and B derived above and the 
wave functions of Eq. (15), the following values of the 
c; constants were obtained: 


Ca= — 2.885; 1.885. (20) 


The assignment of the symmetry properties of the 
twofold levels of #7 was done on the basis of the second- 
order treatment™ of the spin-orbit coupling of 47; and 
*7;. 

Figure 15 shows the predicted multiplet splittings 
of the cubic field terms and how they compare with the 
structure of the absorption bands. The amounts of the 
predicted splittings indicated must be taken as upper 
limits since they were derived by assuming for the ¢4 
constant the same value it has in the free ion (540 cm~’), 
while a decrease in this value is to be expected if there 
is considerable overlap with the electronic cloud of the 
nearest neighbors. 

The agreement found for the ,‘7; term is quite good; 
less so for the ,*7, term, but in this region the term 


TABLE VI. Spin-orbit splitting (first order) of cubic 
symmetry quartet terms.* 


sixfold: '.+I'.) 
fourfold; I's) 
twofold; [; 
sixfold; [',+1;) 
fourfold; I’) 
twofold; I's) 


yw the 47) terr 
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‘7, is not well isolated and strong spin-orbit mixing 
might occur with the doublet terms. 

The oscillator strengths are quite high, of the order 
of 10-* for band H and 10~ for band D. This is in good 
agreement with the oscillator strengths found® for 
ZnO:Co, and with the predicted oscillator strengths®* 
for tetrahedrally coordinated Co**. Transitions cor- 
responding to the lowest excited term *7» not 
observed. 

Because of the intensity of the Co absorption in the 
visible region (@max~2 in optical density units) and 
the characteristic nature of its quartet pattern, it is 
possible that with a sample 2 or 3 mm thick one can 
detect 1 part per million of Co** ions by studying the 
optical absorption at 78°K. 
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Fic. 14. Energy level scheme for CdS: Co. Left : Predicted energy 
level scheme (neglecting spin orbit effects) for divalent cobalt in 
tetrahedral sites with Dg=316 cm™; Dg=664 cm™; C=4.5 B. 
Right: Experimental absorptions. Energy of levels connected 
to ground state by arrows were used to derive values for B and Dg. 


VI. CdS:Fe 


Similar spectra were obtained for the various samples 
of CdS doped with Fe. Details are reported here for a 
typical sample, /-59-i7. The spectrum of 
(Fig. 16) was studied in the range 4.2 to 0.5 uw with the 
Perkin-Elmer model 112 spectrometer. A single intense 
band was observed centered about 3.5 4 (2860 cm“). 
At room temperature the band was fairly broad and 
featureless, but upon cooling the crystal to 78°K, the 
absorption was considerably enhanced and several peaks 
were resolved. 


this sample 


This absorption is compatible with Fe?* in tetrahedral 





ABSORPTIGN SPEC TS 
coordination. Only one intense intrasystem transition is 
expected for 3d* (and the conjugate 3d° system); in 
ferrous aquocomplexes this transition is observed 
as a broad band at 10 000 cm’, with an oscillator 
strength of 0.4 10-4. For Fe** in tetrahedral coordina- 
tion this intense band should occur at 


‘i — °T,=10Dq, 
neglecting effects of spin-orbit coupling. Now 
(4/9) DgLFe(H20),3* |, =450 cm“, (22) 


(21) 


so, in view of the decrease of the value of Dg in going 
from coordination of water to the coordination of sulfide 
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Fic. 15. CdS:Co. First-order treatment of spin-orbit effects 
on a'7), 7), and *T2 terms. Left: Calculated splitting (A=540 
cm"!: ¢.= 5; ch =1.885). Right: Observed structure in the 
bands at ~5500 cm=! and ~ 14.000 cm™!. The splittings are drawn 
to scale, while the separations of the cubic field terms from the 
ground term 4A» are not. 


ions in CdS, one would expect an intense band centered 
around ~3800 cm™', which is in poor agreement with 
the center of the observed band. It is possible that by 
considering the effect of spin-orbit stabilization of the 
ground state on the position of the observed bands, the 
predicted and observed values of Dg might be brought 
into closer agreement, but we do not expect this effect 
to account for a substantial part of the discrepancy. 
On the other hand the energies associated with Jahn- 
Teller distortions of the ground and excited terms can be 
large (about 500 cm™ for the ground state ” of VCl,) 
and could possibly be responsible for the discrepancy. 


“ C, Ballhausen and A. 
published). 
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Fic. 16. CdS:Fe sample 7-59-z, 0.63 mm thick. This intense 


band, centered about 3000 cm™ is the only absorption observed. 


VII. CdS:Mn 


Since similar spectra were observed for all of the 
CdS:Mn samples studied, we shall discuss in detail the 
spectrum of a typical sample, /-60-6, which was also 
analyzed spectrochemically for impurity content (Table 
II). Only one absorption band is found (Fig. 17); at 
78°K a band stretches from 1.58 to 1.04 » (6630 cm 
to 9615 cm~) peaking at 1.34 (7690 cm“), over a 
background continuous absorption starting at 2.2 u and 
coalescing with the CdS edge absorption. The oscillator 
strength of the band at 1.3 u is calculated as 2.010, 
assuming all Mn ions are equivalent with respect to 
ionic charge and site symmetry ; since these two assump- 
tions may not be valid, the value given for the oscillator 
strength must be considered a lower limit. The edge 
absorption reaches optical density unity over the extra- 
polated background at 6300 A (15 870 cm™). 

At 4.2°K no remarkable changes in the shape of the 
band or in its intensity are found: the band now shows 
a double structure with peaks at 1.28 (7812 cm™) 
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lic. 17. CdS: Mn sample /-60-6, 1.16 mm thick. Absorption 
band at ~8000 cm: (a) at 4.2°K; (b) at 78°K. 
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and 1.184 (8475 cm™'). The oscillator strength is 
1.810. The optical density of the edge absorption 
is unity at 6100 A (16 390 cm). The most probable 
valence states for Mn ions in CdS are Mn?+ for which 
weak intersystem transitions (oscillator strength ~ 10~°) 
are expected to take place at ~ 20 000 cm and upwards, 
and Mn* for which a strong intrasystem transition 
(oscillator strength ~ 10~*) is expected at ~ 10 000 cm“. 
The position and oscillator strength of the single ab- 
sorption band found in CdS: Mn is better rationalized 
by Mn**. In this case only ove intense absorption band, 
corresponding to the intrasystem transition is predicted, 


’T, > 5E=10Dzg, (23) 


which is followed at higher energies by weaker inter- 
system transitions. On the basis of this assignment we 
find for Mn** in CdS, Dg=780 cm™ (neglecting spin- 
orbit effects). The Dg value for Mn*+(H,O)< is re- 
ported as 2100 cm™ by Holmes and McClure.® Multi- 
plying this quantity by the factor 4/9 required by the 
tetrahedral coordination and reducing the result by 
~ 15%, in analogy with the case of Co** in going from 
ZnO to CdS, we obtain Dg(CdS:Mn**+)=795 cm“, in 
quite good agreement with the value 780 cm™ deduced 
from the observed absorption. The fact that spectra 
were observed only for Mn** does not, of course, elimi- 
nate the simultaneous presence of Mn**. Therefore, these 
results do not necessarily conflict with the electron spin 
resonance investigations of Lamb and Kikuchi,? and 
Dorain.! 


VIII. CdS:Cr 


Although the positions of the various absorption 
bands are similar for various samples of CdS: Cr studied, 
the relative inensities vary quite markedly. Two repre- 
sentative samples will be discussed, numbers /-72-3 
and J-79-2. Spectrochemical analyses are reported for 


these samples in Table I. Chromium is the major 
impurity in both samples, and the percent of total 
sample weight is 0.0049% for sample /-72-3, and 0.022% 
for /-79-2; the latter sample also contains a comparable 
amount of Mn. 
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Fic. 18. CdS:Cr sample /-72-3, 1.51 mm thick. Absorption in 
2- to 0.6-4 regions: (a) at 78°K; (b) at 4.2°K. 
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Fic. 19. CdS:Cr sample J-79-2, 0.83 mm thick. Absorption in 
2.2- to 0.6-4 region: (a) at room temperature; (b) at 78°K. 
Compare with Fig. 18 and note differences in ~5000 cm™ band 
in edge absorption. 


The optical absorption in the 2.6- to 0.4-u region 
shows a weak band at 10 000 cm™ which is fairly similar 
in intensity and shape in both samples. Common also 
is an absorption roughly extending from 5000 to 6000 
cm, but in /-72-3 it is quite flat and weak, while in 
[-79-2 the absorption is bell-shaped, and fairly intense 
(Figs. 18 and 19). Also, the edge absorption for /-79-2 
is much steeper and has a shoulder at 15870 cm 
[ Fig. 19(b) }. 

Since the absorption observed for Mn (Fig. 17) is 
not observed in the spectra of either of these samples, 
the Mn accidentally incorporated in /-79-2 must be 
present as Mn?*. As explained in the previous section, 
the lowest energy absorption for this ion in tetrahedral 
site symmetry in CdS should be in an energy range where 
it would be masked by the intense edge absorption. 
The differences in the spectra of the two samples are 
therefore to be ascribed to the chromium content and 
its ionic charge. It is conceivable that some limiting 
concentration is reached, near that of sample /-72-3, 
beyond which further introduction of Cr involves a 
different ionic state. The energy level schemes to be 
expected for the two most likely ionic states of chromium 
(Cr*+ and Cr**+) in tetrahedral coordination are com- 
pared in Fig. 20 with the observed levels. 

Since no crystal field parameters are known for Cr** 
and Cr*+ in tetrahedral coordination these parameters 
were estimated from values given by Tanabe and 
Sugano” for Cr(HO).**, namely |Dg =1720 cm™ and 
B=765 cm“. For tetrahedral coordination Dg should 
be smaller than that given for the octahedral case by 
a factor of 4/9; on the basis of the trend observed for 
B and Dg for Co?* in different systems, coordination 
by sulfide ions will reduce these values by about 15%. 
We choose then 


Dq| =700 cm", B=650cm"', and C=4.5 B, (24) 


for Cr** in CdS. Similarly for Cr**, 


Dqg=500 cm", B=700cm™', and C=4.8 B. 
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Fic. 20. CdS:Cr. Left: Predicted position of lowest cubic field 
terms for Cr?* in tetrahedral coordination, assuming | Dg| =560 
cm; B=700 cm; and C=4.8 B. Right: Predicted position of 
lowest cubic field terms for Cr’* in tetrahedral coordination, as 
suming | Dg| =700 cm; B=650 cm™; and C=4.5 B. Center: 
Observed positions of absorptions in CdS:Cr. (/-79-3). 


It is apparent that, aside from the lowest excited term, 
the predicted positions of the various cubic symmetry 
terms do not agree very well with the observed spectra. 
However, if Cr** is present in appreciable concentration, 
then one should observe strong absorptions correspond- 
ing to the intrasystem transitions between 10000 cm™ 
and 20000 cm™ (Fig. 20, right). Although the shoulders 
on the edge absorption of sample /-79-2 occur in the 
energy range expected for these intrasystem transitions 
(Fig. 19), it is difficult to estimate the oscillator strength 
for these absorptions. A preliminary study of ZnS: Cr, 
where the edge absorption is at higher energies and 
does not interfere in the region under consideration, 
shows that ZnS:Cr has essentially the same spectra as 
observed for CdS:Cr (sample /-92-2), and that there 
are no intense absorptions comparable to band A in 
sample /-79-2 in the region of 10000 to 20000 cm™. 
We therefore assign the intense band 4A of sample 
/-79-2 to the transition from the ground term *7) to 
‘fF in the Cr+ ion; as the energy difference for this 
transition represents 10 Dg, we find the value of Dy 
for Cr’*+ in the tetrahedral coordination of CdS to be 
530 cm, in good agreement with the value we esti- 
mated a priori. Since the relative intensities of bands 
A and B differ for the two samples of CdS:Cr, band B 
may arise from a different ionic species than band 4; 
perhaps B represents one of the intrasystem transitions 
for Cr+. It is interesting to note that the intensity of 
band B is almost the same in both samples, although the 
Cr concentration differs by a factor of 5. 
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IX. CdS:V 


A single characteristic spectrum was observed for 
the various samples of CdS doped with vanadium, al- 
though some samples also contained large quantities 
of copper and manganese. Copper was diffused simul- 
taneously with the vanadium in an attempt to facilitate 
the introduction of the vanadium, while the manganese 
was introduced accidentally. Later experiments showed 
that vanadium could be introduced in comparable 
amounts into the Cd§ lattice without the assistance of 
Cu, by diffusing at higher temperatures (around 
1200°C). The details of the spectra of one of the 
samples /-67-5, nominally doped with both Cu and V, 
are presented below; it should be emphasized that the 
spectrum of this sample is identical, except for over-all 
intensity of absorption, with the spectra of crystals 
containing vanadium impurities alone. The spectro- 
chemical analysis summarized in Table I gives the fol- 
lowing major impurity content : Cu, 0.11%; V, 0.0053% ; 
Mn, 0.023%. 

At room temperature the absorption spectrum con- 
sists of a triply peaked band of medium intensity (band 
A), centered at 8900 cm~'!, and of a broad structure 
(band B) superposed on the steeply rising edge absorp- 
tion of the CdS matrix (Fig. 21). Cooling at 78°K and 
to 4.2°K serves only to increase the intensity of band 
A, and to sharpen the structure in the edge. A compari- 
son with the spectra obtained for CdS:Mn (Fig. 17) 
and CdS:Cu (Figs. 1 and 2) shows that none of the ob- 
served absorptions in /-67-5 can be attributed directly 
to Mn* or Cu**. This, of course, is to be expected, 
since, as mentioned above, samples doped with vana- 
dium in which Cu and Mn are present in negligible 
quantities provide the same spectra as /-67-5. 

As with chromium, no data are available for the 
crystal field parameters Dg, B, and C, for either V** or 
V+ in tetrahedral coordination, and we are forced again 
to turn to the hexa-aquo complexes for an estimate 
of reasonable values. By decreasing Dg to 4/9 of its 
value for octahedral coordination, and subsequently 
decreasing both Dg and B by 15% as we did for Cr 
and Mn, we obtain the analogous tetrahedral parameters 
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Fic. 21. CdS: V sample 7-67-5, 1.54 mm thick. Absorption from 
2.4 to 0.6 uw; (a) at room temperature; (b) at 78°K; (c) at 4.2°K. 
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Fic. 22. CdS:V. Left: Predicted positions of lowest cubic field 
terms for V?* in tetrahedral coordination, assuming | Dg| =435 
cm; B=680 cm; and C=4.6 B. Right: Same for V+, assuming 

Dq| =700 cm™; B=540 cm™; and C=4.5 B. Center: Positions 
of observed absorptions; the threshold of the edge absorption is 
aiso indicated 


tor V**: 


Dqg=435 cm; B=680cm™"; and C=4.6B; (26) 


and for V**: 


Dg=700 cm; B=540 cm and C=4.5 B. (27) 
The energy levels resulting from the substitution of 
these values in the energy matrices of Tanabe and 
Sugano" are shown in Fig. 22." Although the agreement 
of experiment with the spectra predicted for either ion 
lerations seem to exclude 


spectra arise from V?+: 


is poor, the following consi« 


the possibility that the 


a) The absorption ‘7; > ‘7: 
3700 cm 


predicted for V** at 
is missing in the observed spectra. 

(b) If the observed triply peaked band at 9500 cm™ 
were to be identified with the transition to 442, ac- 
cording to the diagram for V+, then one would not 
expect any splitting of *4o, either from noncubic com- 
ponents of the field or from spin-orbit coupling, con- 
trary to observation. 

(c) The transition 4'7,;— ‘Ag is essentially a two- 
electron jump and as such should have a lower intensity 
than ,*'7,;— ‘7, predicted at 13 200 cm \ 
to observation. 


contrary 
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Fic. 23. (a) CdS:Yb sample J-79-8, 0.8 mm thick. Absorption 
at 78°K in 10000 cm™ region. (b) CdS:Dy at 78°K. 
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A comparison of the absorption spectra of CdS:V in 
Fig. 21 with the fluorescence excitation spectrum ob- 
served for the CdS:V phosphors reported in reference 
5 shows that the two spectra are identical. However, 
the emission spectra in reference 4, for the same phos- 
phors, cannot be correlated to the energy level scheme 
for the V**+ ion, but are in better agreement with what 
one might expect for V*>. 


X. CdS:Yb 


The size of the Cd** ion is comparable to that of the 
rare-earth trivalent ions,'* so that trivalent rare-earth 
ions may also be introduced as substitutional impurities 
in CdS. Since the spectra of rare-earth ions are usually 
studied in coordination six, eight, or nine, it would be 
interesting to study the absorption spectra associated 
with tetrahedral coordination. 

So far we have detected only weak absorptions arising 
from rare-earth ion impurities. Figure 23 shows the 
spectrum of CdS: Yb, sample /-79-8, at 78°K: the Yb 
spectrum is compared in the same figure with the spec- 
trum of a dysprosium-doped CdS crystal, which does 
not absorb in the 10 000 cm™ region [ Fig. 23(b) }. 

Three weak peaks are found at 78°K in the spectrum 
of CdS: Yb, at 10 204 cm~ (sharp peak), 10 310 cm™ 
and 10560 cm™', which correspond to the transitions 
Fz). *F, for Yb**. A similar pattern of three peaks 
is found for ytterbium-doped yttrium gallium garnet 
crystals.”* 

XI. CONCLUSIONS 


It has been shown that the formalism of the crystal 
field theory can be applied successfully to interpret the 
absorption spectra of substitutional impurity ions of the 
first transition series in CdS. Generally speaking, the 
interpretation does not present serious difficulties for 
Cu**, Ni?+, and Co** in CdS, because of the similarity 
of such spectra to the corresponding spectra in ZnO. 

For the remaining ions of the series the agreement of 
the observed spectra with the predictions of the crystal 
field theory is still good, although some assignments 
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remain uncertain. These uncertainties are not really 
due to inadequacy of the crystal field approach, but 
rather stem from two reasons: 


(a) Different ionic species (M** 
present together in the crystal. 

(b) Only a very limited number of the absorption 
bands for some of the ions is available to check the con- 
sistency of the predictions with experimental data. 


and M**) may be 


This latter inconvenience is due to the edge absorption 
which commences at low energies for CdS (and tends 
to be shifted to even lower energies in doped samples) 
thus obscuring crystal field absorptions over an extended 
region of the spectrum. The situation is more favorable 
in the case of ZnS where such edge absorption (even in 
doped samples) is located at higher energies. 

Attempts to explain the main structure of individual 
bands using the simple model of cubic symmetry and 
spin-orbit coupling to first order have been successful 
only for isolated cubic symmetry terms. This approach 
is inadequate when the mixing of different cubic sym- 
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metry terms requires an extension of the spin-orbit treat- 
ment to higher orders, and when an explanation of the 


finer structure observed is required. 
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APPENDIX 


Wave functions for doublet terms of CdS:Co** (tet- 
rahedral coordination) using the parameters Dg=316 
cm B=664 cm; C=4.5 B. The wave functions 
are expressed as linear combinations of states charac- 
terized by given subshell configuration and symmetry 
properties. 2T2)=)_; a;\de"(SiP)dy*"(Se'2), ?T2). 
The coefficients a; are listed. 
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Low-Temperature Dissipation Peak in Niobium* 


P. G. Borponi, M. Nuovo, AND L. VERDINI 
Istituto Nazionale di Ultracustica, Rome, Italy 
(Received February 7, 1961) 


The energy dissipation coefficient Q-' and the resonant frequency of a circular plate of niobium have 
been measured as a function of temperature in the range 60-300°K. The measurements have been carried 
out at four different frequencies from 18 kc sec~! to 174 kc sec™ with strain amplitudes smaller than 107-7. 
For each vibration mode a pronounced peak is found for the dissipation coefficient while the frequency 
temperature curves show a corresponding inflection. The temperature 7,, of the dissipation peak depends 
on the vibration frequency according to an Arrhenius equation which characterizes the thermally activated 


relaxation effects 


The activation energy W and the limiting relaxation time 7 of the process have been computed and 
these values [W =0.265 ev and (7 )-!'=61 10" sec~!] are in agreement with the values previously found 
in some fcc metals for the relaxation effect due to the motion of dislocations. 

The value of W found in niobium shows that the effect cannot be directly produced by the motion of 


interstitial atoms of hydrogen. 


HE peak which has been found by Bruner’ in 

the dissipation-temperature curve of niobium 
seems to be of considerable interest for solid-state 
physics. If it is due to the motion of dislocations near 
their equilibrium positions like the peaks found in fcc 
metals,’ its existence in a bec lattice would indicate 
that the mechanism of dislocation motion proposed by 
Bruner is incorrect. On the other hand, if the peak is 
produced by the interaction of interstitial hydrogen 
with dislocations, according to the mechanism intro- 
duced by Weiner and Gensamer,’ it affords an instance 
of this mechanism which is much more evident and 
stable than the peak observed in 1020 steel. 

The activation energy W, the limiting value 7o of 
the relaxation time #, and the logarithmic spectrum 
width‘ In(r2/7,) have been evaluated by measuring 
the dissipation coefficient Q~ as a function of tempera- 
ture in the interval 60-300°K, using the flexural vibra- 
tions of a circular niobium plate of 35.96-mm diameter 
and 3.91-mm thickness. 

The measurements have been made at four different 
vibration modes covering the frequency range 18-175 ke 
sec—'. The resonant frequencies have also been measured 
as a function of temperature. The strain amplitude was 
always smaller than 10~’, and no amplitude-dependent 
effect has been noticed. The experimental technique 
was the same as has been employed in previous investi- 
gations on fcc metals.?4 

The niobium was supplied by the Kawechi Chemical 
Company in sheets of 7.8-mm thickness. No information 

_* Research supported and sponsored by the U. S. Department 
of Army through its European Research Office. 
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is presently available on the impurity content and on 
the amount of interstitial hydrogen. The specimen was 
subjected to an axial compression of about 4.5X 10° kg 
cm~ and its thickness was reduced to 4.9 mm. It was 
then machined and the measurements were started 
without any other treatment. No room temperature 
aging has been noticed, in contrast with what seems 
to happen in 1020 steel.® 

For each vibration mode a pronounced peak is found 
in the dissipation-temperature curves (Fig. 1), while 
the frequency-temperature curves show a corresponding 
inflection. The temperature 7,,, of the peak, the vibra- 
tion frequency f,, and the value (,,~' of the dissipation 
maximum are listed in Table I.6 The fundamental 
frequency is very near to the single frequency of Bruner’s 
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Fic. 1. Dissipation coefficient Q™! as a function of the absolute 
temperature T for different vibration frequencies: @ 18.62 kc sec 
© 63.73 kc sec'; @ 118.11 kc sec!; A 174.38 ke sec! 


6 The symbols are the same as those which have been adopted 
in the second paper quoted in reference (2); W and 7 are the cen 
tral values of energy or time spectra; 71, r2 are the values at which 
the density of relaxation strength is 1/v2 of its maximum value 
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measurements! ; the agreement between the correspond- 
ing values of 7, is good, but the height of the peak in 
the present case is about twice Bruner’s value. When 
kinf, is plotted against 7,,-! the experimental points 
fall on a straight line, showing that the peak is due to a 
thermally activated relaxation effect (Fig. 2). The 
values found for W and 7 are 


W = (0.265+0.005) ev, 
to = 61X10" (1.4)*! sect. 


The value of W is quite near to that previously found for 
the dislocation peak in palladium‘ (0.260 ev). In other 
fcc metals the values are somewhat smaller (aluminum, 
0.11; copper, 0.122; silver, 0.124; gold, 0.158; platinum, 
0.192. The value of (7) is of the same order of mag- 
nitude as that evaluated for dislocation relaxation in 
foc metals," being also very near tothe Debye frequency 
vp= k0/h=52X 10" cps. 

The curves obtained plotting the normalized values 
V'/On* of the dissipation coefficient against the 
universal variable Wk 7,,'— T] are about twice as 


Pane I. Experimental data in the relaxation peak. 


hn Tm 
(cps (°K) Qn! 


438 10° 
404 10° 
384X 1075 
400X 107° 
21x10 ** 


173.0 
184.5 
193.0 
197.6 
173.08 


18.62 10° 
63.73 X 108 
118.11 108 
174.38 X 108 

18.0X 108 ® 


"s measurements, reference 1, 


broad as the curve for a single relaxation time. They 
are also slightly asymmetrical, with the low-temperature 
branch higher than the high-temperature one, like 
those found for dislocation relaxation in fcc metals.** 
This asymmetry may correspond to the hump noticed 
by Bruner! on the dissipation curve at about 70°K. 
The experimental evidence is still too limited to decide 
if the spectrum is an energy spectrum or a time spec- 
trum.*:? An average spectrum width may be computed 
for the temperature interval in which the peaks are 
observed, by means of the Fuoss-Kirkwood approxima- 
tion,’ > taking the values of the high-temperature 
branch which are less influenced by the low-tempera- 
ture hump. The value found in this way [In(r2/71) 

1.85] is somewhat smaller than the corresponding 
values obtained in fcc metals (copper, 2.89; silver, 
5.30; gold, 3.91; palladium, 7.38; platinum, 3.91). 

The value found for W shows that the effect cannot 
be directly produced by the motion of interstitial atoms 


7 P. G. Bordoni, Proceedings of the Third International Congress 
of Acoustics, Stuttgart, September, 1959; Colloque sur le frotte- 
ment interne, Saint Germain en Laye, October, 1960 (to be 
published). 

8 R. M. kuoss and 3. G. Kirkwood, a, Chem. Phys. 63, 385 

1941). 
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Fic. 2. Relation between the frequency /,, and the temperature 
Tm Corresponding to the maximum energy dissipation : the distance 
between full circles and open circles gives the experimental error 
in the evaluation of 7,7}. 


of hydrogen, as the activation energy associated with 
the diffusion of hydrogen in niobium is much larger 
(0.625 ev) according to Paxton and Sheehan.’ Moreover, 
the motion of interstitials gives rise to relaxation effects 
with a single characteristic time or with a spectrum 
narrower than the spectrum observed in niobium, as is 
shown by the experiments of Powers and Doyle on 
the diffusion of carbon and nitrogen in tantalum. 

It may also be excluded that the small hump at 
70°K is due to the diffusion of hydrogen, as was tenta- 
tively proposed by Bruner.’ According to this hypothe- 
sis the diffusion constant Dy” at the temperature of 
70°K would take the value" 

[ Du” Jo 


20a #= (1/36)a?/7 =0.175a? f 


= 3.4X 10 


1 
’ 


2 cm* sec 
where ais the lattice constant = 3.294 10-8 cm at 20°C 
and f is the vibration frequency. For the same tempera- 
ture Paxton and Sheehan’ predict a value of Dy%® 
many orders of magnitude smaller, according to the 


°H. W. Paxton and J. M. Sheehan, Metals Research Labora- 
tory, Carnegie Institute of Technology, Pittsburg, 1957 (un- 
published); G. L. Miller, Tantalum and Niobium (Butterworths 
Scientific Publications, Ltd., London, 1959), p. 463. 

1 R. W. Powers and M. B. Doyle, J. Appl. Phys. 28, 255 (1957). 
The dissipation-temperature curves of Tig. 2 correspond to a 
logarithmic spectrum width of 0.17 for carbon and of 0.27 for 
nitrogen. The activation energies emploved in this computation 
are those given in the same paper (1.72 ev for carbon; 1.63 ev 
for nitrogen). 

1C, A. Wert, Phys. Rev. 79, 601 (1950). 
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following equation: 


[ Dy®! 7 


=1.61K 10 exp —0.625 70k | 


= 3.0 10~*5 cm? sec. 


‘he lack of identification of the 70°K hump with the re- 
laxation effect produced by the interstitial hydrogen 
destroys one of the main analogies' between the 
niobium peak and the dissipation maximum found by 
Weiner and Gensamer in steel.*"? Another difference 

2 The value of DyF* computed by Weiner and Gensamer from 
the experimental data concerning the 50°K peak is wrong by a 


VOLUME 1 


NUOVO, 


AND VERDINI 

between the two effects is that the intricate dependence 
of the peak’s height upon aging which has been observed 
in steel® finds apparently no parallel in niobium. 

The existence of a relaxation spectrum and the close 
analogy between the values of W and 7) measured in 
niobium and those found in fcc metals show that, what- 
ever the details of the mechanism may be, the niobium 
peak is essentially controlled by the dislocations. 
factor of 100. The correct value is 2.8 10-'* cm? sec~!, and agrees 
less well with the value 4.9 10-7 ' obtained from high 
temperature experiments. 


2 
cm* sec 
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Interpretation of Low-Energy Electron Diffraction Patterns of Adsorbed Gases 


Ernst BAUER 
Michelson Laboratory, China Lake, California 
(Received March 27, 1961) 


Recent observations of the adsorption of oxygen on nickel are interpreted in terms of double scattering 
processes instead of the single scattering mechanism which has been used in all previous interpretations. 
This permits a simple explanation of the observed variation of the intensity of the diffraction pattern with 
electron energy and provides a plausible understanding of the early stages of adsorption. 


N 1927 Davisson and Germer' reported diffraction 

beams due to adsorbed gases along with the results 
of their classical experiments on the diffraction of 
electrons by a crystal of nickel. Since then a large 
number of low-energy electron diffraction investigations 
of the adsorption of foreign atoms on single crystal 
planes have been reported, especially by Farnsworth 
et al. To date the interpretation of the experimental 
results has been based principally upon the assumption 
that the diffraction pattern associated with the adsorbed 
atoms is the result of a single direct scattering by the 











(a) (b) (c) (d) 


Fic. 1. The different scattering processes: (a) single scattering 
by gas atoms (“gas beam’’); (b) single scattering by crystal 
(“crystal beam”); (c) double scattering, crystal-gas; (d) double 
scattering, gas-crystal. 


1C. Davisson and L. H. Germer, Phys. Rev. 30, 705 (1927). 


adsorbed atoms, as demonstrated in Fig. 1(a). Recent 
observations? with missing explanations reveal the 
inadequacy of this assumption. It is the purpose of this 
paper to report a new assumption which includes double 
scattering, as demonstrated by Figs. 1(c) and (d). This 
new assumption provides not only the missing explana- 
tions but also more reasonable explanations in the case 
of other observations. 

Recently Germer and Hartman? reported the follow- 
ing unexplained observations in the case of oxygen 
adsorbed on nickel. 

Observation 1. Good patterns from two-dimensional 
arrays of adsorbed atoms appear at certain electron 
wavelengths only. According to the theory of diffraction 
of plane waves by a plane grating, the diffraction 
pattern should be observable equally well for all wave- 
lengths smaller than the lattice constant. 

Observation 2. At very low coverage of approximately 
0.1 monolayer, the (10) reflections are streaked in con- 
trast to the diffuse (30) reflections. Furthermore, the 
(10) reflections are occasionally missing. 

Observation 1 may be accounted for in the following 
way. The scattering of slow electrons by oxygen atoms 
is strongly peaked in the backward and forward direc- 
tions with the former always less than the latter. From 
accelerating potentials of approximately 50 v on, the 
backward scattering decreases rapidly with increasing 
electron energy and the double scattering processes such 


2L. H. Germer and C. D. Hartman, J. Appl. Phys. 31, 2085 
(1960). 
* E. Bauer (to be published). 





LOW-ENERGY ELECTRON 








Fic. 2. Reciprocal lattice of nickel (011) plane. Dashed lines: 
limits of observation in Germer and Hartman’s experiment. 
Primary beam pointing from M to 000; Bax: trace of Brillouin 
zone boundary hkl; S; trace of Ewald sphere for \=0.834 A 
(E= Eo+ Vo=200+ 16 ev). 


as Figs. 1(c) and (d) become more important. Conse- 
quently, in the wavelength regions where strong 
diffracted beams from the crystal appear, the double 
scattering process of Fig. 1(c) is more dominant than 
the single scattering process of Fig. 1(a). The singly 
scattered waves of Fig. 1(a) and the doubly scattered 
waves of Fig. 1(c) or the waves scattered three times by 
a combination of the processes of Figs. 1(c) and 1(d) 
can interfere constructively.* Consequently, the inten- 
sity of the “‘gas beams”’ will be enhanced in these wave- 
length regions. This is especially true at higher electron 
energies (several hundred volts) where the singly 
scattered waves can be neglected to a first approxima- 
tion, so that the phase relations between the singly and 
doubly scattered waves do not have to be considered. 
Thus, observation 1 is explained. 

The explanation of observation 2 requires some 
crystallographic considerations. Figure 2 shows one 
quadrant of the (011) plane of the reciprocal lattice of 
nickel. Circle S; is the section of the Ewald sphere for 
\=0.834 A (216 ev) with this plane. Of the possible 
reflections (800), (911), and (822) only the reflection 
(911), or (20) in plane grating indices, is observable in 
the A azimuth in Germer and Hartman’s experimental 
arrangement. Because of the large excitation error the 
reflection is weak compared to the (820) reflection in 
the B azimuth, for which the excitation error is approxi- 
mately zero. No other reflections are observable in any 
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azimuth for a parallel primary beam. However, with 
adsorption of gas the primary beam in the crystal is 
modified by the strong forward scattering of the surface 
gas atoms [see Fig. 1(d) ] and can be represented by a 
spherical wave the amplitude of which rapidly decreases 
with increasing deviation @ from the original primary 
beam. The possible reflections for a spherical wave are 
easily determined by intersecting the Brillouin zone 
boundaries By, with the sphere S» of radius 1/\ with its 
center at (000).4 Figure 2 shows this construction for 
the reflection (822). It is the only one which fulfills the 
additional condition that @) must be small. If a sufficient 
number of electrons are scattered into the angle @ then 
a diffuse reflection (822) is observable at the position of 
Germer and Hartman’s diffuse (30) reflection. 

At low coverage the diffraction pattern due to gas 
therefore consists only of the streaked (21) and (10) 
reflections. These can be accounted for by assuming 
two equivalent sets of linear atom arrangements parallel 
to [011] and [011] directions with twice the nickel 
atom spacing in these directions; the lines of a given set 
are assumed to be randomly spaced. The diffraction 
pattern of this structure is a family of hyperbolas, as 
shown in Fig. 3. The intensity distribution along the 
hyperbolas is determined by the intensity and direction 
of the ‘‘primary” beams and by the angular distribution 
of the scattering from the gas atoms. The “primary” 
beams are very strong (820) beams, weak (911) beams, 
and a weak (800) beam which may be designated, 
respectively, as (22), (20), and (00) in two-dimensional 
notation. The maximum angle at which scattering from 
the gas atoms is observable can be estimated from the 


Sis 
2 


( a \ ‘rd ‘a 


\xé0 
J \ Sea ; 


Fic, 3. Diffraction pattern for linear gratings (hyperbola 
and plane gratings (intersections of hyperbolas). 
*E. Bauer, Electron Diffraction (Verlag Moderne Industrie, 
Munich, 1958), p. 28 
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(822) reflection to be approximately 13°. The nearly 
circular ellipses around the “primary”’ beams in Fig. 3 
correspond to this scattering angle and indicate that 
only segments of the hyperbolas will be observable. The 
reflections (20) and (22) do not appear streaked because 
only a fraction of the corresponding ‘“‘lattice’’ beams is 
scattered by the gas atoms. The maximum length of the 
segments is determined by the maximum number of 
atoms which are adsorbed in the linear arrays before 
the two-dimensional periodic structure starts to 
develop. As soon as the latter happens, the segments 
become shorter and contract to spots given by the 
intersections of the hyperbolas (plane grating pattern). 
With increased oxygen coverage an increased number 
of electrons are scattered at larger angles so that the 
11) and (31) reflections also become visible with the 
820) or (22) beams as “primary” beams. The (820) 
beams also provide additional intensity for the (10) 
and (30) reflections. This explains why the (11) and (31) 
reflections cannot be observed at low coverages (0.3 
monolayer). The lack of a clear pattern in the existence 
range of the two-structure in case of adsorption without 
warming the crystal can be attributed to a statistical 
distribution of the oxygen atoms in the potential 
minima between the nickel atoms corresponding to the 
four-structure and two-structure arrangement. 

The physical arguments for this model are rather 
strong. Steps on crystal surfaces are preferred adsorp- 
tion sites. In the fee lattice the equilibrium steps on a 


(100) face have [011] and [011] directions. The heat 
treatment used by Germer and Hartman is sufficient 
to develop the equilibrium form and insufficient to 


produce any kinetic step structures. The surface is 
therefore covered by [011] and [011] steps, the number 
of which depends on the pretreatment and heat treat- 
ment of the surface. Therefore the intensity and length 
of the streaked (21) and (10) reflections which are 
attributed to adsorption along these steps not only 
varies with the excitation error for the (911) and (800) 
reflections as determined by direction and wavelength 


BAUER 


of the primary beam, but will also vary from one adsorp- 
tion run to the other. 

Besides double scattering by adsorbed gases, which 
has been shown above to be of fundamental importance 
in low-energy electron diffraction, another phenomenon 
may be of importance in the early adsorption stages, 
namely, preferred adsorption on high-index planes. The 
chemical and electrolytical etching and polishing tech- 
niques used in the preparation of single-crystal surfaces 
frequently produce not only the crystallographic plane 
parallel to the geometric surface but also small sub- 
microscopic facets of other crystallographic planes. 
These may not be detectable by low-energy electron 
diffraction from the clean surface because of their small 
contribution to the total surface. In the early stages of 
gas adsorption, however, adsorption usually takes place 
preferably on the facets having the highest free surface 
energy and these may become observable this way. For 
example, the four-structure of oxygen on nickel may be 
qualitatively accounted for (within the observable co- 
latitude range) by adsorption on incomplete {211} 
planes with the same atomic spacing along the [011 ] 
and [011] directions as given above. In this case the 
diffraction pattern due to the four-structure would have 
to be ascribed to adsorption layers on {211} facets, the 
two-structure to adsorption on the (100) plane. How- 
ever, the explanation given above provides a better 
quantitative fit to the experimental results. In any case, 
to eliminate such ambiguities, low-energy electron dif- 
fraction investigations of adsorption phenomena on 
single-crystal surfaces should be combined with other 
techniques, e.g., electron microscopy and diffraction of 
fast electrons, especially if only a limited colatitude 
range is observable and no precise intensity measure- 
ments are possible. A program along these lines is in 
progress in this laboratory. 
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Antiferromagnetic Linear Chain* 


L. F. Mattuetssff§ 
Solid-State and Molecular Theory Group, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received February 1, 1961) 


Many-electron configuration interaction calculations have been 
carried out on a system of six hydrogen atoms arranged in a 
regular hexagonal array with a variable lattice spacing. The 
approximate wave functions for this system have been expressed 
as linear combinations of the (2X6)!/(6!)?=924 determinantal 
functions which can be formed from atomic 1s functions. In this 
manner, the effects of ionic configurations containing as many as 
three pairs of doubly filled orbitals have been introduced into the 
calculations. All three- and four-center integrals have been taken 
into account. The nonorthogonality of hydrogenic 1s orbitals 
localized about different atomic sites has been removed by trans- 
forming to a set of orthonormal Wannier functions. The principal 
result of these calculations is the fact that the effects of configura- 


I. INTRODUCTION 


HE electrical and magnetic properties of a linear 

chain of monovalent atoms containing s-type 
electrons outside of closed inner shells have been subject 
to a considerable amount of discussion since the early 
days of quantum mechanics. The essentials of the 
problem were first outlined by Slater! in an early paper 
on cohesion in monovalent metals. Slater considered a 
three-dimensional monovalent crystal with a variable 
lattice spacing. By utilizing the fact that the molecular 
orbital or energy-band functions represent a good ap- 
proximation to the ground-state wave function at small 
lattice spacings, while the Heitler-London type shows 
the correct behavior in the limit of large separations, 
he was able to discuss the nature of the transition region 
in fairly definite terms. Most important, he emphasized 
the fact that while this intermediate region can be de- 
scribed equally well either in terms of the molecular 
orbital or Heitler-London schemes, it is necessary to 
supplement both methods by configuration interaction. 
In the Heitler-London theory, the excited configurations 
insert the ionic states which are necessary to obtain 
conductivity at small lattice spacings. On the other 
hand, the role of configuration interaction in the molecu- 
lar orbital or energy-band scheme is to modify the 
nature of the wave functions of the various states so 
they reduce to a definite degree of ionization for the 
separated atoms. Finally, Slater pointed out that if the 
complete configuration interaction calculation is carried 
out, the final results are independent of whether the 
unperturbed functions are chosen in either the molecular 
orbital or Heitler-London schemes. 


* This research was supported in part by the Office of Naval 
Research. 

t Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the Massachusetts Institute 
ol Technology. 

t Eastman Kodak Predoctoral Fellow. 

§ Now at Cavendish Laboratory, Cambridge University, Cam 
bridge, England. 

1 J. C. Slater, Phys. Rev. 35, 509 (1931). 


tion interaction can be represented quite accurately at large inter- 
nuclear separations in terms of a parameter J’ (analogous to a 
nearest-neighbor exchange integral) which assumes a negative 
value in a nonferromagnetic system such as this one. This provides 
a justification for the use of the Heisenberg exchange operator, 
~2J' (Xj s;-8;,,—1), to describe the magnetic interaction at large 
separations in this system. In addition, these results show that 
this system of hydrogen atoms is bound with respect to six 
separated atoms, but not with respect to three molecules. The 
ground-state wave function is a singlet at all internuclear separa- 
tions. The general form of the curves representing energy as a 
function of internuclear separation show a striking similarity to 
those obtained for the hydrogen molecule. 


About the same time, the magnetic properties of a 
linear chain of monovalent atoms were considered by 
Bloch,? who approached this problem from the Heitler- 
London point of view. He described the interaction of 
the ferromagnetic state (having a parallel spin align- 
ment) with those states containing a small number of 
reversed spins in terms of spin waves. While Bloch’s 
treatment was exact for a single reversed spin, it was 
only approximate for more than one. Bethe*® found an 
exact solution to the problem of a linear chain containing 
an arbitrary number of reversed spins, again using a 
Heitler-London approach. Using Bethe’s solutions, 
Hulthén‘ found the ground-state energy of a linear chain 
under the assumption that the nearest-neighbor ex- 
change integral was negative. The arbitrariness in sign 
for the exchange integral was attributed to the effects 
of the ionized states, which were completely neglected 
in the treatments of Bloch and Bethe. 

More detailed studies of the effects of ionized con- 
figurations on magnetic phenomena have been carried 
out by Schubin and Wonsowsky,°® Slater,® and Paul.’ 
Slater reconsidered the problem of spin waves originally 
treated by Bloch. He included in his more exact treat- 
ment not only states where a single spin was reversed, 
but also those states where this electron with reversed 
spin was free to move to neighboring lattice sites. By 
means of a perturbation expansion, he was able to 
indicate those terms in the energy which compete in 
determining whether or not a particular material is 
ferromagnetic. Paul extended Slater’s treatment by con- 
sidering the more general system which contains an 
arbitrary number of reversed spins, again including ionic 
configurations. He solved the problem of a single re- 
versed spin exactly, so that his results for this case are 


Il’. Bloch, Z. Physik 61, 206 (1930). 
H. Bethe, Z. Physik 71, 205 (1931). 
L. Hulthén, Arkiv Mat. Astron. Fysik 26A, 1 (1938). 


A145, 159 (1934). 
. C. Slater, Phys. Rev. 52, 198 (1937). 


3 

4 

6S. Schubin and S. Wonsowsky, Proc. Roy. Soc. (London) 
1 

6 

7D. I. Paul, Phys. Rev. 118, 92 (1960). 
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valid for large as well as small interactions between the 
ground and ionic configurations. His results include an 
approximate expression for an effective exchange inte- 
gral J’ in terms of integrals between Wannier functions. 
The purpose of the present investigation is to provide 
further insight into these and other closely related 
problems. It is well known that the approximate solution 
to the hydrogen molecular problem involving 1s orbitals 
has provided a simple but sound basis for comparing 
the various approaches to a theoretical understanding 
of the electronic structure of molecules and solids. This 
system has been used as an example to point out the 
essential similarities and differences bet ween the Heitler- 
London, orthogonalized atomic orbital, and energy- 
band methods. As a result, it has been possible to 
recognize the difficulties and limitations inherent in each 
of these different approaches. The results of this analysis 
have been applied not only to the study of more com- 
plicated molecules, but also to investigations concerned 
with the electrical and magnetic properties of solids. 
The transition from the diatomic hydrogen molecule 
to a solid made up of a large number of atoms is ad- 
mittedly a vast one. The purpose of the present study is 
to provide calculations on a system of intermediate size 
which is large enough so that the wave functions and 
energy levels begin to resemble those of a solid and yet 
small enough so that the calculations can be carried 
through with an accuracy equivalent to that obtained 
for the hydrogen molecule. As a compromise between 
these two extremes, calculations have been carried out 
on a system of six hydrogen atoms arranged in a regular 
hexagonal array with a variable lattice spacing. This 
system is qualitatively similar to that of a linear chain 
of six hydrogen atoms with periodic boundary condi- 
tions, since the group of the Hamiltonian (C¢,) is the 
same for both systems. The approximate, many-electron 
wave functions are expanded as linear combinations of 
the (6X2) !/(6!)?=924 determinantal functions which 
can be formed from hydrogenic 1s functions localized at 
the various atomic sites. These determinantal functions 
represent not only states which arise from the ground 
configuration (where there is a single electron associated 


Fic. 1. Graphical representatio 
wluded in these « eden he s and 
the relative distribution of | 

respectively. The non-ionic ground configuration 


sented by ¢ 


HOD ' 


the 18t 


pes of configurations 
+-"s corre spond to 
bitals and hole 
function is re pre 


led or 


i) 


MATTHEISS 


with each atomic site), but also those ionized states 
which contain as many as three pairs of doubly filled 
orbitals and an equal number of holes. The effects of 
configurations which include excited atomic 
(2s, 2p, , etc.) have been neglected. 

All one-, two-, three-, and four-center integrals have 
been included in the formulation of the problem. The 
computational difficulties resulting from the non- 
orthogonality of hydrogenic 1s functions centered about 
different atomic sites have been removed by transform- 
ing to an orthonormal set of localized Wannier func- 
tions.* This requires that the nearest-neighbor exchange 
integral be positive definite. The results of these calcula- 
tions verify that the ground state of the system is a 
singlet at all internuclear separations. Furthermore, 
they reveal that in a nonmagnetic system such as this 
the effects of ionized configurations on the ground 
configuration can be parameterized quite accurately in 
terms of a negative effective exchange integral J’, 
especially at large lattice spacings where the overlap 
between the hydrogenic 1s functions is small (of the 
order of 0.1). 


states 


one, 


Il. METHOD 


The secular equation for this hexagonal ring of hydro- 
gen atoms has been set up using symmetrized de- 
terminantal functions which are eigenfunctions of the 
square of the total spin angular momentum operator S? 
and its component S, and which transform irreducibly 
under the operations in the group of the Hamiltonian. 
The method of computing matrix elements of the Hamil- 
tonian and identity operators is essentially that of the 
Dirac vector model.’ The symmetrized determinantal 
functions are designated by 2:’(.V,S,M,; 8,i,7), where 


2,’(N.S.M,: Bi, 7) 


=C >¥ p(—1)PP*P°0;;8b"0,(N,S,M,). (1) 


The normalization constant and 
> p(—1)?P*P* is the antisymmetrizing operator, P* 
and P’ representing permutation operators for electronic 
spatial and spin coordinates, respectively. 

In Eq. (1), ®” is a product of one-elect 
functions, the single 
various configuré tions which cont: 
and arrangements of doubly filled orbitals and holes. 
The various types of considered in 
calculations are repre ‘sented graphically in Fig. 1; in 


this figure, the relative positions of doubly filled orbitals 


is designated by 


ron Wannier 
superscript »v enumerating the 


iin different numbers 


functions these 


signs, re spectively. 
which has a 


about each atomi ite. 1 cle 


and holes are indicated by — and 


The ground configuration function, single 


lectron localized signated 


by &. 
The functions 0,(6,5,M,) of Eq. (1) represent the 


electron spin product functions which diagonalize 


-s ind form a basis for an irreducible representation 


G. Wannier, Phys. Rev. 52, 191 (1937 


A. M. Dirac, Proc. Roy. Soc. (Lond A123, 714 


1929). 
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of the group of spin coordinate permutations. From 
this property, it follows that 


PO, (N,S,M 5) = Dye T'"(P)cuOe(N,S,M,). (2) 


The coefficients I'’*(P),,, form the columns of an irre- 
ducible representation. When considering doubly filled 
orbitals, it is necessary to use basis functions for which 
the individual spin angular momentum operators are 
compounded according to a scheme due to Serber.'? In 
this method, electrons 1 and 2, 3 and 4, and 5 and 6 are 
first coupled through the use of Clebsch-Gordan co- 
efficients to form singlets and triplets. These are then 
combined in a similar manner to form the six electron 
functions 0;(6,S,M,). From the usual branching diagram 
analysis, it is found that one septet, five quintets, nine 
triplets, and five singlets with M@,=S can be formed in 
this manner. The subscript & distinguishes bet ween these 
linearly independent functions of the same multiplicity. 
The spatial symmetry of the Hamiltonian operator is 
introduced through the use of the projection operators 
O;;° of Eq. (1), where 
O:PF => Pm ¥° (Rm) ii* Rm; 


m=1, ---12;4, 7=1, 2, -- 


“ng. (3) 


2."(N,S,M,; B,i,j) | H| Qu” (NSM; BYi,7’)) 


[> p(- 1)PT’*( P+) p(B? ce a 7? (Rm) ji* Rub’) PCS p(— 1 Py’ e( P),; k (pr ar ae vy" ( Rm); 5] *R,,®"’) | 


The 6ss6,™,’ results from the orthonormal properties 
of the spin functions 6,(.V,S,M,). The additional delta 
functions indicate that there are no matrix elements 
connecting either functions corresponding to different 
irreducible representations for the group of the Hamil- 
tonian (6gg) or partners of the same irreducible repre- 
sentation (6,;). The form of Eq. (4) indicates the close 
relationship between this method and that of the Dirac 
vector model. 

The delta functions of Eq. (4) factor the original secu- 
lar equation into noncombining portions, each of which 
can be solved separately. The results of this reduction for 
the six-atom chain are contained in Table I. This table 
indicates the manner in which the various configurations 
represented by Fig. 1 contribute to the factored secular 
equations. The irreducible representations and multi- 
plicities are designated by subscripts and superscripts, 
respectively. The blank portions of this table represent 
func.ions which fail to satisfy the exclusion principle. 
A zero entry indicates that the function corresponding 
to Eq. (1) vanishes identically for that symmetry. For 
the one-dimensional representations I’; through Ty, the 
nonzero entries of a given column denote the number of 
spin functions for each multiplicity which can be com- 
bined with the spatial function indicated at the top of 
the column. The entries do not include functions which 


1 R, Serber, Phys. Rev. 45, 461 (1934). 
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Here, the sum is over the twelve operations R,, con- 
tained in C'¢,, the group of the Hamiltonian. 78(R,,);;* is 
the complex conjugate of the ijth matrix element in the 
8 irreducible representation for Cs, and mg is its dimen- 
sion. The operations R,, include all the physical rota- 
tions and rotations followed by reflections which send a 
regular hexagon into itself. The group Cg, contains four 
one-dimensional and two two-dimensional irreducible 
representations which we denote by IT; through IT, re- 
spectively." These irreducible representations are closely 
associated with the wave vector k which describes the 
properties of crystal wave functions under translation. 
The irreducible representations T; and I, represent 
functions which translate like k=O0* and O-, respec- 
tively, the + and — indicating the manner in which 
the functions transform under operations which include 
a translation followed by a reflection. Similarly, T's and 
I’, represent functions which translate like k=a*/ R and 
m~/R, where R is the distance between two adjacent 
atoms. Finally, I's and I's are equivalent to k values of 
7/3R and 27/3R, respectively. 

Using the Dirac notation, the matrix elements of 
the Hamiltonian operator between the functions 
2.’(N,S,M,; 87,7) can be written” 


° *R,,®' 


J 


a 


transform as partners for the two-dimensional irre- 
ducible representations I’; and I's. However, they do 
include functions which transform according to different 
columns of the same irreducible representation. The 
results of Table I indicate that the largest secular equa- 
tion which results from the use of the symmetrized 
determinantal functions of Eq. (1) is a 33X33 equation. 


Ill. INTEGRALS 


The calculations described in the previous sections 
have been carried out at four internuclear separations, 
namely 1, 2, 3, and 5, atomic units."* At each lattice 
spacing, the orbital exponents for the hydrogenic func- 
tions have been set equal to unity; there has been no 
variation of these parameters. 

The calculational difficulties involved with the use of 
nonorthogonal one-electron functions have been reduced 
through the use of the orthonormal Wannier functions 
w,(r); the subscript indicates the nuclear site about 
which the particular function is localized. The trans- 
formation from the nonorthogonal hydrogenic type 

uqG, F. Koster, in Solid-State Physt¢ s, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1957), Vol. 5, 
p. 173. 

2L. F. Mattheiss, Solid-State and Molecular Theory Group, 
Massachusetts Institute of Technology, Quarterly Progress Re- 
port No. 33, July 15, 1959 (unpublished). 


18), R. Hartree, The Calculation of Atomic Structures (John 
Wiley and Sons, Inc., New York, 1957), p. 5. 
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TABLE I. Enumeration of the contributions to the various factored secular equations by determinantal functions with spatial parts 


represented by Fig. 1. 
identically. 


' pg te g' 8 op po gi gp? ps pi pis pis gp 


bh RO ee ee ee 


NN ee ee 
Nh eee 


Ce ne 
we dt Po tS tO to 
RO BR = ee ee we 
en 


functions @,(r) to the Wannier representation can 
expressed by the relation® 


w,(F . 


“a 1 
— 


(2) Cs) o) YD 
CZOAGLC IC, 
OO BORO ae 
Ce) Cod &o) Cd GD 
og ta 
SO) 
ws op 


Fic. 2. Pictorial representation of the 4 one-electron integrals 
Q;, 1=1, ---4) and 30 two-electron integrals (K;, i=1, 2, - --30) 
involved in these calculations. The 1’s and 2’s represent the loca 
tion of the orbitals corresponding to electrons 1 and 2. 


{ Pans pl(T * 


A zero entry in this table signifies that the corresponding symmetrized determinantal function vanishes 


; Dimension 
a No. of dout ly 
S iilled orbitals 


1 


NNR ee 
Nh = 


R&R 
NNR 


The coefficients A(p) are functions of the overlap be- 
tween the different neighbors, and they determine the 
degree to which the Wannier functions are localized. 
These coefficients are symmetric about the central 
atomic site so that A(1)=A(—1) and A(2)=A(—2). 
The values of these coefficients at the four internuclear 
separations are given in Table II along with the values 
of the nearest neighbor, second nearest neighbor, and 
third nearest neighbor overlap integrals S;, Ss, and Ss, 
respectively. From the results of Table II, it is apparent 
that the Wannier functions are orthogonal not because 
they do not overlap appreciably, but rather because 
there is a cancellation of positive and negative con- 
tributions coming from the oscillating terms of the 
functions. 

In evaluating the matrix elements of Eq. (4), the 
one- and two-electron integrals between Wannier func- 
tions are required. If we denote these by Q,; and Kij1m, 
respectively, where 


Oy= fwe(n)l-3vr-E qi ri—R, 


(1 


it is clear that Q;; and Kj;1, are represented by double 
and quadruple sums when expressed in terms of inte- 
grals between the nonorthogonal hydrogenic functions 
through the transformation of Eq. (5). The integrals 
Qi; and Kijm have a high degree of symmetry. The 
independent integrals can be obtained by considering 
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TABLE II. Atomic overlap integrals (a.u.) and Wannier function coefficients at internuclear separations of 1, 2, 3, and 5 atomic units. 


S; So S3 
0.858385 
0.586453 


0.348509 
0.096578 


0.586453 
0.189262 
0.047096 
0.002031 


0.660279 
0.264936 
0.084159 
0.006080 


the symmetry properties of Eqs. (6) and (7) 


pressed by Eqs. (8) and (9): 


as @X- 


(8) 


K ijma=K jina= Kimi; 


K wiigj=Kimjs=Keaji, (9) 


as well as the fact that the values of the integrals are 
dependent only on the relative values of the respective 
indices. Using these symmetry properties, the distinct 
integrals are found to be those represented by Fig. 2. 
In this tigure, a total of 4 one-electron and 30 two- 
electron integrals are represented graphically. The 1’s 
and 2’s represent the relative locations of the orbitals 
corresponding to the coordinates of electrons 1 and 2. 

The values of the independent integrals of Fig. 2 at 
separations of 1, 2, 3, and 5 atomic units are given in 
Table III, in terms of the Wannier functions as well as 
of the nonorthogonal hydrogenic orbitals. The two-, 
three-, and four-center integrals between the hydrogenic 
orbitals were obtained by means of the zeta-function 
expansion technique proposed by Barnett and Coul- 
son.'*!5 From the results of this table, it is evident that 
there is little similarity between the integrals in the 
two representations. The three- and four-center inte- 
grals are, in general, significantly smaller in the Wannier 
representation. 

The one-, two-, and three-center integrals between 
hydrogenic orbitals have been obtained with an ac- 
curacy of approximately six decimal figures. The four- 
center integrals are accurate to between three and five 
decimal figures. The corresponding integrals between 
Wannier functions are less accurate, due to round-off 
errors. This is especially true at R=1 where the esti- 
mated error is approximately +0.01. It should be noted 
that the positive-definite exchange integral Ky; has a 
negative value at this separation. 


IV. RESULTS 


The results of the calculations described in the pre- 
vious sections are too numerous to be reproduced here 
in their entirety. Under these circumstances, it is appro- 
priate to begin this discussion with a description of their 
general nature. The form of the energy levels for the 
six-atom ring of hydrogen atoms has been plotted as a 
function of internuclear separation in Fig. 3. Due to the 


*C. A. Coulson, Proc. Cambridge Phil. Soc. 33, 104 (1937). 


6M. P. Barnett and C. A. 


Coulson, Phil. Trans. Roy. Soc. 
London A243, 221 (1951). 


3.049879 
1.391708 
1.103790 
1.007062 


A(2) 
0.490163 
0.061628 
0.012731 
0.000618 


A(3) 
—1.334329 
—0.048781 
—0.012257 

- ().0007 26 


— 1.615410 
— 0.439078 
— (0.196940 
— 0.048710 


large number of states involved, the individual levels 
have not been drawn. Rather, the envelopes of the curves 
for the various states which reduce to the same degree 
of ionization at infinity have been plotted. The line 
which forms the lower limit of the ground configuration 
envelope represents the ground state of the system and 
has a symmetry corresponding to 'I'). The upper limit 
to the ground configuration envelope is the ferromag- 
netic state with symmetry ‘T’;. These two states, along 
with the first three excited states arising from the ground 
configuration, have been plotted in Fig. 4 with a larger 
scale. 

The general behavior of the energy of the various 
states as a function of internuclear separation reveals a 
striking similarity to that found for the hydrogen 
molecule. An interesting aspect of these curves concerns 
the rate with which the various levels converge to their 
correct values at infinity. While the ground configura- 
tion levels have an energy which is a few hundredths of 
the infinite separation value of —3.0 atomic units (a.u.) 





Energy (atomic units) 





| l 
' 2 3 4 
internuclear separation (atomic units) 








Fic. 3. Envelopes of the curves of energy as a function of inter 
nuclear separation for the states which reduce to the different 
degrees of ionization at infinite separation. 
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TABLE III. Tabulation of the values (a.u.) for the one- and two-electron integrals in both the nonorthogonal atomic and orthonormal 
Wannier representations. The notation of Fig. 2 is used in identifying the integrals of this table. 
I g 7 g 


Integral Wannier Hydrogenic Integral Wannier ydrogenic 
A) Integrals between Wannier and hydrogenic functions, R=1. 
— 2.407211 — 3.487140 Kis 0.006274 436651 
— 0.675058 — 3.104501 Kis 0.004956 315489 
0.151021 — 2.490330 Kis —0.002270 264265 
—().205367 2.249271 Kir 0.005157 294973 
0.900605 0.625000 Kis 0.013178 404162 
0.003141 0.507044 Kig 0.000748 351717 
0.001811 0.358781 Ka 0.000475 274859 
—().005742 0.308036 0.000843 262708 
0.574682 0.554521 0.003471 330490 
—().014338 0.434811 0.000872 240192 
0.011847 0.326396 0.000779 205430 
0.005334 0.305159 0.001264 224506 
— 0.015245 0.374425 — 0.003310 234807 
0.387778 0.459927 0.003224 205454 
—().009423 0.382475 0.001384 219244 
0.011991 0.311226 0.000779 0.184156 
0.344402 0.425974 0.001625 0.183672 


~~ 


4 


& 


Lalalalelelelatelatealtatete 
abalatatalatalatata 


e 1 


B) Integrals between Wannier and hydrogenic functions, R=2. 
— 2.010509 — 2.269458 Kis 0.010178 0.184156 
— 0.224322 — 1.456287 Kis — 0.000337 0.071821 
0.020981 —().701687 Kis 0.000214 0.044959 
— 0.036765 —0.511531 Kir 0.000849 0.060993 
0.753950 0.625000 Kis —0.001412 0.149267 
— 0.007075 0.308036 K, 0.000532 0.107335 
0.001379 0.115160 0.000453 0.051189 
— 0.004076 0.076982 0.000338 0.043632 
0.413099 0.425974 —().000197 ().094837 
— 0.005739 0.205210 0.000442 0.032258 
0.004504 0.090467 0.000157 0.021115 
0.001891 0.073329 —().000185 0.027267 
— 0.003478 0.126366 0.000089 0.030504 
0.256295 0.282540 0.000351 0.021186 
0.001558 0.158329 —().000142 0.025587 
0.003756 0.081054 0.000212 0.015627 
0.222430 0.247554 — 0.000124 0.015453 


~~ 
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K 
K 
K; 
K 
Ks 
Ks 
K- 
K 
K 
K, 
K, 
Ki2 
Ky 


el abatatatatalalatata 


C) Integrals between Wannier and hydrogenic functions, R=3 

1.643441 — 1.711543 14 0.005404 0.058508 
0.098392 — 0.678072 Kis 0.000155 0.011392 
0.005259 — 0.174530 rs 0.000107 0.005279 
0.008623 —().098917 47 0.000243 0.008942 
0.625000 [ — 0.000255 0.041920 

— 0.006871 0.160742 0.000072 0.026394 
0.000181 0.029801 ¢ 0.000175 0.006949 
— 0.001839 0.015311 ‘ 0.000087 0.004968 
0.312011 0.319803 2 0.000890 0.022785 
— 0.002433 0.087055 a 0.000093 0.002775 
0.001485 0.020723 0.000028 0.001363 
0.000690 0.013857 " — 0.000041 0.002148 
— 0.001046 0.033602 . 0.000028 0.002550 
0.185801 0.192144 ¢ 0.000069 0.001393 
0.001337 0.063971 ¢ — 0.000043 0.001942 
0.001233 0.017959 q 0.000045 0.000814 
0.160915 0.166593 ‘ — 0.000015 0.000797 


(D) Integrals between Wannier and hydrogenic functions, R=5 

~ 1.226793 — 1.230831 Kis 0.000833 0.003717 
0.020931 — 0.139498 Kis — (0.000012 0.000169 
0.000441 — 0.009118 Kis 0.000004 0.000043 

— 0.000406 — 0.003045 Ky; 0.000012 0.000119 
0.630948 0.625000 Kis 0.000063 0.002201 
0.005033 0.034953 ‘ 0.000117 0.001117 
—().000038 0.001529 0.000022 0.000092 
— 0.000186 0.000461 0.000001 0.000039 
0.199007 0.199569 0.000132 0.000953 
0.000469 0.014730 0.000001 0.000011 
0.000078 0.000912 0 OO00002 0.000003 
0.000043 0.00038 1 0 000002 () OOOO007 
0.000031 0.001760 0.000001 0.000010 
0.115163 0.115469 0.000003 0.000005 
0.000404 0.010784 0.000003 ().000006 
0.000059 0.000776 0.0000004 0.000001 
0.099702 0.099999 0.0000004 0.000001 
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ric. 4. Energy of the ground configuration states as a 
function of internuclear separation. 


at a distance of 5 a.u., the ionized configurations show 
a much slower convergence. Clearly, this is due to the 
long-range Coulomb interaction which takes place be- 
tween the negative ion—positive hole pairs contained in 
these ionic configurations. 

From Fig. 4, the ground-state energy as a function of 
internuclear separation shows a definite minimum some- 
where in the vicinity of 2 a.u. This indicates that the 
system is bound with respect to six separated hydrogen 
atoms by an energy of approximately 0.25 a.u. It is 
interesting to compare this value of the binding energy 
with the energy of three separated hydrogen molecules. 
Using the results of a configuration interaction calcula- 
tion on the hydrogen molecule which includes all states 
arising from 1s orbitals,!® it is found that the three 
separated molecules have an energy which is lower by 
approximately 0.1 a.u. Thus, the dissociation of this 
six-atom system into the more stable configuration of 
three separated molecules is correctly predicted. 

The energy ‘minimum for the hydrogen molecule 
occurs at a lattice spacing of approximately 1.4 a.u. 
While it would require additional calculations to de- 
termine the precise position of this minimum for the 
six-atom system, Figs. 3 and 4 indicate that it has been 
snifted to a larger internuclear separation. This agrees 
with the conclusion of Ruffa and Griffing’? who have 


16 J. C. Slater, Technical Report No. 3, Solid-State and Molecu- 
lar Theory Group. M. I. T. (1953) (unpublished), p. 58. 
7 A. R. Ruffa and V. Griffing (private communication). 
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>. 5. Energy of the ground state as a function of internuclear 
separation and the dimension of the secular equation. 


carried out self-consistent field calculations on a linear 
configuration of six hydrogen atoms. They find that the 
energy minimum occurs at approximately 1.8 a.u., a 
value which is certainly consistent with the present 
results. 

It is important to emphasize the fact that the position 
of the energy minimum and the value of the binding 
energy are to a large extent affected by the amount of 
configuration interaction which is included. To illustrate 
this point, calculations have been carried out on the 
ground state in which portions of the full secular equa- 
tion have been solved. The results of these calculations 
are contained in Fig. 5. The lowest curve of this figure 
represents the lowest root of the complete ground-state 
secular equation. The intermediate curve represents the 
lowest root of the secular equation which involves only 
the ground configuration in addition to singly ionized 
states. The upper curve represents the lowest root of the 
secular equation involving only the un-ionized con- 
figurations. It is evident from this figure that doubly 
and triply ionized configurations contribute significantly 
to the ground-state wave function, especially at smaller 
internuclear separations. It must be expected, therefore, 
that further changes in the shapes of the curves shown 
in Figs. 3 and 4 will occur when the effects of additional 
configurations involving excited atomic states are in- 
cluded. Similarly, by permitting the screening parameter 
of the hydrogen 1s functions to vary as a function of 
internuclear separation, the scale of the curves presented 
here will undoubtedly undergo quantitative changes; 
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however, it is expected that their qualitative nature 
will remain the same. 


V. DISCUSSION 


Let us now proceed to a more quantitative discussion 
of the results of the previous section. Perhaps the most 
important result of these calculations is the fact that 
they provide a justification for the use of the Heisenberg 
exchange operator given by Eq. (10) to describe the 
mé agnetic interaction between s S-type electrons: 


H=—-—2 > J;;(s;-s;—}), 


>7 


(10) 


at least in situations where the nearest-neighbor overlap 
is small. Equation (10) is valid under the following 
conditions. If one considers only the un-ionized ground 
configuration wave functions, then the effective Hamil- 
tonian of Eq. (10) produces the same Hamiltonian 
matrix with spin product functions (eigenfunctions of 
S* and S,) as the true Hamiltonian operator does with 
determinantal functions which are eigenfunctions of S* 
and S, (neglecting an additive constant along the 
diagonal). 

A frequent approximation to Eq. 
but nearest-neighbor exchange integrals . 


(10) neglects all 
J, so that 


J 5= JbiG1). (11) 


Then, Eq. (10) becomes 


— 23 Di(8i-8i41—3 


Equation (12) is considered by many to be a funda- 
mental relation in magnetic theory. A serious difficulty 
results from the fact that this approximate relation is 
derived through the use of orthonormal one-electron 
functions. This requires that J be positive definite. A 
value of J greater than zero predicts that the ferro- 
magnetic state will lie lowest in this approximation. 
This difficulty has been discussed by Slater,'* who 
emphasizes the need to include the interaction of the 
ground configuration functions with those representing 
ionized configurations. 

To account for the existence of nonmagnetic, anti- 
ferromagnetic, ferrimagnetic, as well as ferromagnetic 
systems, it is assumed frequently that J is a parameter 
which can take on positive or negative values in particu- 
lar systems. This can be justified through the introduc- 
tion of a perturbation technique due to Kramers.” In 
essence, this method projects the effects of the ionized 
configurations into the ground configuration through 
the introduction of an effective Hamiltonian operator. 
Associated with this effective Hamiltonian operator is 
an effective exchange integral which can take on positive 
or negative values. The details of this method will be 
discussed in a future paper. Comparison will be made 


(12) 


Modern Phys. 25, 199 (1953). 
1934). 


oy.C Slater, Revs. 
” H. A. Kramers, Physica 1, 182 
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Fic. 6. Energy as a function of &R for eigenvalues of the 


Heisenberg exchange operator representing a six-atom linear chain 
with periodic boundary conditions. 


with a similar technique for including the effects of ionic 
configurations which has been introduced by Paul.’ 

The eigenvalues and eigenfunctions for the effective 
Hamiltonian operator of Eq. (12) have been obtained 
for short chains by Orbach” and also independently by 
the present author.”! The energy (in units of J’) of the 
various states arising from the six-atom chain have been 
plotted as a function of &R in Fig. 6. This figure is 
drawn with the assumption that J’ is positive. A nega- 
tive J’ would cause the figure to be inverted. The 
multiplicity of the individual states is indicated. The 
translational symmetry index & results from the periodic 
boundary conditions which have been imposed on the 
chain (or from the rotational symmetry of the hexagonal 
ring of atoms). The symmetry index & in Fig. 6 identifies 
the translational symmetry of the spin functions, which 
turns out to be quite different from that of the deter- 
minantal functions as a whole. As a matter of fact, there 
is a reciprocal relationship which exists between the 
translational symmetry of these determinantal functions 
and their spin portions. Determinantal functions which 
translate like k equal to 0, x/3R, 27/3R, and 7/R have 
spin portions which translate like k equal to r/R, 2%/3R, 
m/3R, and 0, respectively. In Fig. 6, a solid line has been 
drawn through the spin-wave states which contain a 
single reversed spin and obey the simple dispersion 
relationship 


Ey =2J' (1—coskR). (13) 


In an attempt to compare the results of Fig. 6 with 
those obtained from the more accurate configuration 
interaction calculations, the following procedure has 


been used. The energy difference between the ferro- 


*R. Orbach, Phys. Rev. 115, 1181 (1959). 

aL. I Mattheiss, Solid-State and Molecular Theory Group, 
Seaiidaame Institute of Technology, Quarterly Progress Re- 
port No. 31, January 15, 1959 (unpublished). 
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magnetic state and the ground state has been used to 
determine an effective exchange integral J’. Using this 
parameter, the relative values of the intermediate states 
of Fig. 6 have been computed. These energy values are 
denoted by Ey. The results of these calculations are 
contained in Table IV. In this table, the values of E 
represent the actual energies of the various states as 
obtained from the configuration interaction calculations. 
|AE| is the magnitude of the difference between E 
and Ey). 

The results of Table IV indicate the extent to which 
we are able to parameterize the spin degeneracy problem 
in terms of a single effective exchange integral J’. At a 
separation of 5 a.u., E and Ey are in agreement to 
better than four decimal figures. The ordering of levels 
is identical in each case. At smaller internuclear separa- 
tions, the agreement becomes quite poor. Discrepancies 
occur in the ordering of levels as predicted by the two 
methods. This is obvious from the results of Fig. 4 and 
Table IV where a number of levels corresponding to 
states of different symmetry are shown to cross. No such 
crossing of levels is predicted for the eigenvalues of the 
Heisenberg exchange operator of Eq. (10). 


VI. ANTIFERROMAGNETIC SPIN WAVES 


While the ferromagnetic ground state and low-lying 
excited states are well understood in terms of spin-wave 
theory, the situation is quite unsatisfactory as far as 
our understanding of the antiferromagnetic ground state 
is concerned. This term is generally associated with the 
lowest eigenvalue of Eq. (12) when J’ is less than zero, 
although the wave function for this state by no means 
shows the long- or short-range order which is generally 
implied in the term antiferromagnetic. The results of the 
previous section indicate that the antiferromagnetic 
ground state for the six-atom chain is a singlet at all 
internuclear separations; this is in agreement with the 
result of Marshall” who showed in general that the 
lowest eigenfunction of the Heisenberg exchange opera- 
tor of Eq. (12) with J’<0 is a singlet. Anderson has 
proposed a semiclassical theory of the antiferromagnetic 
ground and spin-wave states. Kubo** and Oguchi*® have 
presented quantum mechanical treatments of these 
states which lead to results which are quite similar to 
those obtained by Anderson. 

For our purposes, the most interesting result of these 
treatments is the dispersion relationship for antiferro- 
magnetic spin waves. Anderson predicts that the dis- 
persion relation for these waves is given by 2/S sinkR. 
The results of Kubo and Oguchi merely add small 
correction factors to the coefficient multiplying sinkR. 
The low-lying states of Fig. 6 (J’<0) do exhibit a de- 
pendence on kR which is quite similar to that of a sine 


2 W. Marshall, Proc. Roy. Soc. (London) A232, 48 (1955). 
% P. W. Anderson, Phys. Rev. 86, 694 (1952). 

*R. Kubo, Phys. Rev. 87, 568 (1952). 

26 T, Oguchi, Phys. Rev. 117, 117 (1960). 
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TABLE IV. Energy (in atomic units) of states arising from the 
ground configuration as compared with those predicted by the 
Heisenberg exchange operator. The effective exchange integral 
J’ is obtained by setting the energy difference between the ferro 
magnetic and ground states (as obtained from the configuration 
interaction calculations) equal to 8.6055 J’, the ground-state 
energy of the Heisenberg exchange operator. The quantities Fy, 
correspond to the intermediate energy levels of the Heisenberg 
exchange operator which are computed using this value of J’. 
The quantity | AZ| represents the absolute value of the difference 
between the intermediate eigenvalues E and the quantities Ey. 
Symmetry ksp Ey E AE! 


(A) Internuclear separation =1 a.u.; J’= —0.568831 
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Heisenberg exchange operator representing an eight-atom linear 


chain with periodic boundary conditions. 


function. This is even more striking when one considers 


the results of a similar calculation for an eight-atom 
chain, shown in Fig. 7. The coefficient 2/.S has a magni- 
tude which is too small, approximately by a factor of 
three; this is not too surprising since Anderson points 
out that his method is most accurate in the limit of 
large S. 

It is interesting to consider a plot of the inverse of the 
energy difference between the ground state and the first 
excited state (J/ AE) as a function of N, where N is the 
number of atoms in the chain. Such a plot was given by 
Orbach” for chains containing as many as ten atoms. 
The energy difference was found tobe nearly proportional 
to 1/N. In terms of Figs. 6 and 7, the energy of the 


TTHEISS 


antiferromagnetic spin-wave states appears to be ap- 
proaching a more sine-like dependence for large JN. 
Orbach interpreted this linear dependence between AE 
and 1/N in a different manner. He reasoned that since 
AE was proportional to sinkR, and & was given by 
2rq/NR (gq an integer), AE should be proportional to 
1/N for small k. However, from Figs. 6 and 7, AE does 
not correspond to an energy difference between the 
ground state and the excited state with smallest k, as 
he assumes. Plotting the correct energy differences as 
a function of 1/N produces a scatter of points, which 
might be expected for short chains, since replacing sinkR 
by &R is certainly not justified for RR values of 2/4, 
aw/3, etc. 

One curious aspect of Figs. 6 and 7 concerns the alter- 
nation of the translational symmetry of the antiferro- 
magnetic ground-state spin-wave function as a function 
of V. For chains of 2 (not shown) and 6 atoms, these 
functions transform like k=x/R under translation. For 
chains of 4 (not shown) and 8 atoms, they transform 
like k=0. Presumably, this alternation continues with 
longer chains. It appears to have no obvious physical 
significance. 
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The magnetic properties of a linear chain of monovalent atoms 
are investigated from the point of view of perturbation theory. 
The many-electron wave functions for the system are expanded 
as linear combinations of determinantal functions which are 
eigenfunctions of S? and S,. These determinantal functions are 
constructed from orthonormal one-electron orbitals of the Wannier 
type so that the nearest neighbor exchange integral is positive 
definite and approaches zero at large lattice spacings. The secular 
equation is set up using the method of the Dirac vector model. 
By means of the Kramers perturbation technique, the interaction 
of ionic states with those arising from the ground configuration is 


I. INTRODUCTION 


N this paper, we consider the magnetic properties of a 

linear chain of V monovalent atoms with periodic 
boundary conditions. The single outer electron associ- 
ated with each atom is assumed to be inans state. While 
this treatment can be generalized quite readily to a 
general system of monovalent atoms containing closed 
inner shells, we shall, for simplicity, limit our attention 
to a hydrogenic system in which there is a single electron 
associated with each atom. 

The many-electron wave functions for this system are 
expanded as linear combinations of determinantal func 
tions which are eigenfunctions of the square of the total 
spin angular momentum operator (.S*) and its z com- 
ponent (S.). The one-electron orbitals which make up 
these determinantal functions are assumed to be 
orthonormal, atomic-like Wannier functions! so that 
the nearest neighbor exchange integral is positive 
definite and the various energy levels refluce to atomic 
states at infinite separation. 

We approach this problem using a form of perturba- 
tion theory due to Kramers.” In this approach, the effect 
of ionic states on those arising from the ground con- 
figuration is represented by means of an effective 
Hamiltonian operator with its associated matrix. The 
results of this treatment are similar to those obtained 
by Paul in that an analytic expression is obtained for 
an effective nearest neighbor exchange integral J’. This 
parameter is represented as a sum of the positive 
definite exchange integral J; plus additional negative 
terms resulting from the effects of ionic configurations. 
The sign of J’ is determined by the relative magnitudes 
of the two contributions. 

The results of recent calculations on a chain of six 
hydrogen atoms indicate that /’ is negative for that 
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represented by means of an effective Hamiltonian operator with 
its associated matrix. The results of this treatment are analogous 
to those obtained by Paul in that an analytic expression is found 
for an effective nearest neighbor exchange integral J’. This 
quantity is represented as the difference between the positive 
definite exchange integral and additional terms from ionic states. 
The present treatment defines in a fairly precise manner the type 
configurations which contribute to this effective exchange integral 
and the limits for which this parameterization is valid. The 
results of this analysis are compared with those obtained from 
recent calculations on a system of six hydrogen atoms. 


particular system.‘ Furthermore, these calculations 
reveal that at large lattice spacings, the eigenvalue 
spectrum of the Heisenberg exchange operator, 


(1) 


provides an accurate description of the low-lying energy 
levels obtained from the more accurate configuration 
interaction calculations. The values of J’ obtained by 
fitting the eigenvalues of Eq. (1) to the results of the 
configuration interaction calculations compare favorably 
with those obtained by evaluating the analytic ex- 
pression for J’ derived in the present discussion. 
Equally important is the fact that the present treat- 
ment specifies in a precise manner the approximations 
which are essential to the derivation of an expression 
for the effective exchange integral J’. This permits one 
to evaluate the limits for which Eq. (1) provides an 
accurate description of the magnetic interaction in a 
non-ferromagnetic system such as the present one. For 
example, it is shown that Eq. (1) depends not on the 
fact that the second nearest neighbor exchange integral 
is negligibly small compared to the nearest neighbor 
integral, but rather that the parameter J.’ 
represents the sum of a nearest 


(which 
neighbor 
exchange integral plus additional terms due to tonic 


second 
states) is negligible in comparison to J’. ' 


II. METHOD 


The method employed here involves a form of pertur- 
bation theory which was first introduced by Kramers.’ 
This perturbation technique is useful in physical situa- 
tions where a finite energy gap exists between a rela- 
tively small number of low-lying states which are of 
primary interest and a multitude of excited states 
which interact with these low-lying states. This condi- 
tion is satisfied at large internuclear separations in the 
problem presently under consideration. The low-lying 
states represent those arising from the ground configura 
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tion where there is a single electron associated with each 
atomic site. The excited states include those ionized 
states which have up to .V/2 pairs of doubly filled 
orbitals. The lowest excited states correspond to a 
single doubly filled orbital, and the energy gap in this 
case corresponds approximately to the energy required 
to take an electron from a neutral atom and transfer it 
to a neighboring atom. This is approximately equal to 
the difference between the ionization energy and the 
electron affinity for the atoms in question. The energy 
separation between the states arising from the ground 
configuration is small compared to this gap, since it is 
proportional to the nearest neighbor exchange integral 
which is zero at infinity and therefore is quite small at 
large separations. 

The procedure is best illustrated using Léwdin’s 
matrix representation of the Kramers technique.* It is 
assumed that the matrix of the Hamiltonian operator 
has been set up using determinantal functions formed 
from orthonormal one-electron orbitals. The secular 


equation has the following form: 
Co 
E ; (2) 
C,: 


lar aoe 


The ground and excited configurations have been repre- 
sented by the subscripts 0 and 1, respectively, in this 
equation. The dimension of the ground configuration 
portion depends on the number of electrons and the 
multiplicity, and is determined by means of the usual 
branching diagram analysis. The eigenvector C, repre- 
senting the combining coefficients for the determinantal 
functions, has been subdivided into two portions Cy and 
C; which correspond to the ground and ionic functions, 
respectively. 

If the matrix multiplication of Eq. (2) is carried out 
in block form, the following relations are obtained: 


H Co+ Ho:C:= EC, 

Ho'Co+ HiC,= EC). 
(3b) is rewritten, 

(E1— Hy) Ci = Ho Cy. (4) 


By assuming that the matrix (£1—H1),;) has an inverse 
which is denoted by (E1—H),,)~, it follows that 


C,= (El—Hyj;) WAho:'Co, (5) 


(3a) 
(3b) 
If Eq. 


which can be substituted into Eq. (3a) to yield the 
relation 


(H ot+ Ho (E1—H;,) H IC, B&. (6) 


The first term in the brackets represents the matrix 
connecting only the ground configuration determinantal 
functions. The second term describes the interaction 
of these ground configuration functions with ionic 


5 P. O. Léwdin, J. Chem. Phys. 19, 1396 (1951). 


MATTHEISS 


states. According to Léwdin, the matrix (E1—H),,;)" 
can be expanded by dividing H,; into its diagonal and 
nondiagonal parts, representing these by Hy? and 
H.:", respectively. Then, denoting the matrix contained 
within the square brackets of Eq. (6) by Hoo’, Léwdin 
shows that 


1 
k1l—- H,;? 
1 1 


Hoo’ = Hoot Ho; H,,' 


+ Hy:- 


—H,,’ H 
E1—H,,\4 FE1—H,,4 


where 1/(E1—Hy,7) represents the inverse of the 
diagonal matrix (E1—H):%). The secular equation of 
Eq. (6) is complicated by the fact that the Hamiltonian 
portion contains the energy eigenvalue F explicitly. As 
a result, this equation must be solved by means of an 
iteration scheme unless the difference between the un- 
perturbed and perturbed energies is negligible. In this 
case, it is possible to compute Hoo’ using the unper- 
turbed energy as an approximation to F in Eq. (7). 


III. THE SECULAR EQUATION 


We use the method of the Dirac vector model to set 
up the secular equation for the system. Since this 
method involves. determinantal functions which are 
eigenfunctions of S* and S,, it is quite straightforward 
to show that there are no matrix elements of the 
Hamiltonian and identity operators connecting states 
of different S or M,. Thus, the secular equation is 
factored into several noncombining portions, each of 
which can be solved separately. The basis functions 
for the secular equation have the form 


yi™(N,S,M,)= (2)-°?(N!)-1 dp (—1)P PP 


xb" (1.2,---N)O,(N,S.M,), (8) 


where (2)-’(N!)-! is a normalization constant and 
Dp (—1)?P*P* is the antisymmetrizing operator, P* 
and P’ representing permutation operators for electronic 
spatial and spin coordinates, respectively. ®’”" is a 
product of V orthonormal, atomic-like, one-electron 
functions wm,(r,) containing v pairs of doubly filled 
orbitals 


P’"=wm (r1)wme (ro) 


*Wmoyp 1 (To, 1)Wmoy\To)***Wmn(Tn). (9) 


The superscript m enumerates the different configura- 
tions containing v doubly filled orbitals. The integral 
subscripts m; indicate the atomic sites about which the 
various orbitals are localized. For v doubly filled orbitals, 
the m; corresponding to a given configuration are 
chosen such that 


M1 = Mo¥F M3 = Mg +++ FA Moy _1 


= MyF My 1A%++*Amy. (10) 
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For v paired orbitals, the total number of possible 
configurations V, is given by 


N,=N(N—1)(N—2)-++«(V—2941)/(v0!), (11) 


so that m takes on N, values. 

The function 6;(.V,S,M,) in Eq. (8) represent the V 
electron spin product functions which diagonalize S* 
and §, and form the basis for an irreducible representa- 
tion for the group of spin coordinate permutations. 
From this last property, 


P°0,(N,S,\M.)=DiT(P):0(N,S,M,). (12) 


When considering » doubly filled orbitals, it is necessary 
that the corresponding spin functions be singlets. This 
is equivalent to requiring that the interchange operators 
Po", P347, «++ P (2v—1)2” have diagonal matrices, the di- 
agonal elements being +1. Serber has described a 
method for constructing the basis for this representa- 
tion. We assume that the basis functions 6;(.V,S,M,) 
have been ordered such that first the —1’s (singlets) 
and then the +1’s (triplets) of ,’(P12) occur along the 
diagonal. Then, those functions with diagonal elements 
of (—1) for I,’(P,2) are arranged so that the —1’s for 
r,’(P 54) occur first, then the +1’s, and so on. 

It will be necessary to work through some of the 
details of the Dirac vector model in order to obtain the 
results of interest. This serves a useful purpose in that 
it permits the approximations inherent in the present 
treatment to be pointed out explicitly. The general 
expression for the matrix elements of the Hamiltonian 
operator connecting the w and yw’ configurations (now 
denoted by a single index) can be written 


HH,“ => pr.(P)V (PP), (13) 


where 


V (Pye = (2)~ Cuten /2(ebumn HP*| een), (14a) 


r,(P)=(—1)?9T,'(P). (14b) 
For the ground configuration, Eq. (13) reduces to 


H.”=( > 04 d Ki Jlt ¥ Ji¥.(Pi), . (15) 


where I, is a unit matrix of appropriate order and Qj, 
K,;, and J,; are the one-electron, Coulomb, and ex- 
change integrals given by the expressions 


Z ! 
u (n)), 
a R 


(16a) 


w,;(r,) —iV/ +>- 


wine) ), 


w (1 )w; (re) 
rT) oe 


®R. Serber, Phys. Rev. 45, 461 (1934). 
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INTEGRAL 
Neglecting an additive constant to the energy, Eq. (15) 
can be written as 


H®=>> J, .(P;;). 


i>j 


(17) 


At larger distances, Eq. (17) can be further simplified 
by assuming that all but the nearest-neighbor exchange 
integrals (J;) can be neglected. Then, Eq. (17) re- 
duces to 

H.”=J,0N142: F.(Pi 41) ]. (18) 
The eigenvalue spectrum of the secular equation re- 
sulting from Eq. (18) is known to be identical with that 
of the Heisenberg exchange operator of Eq. (1).’? The 
zero of energy in Eqs. (1) and (18) has been adjusted 
to coincide with that of the ferromagnetic state. 

We are now interested in obtaining an expression for 
Ho: in Eq. (7). The matrix Ho; represents that part 
of the complete Hamiltonian matrix which connects 
the ground and ionic configuration portions. For the 
present, we consider only that part of Ho; which con- 
nects the ground configuration with those states con- 
taining a single doubly filled orbital and hole located at 
adjacent lattice sites. There are a total of 2.V configura- 
tions involving such states. One such configuration can 
be represented by the spatial function, 


@'= yw, (r,)wi(re)ws(r3)wa(rs): «wn (ry). 


(19) 


The entire set of 2.V functions similar to this one can be 
obtained by applying the 2.V operations in the group 
of the Hamiltonian (Cy,) to this function. These opera- 
tions are equivalent to the rotations and rotations 
followed by reflections which send a regular -sided 
polygon into itself. 

It is quite straightforward to show that the matrix 
connecting the ground configuration states with those 
states having a spatial part equivalent to R,®" (R; rep- 
resenting one of the 2.V operations in the group of the 
Hamiltonian) is given by D,°', where 


D,°'= (2) $M, (1. (RJ) +P. (RIT. (Pw) J 
+(2)? >), LLP. (RIP. (Px) 


+r,(R)V,.(Px)P.(Pw) ]. (20) 


M, is a generalization of the quantity M defined by 
Paul*: 


M = (wpe (ts) | (1) 


i 


\ 


+- > Tt q(T2))u' p(t). 


— (Wg r2) 
q~p 


(21) 


rj—Tfo 


In this expression, H(7) is the one-electron operator for 
the ith electron and JL, is a three-center exchange 


integral: 
1 
wu(edes(ed)). (22) 
ri— Te 


L.= Cw (r)2, (12) | 


7G. F. Koster, Technical Report No. 8, Solid-State and Molec- 
ular Theory Group, M.I.T., 1956 (unpublished), Chapter 4. 
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For the matrices ’,(R;) in Eq. (20), the permutations 
R; have the following significance. If we consider the 
ground configuration function ©” which contains a 
single orbital localized about each atomic site, then the 
permutation R,* is defined such that R*R@"=6", 
Similarly, I°,(P2.) is the matrix which represents the 
interchange operator P2,°. 

Since the second term in Eq. (20) involves a sum 
over the three-center integrals 1; which are expected 
to be considerably smaller than M,, we can neglect 
these terms. Then, Eq. (20) can be reduced to 


a (2) iM[r,(R )-t r,(ROT,(Pw) a (23) 


Daub 
r.(E)+9r,(Pw) 


1 1 
E1—H,,? 2(E-—H,;') 





where H;* denotes the diagonal element of H;,? for 
which the electron and hole are separated by & lattice 
The matrices ,(/)+Ir,(Py2) contain a single 
nonvanishing element in the upper left-hand corner, 
but we to write them in this form for con- 
venience in the following discussion. Using the relation 
given by Eq. (25) for 1/(E1—H,,%), it is quite straight- 
forward to show that 


sites. 


( hoose 


Equation (26) reduces to 


1 M; 
Ho: —H 
E1—H,,? 2(E-H, ) 


X[4N1,425; P.(R)P.(P)PAR)*). (27) 


If one makes use of the identity 


\ N 
¥ A(R .(P)P.(R)'=2 07 


i=l i=l 
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In this approximation, the matrix Ho: of Eq. (7) has 
the form 


x x x 


x 
Ho =| ok x D,” x D: ee: D, 2N) 
x x x x 


(24) 


The X’d columns of Eq. (24) represent the nonvanish- 
ing columns of D,°*; these correspond to the +’s in the 
matrix ',(Pi2) [or to the —’s in the matrix P,’(Py.) ]. 
For the spin-wave states where S=.V/2—1, this corre- 
sponds to a single column. In this case, the matrix 
1/(E1—H,,%) may be written 


2N 





Eq. (27) can be written 
1 
Hos H 
EF1—H,;! 
2Me 
[V1,+>¢ 
(E—H;') 

Thus, using this relation along with Eq. (18), the first 
two terms of Eq. (7) can be written 


2M; 
Jo. Sn 
E-H;} 


The result of Eq. (30) cannot be extended to include 
those states containing a hole which is located two 
atomic sites away from the doubly filled orbital. For this 
case, the equivalent to Eq. (29) contains the term 


2M? 
ba) » 


SPAR a 
(E—-H;*) 


(31) 


From this result, the nature of the general term repre- 
senting an arbitrary separation of the hole and doubly 
filled orbital is obvious 

The generalization of the result given by Eq. (30) to 
states of lower multiplicity involves an additional ap- 
proximation. For these lower multiplicities, the matrix 
r,(/)+1,(P) contains, in general, more than one 
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nonvanishing diagonal element. In order to write the 
matrix 1/(E1—H,;%) in the form of Eq. (25), it is 
necessary to assume that the non-vanishing elements 
of Hy? are degenerate. This should correspond to a 
reasonable approximation at large separations since 
these diagonal elements differ only by multiples of /,, 
and these exchange integrals become quite small at 
large lattice spacings. For these states of lower multi- 
plicity, a reasonable approximation is to use the average 
energy of H,;? for H,'. 

Similarly, it is not possible to extend Eq. (30) to 
include the effects of states containing more than one 
pair of doubly filled orbitals. For configurations con- 
taining three or more doubly filled orbitals, the corre- 
sponding portion of Hy; vanishes identically. For two 
doubly filled orbitals, the coefficient of the term equiva- 
lent to Eq. (23) would be a four-center integral. The 
corresponding coefficient arising from 


1 
Ho: H,,' 
E1l-— H,\2 


would be proportional to the square of a four-center 
integral divided by an energy denominator which is 
approximately twice that of Eq. (29). Since it has been 
necessary to neglect the three-center integrals L, in 
obtaining Eq. (29), it is reasonable to expect that the 
terms involving two doubly filled orbitals will be 
negligible when the approximate techniques described 
here are valid. 


IV. EFFECTIVE EXCHANGE INTEGRAL 


According to Eq. (30), the effective exchange integral 
J’ can be represented quite accurately by the relation 
J'’=J,+ (2M 2/E-H)), (32) 
if the most important interaction between the ground 
and excited configurations occurs for those ionic states 
which contain a single doubly filled orbital and hole 
located at adjacent lattice sites. Physically, one would 
certainly expect that the Coulomb attraction between 
the negative ion and positive hole would lower the 
energy of such a pair and thereby increase the impor- 
tance of its interaction with the ground configuration 
states. It is interesting to note that the validity of Eq. 
(30) depends not on the fact that the second-nearest 
neighbor exchange integral J is small, but rather on the 
assumption that the effective second-nearest neighbor 
exchange integral 
2M? 


E-H,?’ 


=J: 
is small compared to J’. 
For the spin wave states, H,' can be written in a more 
explicit form. If we introduce ¢ as the difference between 
the eigenvalue F and the energy of the ferromagnetic 


EXCHANGE 


INTEGRAL 


state, then 


and 
2M;° 
Jit+- : 
e—3J/,-—W+C, 


W and C, are one- and two-center Coulomb integrals 
between Wannier functions, 

| 

to(tn)e p(t) 


' es Oe. 
HW W »(11)Wp(T2) 
2 ae ro 


of Ccep(ertpralt) 


C, is an obvious generalization of Paul’s C3 
For states of lower multiplicity, Eq. (35) is replaced 
by 


(36a) 


1 | 
Wp (T1)W ps s(t) (36b) 


ri—fPe 


2M ? 
J'=J 4 (37) 
e— B(S)J,-W+C, 


In Eq. (37), B(S) is a coefficient which depends on the 
multiplicity ; it results from the averaging process which 
is necessary to obtain the equivalent to Eq. (25) for 
states with a multiplicity lower than S= V/2—1. 

In those situations where the unperturbed energy 
difference between the ground and excited states is large 
compared to the ground configuration splittings, there 
exist several approximate methods for evaluating the 
parameter J’ of Eq. (37). The simplest approximation 
is to set € equal to zero. This corresponds to replacing 
E in Eq. (7) by the energy of the ferromagnetic state. 
Another approach involves substituting the exact value 
of € into Eq. (37). However, this naturally requires that 
the full configuration interaction calculation be carried 
through. Finally, one can evaluate this relation for the 
kth eigenvalue by setting «, equal to A,J’, where A, 
represents the eigenvalue of the secular equation 

det(V1,+>. 


st 441 


V.(P; x1) —El, ] Q 


for this Ath state. In this case, Eq. (37) can be solved 
for J’, yielding the relation 


1 

[(—B(S)J:-W+C)— AJ] 
2A, 

{((—B(S)J:1—W+C1)— Ani} 


2A, 


+44 ,.[Ji(—B(S)J:—W+C,)+2M 2}. (38) 
Equation (38) implies that the spin degeneracy problem 
for the ground configuration has been solved. While this 
problem can be handled for short chains, a branching 
diagram analysis shows that this would become pro- 
hibitively difficult for longer chains. 
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TABLE I. The values of parameters involved in the evaluation of 
the effective exchange integral J’ for the six-atom chain. 
R=1 R=5 


Ww 0.900005 _ 0.630948 
0.199007 


C; 0.574682 
J, 0.006274 0.000833 
— 0.026094 


M, — 0.725720 


0.677537 
0.310011 
0.005404 
—0.107455 


0.753950 
0.413099 
0.010178 
— 0.239759 


V. EVALUATION OF J’ FOR THE SIX-ATOM CHAIN 


The expression for the effective exchange integral 
given by Eq. (37) involves a number of integrals between 
Wannier functions, the values of which are listed in 
Table I for the six-atom chain. In this system, the 
factor B(S) in Eq. (37) assumes the values of 3, 5, and 
6 for S values of 2, 1, and 0, respectively. While the fact 
that Eq. (37) is valid only at large separations has been 
stressed, this relation will be evaluated at all four inter- 
nuclear separations where configuration calculations 
have been carried out, namely 1, 2, 3, and 5 atomic 
units.‘ This permits the variation in the accuracy of the 
results to be evaluated as a function of the lattice 
spacing. 

For reference purposes, the values of the effective 
exchange integrals J’ which are obtained by fitting the 
eigenvalues of Eq. (1) to the results of the configuration 
interaction calculations are contained in Table II. The 
ordering of states is equivalent to that of Table IV in 
reference 4. 

The approximation of setting « equal to zero in Eq. 
(37) produces values of J’ which are functions only of 
the multiplicity [through B(S)], so that at each inter- 
nuclear separation for the six-atom chain, we obtain 
the three values of @S*+"J’ listed in Table ITI. 

If the value of € which is obtained from the configura- 
tion interaction calculations described in reference (4) 
is substituted into Eq. (37), J’ becomes a function of 
both the multiplicity and the eigenvalue e. The results 


TABLE II. Values of J’ obtained by fitting the results of the 
configuration interaction calculations described in reference 4 to 
the eigenvalue spectrum of the Heisenberg exchange operator 
of Eq. (1 


R=1 


— 1.382231 
— 2.032575 
— 1.588595 
— 1.414510 
— 0.819750 
— 0.808411 
— 0.753644 
— 0.806216 
—0.659192 
— 0.701888 
— 0.640063 
—0.543572 —0.138335 —0.041463 
—0.568831 —0.149660 —0.043779 


R=2 


— 0.216346 
— 0.268761 
—0.174419 
— 0.268449 
—0.174419 
— 0.168544 
—0.171096 
—0.177750 
—0.153252 
—0.170279 
—0.155451 


R=3 


— 0.050459 
— 0.055809 
— 0.054274 
— 0.053374 
— 0.046444 
— 0.044901 
— 0.045111 
— 0.046453 
—0.043222 
— 0.045846 
— 0.043916 


R=5 


—0.002275 
— 0.002302 
— (0.002296 
—0.002294 
— 0.002283 
—0.002275 
— 0.002272 
— 0.002284 
—0.002277 
— 0.002283 
—0.002285 
— 0.002280 
— 0.002286 


metry Repin 
TT, «+/3R 
T, 2«/R 
7; 2x/3R 
TT, «/R 
rr, 0 
‘TT, 2x/3R 
bd) r/R 
T, «/3R 
77, «/3R 
7, 27/3R 
T, 0 
T; 0 
Ty x/R 
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TABLE III. Values of J’ obtained by setting e=0 in Eq. (37) 
This is equivalent to replacing E by the energy of the ferro 
magnetic state in Eq. (32). 


R=1 R= 
— 3.049149 
— 2.941844 
— 2.890969 


R=3 R=! 


0.055093 
— (0.053427 
0.052628 


—().299393 
— 0.283307 


0.275875 


0.002302 
0.002290 
0.002284 


obtained by evaluating Eq. (37) using the actual values 
for € are contained in Table IV. The ordering of states 
is equivalent to that of Table IT. It is clear that at small 
lattice spacings where e€ is appreciable, the results of 
Table IV are in much better agreement with the fitted 
values of Table II than those of Table III, where « is 
set equal to zero. 

Finally, we present in Table V the results of evalua- 
ting the expression for J’ as given by Eq. (38). Again, 
the ordering of states is equivalent to Tables II and IV. 
The results of Tables III, IV, and V are in good agree- 
ment with those of Table II at a lattice spacing of 5 
atomic units. At this separation, the values of J’ are 
relatively constant since their dependence on B(S) and 
eis relatively small. At the smaller separations, it is felt 
that the agreement between the results of Table IV and 
V and Table II is fortuitous since the higher terms in the 
expansion of Hoo’ in Eq. (7) undoubtedly become more 
important in this limit. Furthermore, the values of J’ at 
these separations vary considerably for the different 
States. 

The calculations described in reference 4 provide 
further reasons for suspicion regarding the agreement 
between the results of Tables IV and V and Table II 
except at large separations. Figure 5 of reference 4 indi- 
cates that the doubly and triply ionized states make an 
important contribution to the wave function of the 
ground state at the smaller lattice spacings. To em- 
phasize this point, let us examine the decomposition of 
this ground state wave function for the six-atom chain 
in terms of its different ionic components. In Table VI, 
we tabulate the sums of squares of the combining 
coefficients for the different degrees of ionization for the 
six-atom ground-state wave function. At a separation 
of 5 atomic units, it is found that the ground and singly 
ionized configurations represent 99.89% of the total 
wave function. (Actually, the ground configuration and 
singly ionized states with a neighboring hole and doubly 
filled orbital represent 99.83°% of the total wave func- 
tion.) At smaller separations, the doubly ionized states 
assume a significantly greater role. Since we have shown 
that the direct interaction of these doubly ionized states 
with the ground configuration is small, the indirect 
interaction represented by the higher order terms of 
Eq. (7) must become significant, at these separations. 
In any case, the parameterization of the spin degeneracy 
problem in terms of a single effective exchange integral 
is no longer possible. 
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TABLE IV. Values of J’ which are obtained by using the actual 
calculated values of ¢ from reference 4. 


Sym- 
metry Repia =] 


R=2 R=3 


0.604231 —0.185439 —0.048030 
—0.323279 —0.112921 —0.042886 

0.392600 —0.137534 —0.043668 

0.324474 —0.138134 0.040849 
— 0.290701 0.121393 —0.038930 
— 0.374219 0.120914. —9.039314 
—0.307352 —0.098719 0.035675 
— (0.287396 0.093129 —0.034156 
—0.282183 —0.089105 —9.032539 
—9.241032 —9.075700 —0.030261 
—0.244382 —0.075966 —0.029510 
—0.239318 —0.072372 —0.027941 
—0.194093 —0.057859 —0.024402 


R=5 


~ 0.002286 
- 0.002261 
— 0.002266 
— 0.002258 
— 0.002247 
— 0.002254 
— 0.002238 
— 0.002220 
—0.002211 
— 0.002202 
— 0.002189 
—0.002176 
— 0.002150 


a/R 


VI. DISCUSSION AND CONCLUSIONS 


The results of the previous sections serve to supple- 
ment a discussion given by Slater in a paper concerned 
with cohesion in monovalent metals.’ Slater showed 
that a monovalent metal had little likelihood of be- 
coming ferromagnetic in the limit where the energy 
band approximation was valid. However, the situation 


TABLE V. Values of J’ which are obtained by setting «= A,J’, 
where A, is the eigenvalue of the Heisenberg exchange operator 
for this &th state. 


Sym- 
metry &spin R=1 


3R 0.864674 
R — 0.744890 
7r/3R 0.736921 
R 0.638361 
0 —0.552619 
0.534439 
0.408485 
0.466321 
0.421276 
0.400903 
0.386440 

— 0.354317 
0.326062 


R=2 


—0.193390 
—(0.169821 
—0.170365 
— 0.154086 
—0.138341 

0.136853 

0.122990 

0.120117 
-Q.111158 
- 0.106594 
— 0.102728 
~().095794 
—().088578 


R=3 


0.048298 
0.044760 
0.045086 
0.042879 
0.040399 
~ 0.040490 
0.037898 
0.036921 
0.035211 
0.034218 
0.033250 
— 0.031720 
—0.029859 


R=5 


6 — 0.002286 
IT, 0.002262 
’ 0.002267 
0.002258 
— 0.002246 
0.002254 
—().002238 
0.002222 
0.002213 
0.002205 
0.002193 
—0.002181 
—0.002157 


8 J. C. Slater, Phys. Rev. 35, 509 (1931). 
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TaBLe VI. Decomposition of the ground-state wave function for 
the six-atom chain into the various degrees of ionization. 


R 2D; a;?(0) 


0.099360 
0.175390 
0.411802 
0.940599 


y y 2 
2; a%?(1) ai a?(2) 


0.456733 
0.487485 
0.445978 
0.058314 


0.053514 
0.032314 
0.008072 
0.000006 


0.390393 
0.304811 
0.134148 
0.001081 


at large lattice spacings was not quite clear. A multi- 
tude of states with multiplicities ranging from S=.V/2 
to S=0 (or 3) approach the same limiting energy 
(which corresponds to the non-ionized separated atoms) 
and it was not clear then which of these states would lie 
lowest. The present analysis indicates that it is unlikely 
that the ferromagnetic state would have the lowest 
energy at large separations. Certainly, the calculations 
on a six atom chain‘ substantiate this conclusion. The 
ground state for this six-atom system is a singlet at all 
internuclear separations. This fact does not mean, 
however, that the Heisenberg exchange operator of 
Eq. (1) is valid at all internuclear separations. Rather, 
it implies that there is a gradual transition from the 
energy band to the orthogonalized atomic orbital ap- 
proximations which are valid at small and large lattice 
spacings respectively. The results of Table VI trace 
this transition for the ground-state wave function of the 
six-atom chain. 

It is reasonable to conclude that at large lattice 
spacings, the Heisenberg exchange operator of Eq. (1) 
provides an accurate description of the magnetic inter- 
action between s-type electrons of:a linear chain. How- 
ever, it is clear that this description is only approximate ; 
the necessary approximations appear to break down 
quite seriously at smaller lattice spacings. While the 
extrapolation from this simplified one-dimensional 
example to a more physical three-dimensional magnetic 
system involves serious difficulties, the present dis- 
cussions serve to emphasize one fact. The magnetic 
interaction is not exacily described by the Heisenberg 
exchange operator. In a given problem, it may prove to 
be desirable (or perhaps even necessary) to choose a 
more fundamental approach. 
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The peak energy / and full width U, in ev, 


U=0.6; F 


obably a 
r=5. 35; U=0.40; 
Fo=2.00, U =0.44. 


Eo=4.85, U=0.54; Eo= 


of the color centers in Al,O; 
=4.84, U=0.54; with an indication ofa bandat Ey)>6.2 
saturation of the gamma-ray-induced bands which occur at Za, 45, U= 
in additional band at Ey =4.28, U =0.70. Reactor irradiation produc es bands at Fy = 6.02, U =0.60; 
21, U=0.80; 


Upton, New 
1961) 


before irradiation are: y)=5.45, 
, U>0.4. Irradiation of 3X 10‘ r produces 
=1.25; Eo=3.08, U=1.50; and 
Fo=3.74, U=0.88; E, 


=2.64, U=0.64; and 


“urves of color-center concentration versus irradiation time for the reactor-induced bands at 2y)=6.02, 


Fo=5.35, and E 
I 


=4.85 can be accurately represented by a saturating exponential plus a linear increase. 


This behavior is predicted by a simple theory which assumes that the color centers are formed by the coloring 
of defects present prior to and increased by irradiation and possibly by the coloring of additional centers 


formed only by radiation damage. 
radiation damage theories; however, 
comparison. 


INTRODUCTION 


RRADIATION of single crystals of aluminum oxide 

by reactor, i.e., fast neutron and purely ionizing 
radiation, produces numerous color centers. Interest in 
these stems from two points of view. First, this is an 
almost untouched area for research in pure color-center 
physics. Second, energetic radiations, particularly fast 
neutrons, = produce lattice defects. The details of the 
defect-production mechanism, the number and kind of 
defects, their dependence on the energy of the bomb- 
barding particle, and numerous other features are all 
fundamental to understanding the radiation-damage 
mechanism. It would be desirable, before investigating 
the damage mechanism, to begin by completely 
characterizing the various color centers; especially 
useful would be a correlation between the nature of the 
defects and the optical absorption bands. However, 
radiation-damage information can be obtained even 
without this information. This paper will describe the 
more prominent absorption bands produced by reactor 
and g amma-ray irradiations and the dependence of the 
height or i ntensity of these bands on radiation dose. In 
particular, the growth kinetics of these bands will be 
related to the rate of formation of defects during the 
radiation-damage process. 


EXPERIMENTAL DETAILS 


All the measurements described below were made on 


single crystals of synthetic 
dum) obtained from the 
are grown by 


sapphire or a-AleO; (corun- 
Linde Company. These crystals 
the Verneuil process and only samples 
appearing water clear and relatively free from strain 
were used. The samples were oriented with their largest 


t Work performed under the auspices of the U. 
Energy Commission. 

* Preliminary reports appeared in the following: P. W. Levy 
and G. J. Dienes, Report of Bristol Conference on Defects in Crystal- 
line Solids (The Physical Society, London, 1955)—referred to as 
I; P. W. Levy, Bull. Am. Phys. Soc. 1, 136 (1956); 3, 116 (1958). 


S. Atomic 


The measured rate of defect formation could be consistent with current 
several inaccurately known parameters preclude a 


meaningful 


surfaces perpendicular to within 4° of the ¢c axis by 
optical methods and occasionally orientations were 
verified by x-ray measurements. The optical trans- 
mission between 3 and 6 ev varies somewhat with 
different samples, and small variations occur occasion- 
ally between different parts of the same sample. 
Almost all optical absorption measurements were 
m< ide with a Beckman DU spec trophotometer, and all 
spectra were determined room temperature. The 
range of this instrument is from 6.18 to about 1 ev, 
which is unfortunate since Al,O; is transparent from 
approximately 9 ev to about 5 uw. Optical bleaching from 
ordinary room illumination was not detected. This is 
reasonable since most of the absorption is in the far 
ultraviolet. Consequently, samples were occasionally 
exposed to room light, but this was minimized. 
Reactor irradiations were performed in 
facilities of the BNL graphite reactor, particularly in 
the pneumatic tubes, or “rabbits,’’ where the maximum 
temperature was approximately 70°C. Neutron flux 
measurements were made uncovered and Cd- 
covered gold and cobalt foils. The total fast- and slow- 
neutron flux in the tube used for most of the exposures 
was roughly 2.9 10" nv and the Cd ratio was 2 with Au 
and 10 with Co. One crystal was irradiated with Ta’™* 
gamma rays whose average is roughly 0.56 Mev, but all 
other gamma-ray irradiations utilized tubular Co” 
gamma-ray sources. Gamma-ray measurements 
were made with calibrated ionization chambers. The 


various 


with 


dose 


dose given is the measured value in air at the point 
where the sample is located, not the ionization in the 
sample. The gamma rays emitted by Co™ are 1.1 and 
1.3 Mev, but since 


undergo degrading Compton scattering in both the 


a large number of gamma rays 


cobalt and lead shield before striking the crystal, the 


average energy is less than this. During gamma-ray 
irradiation, the maximum 
approximately 30°C. 


Absorption spectra were a 


crystal temperature was 


lways plotted versus photon 
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energy using an ordinate which is proportional to the 
concentration of color centers. In every case the 
observed spectra showed that several different bands 
were superimposed on one another. To accurately 
separate the spectrum into different bands, it is essential 
to know the precise shape of each band at the tempera- 
ture of the sample during the absorption measurement. 
This information is not available for AloO3 and it is 
necessary to “guess” the band shape or to assume that 
it is Lorentzian, Gaussian, etc. The absorption bands 
observed so far seem to be Gaussian, or very close to it, 
at room temperature, and in resolving spectra into 
component bands it was assumed they are accurately 
Gaussian. The procedure used to accomplish this has 
been discussed previously.' The parameters describing 
each band are £2, the energy of the maximum, and U, 
the full width at half-maximum intensity, both in ev. 


ABSORPTION SPECTRA OF UNIRRADIATED Al.O; 

When received from the supplier, all crystals appeared 
to be water clear. However, when examined with a 
polariscope, a small amount of strain was usually seen 
to be present. The optical transmission measurements 
of the untreated crystals indicated a small amount of 
absorption in the 3-6-ev region. To separate the volume 
absorption from the surface reflection, the expected 
reflection as a function of wavelength was 
computed from the index of refraction. In the 4.7—0.22- 
ev region the experimentally determined values of 
Malitson, Murphy, and Rodney? were used. Indexes 


“loss”’ 


for wavelengths above and below these were computed 
from Sellmeier’s equation in which the constants had 
been obtained by fitting to the measured values. The 


ENERGY ev 


Fic. 1. The observed optical absorption, which was much greatet 
than usual, of an AlsOs single crystal when received from the 
supplier. Different ways of separating this spectrum into compo 
nent bands are indicated. Its general shape is typical of this 
material; however, the intensity of the band at 4.82 ev is, relative 
to the other bands, unusually high 


1p. W. Levy, J. Phys. Chem. Solids 13, 287 
Ceramic Soc. 43, 389 (1960), 

21. H. Malitson, F. V. Murphy, and W. S. Rodney, J. Opt. So 
Am. 48, 72 (1958). 


(1960); J. A 
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optical density of a crystal that showed unusually high 
absorption is shown in Fig. 1, as well as the apparent 
absorption due to the surface reflection. The general 
shape of this absorption spectrum is typical of untreated 
crystals. Obviously, there are one or more bands in the 
region of 6 ev and another at 4.82 ev. The observed 
spectra can be resolved into these two bands or equally 
well into three bands. That there is a band at 5.45 ev is 
suggested by the appearance of a band at this energy 
in the coloring induced by gamma rays. Also, annealing 
experiments to be described in a later paper show the 
presence of a band at this energy. 

In numerous crystals the measured optical density 
from 3 to 1 ev was less than that expected from the 
computed surface reflection. Also, the annealing experi- 
ments usually resulted in samples that were more 
transparent after irradiation and annealing than when 
received. This would imply that the crystal used for 
the index-of-refraction measurements was atypical in 
one or more respects. 


GAMMA-RAY-INDUCED COLORING 


Typically, when Al,O; single crystals are irradiated 
with gamma rays, a dose of 3-5 10* r brings the in- 
duced coloring to saturation. The absorption spectrum 
in Fig. 2 was obtained by computing the difference 
between the absorption of the original crystal and the 
absorption after an irradiation of 1.09X 10° r. However, 
very nearly the same spectrum was obtained at various 
doses. The two larger bands are undoubtedly the same 
as those reported by Hunt and Schuler.* Even if it was 
not assumed that these two bands have Gaussian shape, 
it was difficult to resolve the observed spectrum into 
just two bands. Thus, it is probable that one or more 
additional bands occur near 4.28 ev. This conclusion is 
supported by the observation that there is a relatively 
sharp discontinuity in the data at 4.8 ev and the sug- 


Fic, 2. Gamma-ray-induced absorption spectrum of AlgO;. The 
pectrum obtained by an irradiation of only 3X10 r remains 
unchanged by additional gamma-ray irradiations even up to 109 r, 
at 4.28 ev can be questioned, 
eters given for it at ubjec 


, the ex 


istence of a band 


t to large error. 


\. Hunt and R. H. Schuler, Phys. Rev. 89, 664 (1953), 
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gestion of a discontinuity near 3.6 ev. The total amount 
of gamma-ray induced absorption was so small that 
reliable growth curves could not be obtained for any 
bands. 


ABSORPTION BANDS INDUCED BY 
REACTOR IRRADIATIONS 


When irradiated in a reactor, besides being exposed 
to ionizing radiation, crystals will be exposed to ener- 
getic particles, principally fast neutrons, which will 
eject atoms from their normal lattice positions, creating 
numerous defects. The defects are converted to color 
centers by capturing electrons or holes produced by the 
ionizing field. Thus, it is not surprising that reactor 
irradiation produces several strong absorption bands. 
An example of the reactor-induced spectrum, i.e., the 
difference between the observed absorption before and 
after irradiation, determined with a recently obtained 
Cary spectrophotometer, is shown in Fig. 3. Clearly 
there are peaks near 6, 5.4, and 4.8 ev, and a very slight 
indication of a peak at 6.5 ev which could be spurious 
The spectrum from 6.18 to 1 ev agrees very well with 
numerous measurements made with the Beckman DU 
Spec trophotometer. 


One such absorption spectrum is plotted in Fig. 4 
which includes two different resolutions of the spectrum 
into component absorption bands. Actually, conclusive 


evidence is lacking to clearly indicate which of these is 
more nearly correct. Both the annealing experiments 
and the gamma-ray induced coloring curves indicate 
there is a band at 5.4 ev, and on the basis of this the 
resolution given by the dashed curves seems more 
probable. The possibility remains, however, that the 
observed spectra contain one or more additional bands 
that have not been detected. 

The intensity below 4 ev in Fig. 4 is not great enough 
to make a reasonable resolution into component bands. 
The spectrum of a crystal irradiated approximately 100 
times that used for Fig. 4 is plotted in Fig. 5. In this 
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PHOTON ENERGY (ev) 
Fic. 3. The optical absorption spectrum produced by) reactor 
bombardment of Al,O;. The very slight indication of a separate 
band near 6.5 ev could be spurious 
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Fic. 4. A reactor-radiation-induced 
Al.O; resolved into two Gaussian-shaped 
absorption bands. The set shown with dashed curves appears to be 
more probable. The values of / and U are those actually obtained 
by the resolution procedure, i.e., no attempt has been made to fit 
this and other data with a consistent set of band parameters. The 
parameters quoted for bands below 4.5 ev are subject to large 
errors —see Fig. 5. 


absorption spectrum ot 


sets of component 


case it is possible to make reasonably reliable resolu- 
tions, and the parameters should 
more accurate. Incidentally, in Figs. 4 and 5, the peak 
energy and full width of the bands is that obtained from 
the original analysis of each set of data. No attempt 
has been made to fit the data given throughout this 
paper with a consistent set of absorption band param- 
eters, in order to indicate the degree of uncertainty 
present in the resolutions of the spectra into individual 
bands. 

Most of the bands described above, and tabulated in 
Table I, have been investigated by Mitchell, Rigden, 
and Townsend‘ who have made a detailed study of their 


obtained be much 


anisotropic absorption. They did not detect bands at 
5.8 or 5.5 ev, which supports the conclusion that the 
resolution given by the dashed curve in Fig. 4 is the 
more probable. Also, Gibbs, Cutler, and Bates® report 
that the band at 4.8 ev is formed by heating in oxygen 
and removed by heating in hydrogen. This would 
account for its prominence in the sample having un- 
usually high absorption when received; presumably 
this sample had been prepared under oxidizing 
conditions. 


GROWTH OF RADIATION-INDUCED 
ABSORPTION BANDS 


During reactor irradiation, defects, impurities, etc., 
present before exposure can be converted into color 


‘E. W. J. Mitchell, J. D 
Mag. 5, 1013 (1960). 

* P. Gibbs, I. B. Cutler, and J. L 
2, 300 (1957 


D. Townsend, Phil. 


Rigden, and P 


Bates, Bull. Am. Phys. Sox 
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centers by electron or hole trapping. Also, the concen- 
tration of some of the original defects will be increased 
by neutron bombardment, and in addition, different 
kinds of defects may be created. The rate of formation 
of color centers by carrier trapping on defects both 
originally present and produced by bombardment, can 
be described by the following equation: 


an; dt= ACN +t Ki—N;, ’ (1) 


where .Vo; is the concentration of the ith defect before 
irradiation, ¢ is the time, A; is the rate of formation of 
new defects of the same type, .V; is the concentration 
of color centers formed by carrier trapping on the 
(Voi+A it) defects present at time ¢, and f/f; is the 
fraction of uncolored defects colored per unit time. This 
equation is expected to accurately apply where the 
trapping of carriers is small compared to electron hole 
recombination. A detailed derivation of this equation, 
and a discussion of the conditions when it is expected 
to apply, will be published separately.* The extended 
treatment shows, and it is also reasonable to assume, 
that an equation of this type applies independently to 
each defect. The solution of this equation is 


1 


(e+. K,( 1-1 - 


(ef) + Kil. 


Experimental curves are written as 
(O.D.);=C1,(1—e7 O2*) + Cail, 


where “O.D.” means optical density. 
The first term in (2.1) represents coloring of defects 
present in the sample prior to irradiation, and the second 
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Fic. 5. Absorption spectrum of an Al,O3; sample, reactor 
irradiated to an extent roughly 100 times that used for Fig. 4. The 
values of EZ) and U for the peaks in the 4.5-1 ev region obtained 
from this figure should be much more reliable than those shown 
in Fig. 4—provided they are the same bands. 


®P. W. Levy, Bull. Am. Phys. Soc. 1, 136 (1956); and to be 
published. 
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TABLE I. Absorption bands in Al,O;. Independent determina 
tions of the parameters defining what could be the same band are 


grouped together. When one determination is clearly the most 
reliable, it is marked with an asterisk. 


Peak energy Full width 


Eo (ev) U (ev) Formation conditions 


2 >0.4 
0.60 


0.40 Reactor-induced 
1.25 Gamma-ray-induced 
0.6 In unirradiated samples 


0.54 


In unirradiated samples 


nN 


Reactor-induced 


LP) 


unuw 
Ct ee 


Reactor-induced 
In unirradiated samples 


ee thw 
me 


7. 


Gamma-ray-induced 
Reactor-induced 


etettetn 


mh 


Reactor-induced; short irradiation 
Reactor-induced; long irradiation 


hrs Cr 
“Iu 
rs 


or 


Gamma-ray-induced 


uv 


Reactor-induced; short irradiation 
Reactor-induced; long irradiation 


Reactor-induced; short irradiation 
Reactor-induced; long irradiation 


term arises from coloring of defects formed during the 
irradiation. Equation (2.2) demonstrates that the ob- 
served growth will be a saturating exponential plus a 
linear growth. If more than one absorption band over- 
laps, the observed growth will be a superposition of 
equations such as (2.1). In the case of two bands, 


(Vo—A;/f)U—e 
+(\o,-—K 


MN4+K it 
fd-e)+Kyt, (3.1) 


which will be nearly a saturating exponential plus a 
straight line unless f; is very different from /;. Iff:=f;, 


aT? 
ja re) 


+(K;+K))1, 


which is precisely a saturating exponential plus a 
straight line. From Figs. 3 and 4 it-is apparent that 
prominent reactor-induced bands occur at 6.02, 5.35, 
and 4.85 ev. To study the growth of these bands, a 
series of 1-hr irradiations was carried out in one of the 
“rabbits” and the absorption spectrum measured after 
each irradiation. However, before the reactor irradia- 
tions were started, the sample was colored to saturation 
with gamma rays, and, subsequently, all growth curves 
were constructed by taking the difference between the 
saturation gamma-ray coloring and the absorption after 
each reactor irradiation. 

Growth curves for these three prominent bands were 
obtained in three different ways. The first set of curves 
was obtained from the observed optical absorption at 
the peak of each band. These data are shown in Fig. 6 
which was used to obtain the values of the constants in 





eVY 


the linear portion of the curve above 15 hr. The linear 
region for each band is extrapolated to /=0, and from 
the difference between each line and the data, Fig. 7 
was constructed. Also, the intersection of the straight- 
line extrapolation and the ¢=0 axis is the value of 
(Noi—K;j/ fi). These two figures demonstrate conclu 
sively that the growth curves for the bands at 6.02 and 
4.85 ev follow the antic ipated behavior. The other band 
at 5.35 ev does not deviate markedly from this behavior; 
this is not surprising since it is superimposed on the 
6.02-ev band. The f; are obtained from the slope of the 
straight lines drawn in Fig. 7. The bands at longer 


TABLE II. Experimentally determined paramet 
plotted in Figs. 6 and 8. (O.D.);=C; 


Bands (ev Cy 


Ps) a) Constants used in Fig. 6 

density at the indicated bar 

into component bands. 

6.02 0.214 3 0.0320 
5.35 0.028 0.0089 
4.85 0.0064 


prominent reactor-induced 
me determined from the 
photon energies. The 
1 from this graph are 
Fig. 7, were used to b) Constants used i i ined from spectra 
to Gaussiar | 
6.02 2 267 0.0305 
3.35 1062 0.0052 
Tables II(a) and III(a). The solid lines were computed 485 0.049 
from Eq. (2.2) using the parameters in Table II(a). 
To determine these parameters, the A; are taken from 


0.0050 


TABLE IIT. Constant 
Ni=(Noi—Ki/f 


Band (ev 


i Unresolved spectra 
494 10 0.316 1.39 «10 
0.69 10" 0.251 0.267 X10" 
0.81 10% 0.226 0.274 10! 
Spectra resolved into Gaussian-shaped bands 
5.39 10" (0.267 1.33 «102 
1.52 0.062 0.155 10" 
1.30 10 0.141 0.213 10! 


wavelengths behave in a similar fashion but their total 
intensity is not enough to make a precise analysis. 
The growth characteristics described above for each 


absorption spectra into component yands. From such a 


resolution, however, it should be possible to obtain much 
more reliable growth curves. This would be especially 
so if the total number of bands contributing to each 
spectrum and their precise shape were known. Sinze 


band were made without resolving the observed 
| 
| 


Fic. 7. Demonstration that each of the data curves in Fig. 6 these are not known, a second analysis was made 
can be represented by the sum of a saturating exponential and a 
linear term. The constants Cy; in Table II (a) were obtained from 


i; 1 of - aps. assuming e ras Gaussian and using the parameters 
the solid lines. All of the experimental errors accumulated in this “ ware: _ h wa be saUSSI - ind USag Unt P ramic Ue . 
figure. given in Table I. The peak intensities obtained in this 


resolving numerous spectra into component 
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way are shown as data points in Figs. 8 and 9. The 
parameter obtained for each band, using exactly the 
same procedures used with Figs. 6 and 7, are given in 
Tables II(b) and III(b). 

A third analysis was made using the observed in- 
tensities at the absorption peaks and the computed 
“reflection loss” curve as the absorption of the crystal 
before reactor irradiation instead of the saturation 
gamma-ray coloring curve. This third analysis resulted 
in values of Vo:=6.16, Noo=1.19, No3=1.18 (in units 
of 10'* color centers per cm*); the K; were unchanged 


Fic. 8. Growth of the three most prominent reactor-induced 
nds, as a function of irradiation time, determined from spectra 


resolved into Gaussian-shaped absorption bands. The narrow 
straight lines were extrapolated from data points (not shown) 
etween 20 and 80 hr, which is linear to within experimental error, 
g., see Fig. 10. The heavy lines are theoretical curves computed 
m Eq. (2.3) using Ci; and C;; obtained from this plot, and C2 
mm Fig. 9. These constants are tabulated in Table II(b). 


but plots similar to Figs. 7 and 9 did not result in 
satisfactory straight lines. This third type of analysis 
was attempted since there is a possibility, supported by 
annealing studies now underway, that a large fraction 
of the ab orption of the unirradiated cTy stal is due to 
the presence of the 6.03-ev band, and possibly in addi 
tion, the 5.35- and 4.85-ev band 

obtained by the three 
that the 


qu tlitative be havior is obtained using all three me thods 


Comparison of the parametet 


: 7 wise. te : 
different methods of analysis indicate ame 


but that different values of the constants in Eq. (2.2) 
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10 15 
TIME (HOURS) 

Fic. 9. Demonstration that each of the data curves in Fig. 8 can 
be represented by the sum of a saturating exponential plus a 
linear term. The constants C2; in Table II(b) were obtained from 
solid lines. All of the experimental errors accumulated in this 
figure. 


are obtained. The values obtained by resolving the 
spectra into component Gaussian-shaped bands should 
be the most reliable. 

The rate of formation of defects by the reactor 
radiation is given by the constants A; in Eq. (1). The 
magnitude of K,; should be proportional to the fast 
neutron flux assuming that the fast neutron distribution 


lope of the linear 
2040 A) is propor- 
that there is an indication 
linear behavior near 
combination is 
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tration that the A,, ic , the 
curve, of the 6.02-ev band 
11 flux. Note also 
that the growth curve deviate 
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is always the same. To test the dependence of A; on 
flux, Al,O; crystals were irradiated in two different 
irradiation facilities in which the flux was different but 
the temperature was roughly the same. A comparison 
of the growth curves obtained under these conditions is 
shown in Fig. 10. Obviously, the data are in agreement 
with this hypothesis, but the slopes do not differ 
sufficiently to provide a really good test. 


COMPARISON WITH RADIATION 
DAMAGE THEORY 


From the data given in Table IT, the concentration of 
various centers could be calculated from Smakula’s 
formula if the oscillator strength fy were known. Since 
it is not known, the computed concentrations will leave 
it unspecified. A value near one is not unreasonable, but 
much smaller values cannot be ruled out. In making 
these computations all the absorption bands were 
assumed to be Gaussian, the indexes of refraction were 
either those reported or taken from Sellmeier’s equation, 
and the crystals were all approximately 0.5 mm thick. 

The pertinent results are summarized in Table ITI. 
Currently, there are two theoretical treatments con- 
cerned with the calculation of the number of atoms 
displaced from their normal lattice positions by ener- 
getic particles, e.g., fast neutrons. One is by Kinchin 
and Pease’; the other by Seitz and Koehler.* These do 
not differ much in principle; a detailed comparison of 
the two is given by Dienes and Vineyard.* The Kinchin 
and Pease treatment is easier to handle computationally 
and has been used to compute Table IV. The number of 
displacements predicted by theory depends very 
strongly on the threshold displacement energy Fz, 
which is the minimum energy which must be transferred 
to the lattice atom to eject it from its normal position. 
Also, the number of displacements depends on the 
energy of the incident neutron; for neutrons above 
1 Mev the number of displacements is relatively in 
dependent of neutron energy, while for neutrons some- 
what below 1 Mev the displacements are proportional 
to neutron energy. Thus, if the fast-neutron flux is 
predominantly above 1 Mev, knowledge of the flux 
distribution is not essential, while if a large fraction of 
the fast neutrons is below 1 Mev, knowledge of the flux 
distribution is absolutely necessary. In Table IV both 
values obtained for the fast flux have been used. It is 
reasonable that these span the range of the fast flux. 
Also, it is assumed that the same value of £4 applies to 
both the Al and O atoms. It is unlikely that this is the 
since the oxygen atoms are large and are on a 
close-packed hexagonal lattice in which they occupy 
every other layer. The aluminum atoms occupy two 


Case, 


7G. H. Kinchin and R. S. Pease, Reports on Progress in Physics 
The Physical Society, London, 1955), Vol. 18, p. 1. j 

5 F. Seitz and J. S. Koehler, Solid-State Physics, edited by F. 
Seitz and D. Turnbull (Academic Press, New York, 1956), Vol. 2. 

§G. J. Dienes and G. H. Vineyard, Radiation F ffects in Solids 
Interscience Publishers, Inc., New York, 1957). 
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TABLE IV. Displacements formed in Al,O; by 1-Mev 
neutrons—according to Kinchin and Pease. 


Atoms displaced (10'*/cm! sec) 
Fast flux=0.3X10! nv Fast fluX=1.510" no 
Cd ratio=2 Cd ratio= 10 
Al oO 


Threshold 
energy (ev) 
25 : 3 
50 1 
100 
200 


out of every three sites on layers between the O layers 
and are considerably smaller. Perhaps it is easier for the 
Al atoms to be ejected, but it would also be easier for 
them to diffuse back to their normal lattice positions. 
It appears that the vacant Al sites would be the natural 
place for ejected atoms to come to rest. 

The minimum energy required to produce the 6.02-ev 
band by electron bombardment has been determined 
by Arnold and Compton." Since it is not known if this 
band is due to a defect formed by the ejection of an Al 
or O atom, they give /4=50 ev for Al or Fg=100 ev 
for O. They also find that roughly ten times more defects 
are formed by electron bombardments at 77°K than at 
room temperature. From this observation, it would 
appear that the number of defects formed, as they 
suggest, would be roughly this factor greater than the 
measured number of defects, especially since reactor 
bombardments were carried out near 70°C. Obviously, 
the combination of such a large amount of annealing 
and an oscillator strength near 0.5 would bring the 
measured defect concentration i 
calculated values. 

There is another possibility 
The optical transmission of Al,O; extends to approxi- 
mately 9 ev, which is well beyond the range of our 
spectrophotometer. If the defects responsible for the 
observed bands are multiple, e.g., divacancies, another 
band attributed to a single Al or O vacancy could exist 
and not have been detected. The concentration of 
multiple defects would be considerably below that of 
single vacancies, thus again causing the measured 
number of defects calculated in Table III to be low. 

A direct determination of the total number, iLe., 
vacancies plus interstitials, of the defects formed by 
reactor irradiation of AlsO; has been made by Antal 
and Goland." This was done by measuring the long- 
wavelength neutron transmission of an Al,O, crystal 
before and after a 240-day reactor bombardment. The 
number of defects they obtained was approximately 40 
times Jess than that predicted by Kinchin and Pease. 
Obviously, if a large amount of annealing occurs 
immediately after the radiation-damage event, involv- 
ing defects from the same recoil, this would account for 


n agreement with the 


wh 


Wil 


ich must be considered. 


Letters 4, 66 


G. W. Arnold and W. D. Compton, Phys. Rev 
1960). 
"J. J. Antal and A. N. Goland, Phys. Rev 


112, 103 (1958). 
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a part of the discrepancy. However, if vacancy-inter- 
stitial recombination occurs via diffusion from one 
damage event to another, a process discussed elsewhere, ® 
the total concentration of defects would tend to be 
increasingly different from the expected linear growth. 
There is an indication in Fig. 8 that this may occur for 
irradiations of approximately 100 hr as shown by the 
“bending over” of the growth curves. 


CONCLUSION 


Two, three, or even four absorption bands are found 
in single-crystal Al,»O; before irradiation, two or three 
are formed by gamma-ray irradiation, and five or six 
by exposure to the fast-neutron and ionizing radiation 
in a reactor. Curves of color-center concentration vs 
irradiation time for the most prominent reactor-induced 
bands can be accurately represented by the addition 
of a saturating exponential and a linear increase. This 
behavior is in accord with a simple theory describing 
the coloring of a defect which is present in the crystal 
prior to irradiation and is also produced by a radiation- 
damage process. In paper I (see footnote to title) < 
different mechanism, based on annealing of centers 
during irradiation was proposed which also leads to a 
linear plus exponential growth curve. However, the 
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mechanism described in detail here and which was 
described briefly in I, is more likely to be correct. Also, 
these coloring curves, at a particular wavelength, could 
arise from the superposition of two, or more, absorption 
bands. One band might be formed by the coloring of 
defects originally present and the other band by the 
coloring of defects produced during the irradiation. 
Assuming that the linear increase is due to the coloring 
of only one defect, the formation rate can be determined 
with good accuracy. This rate could be in agreement 
with theoretical estimates of the rate of formation of 
defects if all the following are true: (1) The optical 
oscillator strengths are 0.5 or less; (2) the minimum 
energy required to eject an Al or O atom from its normal 
lattice position is 50 or 100 ev; (3) roughly nine-tenths 
of the defects produced at room temperature anneal out 
immediately; and (4) the fast-neutron flux lies some- 
where between the measured extremes. It is possible, 
however, that the rate of formation of defects is cor- 
rectly estimated by the theories of Kinchin and Pease, 
and Seitz and Koehler, but that recombination of 
defects, perhaps from separate radiation damage events, 
occurs to the extent that at a reactor exposure of only 
5>10'7 not, the number of defects accumulated is less 
than that expected. 
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Pressure Dependence of the Elastic Shear Constants of Li 
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The elastic shear constants C=C, and C’=4(Ci:—C12) of lithium have been measured as a function of 
pressure at room temperature. The measured values of dInC/d Inr and d InC’/d Inr are —4.1 and —2.8, 
respectively. This inequality of the two pressure variations is contrary to the situation found in sodium, 
where the two coefficients were equal. Theoretically, the two coefficients are expected to be the same, if 
only the electrostatic interaction between the electrons and the ions is responsible for the elastic stiffness of 
metal. The different behavior in lithium can be understood in terms of the extra contribution to the shear 
constants arising due to the change in the Fermi energy of the electrons on shearing. 


INTRODUCTION shearing of the crystal raises the energy at some points 
in k space while depresses at the others resulting in a 
net decrease of the Fermi energy which gives rise to 
the negative contribution in the shear constants 
C=C and C’=3(Ciu—Ci2). Thus by the addition of 
the Fermi energy effect to the electrostatic contribution, 
it is possible to account for the observed magnitudes 
of both C and C’. 

The pressure dependence of the shear constants can 
further be used to investigate into the nature of the 
various effects constituting them. In sodium, Daniels 
observed that the pressure coefficients of C and C’ are 
equal, which would be expected only if the electrostatic 
interaction is considered responsible for the elastic 
stiffness of the metal. The presence of any other 
contribution to C and C’ would most likely lead to the 
inequality in their pressure coefficients. The present 
measurements of the shear constants of lithium as a 
function of pressure were undertaken to make a further 
investigation of the possibility of the Fermi energy 
effect. 


N monovalent metals, there are generally two 

important contributions to the elastic stiffness of 
the crystal. First is the long-range electrostatic stiffness 
which arises due to the change in the electrostatic 
energy of the positive ions immersed in a negative sea 
of electrons. The other contribution comes from the 
change in the short-range repulsive interaction of the 
ion cores. For alkali metals, Fuchs! has shown theoretic- 
ally that the electrostatic stiffness is the dominant one 
and the short-range contribution is extremely small in 
comparison. Recent measurements of the pressure 
dependence of the elastic constants of sodium by 
Daniels? appear to rule out the possibility of any 
short-range contribution. Since the ratio of the ionic 
radius to the nearest neighbor distance is even less for 
lithium than for sodium, we expect a negligible con- 
tribution due to the short-range interaction in lithium 
also. However, the measurements by Nash and Smith? 
indicate that in addition to the dominant contribution 
due to the Coulomb interaction there is another small 
contribution, but again the results cannot be satis- EXPERIMENTAL PROCEDURE 
factorily accounted for in terms of the short-range Single-crystal specimens of lithium suitable for 
interaction. acoustic measurements were prepared in this laboratory 

A third possible source of the. shear stiffness can be : 
the change in the Fermi energy of the electrons in a 8.4 
metal on shearing. For a spherical Fermi surface lying 
wholly inside the Brillouin zone, the shearing of the 
lattice does not change the Fermi energy and the 





contribution to the shear constants due to this cause 
is zero. However, a Fermi surface which has been 
distorted due to its closeness to the Brillouin zone planes 
can lead to a finite contribution to the elastic stiffness 
of a metal. In lithium, Cohen and Heine* have recently 
discussed the experimental evidence which indicates 
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that the Fermi surface in lithium bulges out towards 
the Brillouin zone planes in the [110 | directions. The 
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* Now at IBM Research Laboratory, Zurich, Switzerland 
'K. Fuchs, Proc. Roy. Soc. (London) A153, 622 (1936): A157, 800 02 04 06 08 10 12 
444 (1936 
?W. B. Daniels, Phys 119, 1246 (1960 
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by J. ‘Trivisonno using the techniques described 
previously.*> The acoustic faces of the samples were 
the (110) crystallographic planes and were parallel to 
about 0.001 cm in a one-cm long sample. 

For acoustic measurements a }-in. diam X- or Y-cut 
quartz transducer was attached to one of the surfaces 
using paraffin wax which does not react with lithium. 
The wax was outgassed before use by melting it under 
vacuum. This procedure gave an airfree seal between 
the transducer and the lithium sample. 

In order to determine the elastic constants, the 
propagation velocities of the two shear and one longi- 
tudinal waves were measured using the conventional 
method of sending a 10-Mc/sec pulse of 1 usec duration 
and measuring the time between the arrival of successive 
echoes. The high-pressure system and the method of 
measuring the elastic constants as a function of pressure 
have already been described by Daniels and Smith.* 
The fluid used for transmitting pressure in the high- 
pressure system was a mixture of isopentane and 
mineral oil in equal proportions. The common method 
to determine the change in the elastic constants with 
pressure is to note the shift of a particular echo relative 


TABLE I. Values of the shear constants of lithium and their 
pressure derivatives. Shear constants denoted by X are expressed 
in units of 10" d cm? and (1/X)dX/dP in units of 10-" cm? d™. 


, 


( 


X (300°K) 

X (OPK) 
(1/X)dX/dP (300°K) 
d InX /d Inr (300°K) 


0.102 
0.121 


to a nearby time marker on the cathode ray oscilloscope 
as the pressure is cycled up and down. The range of 
pressure used in the present experiment was from 0 to 
2000 atm. The data were taken at an interval of about 
200 atm. A typical data plot of the difference between 
the arrival time of a pulse echo and a nearby time 
marker is shown as a function of pressure in Fig. 1. 
Both plots for C and C’ show some nonlinear effects in 
the high-pressure region. In order to determine the 
initial slope of the transit time vs pressure plot, a 
least-squares analysis of the entire data was made. 


RESULTS 


The values of the shear constants of lithium expressed 
as C=Cy and C’=3(Ci,;—Cw) are given in Table I for 
0°K and room temperature. The values at 0°K are 
obtained by extrapolation of the shear constants data*® 
at intermediate temperatures. The shear constants 
data reported for 300°K were obtained by attaching 
the transducer directly on one of the faces of the 

5 J. Trivisonno and C. S. Smith, Acta Met. (to be published 

®W. B. Daniels and C. S. Smith, Phys. Rev. 111, 713 (1958 
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TABLE II. Analysis of the pressure derivative data for two 
samples of lithium. Both (1/i)dt/dP and (1/X)dX/dP are 


expressed in units of 107" cm? d= 


1 dt 1 dX 
t dP 


Sample 


X dP 


Li A — 0.47 1.16 


0.44 
—().44 


0.44 

0.46 

0.45 
—0 


—Q 


sample and agreed to within 0.59% with the measure- 
ments’ made on the same samples using a_ buffer 
quartz between the transducer and the sample. 

The behavior of the shear constants at high pressures 
has been expressed in terms of the fractional rate of 
change of the shear constants with pressure which has 
been calculated from the pressure derivative of the 
transit time using the expression: 


Ld 
: (1) 
CdP 3B, 


The results of the least-squares analysis of the transit 
time versus pressure data are given in Table II for two 
samples for several pressure runs made on each sample. 
For the simplicity of discussion, the pressure derivatives 
of the two shear constants C, C’ have been expressed 
in terms of the dimensionless quantity 7, defined by 
m= (d InX/d Inr) 


—(3By 


X)(dX/dP), (2) 


where X stands for either of the shear constants 
C and C’. 

The pressure derivatives of the two shear constants 
and hence the quantities 7, ’ were found reproducible 
to within 3%. Room temperature for all the measure- 


ments was (300+2)°K. 


INTERPRETATION 


According to the theoretical calculations by Fuchs,! 
the dominant contribution to the shear constants for 
lithium arises due to the change in the electrostatic 
energy of the positive ions immersed in a negative sea 
of electrons. The two shear constants for the electro- 
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static interaction alone are given by 


Ce=0.74226e"/a', 
Cp’ =0.09978%e? /at, 
where a is the lattice constant and (6e) is the effective 
charge density at the boundary of the atomic poly- 
hedron. If the electronic charge is distributed uniformly 
around the positive ions in the atomic polyhedron, then 
§ is unity. For lithium, however, theoretical estimates 
by Brooks’ indicate 6>1. 

When a metal is subjected to higher pressures, both 
Cy and Cy’ are changed because of the change in a as 
well as in 6. An increase in 6 on increasing pressure has 
clearly been demonstrated by the measurements of the 
shear constants* of sodium at high pressures and is in 
qualitative agreement with the theoretical estimates. 

As regards the short-range interactions, we can 
assume them to be unimportant for the following 
reasons. If w(r) is the interaction energy per ion pair, 
ro the nearest neighbor distance, and ra the next neigh- 
bor distance, then the analvtic expressions for the shear 
constants are: 


It is seen from these expressions that the significant 
contribution to C,, can arise from the nearest-neighbor 
interactions only since | (4/9)r?w"’|r=ro>>| rw’ |r =ra while 
in the expression for C,,’ the effect due to the nearest- 
neighbor interaction is almost completely cancelled 
out by that due to the next-neighbor interactions 
because of | (4/3)rw’|r=ro~ | $r°w"’’|r=rg. Therefore the 
short-range contribution to C can be positive and finite 
while to C’ it will almost be zero. Since in lithium the 
ions are small and are well separated from each other, 
we will assume that C,, is also quite small in comparison 
with Cg. The pressure dependence of the shear con- 
stants of sodium is already a strong support for this 
assumption. 

Therefore, in addition to the electrostatic interaction, 
the only other effect need to be considered is the 
Fermi energy effect which arises due to the deviations 
from a spherical Fermi surface. Cohen and Heine* have 
shown that the Fermi surface of the electrons in lithium 
bulges out towards the (110) Brillouin zone planes. 
Several anomalous properties of lithium can be ex- 
plained in terms of this distortion of the Fermi surface 
from sphericity. When a shearing strain is applied to 
such a crystal, the energy is raised at some of the 


7H. Brooks, (private communication). M. Blume, Ph.D. 
thesis, Harvard University, Cambridge, Massachusetts, 1959 
(unpublished). 
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symmetry points within the Brillouin zone while 
depressed at the others. The shearing of the crystal, 
therefore, results in a rearrangement of the electrons 
in k space and in a depression of the net Fermi energy 
which gives a negative contribution to the shear 
constants of the crystal. This contribution to the shear 
constants can be calculated approximately by using 
Jones’ method of calculating similar constants for 
8-brass with necessary modifications required to take 
into account the fact that the Fermi surface in lithium 
lies entirely within the first Brillouin zone. Following 
Jones,® we treat the distortion of the Fermi surface by 
one pair of Brillouin zone planes. We may represent 
the energy function for this case by 


e=alh?—h2+ p.2F(s))). (5 


Here p,=V27/a is the perpendicular distance from the 
center of the zone to the (110) faces. a is the ratio of 
the free electron mass to the average effective mass 
and F(z) is a nondimensional function of s=k, 
For simplicity of calculations, the z axis has been taken 
along the [110] direction. The function F(z) is so 
chosen that near the center of the Brillouin zone 
F(z) — 2 which corresponds to the spherical constant 
energy surfaces, while at the (110) planes of the 
Brillouin zone F’(1)=0. 

Since the Fermi surface entirely the 
Brillouin zone, we can denote the maximum value of 
the Fermi momentum in the z direction by ky so that 
sy=h;/p,S1. z7=1 will correspond to the situation 
when the Fermi surface actually makes contact with 
the (110) planes in the & space. Since for a spherical 
Fermi surface z;= 0.878, we would expect 0.878<2;<1 


for an arbitrarily chosen distorted Fermi surface. For 


lies inside 


a given distortion, it can easily be shown that the total 
number of electrons V and the Fermi energy W both 
taken per unit volume are given by 


InN /p.2=2/F (2 


and 


4n2W/ p,5=2/F 


=f FG dz and U; F?(z)dz 


Under a pure shear the value of p, is changed while 
the atomic remains Thus we 
calculate the change in W on shearing keeping the 
total number of electrons/unit volume 
Therefore, for pure shear d.\V=0 
Eq. (6) gives 


where 


volume constant. can 
constant. 


and in that case 


dz f 


apn N=const Pp, oF 
®H. Jones, Phil. Mag. 43, 105 (1952 


6r.V 
F' (z; 





PRESSURE DEPENDENCE OF E! 

According to Jones’ model® the total change in the 
Fermi energy resulting from a shear is obtained by 
adding the individual contributions from all the six 
pair of (110) Brillouin zone planes. He has shown that 
the shear constants Cy and C,;’ may, then, be written 
in terms of the first and 
function W defined above 
body-centered cubic lattice, 


second derivatives of the 
with respect to p,. For a 
they are given by 

Cr= Cul =3p,.W"+3p,.W", 

C,' »(Cy,—Cy2)4 tpl "4(7 4) pW". 


Substituting for W’ and W” from Eq. (7) and using 
Eq. (8) in these expressions leads to the following 
expressions for Cy; and C;’: 


dul 1 
-t * 


where A= p,°/ 22° ry/ An® and v= 27°.NV/ p,’. 

For lithium N=4.75X10°/cc and the lattice con- 
stant at T=O0°K is a=3.4795 A.’ This gives v=0.4501 
and A= 10.4710" dynes/cm*. The values of Uy) and 
l’, can be determined if the form of the function F(z) 
is known. Jones assumed a form 


F(z)=2?—d2*, 


where A<1. Using this form of F(z), one can easily 
evaluate the expressions for .V and W from Eqs. (6) 
and (7) in terms of the distortion parameters z, and X. 
By using the number of electrons/unit volume as 
known, A can be calculated numerically as a function 
of zy. The final figures for C; and C,’ can then be 





-2) 
o 9° 
nN Nn 
°o fe 


10" dynes cm 


“ 
° 
a 


Cs and Cy’ 











.—_—- 
f 
Fic. 2. Fermi energy contributions Cy and Cy’ plotted as a 
function of the Fermi surface distortion parameter Z;=h;/ pn 
Both Cy and Cy’ are negative and are in units of 10" d em? 


*W. B. Pearson, Can. J. Phys. 32, 708 (1954). 
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tSTte SHEAR CONSTANTS Of 


TABLE III. Magnitude of the various effects constituting the 
shear constants of lithium. (Shear constants are expressed in 
units of 10" d cm.) 


Electrostatic effects 
Shear constants Cz=1.33; 


Pressure coefficients 7 


E>=TE 4 7 
Fermi energy effect 

Shear constants Cy= 

Pressure coefficients 


0.18; 


’ 
ri(=Ttyi = 


0.058 
& ‘ 


obtained as a function of z; alone. The results of these 
calculations are shown in Fig. 2 where C; and Cy’ are 
plotted as a function of the single distortion parameter 
zy using an average effective mass m=1.38m, for the 
electrons. It is easily seen from the graph that above 
zy=0.90 both Cy; and C,/’ can be approximated by the 
linear relations: 


0.872) 10"! d cm 


(11) 
—(0.872) 10" d cm” 


The variation and C,’ with volume is, then, 


given by 


7 7 


-5+d In 0.872)/d Inr. (12) 

Therefore, if we consider that only the electrostatic 
interaction and the Fermi energy effect are responsible 
for the shear constants of lithium and also assume that 
m and x’ are independent of temperature, we can write 


ae 


/ 


7 - 
eas= (wWECE aly )/(C ) meas. 


Substituting for Cr, Ce’, Cy, C;’ from Eqs. (3) and 
(11), using the values of Cineas and (C’) meas extrapolated 
to OPK and tiers and (7’)meas at room temperature 
from Table I, the four Eqs. (13) are sufficient to 
determine the four unknown quantities &, 2;, mz, and my. 
The solution of the first two of the Eqs. 
6=1.07 and z;- 
Table IIT. 

Brooks and Blume’ have calculated the magnitude 
of the various effects constituting the shear constants 
in lithium on slightly different theoretical basis and 
have obtained Cy=1.34, Cr’=0.18, Cr>=—0.16 and 
CF 0.037 in units of 10" d cm”. The sign and the 
general magnitude of these theoretical results are in 
good agreement with the values given in Table III. 

A value of r= —4.7 gives d Iné/d Inr=—0.35 which 
indicates that the charge density at the 
boundary of the atomic polyhedron in lithium increases 
with decreasing volume. Such variation has already 
been observed in sodium though on a rather large 
scale. The value z;=0.92 means that the Fermi surface 


(13) gives 
0.92. The final results are given in 


electronic 
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bulges out about one third the distance between the 
free-electron sphere (z;=0.878) and the Brillouin zone 
planes (2;= 1.0). Also using r;= —8.7 in Eq. (12) leads 
to zy~r-°*, which suggests an increase in the distortion 
of the Fermi surface on decreasing volume. Both these 
results for the distortion of the Fermi surface are in 
agreement with the theoretical predictions by Ham." 
Furthermore, z;=0.92 corresponds to a A=0.194 
which, when used in Eq. (5), gives 0.064 ry for the 
depression of the energy at the (110) planes from the 
free-electron value. On Cohen and Heine’s model,* 


this gives an energy gap of 0.128 ry across the (110) 
planes which can be compared favorably with the 
theoretical estimates” ranging from 0.153 to 0.228 ry. 

In conclusion, the shear constants of lithium and 
their pressure coefficients can be explained in terms of 
the electrostatic interaction and the change in the 
Fermi energy on shearing, provided a proper dependence 


1 F. S. Ham, Proceedings of the International Conference on 
Fermi Surface, Cooperstown, 1960 (unpublished). 
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of the Fermi surface distortion and the electron charge 
density on volume is taken into consideration. It must 
be pointed here that although the model, which has 
been used in the analysis of the present experimental 
data, the variation of the 
quantities with volume in the direction predicted by 
theory, their exact numerical magnitudes are to be 
accepted with some reservations because of the nature 
of the assumptions involved in the calculation of the 
Fermi energy effect. 


gives above-mentioned 
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Magnetic Anomaly in FeTiO;-eFe,.O; System by Mossbauer Effect 


S. L. Rusy 
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The solid solutions (1—x)FeTiO;-xFe.0; exhibit strong ferrimagnetic moments for the compositions 


x<0.6, where the Fe and Ti ions are ordered in the alternate (111 


layers. The anomaly revealed by the 


Méssbauer measurements is that the ferrimagnetic phase consists of ferrimagnetic clusters surrounded by 
paramagnetic media. The size of these clusters decreases with increasing temperature or increasing local 
concentration of Ti. The isomer shift of FeTiO; is 1.2 mm/sec at room temperature as expected for Fe?*, 
although the quadrupole splitting of 0.62 mm/sec is smaller than that observed in other ferrous environments 


XTENSIVE investigation has previously been 

carried out on the FeTiO;-aFe.0; system by mag- 
netic’ * and neutron-diffractiont measurements. It was 
shown that the ordering of Fe and Ti, in compositions 
on the FeTiO; side, results in strong ferrimagnetic 
moments though both the end members are antiferro- 
magnetic. These solid solutions were reexamined by 
Mossbauer effect® in Fe®’, which gives new informa- 
tion concerning the magnetic as well as chemical 
environment. 

Both ilmenite, FeTiO;, and hematite, aFe,03, have 
the rhombohedral structure. aFe.03 can be visualized 
as consisting of layers of Fe ions in the (111) planes 
with oxygen layers between them. The structure of 
FeTiOs; can be derived from that of aFe2O; by replacing 
every other layer of Fe ions by a layer of Ti ions. The 
neutron diffraction studies®* have shown that, in both 
compounds, Fe spins are parallel within a given (111) 
plane and antiparallel between adjacent planes. 

The Néel temperature of the solid solution system, 

1—«x)FeTiO;-xFe,O;, increases almost linearly from 

68°K for FeTiO; to 950°K for Fe,O3. The large magnetic 
moments observed in compositions with x$0.6 depend 
strongly on the heat treatment, especially near the 
composition x=0.5. The powder samples used in this 
present study are the same samples previously ex- 
amined by neutron diffraction.‘ 

The Méssbauer absorption of Fe®’ in FeTiO; at room 
temperature is shown in Fig. 1. The data are obtained 
by using multichannel analyzer coupled with the in- 
stantaneous velocity measurement of the stainless steel 


source.’ The center shift 6 and a quadrupole splitting 


1'T, Nagota, S. Akimoto, and S. Uyeda, J. Geomag. Geoelec. 
Kyoto) 5, 168 (1953); T. Nagata and S. Akimoto, Geofis. pura ¢ 
appl. 34, 36 (1950). 
?Y. Ishikawa and S. Akimoto, J 
1957 
M. Bozorth, D. E 
, 157 (1957). 
Shirane, S. J. Pickart, R 
Chem. Solids 10, 35 (1959 
L.. Mossbauer, Z. Physik 151, 124 
®(C. G. Shull, W. A. Strauser, and E 
$3, 333 (1951). 
7S. L. Ruby and D. E. Bolef, Phys. Rev. Letters 5, 5 (1960). 


Phys. Soc. Japan 12, 834, 
Walsh, and A. J. Williams, Phys. Rev 
Nathans, and Y. Ishikawa, J 


(1958 
©. Wollan, Phys. Rev 


2e as defined in Fig. 1 are 


6=1.20+0.05, ¢=0.31+0.05 (mm/sec). 


Measurement at 80°K gives 6=1.30 and e«=0.50. 
Walker, Wertheim, and Jaccarino® have recently uti- 
lized ion wave-function calculations by Watson’ to 
calibrate the isomer shift, which constitutes the main 
part of the observed center shift. According to their 
interpretation, the observed center shift indicates that 
the electronic configuration of the iron in FeTiO; is 
3d°45°1, in agreement with the cruder chemical descrip- 
tion of ‘‘ferrous.”’ 

In addition to the major peaks, two small satellites 
appear around 0.6 and 1.9 mm/sec. Though these are 
barely outside of the counting statistics, they were also 
observed in two other independent runs at approxi- 
mately the same positions. They give 6’=1.25 and 
e’=0.65 mm ‘sec. These peaks might come from Fe** 





Méssbouer Absorption 














Velocity 


ric t. 


stainless steel and t 


Mossbauer absorption of FeTiO The source is 321 
he areal density of the sample is 35 mg/cm?*. 
[ towards absorber. 
Mossbauer absorption (in 
y rays is subtracted. 


Positive velocity indicates a motion of source: 
The ordinate additional 


percent) after the background due to 120-kev 


represents 


®L. R. Walker, G Phys 
Letters 6, 98 (1961). 

9R. Kk. Watson, Solid-State and Molecular Theory Group, 
lechnical Report No. 12, Massachusetts Institute of Technology, 
June 15, 1959 (unpublished). 
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Méssbauer Absorption 
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Fic. 2. 


correspon 


rFe.O The 
nd 670°K for 


Mossbauer absorption 
ing Néel temperatures . 
+=0.33, 0.50, and 0.70, respecti 


ions which may exist in 
nonstoichiometry 
cal analysis 


the sample because of slight 
~ 1.5% of Fest ); according to chem1- 
or in the form of Fe**Ti**O;. A more 
probable origin is Fe** in the Ti layers since the neutron 
diffraction measurements showed that approximately 
59, of Fe*?* are located in the Ti layers. The latter 
assumption is supported by the fact that the center 

ift is like that of Fe®* and not that of Fe** (usually 
~0.5 mm/sec.). The difference in quadrupole splitting 


of the two kinds of Fe** 


, namely those in the Fe layers 
and those on the Ti layer, can be readily explai 
different chemical environments in these tw 

room temperature, 


Mossbauer spectra were taken, at 
0.33, 0.50, 0.70, and 1.00 


0.12, 
The results on Fe.O; agree well with the work of Kistner 
ind Sunyar.” Figure 2 shows spectra for x=0.50 and 
0.70. The Néel temperatures are 500° and 670°K, re- 
spectively, and hyperfine “6 finger” patterns are ex- 
pected. This is observed, but 1 
interpreta 


on compositions 0). 


hey are noticeably blurred. 
Unique tions of the 


tions are at best 


spectra from solid solu- 
quite difficult because they are a super- 
position of ( ontributions from at least two, and possibly 
four, Fe ions; namely, Fe®* an * on Fe or Ti layers. 


O. C. Kistner and A. W. Sur hy Rey 
1960 ; . 


Letters 4, 412 


AND G. 


SHIRANE 


The observed absorption patterns are consistent with a 
model in which the center and quadrupole shifts of 
Fe?*+ and Fe** found in the end members are retained 
approximately even in solid solutions and in which all 
iron atoms in a given sample see approximately the 
same internal field. 

Surprising results are obtained, however, for x=0.33, 
in which the magnetic measurements indicated a Néel 
temperature of 370°K. The spectrum in Fig. 2 indicates 
that a fairly large fraction (about }) of the iron atoms 
remain paramagnetic even at 70°K below the Néel 
temperature. This fraction decreases at 80°K. This is 
in contradiction with the usual concept of a unique 
Néel temperature. 

At x=0.12, an anomaly had been noted before in 
that, despite an observed magnetic moment per mole- 
cule of one Bohr magneton, neutron diffraction had 
been unable to detect any long-range order below the 
Néel point of 170°K. This suggested small ferrimagneti 
clusters which are not sufficient in extent to produce 
coherent diffraction peaks. A Mossbauer spectrum at 
80°K, however, shows a pattern typical of paramagneti 
absorption, indicating that only a minority of the iron 
atoms are involved in these clusters. It must be empha 


sized that the Méssbauer pattern is contributed by all 


} 


of the Fe atoms in the sample while the neutron dif- 
fraction is seeing only the magnetically ordered Ft 
atoms. 

These results shed new light on netic struc- 
ture of the entire ferrimagnetic region. It appears that 
some kind of ferrimagnetic clusters, surrounded by para- 
magnetic media, must be assumed not only for + =0.12 
but also for x=0.33. In the latter, it is 
that the observed may 
come from highly disordered magnetic sublatti The 


best hypothesis at the however, that 


not impossible 


paramagnetic 


moment is, 
clusters are created by incomplete chemical order « 
that their size decreases with increasing temperature 
Under these 
temperature is no 


aE 
tested in the 


increasing local concentration of Ti 
cumstances, the Néel 
defined.'' These ideas will be 


longer well 
near future 
by Méssbauer and neutron diffraction measurements, 
both with low temperatures ind wit! 


fields. 


applied magneti 
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Specular Reflection in the Diffraction of Slow Electrons near Normal Incidence 


J. P. Hopson anp I. H. Kuan 
Radio and Electrical Engineering Division, National Research Council, Ottawa, Canada 
(Received April 14, 1961) 


During experiments on the diffraction of slow electrons (0-180 ev) at normal incidence, a diffracted beam 


was observed corresponding to the direction of specular reflection; i.e., 


straight back along the incident 


direction. This beam had properties indicating that it should not be considered as a limiting case of beams 
diffracted at other colatitude angles. Maxima in reflected intensity of this beam were observed at 4, 16, and 


31 ev incident energy. The target used was a single crystal of tungsten with the 


high-vacuum techniques were employed. 


N electron diffraction apparatus, similar in general 

design to that recently described by Scheibner 
el al.' has been constructed. A schematic diagram of the 
main diffraction chamber of the apparatus is shown in 
Fig. 1. Electrons from a low-voltage gun, with a coiled 
tungsten filament 1 mm in diameter, entered the cham- 
ber through the collimator a, and were finally focussed 
on the target c by the lens formed by the collimator and 
coaxial cylinder b. The target was a single crystal of 
tungsten with the (110) face exposed. It was about 4 
mm in diameter and was electropolished until no 
deviations from an ideal surface were observable by 
standard electron diffraction and microscopic techni- 
ques. The reflected beam could be made visible on the 
fluorescent screen of willemite by application of 1000 v 
between this screen and the pair of nesting grids d. 
Electrode e was constructed with fins to give a low- 
reflection coefficient for electrons. The construction of 
the apparatus permitted visual observations to be made 
down to a colatitude angle of 2.5°. Helmholtz coils were 
used to cancel the earth’s field. The apparatus was 
enclosed in a Pyrex envelope and was evacuated by 
ultrahigh-vacuum techniques to a total residual pressure 
less than 5X10~" mm Hg. 

Diffraction patterns similar to those reported by 
Scheibner et al.! were observed but in addition, because 
of slight misalignment of the target, a spot corres- 
ponding to the center of the diffraction pattern was 
observed on the screen. This spot evidently arose from 
direct specular reflection of electrons from the crystal. 


PAIR OF CRYSTAL ELECTRODE 
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Fic. 1, Schematic diagram of apparatus 


'E. J. Scheibner, L. H. Germer, and C. D. Hartman, Rev. Scie 
Instr. 31, 112 (1960), 


110) face « xposed. Ultra 


It was visible almost in the center of the optical pattern 
on the screen caused by reflection at the target of light 
from the gun filament. The spot was not photoelectric 
in origin since its presence depended upon the electron 
beam rather than the light beam. An interesting feature 
of this central spot Was that it remained visible below 
incident energies of about 20 ev, when the main surface 
diffraction pattern had disappeared from the screen at 
right angles to the target surface. The central spot and 
the main diffraction pattern persisted for many days 
after the target had been outgassed at 2100°K for 2 hr. 
It appears likely that the target had at least a monolayer 
of gas on it by this time. In this condition maxima in 
the central spot as a function of incident energies less 
than 50 ev were observed by measuring the current on 
electrode 6. Figure 2 shows the ratio of the current on 
electrode 6 (J,) to that entering the measuring chamber 
T.=J,+/7.4+-Ja4+T. for four settings of the chamber 
voltages. The flourescent screen was joined to d for 
these measurements. All voltages represent energies of 
the slowest electrons in the thermal energy spread from 
the gun, as established by retarding field plots. The 
estimated accuracy is +3 ev. The four curves are in- 
cluded to demonstrate that the positions of the main 
peaks at energies of about 4, 16, and 31 ev do not 
depend to first order upon focusing conditions in the 
measuring chamber which are a function of the chamber 
voltages. However, only qualitative significance may 


MARY ECTRON VE F N ELECTRON VOLTS 


to the total 
function of 


Fic. 2. The ratio ofthe current on electrode 6 (7; 
current entering the measuring chamber (/;) as a 
incident electron energy on the target. 
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be attributed to the relative amplitudes which are 
clearly dependent on focusing conditions. Extensive 
tests were performed to establish that only a minor 
portion of the incident beam missed the target and that 
the results shown are characteristic of the reflection 
from the target and have no other origin. 

In the great majority of slow-electron diffraction 
units operating at normal incidence, the specularly 
reflected beam cannot be observed because it is lost in 
the structure of the gun. However, Sproull,? using a 
magnetic deflection method, has studied this beam from 
the (112) and (100) faces of tungsten. Sproull’s analysis 
was within the framework of conventional diffraction 
theory and he viewed the specularly reflected beam as 
a special case (colatitude angle zero) in which the 
WoT 13, 516 


Sproull, Phys. Rev 1933). 
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volume interference condition was satisfied. In this case 
a specularly reflected spot splits into two spots which 
diverge along a principal azimuth as the incident energy 
is raised. There appears no doubt that Sproull’s observa- 
tions on the (112) face fit this interpretation. However, 
in our experiments, even though we could visually 
observe the central spot almost continuously for incident 
energies from 0 to 180 ev, we observed no tendency for 
this spot to split. We suggest therefore that there exist 
cases in which the specularly reflected beam should not 
be considered as a limiting case of beams diffracted at 
other colatitude angles. The theory of MacColl*® on the 
reflection of electrons by metallic crystals appears to be 
a good starting point for these cases. We have not yet 
attempted to apply this theory to the results of Fig. 2 


1. A. MacColl, Bell System Tech. J. 30, 888 (1951). 
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Cyclotron Resonance and de Haas-van Alphen Oscillations of an 
Interacting Electron Gas* 


WALTER KoHN 
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An electron gas with short-range interactions is considered in the presence of a uniform magneti: 
the cyclotron resonance frequency is independent of the interaction; 


1 
dimensional gas, the de Haas—van Alphen period is 


states are briefly discussed. 


It is shown that 


HERE 


mont 


has been considerable interest in recent 

effects of electron-electron 
the cyclotron resonance frequency and 
de Haas—van Aly 
As some of the theoretical treatments of these problems 
use very sophisticated methods,' and others are based 
ncorrect ¢ reasoning, here to 
present some simple considerations which we think 
s been a rather confusing 


s in the ; the 


tion 


interat on 


hen oscillations of a gas of electrons. 


on 1 jualitative we wish 


shed some light on what ha 
situation. 


In the present paper we restrict 


of a short 


ourselves to the case 
nge electron-electron interaction, deferring 
specific ef the long-range Coulomb force to a 
later account. 


We write the 
tic field 


ltonian of our system, in a uniform 
tion, a 


Hami 
ase 


oe In 


oe ri 
e€ 3 ares 
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field. 
2) for a two 
1, 


independent of the interaction. The low-lying excited 


and the interaction U is 


> u(rs—8;). 


i.) 


CYCLOTRON RESONANCE 
We verify directly that if we define the kinetic 
momentum of the whole system as 
P=): P., (4) 
then 
dP i - 
—= LH, J 
dt oh 


PX x, 
mC 
which is the Lorentz equation for the whole system in 
operator form. We now define 


P.=P,+iP,, 


and the cyclotron frequency, 


Then by (5) we find that 


(HPs 


} +hw P,. 





OSCILLATIONS OF AN 
Now let Wo be the true ground state of the system (or, 
for that matter, any other eigenstate), and operate on 
Vo with Eq. (8). Denoting the energy of Yo by £o, 
we obtain 
HP 4Wo— EoPyWVo= hw. P Vo. (9) 
Hence, if we call 
V,=P.%, (10) 
we see that VW; is an exact excited eigenstate of H with 
energy 
E\ = Eot hex. (11) 
Now if the system is placed in a homogeneous rotating 
microwave field,? we must add to H the perturbation 


, 
H' =— —6_P,e-it, 


10m 


(12) 


We see that the perturbation (12) connects the state 
Vo with, and only with, the state Wi, so that there 
results a sharp absorption at the frequency w=wa.. 

In summary: Cyclotron resonance is not affected by 
the interaction U’. 


THE DE HAAS-VAN ALPHEN EFFECT 


For simplicity we restrict ourselves here to a two- 
dimensional gas of fermions,’ confined to a rectangle, 
L,X Lz, in the x-y plane. 

In the absence of the interaction U, the Hamiltonian 
(1) becomes the sum of single-particle Hamiltonians, 


ir 10 2 


a: $+ 


2m 


byt (13) 


whose eigenfunctions are 


Vn c=e'*u,(x+k/s), (14) 
where 

s=ei/he, (15) 
and u,(x) is the mth harmonic oscillator eigenfunction 


of the Hamiltonian, 


1 
[p2+hsta’], (16) 


2m 
The energies associated with Wn,, are 
€n, k= (n+3)hw,, 
and each level has a degeneracy 
g=(s/mr)Lile (18) 
? The practically important case of an inhomogeneous micro- 
wave field will be discussed in a later publication. 
3 For further details of such a gas see F. Seitz, Modern Theory 


of Solids (McGraw-Hill Book Company, New York, 1940), Sec. 
183. 
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associated with the following possible values of &, 


k=2n/L2, 4n/Lo, ++-sha, 


and the two possible spin orientations. 
Let V be the total number of particles. Then if % 
has a value, denoted by 3,, such that 


yg=\ (20) 


; 


the ground state of the system will have the v lowest 
levels (17) completely filled and all higher ones empty. 
These values of 5C are given by 


(21) 


where A =27°N /L,L> is the cross-sectional area of the 
Fermi ‘‘surface.” 

At absolute zero, all physical properties of the 
behavior 
For our 
the 


noninteracting gas show a quasi-periodic 
with the same period—as function of 1%. 
purposes, we note especially that when K=%, 
ground state of the system is isolated, the lowest excited 
states being at an energy fw. above it. At intermediate 
values of 5, when the highest occupied single-particle 
level is not completely occupied, the ground state is 
not isolated but degenerate. 

Now let =, and imagine the interaction U turned 
on. Then clearly, to all orders in perturbation theory,‘ 
the ground state will remain nondegenerate. Therefore, 
at the same sequence of fields 5, as without interaction, 
through of having an 
isolated ground state.° 

Hence in summary: The de Haas-van Alphen period 
of a two-dimensional electron gas is not altered by an 
interaction, to all orders in perturbation theory. 


the system passes the stage 


LOW-LYING EXCITED STATES 


We conclude with some remarks concerning the 
very-low-lying excited states. Consider the case where 
, such that the ground state of 
the whole system is isolated. In the 
interaction the first excited level of the system has an 
energy fiw,. It corresponds to creating a hole in the 
previously ‘filled state v, & and an electron in the 
excited state y+ 2. k’. The energy is independent of 
the values of k and k’, so that this level has a degeneracy 
g°’. Note that by Eq. (14) the values of k and k’ deter- 
of the hole electron 


the field has a value 3 
absence of an 


mine where the locations and 


along the x axis are. 


‘Even if perturbation theory should have a vanishing radius 
of convergence, the nondegeneracy of the ground state—and 
hence the de Haas-van Alphen period—is unaffected by the 
interaction. For all that is used is continuity as function of the 
strength of U’, not analyticity 

5 The situation has a strong formal analogy to the shell structure 
of atoms and nuclei: A number of particles which is magic (i.e., 
leads to completely filled shells) in the absence of interparticle 
interaction, remains magic when the interaction is included. 
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Now consider the situation when the interaction has 
been turned on. We note first that the spatial extent 
D of u(x), for nv, is of the order of 


D=kr/s, 


(22) 


hb 


where &y is the wave number at the top of the Fermi 


distribution. Hence, by (14), we expect that if 


k/s—k'/s>D, or k—k>krp, 23) 


the hole and electron will be outside each other’s range 
of interaction. For in this case their wave functions do 
not overlap, and we are postulating short-range forces 
whose range R will be negligible compared to D, for 
the fields of interest (s<kp-*). For such an electron- 

hole pair we must have the excitation energy 
AE=.¢,,;'"—e, 24 

he e's are defined as follows 

E 
€, I 


V+1 
\)-E 


—E,(\ 
\V-1 
E,(M) denoting the ground-state energy for a total 
number of MV electrons. That is, the excitation energy 
I air is tl 


the sum of the individual quasi-electron 
le energies. 

electron-hole pairs for which (23 

19} and (23) of the order of gkrLl» 

le compared to the total number of 


namely g?=g(I,s/r)L2. Hence, for 


rE 


I 


> 
“ 


KOHN 


the overwhelming number of electron-hole pairs, the 
excitation energy is practically given by AE. 

Now we know from our discussion of cyclotron 
resonance that there is an excited state with energy 
hw, above the ground state. However, we shall see that 
this state is one of the “exceptional” ones and that in 
general AE¥ hiw.. 

Consider the ‘‘cyclotron state” in the absence of the 
perturbation U. It is obtained by operating on the 
ground state with the operator 


EN 


26 


r= Zp eT Pe 


Denoting the state with a hole in v, & and an electron 


in the state v+1, k’ by Vix, we find 


P.W)=const>_; WV 


«/ 


Thus we see that this state is a coherent linear combi- 
he electron and hole are in 
the same location. When the interaction U 


on, the energy of this state remains fiw 


nation of states in which t 
is turnéd 
, by our previous 
argument, but will be shifted relative to those states 
in which the electron and hole are far apart. 

Slightly more elaborate considerations show that in 
fact the level which is the lowest excited level when 
U=0, broadens into a band U’ is turned on. 
This band has a very high y near E= E,+AE, 
but also encompasses the cyclotron level at E= E+ hw.. 
A study of the detailed nature of this band is in progress. 


when 


Vv 


densit 
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Diffusion along Small-Angle Grain Boundaries in Silicon* 
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Diffusion fronts in samples containing grain boundaries are spike shaped. Velocity of spike advance and 
angle between spike and boundary are measured. The “‘spike-velocity method” of analysis permits evaluation 


of two effective widths, Wp and Wo, which describe the diffusion properties of the boundary. 


his method 


has been used to analyze data on phosphorus diffusion into boron-doped silicon at 1200°C and 1050°C. It 
is concluded that an enhanced diffusion current flows along each dislocation of the grain boundary over a 
cross section less than one Burgers-vector square. The diffusion current density is about 300 000 times 


that of the bulk. This corresponds to an energy of 1.5 ev by which grain boundary diffusi: 


yn is favored over 


the bulk diffusion. This enhancement is believed to be caused by enrichment of phosphorus and also partly 
by the extra concentration of vacancies near the dislocation cores. Some possible extensions of the studies 
to include saturation effects at the dislocation cores are discussed 


1. INTRODUCTION 


MALL-ANGLE grain boundaries in silicon afford 
\J an unusually excellent means of studying the effect 
of dislocations upon the diffusion of solute atoms in 
crystals. 

The idea that a small-angle grain boundary is com- 
posed of an array of dislocations was introduced inde- 
pendently by Bragg' and Burgers.? Experimental con- 
firmation in which dislocations were identified with etch 
pits was offered by Shockley and Read* using data of 
Lacombe’; and later, more completely, by Vogel, Pfann, 
Corey, and Thomas.® Further evidence that a grain 
boundary may be regarded as composed of individual 
dislocations is furnished by the comparison of the Read- 
Shockley® grain boundary energy formula with experi- 

? 5 . S- 
ments.’ These indicate that the small-angle model 
certainly applies for angles up to at least 15° (for 
germanium).® 

Since the grain boundaries studied here have angles 
less than 8°, they should give the combined effects of 
the many dislocations. Such cumulative effects are 
much easier to observe than the effects of individual 
dislocations. 

Silicon and germanium lend themselves well to such 
studies because of the possibility of revealing p-n junc- 
tions by staining. As a consequence, donors may be 
diffused into uniform p-type material and isoconcen- 
tration boundaries, where donor density equals acceptor 
density, are readily shown.’ This method of studying 

'W. L. Bragg, Proc. Phys. Soc. (London) 52, 54 (1940). 

J. M. Burgers, Proc. Phys. Soc. (London) 52, 23 (1940) 

3 W. Shockley and W. T. Read, Phys. Rev. 75, 692 (1949) 

*P. Lacombe, Proceedings of the Conference on Strength of 
Solids, University of Bristol, England, 1948 (The Physical Society, 
London), p. 91 

°F. L. Vogel, W. G. Pfann, H. E 
Phys. Rev. 90, 489 (1953). 

®W. T. Read and W. Shockley, Phys. Rev. 78, 275 (1950); 
see also reference 3. 

7Summary of the experimental results in: S. Amelinckx and 
W. Dekeyser, in Solid-State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, Inc., New York, London, 1959), 
Vol. 8, p. 420. 

5 R.S. Wagner and B. Chalmers, J. Appl. Phys. 31, 581 (1959 


*C. S. Fuller and J. A. Ditzenberger, J. Appl. Phys. 27, 544 
(1956). 
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grain boundary diffusion has been reported for ger- 
manium by Karstensen'’" and for silicon by Hubner 
and Shockley.” In this article, a more complete discus- 
sion of methods of analyzing the data for phosphorus in 
silicon is presented. The results are interpreted in terms 
of the diffusion properties of individual dislocations. 

Previous work on grain boundary diffusion has in- 
cluded both experiment and analysis.!* It has shown 
that diffusion along grain boundaries proceeds much 
faster than in the bulk. Mathematical analyses have 
been given by Fisher,'* LeClaire,’ and Whipple.'® Fisher 
gives an approximate treatment, and it is not easily 
possible (see Whipple) to estimate its accuracy. Whipple 
gives an exact treatment which leads to formidable 
expressions, difficult to compare with experiment." 

Previous analyses treated the grain boundary as a 
sheet with given geometry and a diffusivity assumed 
a priori to be higher than in the bulk. From the physical 
point of view, there seems to be a lack of attention to 
the role of accumulations along the grain boundary. 
The way in which these should enter the theory is 
discussed in the following sections. 

The “spike-velocity” method of analyzing data is 
used in this study. This method has several advantages 
over previous methods: (1) It is exact in the range where 


diffusion currents are linear in the concentrations; (2) it 


has a relatively simple mathematical form; (3) it is 
independent of the boundary conditions prevailing at a 
distance from the isoconcentration line being studied. 

The spike-velocity method is applied to data on 
phosphorus diffusing into silicon at 1200°C and 1050°C, 


F. Karstensen, Z. Naturforsch. Ma, 1031 (1959), 

1 F, Karstensen, J. Electronics and Control 3, 305 (1957 

2K. Hubner and W. Shockley in Structure and Properties of 
Thin Films, edited by Neugebauer ef al. (John Wiley & Sons, Inc., 
New York, 1959), p. 302; Bull. Am. Phys. Soc. 4, 409 (1959). 

8. A review and compilation of references will be found in the 
article by S. Amelinckx and W. Dekeyser (reference 7). See also 
P. Lacombe in La Diffusion dans les Metaux (Philips Technical 
Library, Eindhoven, 1957), p. 23 

‘J. Fisher, J. Appl. Phys. 22, 74 (1951 

\. D. LeClaire, Phil. Mag. 42, 468 (1951 


6R. T. P. Whipple, Phil. Mag. 45, 1225 (1954 
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2. BOUNDARY CONDITION ON THE 
GRAIN BOUNDARY 


The mathematical description of the grain boundary 
diffusion depends on a reasonable mathematical approxi- 
mation. This approximation will in general be valid for 
low concentrations (where the effects are linear in 
concentration) and for diffusion depths which are large 
compared to the fine structure (dislocation spacing) in 
the grain boundary. The approximation involves what 
may be called proportional disturbances. A proportional 
disturbance is one in which the distribution of solute 
atoms in any small region of the grain boundary is 
proportional to the concentration in the bulk just out- 
side the boundary. Furthermore, as the concentration of 
the solute just outside the boundary is changed, the 
concentration within the boundary varies in the same 
way from place to place as it would in thermal equi- 
librium. In other words, the fractional disturbance from 
a thermal equilibrium distribution is small in a region 
of extent comparable to the dislocation spacing. (In 
Appendix A2, we consider a case in which the approxi- 
mation of proportional disturbances must be modified). 

In terms of this assumption, the boundary-value 
problem may be treated as follows. 

For the case of thermal equilibrium the concentration 
c(x,y,z) has a uniform value ¢ in the bulk. Throughout 
the volume of Fig. 1, it may be written as 


c(x,¥,2) = cof (x,y,2), (1) 


where f(x,y,z) is practically unity at a few dislocation 
spacings away from the grain boundary. 

A volume like Fig. 1 contains more solute atoms than 
an equal volume of perfect crystal because of the 
presence of the grain boundary. The extra number of 
solute atoms per unit area of the grain boundary may 
be written as colo, where 


c we= f f fo [ f(x,y,z)—1 Wixdyds | ff ays, (2) 


where the integrals extend over the volume and the y-z 
face of Fig. 1. Evidently Wp is an effective concentration 
width and may be thought of as arising from an effective 
physical width times a concentration factor. (We shall 
discuss an estimate of Wy from the dislocation model in 
the next section.) 
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Fic. 1. Coordinate system 
used for discussing diffusion 
down a small-angle grain 
boundary. 
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Under nonequilibrium conditions, concentration gra- 
dients will be present. The diffusion current in the bulk 
will be — DVc(x,y,z,t), and the equation of continuity is 


dc/dt= DV°c, (3) 


where D is the bulk diffusion constant. 

In accordance with the proportional disturbance 
assumption, the bulk concentration just outside the 
grain boundary will approach the same value c»(y,z,4) 
from both sides: 


lim ¢(x,y,2,t) = co(y,2,t). (4) 


zw) 


[The physical reason for this is that the diffusion con- 
stant in the x direction in the grain boundary at least 
equals the bulk diffusion constant. Therefore the grain 
boundary presents a negligible barrier to diffusion across 
its plane when (D?)! is large compared to the physical 
thickness of the grain boundary. ] 

The diffusion current in the grain boundary adds a 
total additional flux of solute atoms crossing a y=con- 
stant plane per unit time per unit length which may be 
written as 

F, y= —DW pcr OY. 


A similar expression applies to the z direction. (For more 
general boundaries than Fig. 1, a rotation to principal 
axes for diffusion currents will be necessary.) Wp,, may 
be thought of as arising from the concentration factor 
f (x,y,z) times an additional boost factor for a higher 
diffusion constant within the grain boundary. Its value 
in terms of contributions from individual dislocations 
will be discussed below. 

Figure 2 shows how the grain-boundary boundary 
condition results from the principle of continuity. It is 
drawn to correspond to the diffusion situation en- 
countered experimentally with diffusion proceeding in 
the +y direction of Fig. 1, and the isoconcentration line 
in the bulk intersecting at an angle 6 with the boundary. 
The relationship of an isoconcentration line to the x and 
y components of flux is illustrated. The rate of accumula- 
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Fic. 2. Illustration of boundary condition, 
expressed in terms of W» and Wp 
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tion of solute atoms per unit area of the grain boundary 
is obtained by adding the fluxes into the element dy of 
Fig. 2 and dividing by dy. This leads readily to an equa- 
tion which represents the divergence of flux in the grain 
boundary plane plus the inward fluxes from the two 
sides. When a flux in the z direction is present, the 
divergence of this must be included. This leads to 


W \dc,/dt= DL (dc/ dx), — (dc/dx)_ ] 
+ DW p,y(0?cr,/dv?) + DW p,.(0?c,/d2"), (6) 


where the derivatives in respect to x are limits as x — 0 
from the «>0 and x<0 sides of the grain boundary." 

This equation is mathematically equivalent to pre- 
viously used boundary conditions.'*"® However, the 
interpretation of the coefficients given here is different. 


3. ORIGIN OF W, AND Wp FOR A DISLOCATION MODEL 
OF A SMALL-ANGLE GRAIN BOUNDARY 


The case of interest in this study is that of a tilt 
boundary with edge dislocations running parallel to the 
y axis of Fig. 1. We shall estimate values of Wo and 
Wp=Wp,, on the Cottrell'*!* model of atmospheres 
around dislocations. 

In accordance with the dislocation model of grain 
boundaries, the spacing S of edge dislocations is, for 
the simplest case and for small angles 


S=b/¢, (7) 


where ¢ is the tilt angle and } the Burgers vector. For 
grain boundaries of more complex geometry, there may 
be several types of dislocations present. Formulas will 
be found in the literature.*”’ (For the case of Sec. 5 
below, a factor of v2 occurs.) 

Edge dislocations are surrounded by a region of com- 
pression and dilatation. Consider an impurity atom with 
a radius r;=rsi(1+e,), where rsj is the silicon atom 
radius. At a point with the polar coordinates 7, a from 
the dislocation core, that atom has a potential energy U’, 
given by Cottrell’s formula'®’’: 


U=(A/r) sina. (8) 


This energy depends only upon | ¢;|. The negative sign 
for e, indicates that the compression side of the disloca- 
tion is occupied, the positive sign-dilation side. The 
maximum binding energy, U’;, is approximately 4 ,/ro, 
where ro is the distance from core to edge of the extra 


17 This equation and its interpretation was published by W. 
Shockley, C. S. Roberts, and J. Hoerni, Bull. Am. Phys. Soc 
2, 202 (1957). 

BA. Hi 
Solids, University of Bristol, England, 1948 (The Physical Society, 
London), p. 30; also Dislocations and Plastic Flow in Crystals 
Clarendon Press, Oxford, England, 1953), p. 56. 

1 Equation (8) incorporates a modification suggested by B. A. 
Bilby, Proc. Phys. Soc. (London) A63, 191 (1950). See also Dis- 
locations and Plastic Flow in Crystals (reference 18), p. 57. 

2°W. T. Read, Dislocations in Crystals (McGraw-Hill Book 
Company, Inc., New York, 1953), p. 173. 
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half-plane and is given by 


U3=A,/ro=3) €:| Vub/aro=7.7(| €:| 6/70) ev, (9) 


where uw is the rigidity modulus (610" dynes/cm? 
= 3.710"? ev/cm*) for silicon, and V=2X10-23 cm? 
is the volume per silicon atom. For the case where 
exp(l’,/RkT) is large, the atmosphere is concentrated 
essentially on the single column or pair of columns of 
sites nearest the dislocation and the extra impurities 
per unit length are approximately equal in number to 
those contained in a column of area &? exp(U,/kT) of 
bulk material. 

A tilt boundary of tilt angle ¢ containing ¢/6 dis- 
locations per unit length in the z direction of Fig. 1 thus 
contains extra impurities equal to the number in a slab 
of bulk material of thickness Wo: 

Wo=(? exp(Ui/kT) //S. (10) 

Vacancies are also assumed to be concentrated in the 
same region by a factor exp(l’,/k7). U, probably can- 
not be computed by considering a vacancy to be an 
atom with an effective ¢,. There seems to be very little 
information on the thermal equilibrium distribution of 
vacancies near a dislocation.*! It seems probable that 
large and small stress fields will have quite different 
effects. In weak stress fields a vacancy probably has an 
energy given by the Cottrell potential, Eq. (8), with an 
effective negative ¢, corresponding to an undersized 
solute atom. Near the core of the dislocation the strains 
of both compression and extension exceed the linear 
range substantially. It would apparently reduce the 
total energy of the system to move a vacancy from a 
point far from the dislocation to either the most highly 
compressed or most dilated rows closest to the core. 
Thus we would expect that vacancies would tend to be 
more abundant near the core than in the bulk and that 
this would be true for both the tension and compression 
sides of the dislocation. 

If the vacancy mechanism controls diffusion down the 
dislocation core, then it will be enhanced compared to 
the bulk by both the factor exp(U;/&7) and by 
exp(U,/kT). In addition, the potential energy barrier 
for jump into.a vacancy may be lowered by l’; because 
of the extra flexibility associated with the dilatation 
near the dislocation core. 

According to the preceding reasoning, each dislocation 
contributes a diffusion current equivalent to a column 
of bulk material of area 2 exp (U;4+-U,.4+U,) kT]. 

Again introducing the number of dislocations per unit 
length in the z direction of Fig. 1, we obtain 

Wp 


bg exp(U'p, kT), (11) 


*1 4 viewpoint similar to that presented here was expressed by 


\. H. Cottrell in Point Defects and the Mechanical Properties 
Metals and Alloys at Low Temperatures (Institute of Metals, 
London, 1958), p. 22. However, there appear to be no quantitative 
estimates of the effects such as might be required to evaluate [” 
in Eq. (12). See also Dislocations and Plastic Flow in Crystals 
(reference 18), p. 175. 
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Fic. 3. Photograph of 
a beveled and stained 


p-n junction showing the 
front at the 


diffusion 
grain boundary 


where L’p is defined as 


Up=U;+U,4 Uj. (12) 

In the following section the spike velocity method of 
deducing W) and Wp from experimentally measured 
quantities is discussed. Actual data are analyzed in 


subsequent sections. 


4. THE SPIKE-VELOCITY METHOD 
OF ANALYSIS 


The grain boundary equation (6), together with the 
bulk diffusion equation, constitutes a set of partial 
differential equations which lead uniquely to a concen- 
tration c(x,y,z,/) once the initial and boundary condi- 
tions are specified. The solutions are very involved,'* 
since in addition to the space variables x,y,z they include 
three quantities having the dimensions of length: (Dt)', 


Wp, Wo. Furthermore, if during part of the diffusion the 


concentration exceeds the linear range, or the surface 
I may be 


boundary conditions change, the solutions 
invalid. 

The spike-velocity met 
an isoconcentration line, 


hod makes use of the fact that 


ain boundary with an included 
, and 6.) The spike advances 


shown in Appendix . 


'= (Wp sin?a-—W 


v tané 


Fic. 4. p-nm jun 
tion profiles or iso 
concentration _ lines 
for phosphorus diffu 
sion at 1200°C from 
measurements on 
photomicrographs of 
stained, beveled 
junc tior Ss 
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This equation, which we refer to as the spike-velocity 
equation, is the basis of our analysis. In principle it 
permits the determination of the constants Wp and Wy 
from measurements of v, 6, and D. 

An advantage of using the spike-velocity method is 
that concentrations may be present which are so high 
that the linear approximation does not apply. Never- 
theless, if the concentration contour being observed lies 
in the linear range, the equation is valid. A disadvantage 
of the equation is that it requires taking a time deriva- 
tive. This difficulty may be overcome by fitting the 
data for y(¢) at the spike by a simple analytical expres- 
sion and then obtaining v by differentiation. An im- 
portant advantage is, of course, the simplicity of the 
expression. 


5. EXPERIMENT AT 1200°C 


A bi-crystal was prepared having a [100] growth 
axis. The two grains were rotated about this axis by 
7.540.25° in respect to each other and joined, approxi- 
mately symmetrically, across a (010) plane. The dis- 
location array in the grain boundary is thought to consist 
of alternating $a[011 ] and $a[011 ] Burgers vector dis- 
locations running on [100] lines.* For silicon, the 
lattice constant a=5.42 A and the Burgers vector has 
the magnitude 


b=a/v2=5.42/v2=3.83 A. (16) 


The spacing S between dislocations for this geometry is 
for small angles 


S=6/g@v2=21 A, (17) 


the spacing between similar dislocations being twice 
as much. 

The crystal as grown contained boron and had a 
resistivity of 0.125 ohm cm corresponding to an acceptor 
density of V,=1.2X10'* cm™’. 

A slice was cut perpendicular to the growth axis of 
the bi-crystal. It was lapped and mechanically polished. 
A chemical etch was avoided, since it would have etched 
the surface preferentially at the grain boundary. 

Phosphorus was deposited onto the sample by heating 
for 0.5 hr at 900°C in the presence of a P.O; source. The 
subsequent diffusions were performed at 1200°C in an 
oxygen ambient without source. All data were measured 
on the same slice. The angle @ and the junction depths in 
the bulk and at the grain boundary were obtained with 
beveling and staining techniques.’ Figure 3 shows a 
photograph, and Fig. 4 the diffusion profiles as plotted 
from measurements of such photographs. Table I gives 
the numerical values of the experimental data, together 
with figures from an analytic expression used to smooth 
the data. For the penetration of the spike this expres- 
sion was 


y,= 14.5% microns, (18) 


for ¢in hours. The velocity v is obtained by differentiat- 


2 W. G. Pfann and F. L. Vogel, Acta Met. 7, 377 (1957). 
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TABLE I. Diffusion of phosphorus in silicon at 1200°C, 


0.143 


Total diffusion time 


Junction depth 
measured 
smoothed 


Spike depth 
measured 
smoothed 


Spike width 


0.18-0.35 0.25 


0.03-0.11 0.06 


16 


(v tang)! 0.18-0.36 


ing and is estimated to be accurate to better than 
t 10%. The calculated bulk junction depths are given by 


yj=2L0In(Lo/L) }}, (19) 


corresponding to rewriting the Gaussian distribution, 
where L= (Dt)! for D=1.98 p2/hr. This diffusion co- 
efficient is higher by a factor of 2 than the quoted value.® 
Ly= 140 yp, corresponding to an initial deposit Q of 


O= N,Lom'=1.2X 10'°XK 1.4K 10° X 1.78 


3.0 10'® phosphorus atoms/cm”. (20) 


The value of tan@ is difficult to determine for small 
values of time, and tan@ has been estimated as 


tand= (0.75+0.25)(W/2)/(y.—4;) (21) 


for the first two measurements. The range of the plot of 
(v tan@)~ is indicated by an arc in Fig. 5 and the best 
estimate by a dot. The errors of the two larger times 
are estimated on the basis of 10% errors in (v tan@) 
and sin’6. 

The plot of (v tan@)" vs sin’@ in Fig. 5 shows that the 
predicted relationship, Eq. (15), holds and yields 
Wp=18 uw at 1200°C. Wo is too small to be measured 

[It should be noted that values of Wp are affected by 
thermal expansion. If the isoconcentration contours 
could be observed at 1200°C, all of the dimensions of 
Fig. 4 would be scaled up by the thermal expansion 
coefficient of silicon. (This is a factor of about 1.004.) 
The same comments apply to VD. The unit of length is 
thus, in effect, an equivalent room temperature micron 
which becomes about 1.004 uw at 1200°C. | 


6. EXPERIMENT AT 1050°C 


A similar experiment was carried out at 1050°C. The 
specimen had a resistivity of 0.34 ohm cm. This resis- 
tivity corresponds to Va=1.7X10" boron atoms/cm’. 

The grain boundary was isoaxial with a [100] growth 
axis and had an angle of misfit of 4.5.40.25°. It was, 
however, nonsymmetrical. The boundary ran almost 
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0.57 
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Units: microns and hours 


18.0 
12.6 2 36 


0.45-0.61 0.75+0.07 36+0.13 


0.17-0.27 0.36+0.04 0.65+0.09 


2.2 0.73 0.27 


0.75-1.0 1.8 +0.2 2.7 +0.3 


parallel to the (011) planes in one of the grains. The 
dislocation array is thought to consist essentially of dis- 
locations with a Burgers vector 6;=}a[011] along a 
[100] line. For this nonsymmetrical boundary, addi- 
tional dislocations with a Burgers vector b.=}a{011] 
must be assumed. Their number, however, amounts to 
less than 1% of the total because of the small misfit 
angle of the grain boundary. Thus no great error is 
introduced by treating this grain boundary as sym- 
metrical. The dislocation spacing then is 


S=b/p=55 A. (22) 

As in the experiment discussed above, the diffusion of 
the phosphorus impurities was performed on a polished 
slice which was cut perpendicular to the growth axis. 
The diffusion profiles obtained are shown in Fig. 6. The 
analytical expression used for smoothing the data of the 
spike penetration depth is 


Ye= 11.5025 


Differentiation of Eq. (23) yields ». 
The data for the junction depth y; in the undisturbed 
material may be fitted with the following expression: 


(24) 


Measured and smoothed data are given in Table II. 
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Fic. 5. Plot of experi 
mental data at 1200°C in 
accordance with the spik« 
velocity equation (15). 
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TaBLE II. Diffusion of phosphorus in 


Total diffusion time [hr ] 0.5 


Junction depth, measured [x ] 1.8 
smoothed 1 


Spike depth, measured [xu ] 10.5 
smoothed 10 


Spike width [yu ] 2.8 
0.147 
0.0213 
2.6 
2.6 
2.90 
4.4 


(+10%) 
Velocity Cy, hr ] 
Chr/p] (+10%) 
Sheet resistance [ohms/square ] 
Predeposit strength 
[10** atoms/cm? ] 
Diffusion coefficient [y?/hr] 


® Diffusion with P20s source; all others without source. 

The method for determination of the diffusion co- 
efficient D, applied to the former experiment, cannot be 
used here. The penetrations y; cannot be described with 
a constant value of D. Evidence of this may be deduced 
from Eq. (24). The exponent should be close to 0.5, if 
the diffusion equation with constant D were valid. 

Therefore, the analysis of D was done with a method 
similar to the one used by Fuller and Ditzenberger.® 
The measured values of the junction depths were used 
together with the sheet resistance data, given in Table I, 
for the calculation of D. The carrier mobility data used 
in our analysis are those of Backenstoss.** 

The diffusion conditions of this experiment differed 
in some respects from the above-mentioned run at 
1200°C. The initial deposit (predeposit) of phosphorus 
in the experiment was done at 1050°C, as was the 
diffusion. This relatively high predeposit temperature 
resulted in a junction penetration y; which is not negli- 
gible as it was for the 900°C predeposit, 1200°C diffusion 
experiment. The predeposit time of 0.5 hr must therefore 
be added to the total diffusion time. 

It is assumed that the predeposit results in a com- 
plementary error function distribution. This deposit 





Fic. 6. p-m junction pro 
files or isoconcentration 
lines for phosphorus diffu- 
sion at 1050°C from meas- 
urements on _ photomicro- 
graphs of stained, beveled 
junctions. 


y [microns] 


x [MICRONS] 


3G. Bac kenstoss, Bell System Tech J 37, 699 (1958). 
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silicon at 1050°C. 


21. 

13.6 
0.900 
0.447 
0.02 


0.230 0.290 


0.0502 


0.750 
0.0778 
0.4 
8.0 
1.31 


0.360 

0.03 
42.5 

0.82 


10.4 


55.6 
1.00 
8.2 
0.042 


0.070 0.045 


then spreads out upon further heating according to a 
Gaussian distribution. Using these assumptions one can 
calculate the total amount ( of phosphorus atoms in the 
silicon. From the sheet resistance and junction depth 
measurements a value for Q is found for each diffusion 
time ¢. These values of Q are given in Table II. The 
values spread around an average of 7X 10'® atoms/cm’; 
the shallow diffusions seem to give consistently lower 
values. This discrepancy will be discussed below in con- 
nection with similar anomalies in the diffusion 
efficient. It is believed that the spread in the Q values 
is small enough to justify this method of analysis. 

The analysis which gives the Q values also leads to the 
diffusion coefficients. They are given in the last row of 
Table II. It is observed that D drops from a value of 
0.23 w?/hr for the shallow penetrations to an apparent 
asymptotic value of 0.04 u*/hr for the deeper penetra- 
tions. The value reported in the literature,’ obtained 
under different conditions, is 0.036 u?/hr. 

Similar observations of such “‘abnormally” high diffu- 
sion coefficients close to the surface have frequently 
been made in this laboratory.***® The mechanism which 
is responsible for the enhanced diffusion close to the 
surface is thus far unknown. It may possibly be linked 
to another phenomenon which was recently discovered 
by Tannenbaum.” She investigated the diffusion profiles 
of very shallow junctions by means of anodic oxidation 
and radioactive tracer techniques. It was found that an 
appreciable amount of the diffused phosphorus, as 
traced by its radioactivity, could not be detected 
through sheet resistance measurements. This means 
that close to the silicon surface there are phosphorus 
atoms which are not acting as donors. The same effect 


co- 


* A. Goetzberger and W. Shockley, Bull. Am. Phys. Soc. 4, 
455 (1959). 

28 B. McDonald and F. C. 
106 (1961). 

26 FE. Tannenbaum (unpublished). Similar experiments are de 
scribed in reference 25, which essentially confirm Tannenbaum’s 
results. 


Collins, Bull. Am. Phys. Soc. 6, 
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may be responsible for the apparent depression of the 
Q values for shallow diffusions reported here. It might 
be that upon deeper diffusions more phosphorus atoms 
become active as donors. This would lead to an increase 
of Q values, which are determined from electrical meas- 
urements alone. 

It is believed that the spike-velocity method is appli- 
cable even with the diffusion anomalies. 
Figure 7 gives a plot of (vtan@)~ vs sin®’@, using the 
data of Table II. The straight line indicates that Eq. 
(15) is fulfilled. Again Wy is too small to be measured 
and will be neglected. Wp is given by the slope of the 
line of Fig. 7, multiplied by 2D. It follows that a con- 
stant value of Wp will result only if D is assumed to be 
constant. 

It is felt that the assumption of a constant D—and 
therefore a constant Wp—can be made on the basis of 
the following considerations: (1) The smallest spike 
penetration y, is about 10 uw. (2) It is a special feature of 
the spike-velocity method that only the conditions at 
the tip of the spike are taken into account. (This was 
explained in Sec. 2 of this paper; see also Fig. 2.) The 
diffusion coefficient D in the equations is the one at the 
depth of the spike tip. (3) At depths greater than 10 u 
the diffusion behavior appears to be “normal,” yielding 
the literature value of D, and probably no more dis- 
crepancies in Q. 

For the evaluation of Wp the value D=0.04 yp?/hr is 
used. From Eq. (15), Wp=10 w for the experiment 
at 1050°C. 

Some features of the diffusion profiles that were not 
reliably reproducible have been omitted. Many diffusion 
front profiles, as in Figs. 4 and 6, especially those taken 
after longer diffusion times, showed a marked reduction 
of the bulk junction depth at the intersection of bulk 
and spike junction. This effect has also been observed 
by Karstensen.*? 


discussed 


There are two possible explanations for this behavior. 
It may be caused by diffusion into a nonuniformly 
doped material, with higher doping at and around the 


[wf] [TRY 


x 


50} 


> 
oO 


Fic. 7. Plot of experi 
mental data at 1050°C in 
accordance with the spike 
velocity equation (15). 


(v tan 86) —> 


= 121 


27 F. Karstensen, Z. Naturforsch. 14a, 1038a (1959), Figures 5, 
10a, 10a’. 
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grain boundary. This effect will be visible only if the 
gradient of the indiffusing phosphorus has become low 
enough. Or, reversal of the diffusion flux toward the 
grain boundary because of depletion there, due to the 
fast downward diffusion, might cause this effect. 

If this reasoning were correct, the effect should be 
reproducible. Present techniques, especially the staining, 
are not reliable enough to furnish valid conclusions. It 
is hoped that current investigations will permit more 
definite statements. 


7. INTERPRETATION AND DISCUSSION 


Despite the use of differently oriented grain bound- 
aries and different temperatures, all of the experiments 
may be discussed on the same basis. This is clear when 
the diffusion properties of the grain boundaries are re- 
duced to those of the single dislocations. One common 
activation or “favoring” energy Up, as defined by 
Eq. (12), describes both diffusion runs. 

The grain boundary diffusion current per dislocation 
is larger than the diffusion current for a column of area 
b& by the factor SWp/? or 3.7X10° and 2.5X105 at 
1050 and 1200°C, respectively. [S=55 A at 1050°C 
from Eq. (22), and 21A at 1200°C from Eq. (17); 
b= 14.7K10-'* cm’. | 


The corresponding activation energy values are: 


Up=hT |n(SW p/b?)=1.5 ev at 1050°C 
=1.6 ev at 1200°C. (25) 


These two values agree reasonably well. We shall take 
Up=1.3 ev for comparison with calculations to be dis- 
cussed later in this chapter. 

The central problem in interpreting diffusion down 
dislocations is that of constructing a model for the core 
of the dislocation. Conversely, information on diffusion 
down dislocations may lead to unambiguous identifica- 
tion of the core structure. 

Dislocations in the diamond structure are more 
complex than those in simple lattices, and in genexal 
may be of two broad types—those with broken or 
dangling bonds, and those in which all the valence 
electrons are paired in electron pair bonds with some 
distortion of bond length and angles. Experimental evi- 
dence against the dangling-bond model in its simplest 
form is lack of observation of both spin resonance’* and 
strong conduction effects.*° 

Hornstra® has shown that an edge dislocation with a 


28W. T. Read and G. L. Pearson, Report of Bristol Conference 
on Defects in Crystalline Solids, July, 1954 (The Physical Society, 
London, 1955), p. 144. 

*® The effect of the grain boundaries studied in this paper upon 
reverse Currents in m-p junctions was investigated in this labora- 
tory. (Adolf Goetzberger, paper Q4, International Conference on 
Semiconductor Physics, Prague, 1960). The fact that “hard’’ re- 
verse current-voltage characteristics may be obtained indicates 
that conductivity along grain boundaries is at least five orders of 
magnitude smaller than would be expected from one-dimensional 
energy bands due to dangling bonds. 

80 J. Hornstra, J. Phys. Chem. Solids 5, 129 (1958). 
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bo [110] 


— a 


Into Paper 
I 110) plane due to an edge dis 
ith Burgers vector }a[110] are shown according to 
nodel?’ in which all electrons are paired. The dashed 
licate the part of the drawing which may be associated with 
» extra half-plane of the edge dislocation. If the material be- 
*n the dashe« -moved and the resulting half-atoms 


a perfect would result. The figure shows atoms 
period in the [110] direction. The 


» missing plane of atoms above the 


}a,110} Burgers vector and a [110] axis can be formed 
with all electrons paired as shown in Fig. 8. The bond 
ingles for the two atoms immediately above the dis- 
location symbol are badly distorted. A screw dislocation 
can close its bonds with less distortion. 

The axis of the dislocation of Fig. 8 can be rotated to 
[100] or to [010] by shifting the pattern of Fig. 8 
sidewise as one proceeds into the paper from one (110) 
plane to the next (110) plane. Such dislocations can be 
combined to form grain boundaries of the type we have 
investigated. We shall not attempt here to select a best 
model for the dislocation structure of the grain boundary 
studied, but will use Fig. 8 to_illustrate the general 
features involved. 

The Cottrell energy L’; of Eq. (9) is proportional to 
the ratio of Burgers vector 5 to radius ro from the axis 
of the dislocation. From Fig. 8, this ratio is seen to be 
as large as 2 or 3 for atoms just above the dislocation 
symbol. 

The value of ¢,; for an ionized phosphorus donor, 


e(P*+) =[4(P*)—r(Si) ]/r(Si (26) 
needed for Eq. (8) may be estimated from data on the 
constant of silicon-phosphorus alloys*! 
Vegard’s law.* This leads to e(P*) 
mate based on tetrahedral radii with an allowance for 
the fact that the phosphorus is ionized** leads to 


and 
—(.055. An esti- 


: : 
lattice 


31G. L. Pearson and J Bardeen, Phys Rev. 75, 865 
"21. Vegard, Z. Physik 5, 1921); Z. Krist. 67, 239 (1928 

L. Pauling, The Nature of the Chemical Bonds (Cornell U1 
rsity Press, Ithaca, London, Oxford, 1948 


1949 


pm. 169 
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e(P*+)=—0.09 as follows: r(Si) 
and r(P)—r(P*)=0.02 A. 
Taking as an average estimate «(P+)=—0.07 and 
b/ro= 2, we obtain from Eq. (9) the binding energy of P*: 


1.17 A, r(P)=1.10 A, 


U (P+) =7.7(2X0.07)=1.1 ev. 


(27) 


For 6/ro=3, the value of U(P*) would be as large as 
the experimental estimate of 1.5 ev for Up. At 1200°C, 
U(P*+)=1.1 ev leads to 


expl U (P+) R&T ]=exp8.7 ~ 6000. 8 


The value of U for the next nearest position to the core 
will be twice as small so that this position will be less 
important by a factor of about 80. Thus, for a binding 
energy of 1.1 ev, or even for 0.5 ev, practically all of the 
contribution to Wo and also to Wp will come from the 
columns of sites closest to the core of the dislocation. 
With Eq. (28) and the values from Eq. (25), 

estimate Wy for 1200°C from Eq. (10). 


Wo= (B/S) exp8.7=0.7X10°-°X6X 10 


1x 10 n 29 
Wy could not be determined 
through the intercepts on the (7 


from the experiments 
; of Figs 
small. With 


Taking the case al 


tang aXe 
and 7, because these intercepts were too 
Eq. (29) they may be calculated. 
1200°C as an example, with Eq. (15 
tan@) 2 


ne expec ted inter- 


} 


cept on the (1 l axis of | ig. may be calculated a 


W,/2D=0.4/4=0.1 hr/z 1) 


This falls well within the accuracy of the measurements. 
The same holds for the experiment at 1050°C. 

The value of Up is more difficult to determine because 
it involves, besides l’; ,the unknown quantities U’, and 
LU’; [see Eq. (12) ]. If all of the enhanced diffusion ar 
from the l'(P* l it fol 
pronounced variations of Wp with concentration should 
fact that 
1200°C corresponds to 


Since the density 


ses 


lp, then it follows that 


term in 
occur. This conclusion follows from the the 
isoconcentration line studied at 
Na=N,=1.2X10* cm 
atoms is 5X10"2 cm~*, the fraction of 
occupied by phosphorus is 1 in 40 000. For thi 


of silicon 
in the bulk 
s case the 
upper limit of exp(l’p/RT) that could arise from concen 
tration alone could not be as high as 40 000, for, if it 
were, the sites would be saturated and they could no 
diffu 1 


to the ion current in 


longer contribute so greatly 
the grain boundary. 
The pre eding consideration 


h to finding out about the cores of the 


sugvest that one « xpe ri- 
mental approa 
dislocations is to investigate saturat 


In an Appendix we show that, at hig! centrations, 


W plc: 


ion effects on Wp. 


W p(0)/[it+c, ex] 31 


where c, is the atomic fraction of i: purity in the bulk 
near the grain boundary 

It is evident that in the saturation range, strong inter- 
ference between several type 


of impuritic may occur. 
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For example, the values of e(boron) estimated from 
lattice constants of boron-silicon alloys** is about four 
times larger than for phosphorus: 

(boron) = —0.27. (32) 
This might be expected to lead to near saturation of the 
core sites by boron. If the dislocation has two adjacent 
equivalent core sites, as represented in Fig. 8, there 
should be a strong tendency for pairing of boron and 
phorphorus ions on them. 

It is difficult to reach conclusions about the change in 
ease of jumping U; discussed in Sec. 3. This is evidently 
highly dependent on core structure. 

The value of U;, and hence of Wp, should be greatly 
enhanced by large mismatch of atomic size. For the 
acceptors In and Tl and the donors Sb and Bi, the values 
of « are three or four times larger than for phosphorus. 
They should lend themselves to a study of saturation 
effects. 

The electrical effects of donors or acceptors bound to 
the core or close to the dislocations offer an interesting 
means of studying the phenomena involved. At least 
two related types of investigation are possible. Conduc- 
tion of boundaries of one conductivity type in material 
of another type can be studied. The effect of the charge 
on the boundary in affecting avalanche multiplication 
offers another approach. 

The investigations reported in this article emphasize 
the effects produced by donors and acceptors whose 
distributions have been affected by dislocations. It 
should be noted that a number of electrical effects*®® have 
been studied for both large and small angle grain bound- 
aries, particularly in germanium.**-* In germanium, 
grain boundaries tend to be p-type*® and dislocations 
act as if their cores have a negative charge with a 
multiplicity of states which are effective in producing 
recombination.***> Allen® pointed out that the electron 
energy levels at edge dislocations in germanium will be 
modilied by the presence of impurity atmospheres. The 
results obtained in the present work suggest that the 
charge on the dislocation core may be highly dependent 
upon the nature of the impurity present, at least at 
higher levels of bulk concentration. There may also be 
a dependence on the rate of quenching from high tem- 
peratures. Until experiments intended to reveal such 


effects are carried out, it seems improbable that the 


‘F. H. Horn, Phys. Rev. 97, 1521 (1955). 

*> For a review, see: W. Bardsley, Progress in Semiconductors 
John Wiley & Sons, Inc., New York, 1960), Vol. 4, p. 157. 

®°G. L. Pearson, Phys. Rev. 76, 459 (1949). 


7G. L 
666 (1954). 

’W. T. Read, Phil. Mag. 45, 775 and 1119 (1954). F. L 
W. T. Read, and L. C. Lovell, Phys. Rev. 94, 1791 (1954). 

® H. F. Mataré ef al., Phys. Rev. 98, 1179 (1955). H. F. Mataré, 
Proc. Inst. Elec. Engrs. (London), B106, Suppl. 15, 293 (1959), 
with additional references given 

R. K. Mueller, J. Appl. Phys. 30, 546 and_1004 (1959), 
41 J. W. Allen, J. Electronics 1, 580 (1956). ~ 
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electrical properties of dislocations can be interpreted 
reliably in terms of atomic configurations. 
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APPENDIX Al. DERIVATION OF THE 
SPIKE-VELOCITY EQUATION 


We assume, in keeping with the experimental observa- 
tion, that the spike advances along the y axis at a rate 2. 
The concentration is constant along a line of the form 


u=xcosd+ysiné, x>0 (A1.1) 


as shown in Fig. 2. Near this line, the concentration is 
taken as a function c(u,t) of w and ¢. 

The spike-velocity equation results from the physical 
principle of continuity and the proportional disturbance 
postulate. In particular we require that dc/dt, the rate 
of change of concentration just outside the boundary, 
has the same value when calculated from the diffusion 
equation for the bulk and the boundary condition, Eq. 
(6). These two rates are expressed in terms of derivatives 
of ¢ in respect to # as follows: 


ar al DY < De Ou,” (A1.2) 


dc Ol D| Wp(c; oy )+-2(dc/dx) ] Wo, 


DW p(@c/ du?) sin?6+ 2(dc du) cos@ |/ Wo. (A1.3) 


The next step is to eliminate the derivative of 0°c/du* 
by first introducing the spike velocity v by the equation 


dc/dl= —v0c/dy= —v(dc/du) sind, (A1.4) 


and substituting this in Eq. (A1.2) to obtain 


0c Ou? = (dc/dt)/ D= —v sinO(dc/du)/ D. (A1.5) 


Inserting (A1.5) into (A1.3) to eliminate 62c/du? leads to 


—vsingdc du 
[ ( — W pt sin*#)+2D cosé (ac Ou) Wo. 


(A1.6) 


Multiplying this 2Dz sin@(dc/du) 


leads to 


equation by VW 


—W)/2D= (—W'p sin?6/2D)+(vtané)"', (A1.7) 


which is easily rearranged to give the spike-velocity 
equation (15). 


APPENDIX A2. SATURATION EFFECTS ON 
THE DISLOCATION CORE 


We shall here estimate the diffusion current down the 
central column at the core of the dislocation for the case 
of high concentrations. We shall assume that the energy 
U'; of the impurity is independent of concentration. 
Suppose that a fraction c,(y) of the sites just outside the 
boundary are occupied by an impurity and that a frac- 
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tion c.(y) of the sites along the boundary are occupied. 
The Boltzmann factor f.=exp(U;/kT) favors the core 
sites. A given impurity atom selected for attention will 
divide its time between a bulk site and a core site in 
the ratio 

(1—cn): 1 —e.) fe= 0b: Ce. (A2.1) 
This leads to 


Co=Cofe, [1+¢.(f.—1) ], (A2.2) 


which in turn leads to a ratio of concentration gradients 
along the core compared to the bulk given by 


(Oc. dy) (ce dv) =de, dcp 
= f./[1+¢(fe—1) F, (A2.3) 


the —1 in (f.—1) being negligible for the cores of 
interest. Thus the “boost factor” f, holds for low con- 
centrations, but saturates when c,f, approaches unity. 
Since Wp is proportional to the ratio of diffusion current 
in the core to that in the bulk, Wp should vary as 
(A2.3). This leads to Eq. (31). 
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Equation (A2.3) neglects electrostatic interactions 
between donors along the core. These interactions will 
cause saturation effects to set in sooner by making U; in 
effect a function of c.. 

In order to estimate the electrostatic effects, we note 
that the Debye length in silicon at 1200°C is given by 


14. A, (A2.4) 


where «= 12 is the dielectric constant and »;=2 109 
cm~*. Lp is about four times the spacing between sites 
at 1200°C. At 1050°C, Lp should be about 20 A. The 
electrostatic interaction 3.83 : 
apart is g/xb, corresponding to an energy in electron 


Ly= («kT /8mrq?n;)! 


between charges b 
volts of 

300g kb=0.31 ev. (A2.5) 
Since kT at 1200°C is about 0.126 ev, it is evident that 
electrostatic effects will become significant when about 
half the sites are occupied. This will not make major 


? 


modifications in the form of Eq. (A2.3). 
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Electron Wave Functions in Metallic Sodium 
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Wave functions to order k? are presented for electrons in metallic sodium. The calculation is an application 
of the cellular method. The empirical potential of Prokofjew was employed. 


HIS paper reports a continuation of previous method of Silverman.‘ We have 
calculations of wave functions of electrons in the 

alkali metals. In preceding papers of this series, results Va= er Tuy; 

have been reported for potassium,! rubidium,? and Ux=Uotik cosbu,+k[u2P>2(cosd)+¢o], 
cesium.* The cellular method in the spherical approxi- E(k) = Eyt E+E sk, 

mation has been used throughout. 

The wave function and energy of an electron of wave in which P2 is the second Legendre polynomial. 

vector k are expanded in powers of k according to the The equations which determine the functions uo, 41, 


TABLE I. The solid-state functions Ro, Ri, Re, and Q2 are given as functions of r for Eo=—0.6113 ry. The normalization 
of these functions is given in Eq. (5) of the text. soRo?=1.0000; fi" Ridr=0.2093; fo RoQedr = 1.56245; limyo(Ro/r) =3.219; 
limy0(Q2/r) =3.014. 








Ro 


0.00000 0.00000 0.00000 0.00000 | — 0.0878 

0.02878 — 0.00269 — 0.00002 0.02694 | — 0.0614 —0.3559 — 0.3664 
0.05122 —0.01013 — 0.00014 0.04790 — 0.0342 —0.3255 — 0.3683 
0.06811 —0.02141 —0,00044 0.06356 — 0.0067 — 0.2963 — 0.3680 
0.08015 —0.03578 —0.00097 0.07457 
0.08802 —0.05256 —0.00180 0.08154 | 
0.09232 — 0.07120 —0.00294 0.08501 | 
0.09357 —0.09119 —0.00441 0.08545 
0.09224 —0.11213 — 0.00622 0.08333 
0.08875 — 0.1337 — 0.00839 0.07901 
0.08346 —0.1555 — 0.01090 0.07285 


z 


+0.0483 —0.2428 —0.3626 
0.1021 —0.1965 —0.3525 
0.1537 —0.1576 —0.3395 
0.2028 —0.1256 —0.3250 
0.2492 —0.1000 — 0.3099 
0.2929 —0.0797 —0.2949 
0.3339 — 0.0642 — 0.2803 
0.3723 —0.0527 —0.2665 
0.4082 — 0.0444 —0.2538 
0.4417 — 0.0388 —0.2424 
0.4731 —0.0352 —0.2322 
0.5025 —0.0332 —0.2234 
0.5300 —0.0324 —0.2160 
0.5559 — 0.0323 —0.2099 
0.5804 — 0.0327 —0.2052 
0.6037 — 0.0332 —0.2017 
0.6258 — 0.0337 —0.1994 
0.6471 —0.0339 —0.1982 
6.6676 — 0.0338 —0.1979 
0.6876 — 0.0331 —0.1985 
0.7072 —0.0319 — 0.2000 
0.7265 —0.0301 —0.2021 
0.7457 —0.0277 —0.2049 
0.7650 —0.0246 —0.2083 
0.7844 — 0.0209 —0.2121 
0.8041 —0.0168 —0.2164 
0.8243 —0.0122 —0.2211 
0.8450 —0.0072 — 0.2262 
0.8665 —0.0021 —0.2317 


0.06873 — 0.1993 —().01692 0.05617 

0.05015 —0.2420 —0.02422 0.03533 | 

0.02931 — 0.2828 —0.03267 +0.01185 
+0.00738 —0.3212 —().04218 —().01307 
—0.01479 —0.3569 —().05261 — 0.03859 
— 0.03659 —0.3896 —0.06385 —0.06405 
—0.05759 —().4194 —0.07577 —0.08898 
— 0.07746 — 0.4460 — 0.08824 —0.11300 | 
— 0.09598 — 0.4697 —0.10115 —0.1359 
—0.1130 —0.4904 —0.11438 —0.1573 
—0.1285 —0.5082 —0.1278 —0.1773 
—0.1423 —0.5232 —0.1414 —0.1956 
—0.1544 —0.5356 —0.1549 —0.2123 
—0.1649 —0.5454 —0.1684 —0.2272 
—0.1738 —0.5529 —0.1818 — 0.2404 
—0.1812 —0.5582 —0.1949 —0.2519 
—0.1870 —0.5614 —0.2077 —0.2617 
—0.1913 — 0.5628 —0.2202 —0.2698 
—0.1943 —0.5623 — 0.2323 —0.2762 
—0.1960 — 0.5603 —0.2440 —-0.2812 


WWW WWW WWW WN NNN NN NNN NN ee ee 
CONDAUBWHHKOOCDHAUEWNEK OC ODNAU EWN 


—0.1949 —0.5491 —0.2711 —0.2869 
—0.1873 — 0.5307 — 0.2949 —0,2842 0.8709 —0.0010 — 0.2329 
—0.1743 — 0.5070 — 0.3152 —0.2741 0.8753 0.0000 —0.2341 
—0.1569 —0.4796 —0.3319 —0.2575 0.8798 +0.0010 —0.2353 
— 0.1362 —0.4498 — 0.3452 — 0.2356 0.8843 0.0021 — 0.2365 
—0.1129 —0.4187 — 0.3552 —0.2092 0.8888 0.0031 —0.2377 


¢*) 

- 
o 
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. Callaway, Phys. Rev. 119, 1012 (1960). 
. Callaway and D. F. Morgan, Jr., Phys. Rev. 112, 334 (1958). 
J. Callaway, Phys. Rev. 112, 1061 (1958). 
. A. Silverman, Phys. Rev. 85, 227 (1952). 





1256 JOSEPH 


etc., and the energy parameters Eo, E2, and Ey are 
summarized in reference 3. 
The functions which are tabulated in Table I are 


QV2=rdo. 


The normalization integral® for yy, is (to order k?): 


Ro=ru; Ry=ru,; Ro2=rte; (3) 


fim ‘d= f uy |2dr=4e[1+R2(4)1+2J):)], 


in which 


n= f Rydr; j= f RoQedr. (5) 
0 0 


In two of the previous calculations of this series,'* 
potentials derived from self-consistent field calculations 
for the appropriate free atoms (supplemented by 
approximate exchange potentials) have been employed. 
In the present case, the semiempirical potential derived 
by Prokofjew was used.*® This potential yields energy 
levels for the free atom in reasonable agreement with 
spectroscopic data, and has been frequently used in 
band calculations. Insofar as exchange and correlation 
effects can be included in a single potential, the calcu- 
lations based on this potential are probably more 
accurate than those based on a self-consistent fields. 

All calculations were made for a sphere radius 
r,=3.94 (Bohr units), which is appropriate for 0°K.? 

The band parameters computed in this way are 
5 The normalization of these functions agrees with that of 
reference 3. 

®W. K. Prokofjew, Z. Physik 58, 255 (1929). This potential is 
also given by E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933). 

7G. B. Benedek and T. Kushida, J. Phys. Chem. Solids 5, 241 
(1958). Details of crystal structure are not important in the 
spherjcal approximation used in this calculation 


CALLAWAY 


Eo= — 0.6113 ry; E.= 1.0659; Ey= —0.153. The values 
of Ey and £» are in good agreement with results previ- 
ously obtained by Bardeen.’ Ey is somewhat larger 
than had previously been expected,’ and suggests that 
the effective mass on the Fermi surface may be greater 
than unity. The agreement with results of “quantum 
defect” calculations is also quite good, except for E4." 
The cohesive energy, computed in the standard way 
from these parameters,’ is 27.7 kcal/mole. The experi- 
mental value is 26.0 kcal/mole. 

A quantity of interest in the theory of the Knight 
shift" is 

t= !Wr(0)|2/|W4(0) 2, 


where ¥r(0) is the average over the Fermi surface of 
the wave function at a nucleus, and ¥4(0) is similarly 
the value of the wave function of an electron in the 
free atom at the nucleus. We find from the expansion, 
lWr(O)|?=0.566. Using |¥4(0)|?=0.685, as computed 
by Kjeldaas and Kohn,” we find £=0.826; in good 
agreement with the non-perturbation calculation of 
those authors (¢=0.81) and with the earlier pertur- 
bation calculation of Townes et al." 

The author wishes to thank the staff of the Bio- 
metrical Laboratory of the University of California, 
Riverside, for their assistance with the operation of 
the IBM 1620, on which this calculation was largely 
performed. 


8 J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

9 J. Callaway, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 133. 

10H. Brooks, Suppl. Nuovo cimento 7, 165 (1958). 

1 W. D. Knight, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, p. 93. 

2 T, Kjeldaas and W. Kohn, Phys. Rev. 101, 66 (1956). 

3C. H. Townes, C. Herring, and W. D. Knight, Phys. Rev. 
77, 852 (1950). 
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The Hall effect, thermoelectric power, and electrical conductivity have been measured as a function of 
temperature in crystals of p-type titanium sesquioxide. A transition is observed at about 450°K. Below this 
temperature the crystals behave like semiconductors, while above it the conductivity is apparently metallic. 
The behavior below 450°K is in line with antiferromagnetic ordering. The effective mass of the holes is 
found to be about 5m» and the average Hall mobility 5 cm*/volt-sec at room temperature. It is claimed that 
these values, combined with the fact that the Hall effect is measurable, support the assumption of conduction 


in a narrow 3d band. 


INTRODUCTION 
General Remarks 
Stoichiometric Oxides 


HE electron transport properties of transition 

metal oxides such as MnO, CoO, and FeO; do 
not fit into the well-known picture of conduction in 
broad-band semiconductors. From the electronic con- 
figuration of the free cation, one would expect these 
oxides to be metallic in their conduction properties, for 
when the ions are brought together to form the solid, 
the cation electrons would only partially fill the result- 
ing band. Experimentally, however, these materials are 
found to be insulators when in a pure and stoichiometric 
form. Several attempts have been made to explain this 
lack of conduction. DeBoer and Verwey!' retain the 
band model but believe that the potential barrier 
between adjacent sites is too high to permit electron 
motion. Mott? asserts that the transition from a non- 
conducting to a conducting state is sharp. At 0°K there 
are either no free carriers or a high density of free 
carriers. A pair of carriers attract each other according 
to a Coulomb interaction —e?/xr. They can therefore 
combine to form a bound state and, in consequence, not 
conduct. However, as the number of carriers becomes 
larger (of the order of the number of electrons in metals) 
two carriers attract each other according to a screened 
Coulomb potential V(r)=(—e*/r)e~"/, where ro 
roughly the spacing between the ionized particles. When 


is 
ro is comparable to the ionic spacing this screened 
potential is too weak to produce bound states and a 
sharp increase in the number of free carriers occurs. 
Slater,’ considering MnO, has proposed that the anti- 
ferromagnetic order in this substance gives rise to two 
bands (rather than to one unfilled band, as expected 
when the antiferromagnetic order is absent), the lower 
band being filled and the upper one empty. This would 
give rise to the conduction properties actually observed. 


* This research was supported by the Office of Naval Research. 

1 J. H. DeBoer and E. J. W. Verwey, Proc. Phys. Soc. (London 
A49, 59 (1937). 

2.N. F. Mott, Suppl. Nuovo cimento 7, 312 (1958). 

3J. C. Slater, Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 19, p. 123. 
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Zener‘ and Heikes® have attempted also to relate the 
conduction properties to the magnetic properties and 
have reached the conclusion, based on the Pauli exclu- 
sion principle and a model of charge transfer, that 
insulating behavior is associated with antiferromag- 
netism while ferromagnetism leads to metallic conduc- 
tion. This conclusion is in large measure borne out by 
experiment. Anderson® has made a detailed theoretical 
study of superexchange interactions. He finds that 
superex¢ hange is closely related to poor conductivity ; 
the d electron is characterized mainly by two param- 
eters: its kinetic energy, or its ability to delocalize, and 
the energy of repulsion of two electrons. Whenever the 
repulsion energy predominates, preventing metallic 
conduction, he shows that the opposite tendency to 
delocalize causes an antiferromagnetic ordering. Thus 
insulating behavior is linked to antiferromagnetism as 
is actually observed. 


Nonstoichiometric Oxides 


Most of the insulating oxides can be made semi- 
conducting by reduction or oxidation or by the intro- 
duction of appropriate impurities of a different valency 
than the cations in the host lattice. The extra electrons 
or holes produce a mixed valency in the cation lattice, 
e.g., in Li-doped NiO both Ni** and Ni** will be present. 
An Ni*+-Ni*+ pair will be degenerate with a Ni?+-Ni*+ 
pair and hence at sufficiently high temperatures move- 
ment of positive charge can take place.':? This mechan- 
ism therefore leads to conduction in the cation band. 
Many investigators*:® believe, however, that the overlap 
of wave function is too small for the formation of bands 
of appreciable width and that the conduction is better 
described by a diffusion or jump mechanism. This 
theory is based on the fact that no Hall effect has been 
observed in most oxides and that the mobilities deduced 
from thermoelectric power and conductivity measure- 
ments are in the range 10~>°-10-* cm?/volt-sec. A num- 


‘C. Zener, Phys. Rev. 82, 403 (1951). 

5 R. R. Heikes, Phys. Rev. 99, 1232 (1955). 

. W. Anderson, Phys. Rev. 115, 2 (1959). 

'E. J. W. Verwey ef al., Philips Research Repts. 5, 173 (1950). 


5R 
6p 
®R. R. Heikes, Westinghouse Research Laboratories, Progr. 
Rept. No. 3, 1958 (unpublished.) 

®G. H. Jonker and S. Van Houten, Philips Research Labora- 
tories M. S. 3436, 1960 (unpublished). 
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ber of nonstoichiometric oxides (CusO, ZnO, TiOz) do 
show a Hall effect; the mobilities are of the order 
0.1-10 cm?/volt-sec. There is good reason to believe 
that the observed conductivity in these substances is 
due to electrons (holes) in a conventional conduction 
(valence) band. 


Remarks Concerning Titanium Sesquioxide 
Stoichiometric TizO3 

The free Ti** ion is in a *D state which is tenfold 
degenerate if the spin-orbit interaction is neglected. In 
a hexagonal crystal such as Ti,O; this state is probably 
split into five doubly degenerate Kramers levels. From 
these considerations it would appear that stoichiometric 
TizO; would be a good conductor since it would have 
an incompletely filled 3d band. However, the available 
experimental evidence suggests that the 3d' configura- 
tion of the Ti** ion gives rise to a filled band. It has been 
pointed out how this apparent inconsistency may be 
resolved [see General Remarks : Stoichiometric Oxides ]. 


Nonstoichiometric TiO; 

Considering now nonstoichiometric Ti,O; with excess 
oxygen (actually the case for the samples measured), 
the following statements may be made. Nonstoichio- 
metric Ti,O; with excess oxygen contains Ti vacancies 
and Ti* states; at sufficiently high temperatures the 
latter will produce holes in the valence band. This 
prediction is in agreement with the results of Pearson,” 
who measured the conductivity and thermoelectric 
power of sintered samples. Pearson also investigated 
the structure, magnetic susceptibility, and optical 
absorption of the sesquioxide. The lattice parameters 
and susceptibility showed a discontinuity in the range 
400-500°K, while the thermoelectric power changed 
from positive to negative in this range. Later measure- 


T (em coulomb) and RES 








Fic. 1. Temperature dependence of Hall coefficient 
and resistivity for crystals C, and C,. 


0 A. D. Pearson, J. Phys. Chem. Solids 5, 316 (1958). 
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ments by Morin" on a single crystal showed a similar 
discontinuity in the conductivity. Early work of Adler 
and Selwood™ on the magnetic susceptibility indicated 
a transition point of 248°K. However, the measure- 
ments of Foéx and Wucher™ are in agreement with 
Pearson’s results: the susceptibility is rather tempera- 
ture independent up to 400°K, increases rather steeply 
between 400 and 500°K, and shows a gentle rise above 
this temperature. Neutron diffraction studies of this 
oxide recently made by Shirane ef al."* showed the 
effective magnetic moment of the Ti** ion to be smaller 
than 0.5 Bohr magneton. These results, as well as their 
own magnetic measurements, led Carr and Foner" to 
the conclusion that Ti,O3 was not antiferromagnetic. 
In this paper we present results of electrical con- 
ductivity, Hall effect, and thermoelectric power meas- 
urements for nonstoichiometric Ti,O3. These results can 
be interpreted in terms of the conventional band model 
and be reconciled with antiferromagnetic behavior 
below the transition point. 


EXPERIMENTAL DETAILS 
1. Samples 


The samples used in this investigation were in the 
shape of small parallelepipeds of rectangular cross- 
section cut from boules provided by the Linde 
Company. A typical size was 5X1X2 mm*. Measure- 
ments were made on samples from three boules (A, B, 
C). It was found that the boules were cracked in many 
places, presumably upon cooling from high tempera- 
tures, so that some difficulty was experienced in cutting 
uncracked samples. No effort was made at orienting the 
samples; an x-ray investigation of a section from boule 
C showed that it was a single crystal. Measurements of 


COEFFICIENT (cm5/coulomb) and RESISTIVITY (Q-cr 
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Fic. 2. Temperature depende nce of Hall coefficient 
and resistivity for crystal A. 


4 F. J. Morin, Phys. Rev. Letters 3, 34 (1959). 

2S. F. Adler and P. W. Selwood, J. Am. Chem. Soc. 76, 346 
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3M, Foéx and J. Wucher, Compt. rend. 241, 184 (1955). 

4G, Shirane et al., J. Phys. Chem. Solids 13, 166 (1960). 

18 P_ H. Carr and S. Foner, J. Appl. Phys. 31, 344S (1960). 
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;. 3. Temperature dependence of Hall coefficient 
and resistivity for crystal B. 


oxygen uptake were made for sections from the different 
boules in order to determine the degree of stoichi- 
ometry; consistent results were obtained for sections 
from boule A, the formula being determined as TiO; 515. 
Assuming three Ti** sites for each Ti** vacancy, this 
formula indicates 11 10” quadrivalent Ti ions per cm’. 


2. Measurement Technique 

The Hall effect and resistivity were measured using 
a dc potentiometer method. Small (Hall) voltages were 
measured with a Rubicon microvolt potentiometer 
(limit of sensitivity ~0.01 uv) while a type K-3 Leeds 
and Northrup potentiometer was used for voltages in 
the millivolt range. In the low-temperature experiments, 
wires were soldered to the sample with indium ; tungsten 
pressure contacts were employed in the high-tempera- 
ture range. Steady temperatures were obtained by 
conventional means at both high and low temperatures. 
Below 300°K the temperatures were determined by 
means of silver vs gold-cobalt thermocouples; in the 
high-temperature range, platinum vs platinum-rhodium 
thermocouples were used. Thermoelectric power data 


Fic. 5. Temperature dependence 
of thermoelectric power (high- 
temperature range) for crystal C4. 
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lic. 4. Temperature dependence of thermoelectric power 
(low-temperature range) for crystal C3. 


in the range 55-300°K were obtained with an apparatus 
used previously in the work on the thermal conductivity 
of InSb.'* Temperature measurements were made by 
means of copper vs constantan thermocouples affixed 
to the ends of the crystal with indium; the readings on 
the thermocouples then determined the temperature 
gradient across the sample and also its average tempera- 
ture. The thermoelectric power was measured using 
the copper arms of the thermocouples. High-tempera- 
ture thermal emf measurements (300-1250°K) were 
made by inserting the sample in an oven; Pt-vs-Pt-Rh 
thermocouples were used as temperature indicators. 


RESULTS AND ANALYSIS 

The temperature dependence of the Hall coefficient 
Ry, and the resistivity p are shown in Figs. 1-3. A sharp 
drop of p at about 450°K (Fig. 1) is connected with the 
transition also observed in the magnetic suscepti- 
bility,"* lattice constants," and coefficient of 
expansion.!” The thermoelectric power as a function of 
temperature is shown in Figs. 4 and 5; here, also, a 
broad transition range (450-600°K) is observed. 
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16 EF. V. Mielczarek and H. P. R. Frederikse, Phys. Rev. 115, 888 (1959). 


17M. Foéx and J. Loriers, Compt. rend. 226, 901 (1948). 
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1. Temperature Range below the 


Transition Region 


From the Hall data, we can calculate activation 
energies using the formula Ry=conste*“/*?, where AE 
is the activation energy. These are given in Table I. 
A comparison of these results may be made with the 
activation energy deduced from Morin’s" conductivity 
curve; assuming ¢=conste~*"/*", a value of AE=0.04 
ev is obtained. 

The Hall mobility wz(=o¢R,) was found to be of the 
order of a few cm® volt-sec at room temperature. Figure 
6 shows the temperature variation of the mobility. The 
behavior at low temperatures suggests that scattering 
by ionized impurities is the dominant mechanism. The 
mobility is then described by the Conwell-Weisskopf 
formula!’ ww=constT!/In7*. This formula appears to 
fit the data rather well in this range. At the higher 
temperatures the data indicate that scattering by polar 
modes predominates. Fréhlich ef al.'® have shown that 
for this case the mobility as a function of temperature 
T_1) for 6>T, 
where @ is the Debye temperature. Such a variation is 


may be represented by u=const(e? 


in reasonable agreement with our experimental results. 
We use 6=441°K, a value deduced by Shomate” from 
specific heat measurements). 

The effective mass can be calculated from the thermo- 
electric power data combined with the Hall data by 
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6. Tem dependence of Hall mobility 
for crystals A, B, C;, and C2 
* E. Conwell and V. F. Weisskopf, Phys. Rev. 77, 388 (1950) 
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means of the expression”! 


Q,=+(k/e)[In| Ry! T! 

—Inr—7.16+9+3 In(m*/mo)], (1) 
where r and g are numerical scattering factors. For 
impurity scattering r=1.93, g=4.00, and for polar 
scattering r= 1.10, g=3.00. The Q,(T) curve calculated 
from the Hall data for crystals C; and C. is compared 
with the experimental curve for crystal C3; using an 
effective mass m*=5my, (Fig. 4). A puzzling feature is 
that below 100°K the observed Q, decreases while that 
calculated from the Hall data continues to increase. 


2. Temperature Range above the 
Transition Region 


The resistivity above the transition temperature has 
decreased by a factor of over 20 from that immediately 
below it and shows a small positive temperature depend- 
ence (Fig. 7). The thermoelectric power has dropped by 
a factor of several hundred and is small and negative 
immediately above the transition region although at 


ras ie I. Activation energies calculated from Hall data 


for crystals 4, B, Ci, and C; 
Tem} K AE ev 


Crystal ‘rature range 


A 200-118 
B 330-125 


125-77 


200-87 


87-63 


still higher temperatures it reverts to small positive 


values (Fig. 5). 


DISCUSSION AND CONCLUSIONS 


Ti,O; appears to be a p-type semiconductor below 
450°K. The value of the effective mass of the holes as 
calculated above is about 5m) and the measured average 
Hall mobility 5 cm?/volt-sec at room temperature. 
These values combined with the fact that the Hall effect 
is measurable at all are consistent with our assumption 
of band formation. It is interesting to compare these 
results with those obtained on reduc ed TiO " where the 
carriers are electrons with an average effective mass of 

300°K). We 
of all of these 
values indicate that in both materials conduction takes 
place in a narrow 3d band. 

It seems to us that the existing data on Ti,O 3 support 
the idea of antiferromagnetic ordering below 450°K, in 
contrast to the conclusions of Carr and Foner.'® The 
temperature dependence of the susceptibility measured 
by Pearson” on polycrystalline samples is rather typical 


25m) and a mobility ~1 cm® volt-se 
believe that the orders of magnitude 


oe Johnson and K. Lark-Horovitz Phys Rev. 92, 226 
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of antiferromagnets. The small net magnetic moment 
per site of less than 0.5 us observed in neutron diffrac- 
tion experiments" is quite naturally explained on a 
collective electron model similar to the one used by 
Lidiard* to interpret the observed small and nonintegral 
magnetic moment in antiferromagnetic metals and by 
Stoner™ to explain the same observations in ferromag- 
netic materials. The lack of anisotropy observed by 
Carr and Foner" could be due to the heavy strains or 
polydomain structure of their crystals. It could also be 
due to a spiral arrangement of moments about the « 
axis. Another important aspect is the unexpected in- 
crease of x above 450°K; the susceptibility obviously 
does not follow a Curie-Weiss law in this range. The 
possibility of a second transition point at the higher 
temperature should not be excluded.” 

The conclusion that Ti,O3 is antiferromagnetic agrees 
with the work of Li,?* who predicts from an analysis of 
superexchange interactions that this sesquioxide should 
behave similarly to VO; and Cr.Qs, and is in line with 
the theories of Zenert and Heikes® mentioned at the 
beginning of this paper that insulating (or semi- 
conducting) properties of transition metal oxides are 
associated with antiferromagnetism. 

Above the transition point the temperature depend- 
ence of the resistivity and the magnitude of the thermal 
emf suggest metallic conduction. Morin!" ** explains 
this behavior by assuming that the two bands produced 


by antiferromagnetic interaction at low temperatures 


2 A. B. Lidiard, Reports on Progress in Physics (The Physical 
SOC iety, London, 1954), Vol. 17, p 201 

3. C. Stoner, Proc. Roy. Soc. (London) A165, 372 
Phil. Mag. 15, 1018 (1933). 

*4S. T. Lin, Phys. Rev. 116, 1447 
Li, Phys. Rev. 102, 1015 
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Fic. 7. Temperature de pendence e of resistiv ity above 
the transition temperature for crystals C; and Co. 


collapse into a single nonfilled band in the high-tempera- 
ture range. 

It would be interesting to test the second half of the 
theories of Zener and of Heikes, namely, that the 
metallic bahavior of TiO, above 450°K is accompanied 
by weak ferromagnetism. 
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It is shown that a many-particle system subject to periodic adiabatic variation of certain of its parameters 
is to a certain extent equivalent to a non-time-varying system with a radically modified interaction between 
the particles. The particular case of an electron gas in a metal is discussed in some detail. 


T is well known in classical mechanics that small 

periodic forces applied to a system often transfer 
it from one kind of motion to a completely different 
kind. Over time intervals long compared with the 
period of the forces the system follows an almost 
smooth orbit which differs qualitatively from the orbit 
in the absence of the periodic forces. Two well-known 
examples are the electromagnetic suspension of bodies 
against the action of gravity, and the alternating- 
gradient forcussing of charged beams. 

In this paper we show that similar effects should be 
obtainable in a quantum-mechanical system, provided 
it is possible to vary some parameter of the system in 
an adiabatic manner. In particular, under certain 
circumstances it should prove possible to cause a 
vanishing, or a reversal in sign of the interaction 
between the constituents of a many-particle system, at 
least if the interaction is weak. As a special case we 
shall discuss artificial enhancement of the transition 
temperature of superconductors by reversal of the sign 
of the electron-electron interaction in a region of 
momentum space where it is normally repulsive. It 
must be pointed out at the outset that the convergence 
of certain procedures used in this paper is assumed 
without being proved, and that in fact it might be 
possible to disprove convergence, thereby casting doubt 
on the validity of the conclusions. It should be noted, 
however, that one case of “decoupling of the inter- 
action” by modulation techniques has already been 
verified in the laboratory: In ferromagnetic resonance 
certain phenomena caused by interaction terms in the 
spin-wave Hamiltonian have been quenched in this 
manner.’ Though the theory of this particular process 
Was given in terms of equations of motion,’ it could 
equally well have been presented in a Hamiltonian 
formulation such as is used in this paper. 


GENERAL THEORY 
Consider a system whose Hamiltonian can be written 
H=Hot+H,()+V, (1) 


where H; and Hy commute with each other but not 
with V. The time variation of H; is assumed to be 
explicitly contained in a numerical parameter: Hy and 


1T. S. Hartwick, E. R. Peressini, and M. T. Weiss, Phys. Rev. 
Letters 6, 176 (1961). 
2H. Suhl, Phys. Rev. Letters 6, 174 (1961). 


V are time-independent. Though V may be quite 
general, for the purpose of this paper it will denote the 
interaction between the constituents of the system. 
We first transform the Hamiltonian (1) into a partial 
interaction representation by means of the transfor- 
mation exp(7.S)H exp(—iS), where 


S= fan. 


In this representation, Schrédinger’s equation reads 


idp/ dt= Hot V(t) ]¢, (2) 
where V(¢)=exp(iS)V exp(—7S), and where % has been 
equated to unity. In Eq. (2), Ho has remained untrans- 
formed, inasmuch as H; commutes with Hy» and the 
time integration only involves the varying parameter, 
not the operator constituents of H;. We now assume 
further that the time variation is sinusoidal. Then it is 
obvious that V(t) may be expanded in a Fourier series 
with operator coefficients V,: 


+ 


=SV 


n=O 


V (t) 


n exp(in ft), 


where f is the frequency of the sinusoidal variation. 
The main point of this paper is that by suitable choice 
of the depth and the frequency of the modulation any 
particular coefficient, and more especially Vo may be 
given a wide range of either positive or negative values, 
or may be made to vanish if desired. The conditions 
under which such manipulations may be of interest 
will now be examined. 

We define a quasi-stationary solution of Eq. (2) as 
one which in the limit f=0 reverts to the usual expo- 
nential time dependence characteristic of the wave 
function of a time-independent Hamiltonian. Such a 
solution must have the form 


o, exp(in ft). 


L 


g=exp(—ikt) > 


, 


From (2) and from the Fourier series for V it follows 
that the functions ¢, satisfy the recurrence relations, 


Haut 5 Vato 


(E—nf)on= 
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We now present plausible arguments that in the limit 
of small V, a particular ¢,, say @o, is the dominant 
part of the wave function, and that to order V, the 
equation for po is 


(Hy+ V0) bo- Ibo. (4) 
rom (3), we have 


Eoy= (Hy t+ Vo)bo+ ¥ Vendm- (3) 


mF 


Assuming that @o is large compared with the other 
harmonics, we may solve for these approximately : 


(E—m f—Ho— V0)om= V mo; 
which, together with (5), gives 
(E—Ho—Vo)oo 

= > V_m(E—mf— Ho— Vo)" V moo. 


(5a) 


m0 


If the sum on the right-hand side converges, it will be 
of second order in the interaction. More accurate 
solutions for ¢,» will lead to still higher correction terms 
to Eq. (4), which we henceforth regard as a satisfactory 
zero-order approximation to our problem. The reason 
for giving Vo preferential treatment vis-a-vis the other 
coefficients and not relegating it to perturbation theory 
is that in some cases one will wish to arrange the 
modulation in such a way that Vo is an attractive 
interaction where the original V was repulsive. Pertur- 
bation theory starting with Ho as the unperturbed 
Hamiltonian is then not usually justified, since the 
ground-state energy will then not in general be an 
analytic function of V» for small Vo. In fact, it is only 
under these circumstances that the present theory 
corresponds to more than a mere rearrangement of 
ordinary time-dependent theory. 

It is to be noted that no special significance attaches 
to the choice of @o as the “large”? harmonic. Had we 
picked some other ¢,, this would still have led to an 
equation of the form (5a), with a slight relabeling of 
the various quantities. 


EXAMPLE. ARTIFICIAL ENHANCEMENT 
OF SUPERCONDUCTIVITY 


We consider an electron gas in a metal, in the limit 
of high density. In the absence of interaction, the 
electrons are described by Bloch functions, which we 
approximate by plane waves exp(/kr). The correspond- 
ing single-particle energies are denoted by e. It is 
assumed that these may be varied adiabatically. For 
the present we assume that the interaction among the 
electrons is purely repulsive; the Fourier transform of 
the interaction being denoted by v,. In second quantized 
notation, with c,,*, ces denoting creation and annihi- 
lation operators in a state with momentum & and spin 


ADIABATIC 


TIME VARIATIONS 


orientation s, the Hamiltonian is 
H=> €xCha*Cke t+ >, nk (t)Cks*Cks 
ke ks 
icy } 3 CsChirce Ch 


qkk’ as’ 


* 
qs’ CksCk's’- 


Here n,(¢) is the time-varying part of e,. For the sake 
of definiteness we assume that the parameter that is 
being varied is the effective electron mass. In that case 


nu (t) = —€,6m* cos ft/m*, 


where 6m* is the maximum excursion of the effective 


mass from its average value m*. In the interaction 


representation the Hamiltonian becomes 
i= p €xCka*Cks 


— DY VgCktqa*Ck'—qs'*CksCx’ EXPL—iF (k,k’,g,t) J, 


“8s 


where 


F (k,k’,q,t) = (€n4 gt €x’—g— € — €x)6m* sin ft/ fm*. 


q 


The time-independent part of the potential has thus 
changed from 2, to 


Ved of (€x+ gt €k'—g— €x— €x')dm*/ fm* ], 


and its sign will depend on the value of the argument 
of the Bessel function. Bearing in mind that under 
suitable circumstances v,J9 may be negative, we now 
attempt the pairing of electrons with opposite momenta 
and spin orientations characteristic of the Bardeen- 
Cooper-Schrieffer theory of superconductivity,? neg- 
lecting the part of the interaction that cannot be 
expressed in terms of such pairs. The time independent 
part of the Hamiltonian truncated in this manner is 


H=Dd enCre* Ces td, Ve—nCur*C— na *C_w Cet 


kk’ 


XI of 2(ex— ex )m*/m* f], (6) 
where the kinetic energies are confined such that 


2 (€.— ex )6m*/m* f<z2,, (n=1,2---)(7) 


22r Oh 


where Z,, is the 7th zero of the zero-order Bessel function. 
It is to be expected that the attractive interaction 
becomes successively less effective as m increases, since 
the corresponding kinetic energies, on the whole, will 
move further and further away from the Fermi surface. 
We therefore restrict the argument to the case n=1, 
in which case the attractive region consists of the 
interior of the two strips S, S’ in the e, €, plane shown 
in Fig. 1. These should be compared with the single 
strip B shown in Fig. 2 in which the interaction is 
attractive in the BCS theory, due to excitation and 
de-excitation of virtual phonons. We note that B 
the Fermi which is taken as the 


contains energy, 


*f. Bardeen, L N. 
108, 1175 (1957). 


Cooper, and J. R. Schrieffer, Phys. Rev. 





H. 








Fic. 1. The interaction is attractive in the cross-hatched strips 
S, S’ symmetrically disposed about the Fermi energy. 


reference zero in both Figs. 1 and 2. In order to make 
further progress with the BCS theory, one replaces B 
by a square, centered at the origin, whose sides equal 
the width of the strip, in that case equal to the maxi- 
mum available phonon energy. Similarly, to make 
further progress in the present case it is necessary to 
replace the strips S, S’ by two equivalent squares 
delimited by a:<| «| <a2 and a;<| «| <a, where 
a1,2= fm*z,,2 dm*. The determining equation for the 
energy gap now takes the form 


=F 


(6.2 +.6,2)3 
assuming that the actual interaction may be replaced 
by an effective average V. The density of states may 
still be regarded as substantially constant, equal to 
V(0), over the range of summation. The equation for 
the gap then becomes 
sinh! (@2/€9) —sinh™ (a;/€9)=1/V.V (0). 

Taking the sinh of both sides it is readily found that a 
solution will exist only if 


22/2,>expl1/V.V (0) ]. 


This condition is inconsistent with the present theory, 
which is valid only in the limit of small V.V(0). There- 
fore even if V were large enough to satisfy the last 
inequality, this would be no guarantee that the origi- 
nally normal metal becomes a superconductor, though 
the possibility cannot be excluded. 

The less ambitious project of raising the transition 
temperature of an existing superconductor holds more 
promise, however, even in the context of the present 
theory. Outside the strip B in Fig. 2 the interaction in 
the superconductor is repulsive. If we now adjust the 
modulation depth and frequency in such a way that 


SUHL 








;. 2. In the BCS theory, the interaction is attractive in the 
strip B, containing the Fermi energy. 


the strips S, S’ abut the upper and lower lines bounding 
the strip B, the width of the region in which the 
interaction is attractive will have been increased in the 
ratio 22/2;. The condition on 6m* and f is simply 


fm*z,;=wadm"*. 


The effective mass modulation of a superconducting 
electron gas then effectively multiplies the Debye 
frequency wa, and therefore the transition temperature 
by the ratio 22/2). 


SOME LIMITS OF VALIDITY AND CONCLUSIONS 


From the preceding example one might gain the 
impression that the interaction strength, and its sign 
is controlled by the ratio of frequency to depth of 
modulation, and that the absolute values of these 
quantities separately are not critical. However, referring 
to the correction to the quasi-stationary Schrédinger 
Eq. (5a), we see immediately that the frequency of 
modulation (times /) must be sufficiently greater than 
the interaction if the correction terms are to have any 
chance of converging. Assuming V to be off-diagonal 
entirely, (Ho—Ho— Vo—mf)~ acts on an excited state, 
and is, therefore, of order 1/(V+-m/). Hence, for m= 1, 
we require f>>V; then, for cancellation or sign-reversal 
of the interaction, the depth of the modulation must 
also exceed V, since by the condition for a zero of the 
Bessel function, the frequency and depth of modulation 
must be of the same orders. 

To produce modulation depths in excess of the 
shielded coulomb repulsion in a metal may prove 
excessively difficult. For this reason, it is desirable to 
first try the principles described here on genuinely 
weakly interacting systems. 

Finally, it must be pointed out that where a rigorous 
theory is possible, it may trans¢ end the limits of 
validity described here. Such is the case in reference 2, 
where it turned out that with square wave modulation 
one could decouple the spin wave interaction with very 
low modulation frequencies also 
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Electron nuclear double-resonance techniques were used to observe the hyperfine spectrum of Cr? in 
Al,O;. Through analysis of the spectrum at zero degrees a positive value of 48.5+0.1 Mc/sec was obtained 
for the hyperfine coupling constant and —0.85+0.04 Mc/sec for the quadrupole coupling constant. From 
this a value of —0.03 barn was deduced for the quadrupole moment of Cr. 


INTRODUCTION 


HE electron nuclear double-resonance (ENDOR) 
techniques developed by Feher' permit direct 
measurement of transitions between hyperfine levels in 
paramagnetic resonance spectra. Through these tech- 
niques a great deal of new information about ihe inter- 
action of paramagnetic ions with their surroundings has 
been obtained.2~* One can measure values of interaction 
parameters with much greater precision than through 
observation of hyperfine structure in paramagnetic reso- 
nance spectra. 

We have carried out similar double resonance experi- 
ments with ruby (Al,O3: Cr*+).° We were able to observe 
directly the hyperfine interaction of the Cr®* nuclei with 
the crystalline electric field as well as the surrounding 
electrons responsible for the paramagnetic resonance. 
l'rom these measurements we were able to deduce a 
value for the sign and magnitude of the nuclear electric 
juadrupole moment and hyperfine coupling constant 
on Cem. 

We also observed the interaction of the paramagnetic 
chromium ions with the aluminum nuclei throughout 
the lattice. A separate paper describing several experi- 
ments carried out to better understand the coupling 
mechanisms between the electron and nuclear spins has 
been prepared.® Details of our experimental procedure 
will be given in that paper. This paper will be mainly 
concerned with our measurements and analysis of the 
Cr**)** hyperfine spectrum. 

All of our experiments were performed at 4.2°K with 
Linde pink ruby, i.e., Al,O3:0.05% Cr**+. The chromium 
ions enter the crystal substitutionally for the Al** ions. 
Each metal ion is surrounded by six oxygen ions which 
form a distorted octahedron around the metal ion site 
resulting in a local crystalline electric field of trigonal 
symmetry. The ground state of the Cr** ion is an orbital 
singlet with S=#%. The (Cr**)*+ ions which are 9.5% 

'G. Feher, Phys. Rev. 103, 500 (1956 

2G. Feher and E. A. Gere, Phys. Rev. 103, 834 (1956). 

3H. H. Woodbury and G. W. Ludwig 117, 102 (1960). 

‘1D. Halford, C. A. Hutchison, Jr., and P. M. Llewellyn, 

Rev. 110, 284 (1958). 

®R. W. Terhune, J. Lambe, G. Makhov, and L. G. Cross, 
Rev. Letters 4, 527 (1960). 

6 J. Lambe, N. Laurance, E. C 
Phys. Rev. 122, 1161 (1961). 


MclIrvine, and R. W. Terhune, 


abundant have a nuclear spin of 3. All the other stable 
isotopes of chromium have zero nuclear spin. The split- 
tings in the ground state of the (Cr**)** ions should be 
describable by the following Hamiltonian.7:$ 


H=g,,8H.S.+-¢.8(H.8.+H,S, ]+D[LS2—45(S+1) ] 
+ AT.S.+BCS,0,4+S,1, | 
7 8,(H1.+H,1,+H.1.J+0'Tl2- +1), 


where g is isotropic to better than 1% and equals ap- 
proximately 1.99%"; 2D at 4.2°K = —11.447+0.005 
kMc/sec!?"*; the magnitude of A is approximately 
50 Mc/sec"; y,8, is 2.406 kc/gauss; and Q’ is the 
nuclear quadrupole interaction constant. The above 
Hamiltonian neglects lattice distortions and interactions 
with the Al?’ nuclei. Also, additional terms related to 
possible anisotropic values have 


neglec ted.° 


nuclear g been 

In the present work the values of A and Q’ were ob- 
tained by observing the ENDOR spectrum with the 
magnetic field along the crystalline c axis. In this case 
the energy levels to second order in the hyperfine inter- 
action are given by 


Wsr.m= g3HM +D[M2—35(S+1) 


AMm—y,8,Hm+Q'[n?— 43 (I+1) | 


4 


[S(S+1)—M(M+1) J[(7+1)—m(m—1)] 


— 93H —D(2M+1)+A(M—m-+1) 
[S(S+1)—M(M—1) J[7(7+1)—m(m+1) ] 
g38H+D(2M—1)+A(m—M-+1) 

Seitz and D. Turnbull 


7W. Low, Solid-State Physics, edited by F 
\cademic Press, Inc., New York, 1960), Suppl. 2 
8M. M. Zaripov and Iv. Ia. Shamonin, Soviet Phys.-JETP 3, 

171 (1956 
»A. A. Manenkov and 

oll 1955 
Ww J. E. Geusic, J. Appl. Phys. 102, 1252 (1956). 
"C. Kikuchi, J. Lambe, G. Makhov, and R. W 

Appl. Phys. 30, 1061 (1959 
#24, A. Manenkoy and A. M. Prohoroy, Soviet Phys.-JETP 4 

288 (1957 
87,. Cross and R. W. 
1958). 

4 R. Bersohn, Phys. Rev. Letters 4, 609 (1960). 
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20=11.447 kMc 


ff cel 


Fic. 1. Energy levels for Cr** in Al,O; at 6=0 deg. 


where M and m are the quantum number specifying the 
orientation of the electron spin S and the nuclear spin /, 
respectively. The term AMm is much larger than the 
other hyperfine terms so that for M=+3, the four 
hyperfine levels are split by approximately 25 Mc/sec 
and for M=+3 by approximately 75 Mc/sec as indi- 
cated in Fig. 1. 

The X-band spin resonance transition which we ob- 
served in our experiments is also indicated in Fig. 1. 
One would expect to see four hyperfine components in 
the electron spin resonance spectrum. However, the 
details of the Cr* hyperfine structure are obscured by 
the absorption of the other isotopes. The electron spin 
resonance line associated with the other isotopes is in- 
homogeneously broadened to a half-width of 50 Mc/sec. 
One does observe the two outer lines of the Cr* hyper- 
fine spectrum as small bumps on the wings of the main 
absorption. 
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Fic. 2 


Schematic of electron-spin-resonance cavity and sample 
holder for double-resonance experiments 
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EXPERIMENTAL TECHNIQUES AND DATA 


The cavity in our electron-spin-resonance spectrome- 
ter was such that we could insert samples into the cavity 
from above when the cavity was immersed in liquid 
helium. As indicated in Fig. 2, we had only to place a 
coil around the sample and use a stainless steel coaxial 
line for a sample rod to perform double resonance 
experiments. 

Magnetic field modulation at 5 kc/sec was used to 
observe the edge of the (+3 = —}) electron-spin-reso- 
nance transition near 9 kMc/sec with a microwave 
power level well above saturation. The spectrum shown 
in Fig. 3 was then obtained by scanning the frequency 
of a low-power rf oscillator connected to the coil around 
the samples while observing changes in the electron- 
spin-resonance signal. As indicated in Fig. 3, the nuclear 
magnetic resonance spectrum of the host aluminum 
nuclei throughout the crystal was observed in the 
3-Mc/sec region. That is, when the oscillator was tuned 


n? 


6:0 


uM 


Spectrum obtained by observing the +i np} 


Fic. 3. 1 
electron-spin-resonance signal from ruby under saturation condi 
tions and scanning the frequency of an rf generator connected to 
a coil around the crystal (H=3285 gauss, v=9160 kMc/sec, 


T =4.2°K). 


to one of the aluminum nuclear resonance transitions a 
large decrease in the electron spin resonance signal was 
observed. 

As indicated in Fig. 3 we also observed all the transi- 
tions between the hyperfine levels of (Cr**)**. Note that 
even though we were observing the (+3 = —}4) electron 
spin transition our electron-spin-resonance signal was 
strongly affected when hyperfine transitions were in- 
duced in ions in the M = + states. A triplet is observed 
for each electron spin state corresponding to the three 
allowed transition between the four hyperfine levels. 
The splitting of the triplet results from the second-order 
hyperfine interaction and the nuclear quadrupole term. 
The frequencies at which these transitions occurred are 
given in Table I. 

Figure 4 illustrates the rapid change in the hyperfine 
splittings of the (Cr®*)** ions as the angle of the d 
magnetic field is varied. The crystalline field splitting is 
of the same order as the electron spin Zeeman energy so 
that one has considerable mixing of electron spin states 
as the angle of dc magnetic field relative to the crystal- 





HYPERFINE 


line ¢ axis is changed. This mixing is particularly ap- 
parent with the M=-+-3 and +3 states, as inspection of 
Fig. 1 shows that our observations were made near a 
crossover point of these energy levels. The crystalline c 
axis was aligned with the de magnetic field to better 
than a tenth of a degree in order to obtain the data 
in Table I. 

We were also able to observe the chromium hyperfine 
spectrum at 0 deg while saturating both the high and 
low magnetic field (+ $ = +4) electron spin transitions. 
In addition we traced the hyperfine splittings as the 
angle of dc magnetic field relative to the crystalline 
axis was varied between 0 and 90 deg. Figure 5 shows 
the spectrum which we obtained at 90 deg. 


ANALYSIS AND DISCUSSION 


Agreement between the observed and predicted spec- 
tra at O deg to better than 0.1 Mc/sec for all lines was 
obtained with A=B=48.5 Mc/sec and Q’=-—0.21 
Mc/sec. The only feature of the spectrum which we 
could not explain was the unequal spacing of the triplet 
for the M=3 state, i.e., 0.240 and 0.267 Mc/sec. This 


TABLE I. Observed hyperfine splitting in Mc/sec for Cr’ in Al,Og3 
with 6=0° and electron-spin-resonance frequency of 9152 Mc/sec. 


Electron spin states 
Hyperfine 
transitions 


M=-} M=4+443 


23.08 
25.65 
28.112 


72.208 
72.058 
71.790 


23.758 


® Unresolved triplet centered at 23.75 Mc/sec. 

could not be accounted for by considering the third 
order perturbation of the hyperfine interaction. The 
value of Q’ was determined from the splittings and the 
unexplained unequal spacing limits the accuracy of the 
determination of its value to about +0.01 Mc,sec. 
Comparison of the 90-deg data with approximate calcu- 
lations supported the assumption that 4=B. We were 
able to obtain the sign of both 4 and Q’ by comparison 
with the second-order hyperfine interaction term.*:® 
From the above value of Q’, a value of 0.84-+0.04 
Mc/sec is obtained for the quadrupole coupling constant 
which equals $/(27—1)Q". 

One can deduce an approximate value for the mag- 
nitude of the nuclear electric quadrupole moment of 
Cr®* by comparing the quadrupole interaction constants 
for the (Cr**)** ion with that for the (Al)** ion in 
Al,O3.% Q’ for the (AP*)** ion in Al,O;=0.180 Mc/sec 
and its nuclear electric quadrupole moment is 1.49 
barns. The quadrupole interaction constant (’ is rélated 
to the nuclear electric quadrupole moment Q by 


3eV( 0°V /d2") 
y= 
47(27—1) 
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Fic. 4. Experimental data on angular dependence of hyperfine 
splittings of the electron spin states of the Cr* ion in ruby. The 
change in frequency with angle results from the mixing of electron 
spin states (v=9160 kMc/sec, 7=4.2°K 


By comparing values of Q’ for Al? and Cr® and using 
the above one finds that 


0°V/dz* at the Al?’ site 


Oc. = —0.05 haaiseiinorienmt, 
0?V /dz* at the Cr® site 


The problem then is to determine the relative values of 
the electric field gradient at the two ion sites. 
Bersohn'® has computed the crystalline electric field 
at the metal ion sites in Al,O; assuming nonoverlapping 
ions and neglecting polarization of the lattice. Correct- 
ing this field gradient for the calculated antishielding of 
the closed electron shells of the (Al?’)** ion, (1—7,.,) 
= 3.59, he obtained a value of 0.247 b for Qai2. This 
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Fic. 5. Spectrum observed with 9=90° 
(v=9160 kMc/sec, T=4.2°K). 
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compares reasonably well with the atomic beam value 
of 0.149 b, indicating that the ionic crystal model is 
reasonably good but that there is some covalent 
bonding. 

The negative sign in the formula for Qc;* follows from 
the assumption that Q’ 4)" is positive in Al,O;. Bersohn 
made this assumption on the basis of his calculations of 
the sign of the crystalline field gradient. 

For paramagnetic ions in solids the gradient of the 
electric field at the nuclei contains a contribution from 
the distorted electron cloud and from the crystalline 
electric field. However, in the case of the Cr** ion the 
electronic g value is almost isotropic and, according to 
Abragam and Pryce,'® the electronic contribution to the 
electric field gradient is negligible. Thus, as a first ap- 
proximation, the electric field gradients at both the Al*’ 
and Cr®* nuclei are associated with the same crystalline 
electric field. The ratio of the field gradients at the two 
nuclear sites would then be equal to the ratio of (1—y, 
for the two ions. Recently Burns and Wikner" calcu- 
lated antishielding factors for Fe** and Mn** using con- 
tracted wave functions. On the basis of these calculation 
Burns!* estimated that y, for Cr’* to be about —5. 
From this, one would conclude that the effective field 

16 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc. (London 
A205, 135 (1951). 

17 G. Burns and E. G. Wikner, Phys. Rev. 121, 155 

8G. Burns (private communicatior 
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gradient at the Cr*® sites was 1.7 times that at the 
Al’? sites. 

With the reasoning outlined above one deduces that 
the Q for Cr® is —0.03 b. According to the plot of 
Townes, Foley, and Low,'* one would expect Q for Cr**, 
which has 29 neutrons, to have the same sign and mag- 
nitude as the Q’s for Cu® and Cu®, which have 29 
protons. The values of Q for Cu®™ and Cu® have been 
determined to be about —0.15 b.”” Thus, the deduced 
sign for the Q of Cr® agrees with those of the copper 
isotopes but the value appears low. The significance of 
the difference in magnitude is difficult to evaluate as 
very few quadrupole moments of odd-neutron nuclei 
have been measured. Also, the moments for Cu®™ and 
Cu® have not been corre ted for shileding of the closed 
electron shells. 

While the accuracy of this determination of Q for 
Cr* is quite limited, this method appears promising for 
obtaining nuclear quadrupole moments of the iron group 
elements, many of which have not measured. 
Studies of systems such as vanadium in Al,Os, where 
ions of several different valence states can be observed, 
would be of particular importance in redu 
the uncertainties. 
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The gyromagnetic ratio of pyrrhotite was determined by measurements of the Einstein—de Haas effect. 


The value obtained for g’ is 1.9+15%. 


INTRODUCTION 


HE gyromagnetic ratio of pyrrhotite was meas- 

ured in 1935 by Coeterier' who obtained a 
magnetomechanical factor of 0.63. This extraordinary 
value for g’ is unexplainable on the basis of recent 
models which account for the ferrimagnetism of this 
material. Hence, it was thought that a new measure- 
ment of the Einstein-de Haas effect for pyrrhotite would 
be of considerable interest. 

The apparatus used for making the present measure- 
ment is located at Dayton, Ohio, and has been pre- 
viously described by one of us.’ 

The sample used was fabricated at the University of 
Strasbourg. Natural crystals were crushed into particles 
having grain sizes between 0.25 and 0.70 mm, and a 
magnetic method of selecting those grains having the 
highest possible permeability was used. These grains 
were placed in a thin-walled brass tube and fixed in 
paraffin. The magnetic axes of the individual grains 
were oriented at random. Originally, favorable orienta- 
tion of the individual grains was attempted. However, 
this led to excessive field coupling due to difficulty in 

' F. Coeterier, Helv. Phys. Acta 8, 522 

2L. Néel, Revs. Modern Phys. 25, 58 (1953). 

3G. G. Scott, Phys. Rev. 119, 84 (1960). 


making the easy magnetization directions coincide 
exactly with the axis of rotation of the cylinder. 

This cylinder produced a gyromagnetic torque about 
1/400 of that produced when Fe was used in the same 
equipment. Also, due to the anisotropic nature of 
pyrrhotite, disturbing torques were relatively much 
larger. 

The apparatus described in reference 3 was varied for 
these experiments on pyrrhotite by adding a diffracting 
slit and microscope in the optical system so that deflec- 
tions of 1/100 mm could be estimated. The experimental 
procedure was otherwise unaltered. 


RESULTS 


Readings were taken on five different days, and nine 
independent values for g’ were obtained. The average 
of these readings gave a g’ value for pyrrhotite of 
1.94.15 
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Resistivity and thermoelectric power measurements on CuaAu alloys containing dilute amounts of Co, 
Fe, and Mn are discussed. An analysis of these measurements using the thermoelectric power formula of 
Mott leads to values of the scattering cross sections of transition elements and their derivatives with respect 
to energy in good agreement with the values obtained for these elements with Cu or Au as solvent. The re 
sults indicate that contributions to resistance due to disorder scattering and impurity scattering are additive 


in these alloys. 


INTRODUCTION 


N a previous paper,' the effects (resistivity and 

thermoelectric power) of dilute amounts of Ni in a 
CuAu host lattice were interpreted in a conventional 
manner using the thermoelectric power of Mott and 
Jones.? For this specific alloy system, the effect of Ni on 
the electrical properties of CuAu led to values for a 
scattering parameter and its energy derivative similar 
to values obtained from a study of the effects of Ni in 
pure Cu. 

Through such measurements, information may be 
obtained concerning features of the electronic behavior 
of a material without detailed knowledge of the band 
structure. The CuAu alloys are particularly useful in 
this regard. The effect of the order-disorder transforma- 
tion on the transport properties of this alloy should be 
similar to the effect of spin-disorder resistivity on the 
transport properties of metals with localized magnetic 
moments.’ We have now extended our earlier work to 
include the study of dilute amounts of Co, Fe, and 
Mn in CuAu. 


PROCEDURE 


The alloys used in this investigation were carefully 
prepared to insure stoichiometry. The maximum varia- 
tion in the Cu-to-Au atom ratio was 0.04% as deter- 
mined by weighing, and the direction of variation was 
the same in all alloys (all were slightly gold-rich). Au 
was obtained from Baker and Company, and Cu was 
obtained from American Smelting and Refining Com- 
pany. All transition metals were obtained from Johnson- 
Matthey and Company. Four alloys were prepared: 
CuAu, CuAu+0.117 at.% Co, CuAu+2.09 at.% Mn, 
and CuAu+1.01 at.% Fe. 

Alloy preparation involved the standard techniques of 
sealing the constituents in quartz tubes under vacuum, 
melting, agitating periodically, freezing, and rolling the 
solidified ingots into wire. 

The methods for measuring the resistivity and thermo- 
electric power for these alloys were previously described." 


1M. D. Blue, Phys. Rev. 117, 134 (1960). 

?N. F. Mott and H. Jones, Theory of the Properties of Metals 
and Alloys (Oxford University Press, New York, 1936), p. 310 

3M. T. Beal, J. Phys. Chem. Solids 15, 72 (1960); P. G. De- 
Gennes and J. Friedel, ibid. 4, 71 (1958). 


For alloys of the composition Cu,;Au; plus dilute 
amounts of a third component, we write the resistivity as 


P(T) =pcuau(T)+9,(7), (1 


where p(T) is the total resistivity of the alloy, pcuau(T) 
is the resistivity of CuAu, and p,(7) is the impurity 
resistivity of the third component. 

Resistivity data for the alloys containing Mn and Fe 
was taken over a period of five days. The alloy contain- 
ing Co, being more dilute, required ten days to minimize 
scatter in the data. In Fig. 1, the resistivity of the Co 
alloy and CuAu are shown. In Fig. 2, the impurity 
resistivities, p:, for the transition metals are presented. 
The alloy containing Co has the greatest uncertainty 
in p;, but appears to agree with the trend to a smaller 
impurity resistivity immediately above the critical 
temperature. A drop in impurity resistivity at the 
critical temperature was also found for Ni in CuAu.' 
It is interesting that a calculation of the Nordheim 
type! of the change in impurity resistivity due to the 
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Fic. 1. Resistivities of CuAu and CuAu+Co alloys. The 
open circles were obtained during heating, filled circles during 
cooling. 


*L. Nordheim, Ann. Physik 9, 641 


1931). 


1270 





RESISTIVITY AND 





Qo 
—._ 
@ 
| 
! 
4 


og 
+ 


Print 209% Mn in CuAu 





n 
—— 


uw 
an ne 


A 


Impurity Resistivity, 0; (42 onm cm) 


iv 





Pog10-1!3 % Co in CuAu 


ose 
| 


—— 


J a a 7 
600 700 


) 100 200 300 400 500 
Temperature, °C 
Fic. 2. Impurity resistivity of transition metals in CuAu. Open 
circles represent data taken after heating; filled circles represent 
data taken after cooling. 


order-disorder transformation gives a result which 
agrees in sign with experiment. The effect of disorder, 
in this approximation, is to average the ion-core po- 
tential and lower the impurity resistivity for any im- 
purity. The curves for p; in Fig. 2, as drawn, show a 
transition temperature near 410°C. This was done for 
convenience in analyzing the data. The transition tem- 
peratures lie somewhat lower, and the exact values were 
not determined. 

The thermoelectric powers for these alloys, as deter- 
mined by a differential method, are shown in Fig. 3. 
Above the critical temperature, readings could be taken 
at 24-hr intervals. Below the critical temperature, 
several days were often required to obtain stable values 
of thermoelectric power (a linear relation between 
thermal emf and the temperature difference between the 
ends of the wires for very small temperature differences). 
It is possible that the difficulty in obtaining good data 
in this temperature range was due to the complication 
of the orthorhombic ordered phase, CuAu II, which is 
stable above 380°C. Another possibility is the effect of 
the third component in the CuAu alloy in greatly in- 
creasing the time required to attain equilibrium. The 
thermoelectric power will be sensitive to deviations from 
equilibrium which should behave in a manner similar to 
the behavior of additional impurities. Thus the thermo- 
electric power may be a more sensitive indicator of 
equilibrium in these alloys than the resistivity. 

In some cases below the critical temperature, anneal- 
ing periods of over one week were not sufficient to re- 
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POWER 1271 
produce previoug values of thermoelectric power after 
an intermediate anneal at a different temperature. 
Therefore, the thermoelectric power is drawn as a 
dashed line through this region. 


ANALYSIS 


The thermoelectric power data are analyzed using the 
relation of Mott and Jones.* 


O= (wT /3|e|)[d Inp(E)/dE]e=er. (2) 


With the alloy resistivity as given by Eq. (1), the 
thermoelectric power, i, of a CuAu alloy containing a 
transition metal will be given by 


pO=pcuauQcuautA Tl piri, (3) 


where QY and Qeuau are thermoelectric powers of the 
alloy containing a transition metal and the CuAu alloy, 
A =7°k?/3!e| =0.0243 (ev) (u/deg), and 


d \Ino;(E£) 1 
‘ -| | ' ; - (@) 
tIE=Ep dE E=Er Ep 


In Eq. (4), the impurity resistivity, p;, has been written 
in terms of the scattering cross section, o;, of the impu- 
rity atom, given by free-electron theory as 


pi= (3h°/16mrme?) (n;/Er)ox. (5) 


In the derivation of Eq. (3) as outlined above, free- 
electron theory has been assumed to apply to these 
alloys. These assumptions have been considered pre- 
viously’ and are satisfactory above the characteristic 
temperature for dilute concentrations of impurities. 

From the resistivity and thermoelectric power meas- 
urements, A can be determined as a function of tempera- 
ture for Co, Fe, and Mn in CuAu using Eq. (3) and the 
smoothed curves of Figs. 1, 2, and 3. 
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Fic. 3. Thermoelectric power of CuAu alloys containing transi 
tion metals. Open symbols represent data taken after heating; 
filled symbols rej resent data taken after cooling. 
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for transition metals in CuAu. 


\ is found to be temperature dependent. This results 
from the variation of o with energy. For a metal, the 
scattering of electrons at the Fermi energy determines 
the transport effects. The Fermi energy will depend 
upon the impurity atom concentration and upon the 
temperature through thermal expansion. As our im- 
purity concentrations are constant, only the tempera- 
ture changes the Fermi level, and the actual change may 
be calculated from the thermal expansion data of 
Kurnakow and Ageew.® From free electron theory, the 
Fermi energy of CuAu was calculated to be 6.19 ev at 
25°C using the data of Johansson and Linde® for the 
lattice constant. 

From Eq. (4), the variation of d Ina /dE can now be 
determined as a function of energy as shown in Fig. 4. 
At energies corresponding to temperatures just below 
the critical temperature, the curves of Fig. 4 are shownas 
dashed lines which correspond to the dashed portion of 
Fig. 2. The values for A, calculated from Eq. (3), are 
subject to large uncertainties in this region for two 
reasons. Firstly, the value of the products pQ and poQ 
will be subject to appreciable experimental error in 
this range, and X is determined from the difference, 
pV—p)o, which will be subject to greater uncertainty. 
Secondly, the critical temperature is different for each 
alloy, and this will introduce a slight error in the applica- 
tion of Eq. (3) which has been minimized by arbitrarily 
drawing the curves in Figs. 1 and 2 to have the same 
critical temperature. 

The difficulties in analysis should not be unduly be- 
labored, however, as they exist in a relatively small 


region of temperature. The significance of Fig. 4 is that 


the scattering parameters, as calculated, are smoothly 


varying over the range of these 


measurements. 


temperature 


5N. S. Kurnakow 
1931 
‘C.H 


and N. W. Ageew, J. Inst. Metals 46, 481 


Johansson and J. O. Linde, Ann. Physik 25, 1 (1936). 
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DISCUSSION 


Our experiments on resistivity and thermoelectric 
power in CuAu alloys have been analyzed using free 
electron theory. The impurities have been treated as 
independent scatterers, and their contribution to the 
resistivity has been assumed additive at all tempera- 
tures. These assumptions may be justified by showing 
that the results are in agreement with those of similar 
experiments on other noble meta! alloys. Values for the 
atomic resistivity increase for Ni, Co, Fe, or Mn in 
CuAu are found to be 2.4, 10.0, 9.4, and 3.5 in units of 
pohm cm at 0°C, where the value for Ni is taken from 
our previous work. These results compare quite well 
with results for Cu- and Au-based alloys as summarized 
by Gerritsen.’ 

All thermoelectric power curves show a break at the 
transition temperature, 7., which corresponds to a dis- 
continuity in (dp/dT)r=r., a result to be expected if 
Eq. (2) is valid. The values of dIno/dE for transition 
metals in CuAu may be compared to the work of 
Domenicali on Cu-based alloys.* It is seen that for the 
transition metals in either a Cu or a CuAu matrix, 
d\no/dE has a negative minimum (at approximately 
—5) for Ni and increases monotonically with decreasing 
atomic number, becoming positive for Mn. A similar 
trend occurs in alloys of the transition metals with Au 
as a solvent.’ 

This result may be represented by the following 
physical model. The effect of the impurity is represented 
by a potential well of appropriate shape. The depth of 
the well increases through the series Ni, Co, Fe, and Mn. 
The total scattering cross section of the well, and the 
derivative of the total cross section with energy vary 
rather smoothly with well depth. For a given element, 
the depth depends (a) on the solvent, and (b) on the 
temperature. In this way, an element in Au (for example, 
Fe) at high temperature can resemble, in its effect on 
transport properties, an adjacent element in the series 
(in this case, Mn) at lower temperatures in Cu. 

For our CuAu alloys, the principal scattering mecha- 
nisms of atomic vibrations, atomic disorder, and im- 
purities are additive in their contribution to the electri- 
cal resistance. The order-disorder transition appears to 
influence the impurity scattering only through the small 
discontinuous change in total cross section and a change 
in the Fermi level due to lattice expansion. We thus 
conclude that within the experimental limitations of our 
measurements, the assumptions of free-electron theory 
and a simple model of impurity scattering will explain 
the rather complex thermoelectric behavior of these 
alloys. 

7A. N. Gerritsen, /ncyclopedia of Physics, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 19, p. 210 

§C. A. Domenicali, Phys. Rev. 112, 1863 (1958 

® See, for example, J. Friedel, Can. J. Phys. 34, 1190 


In Friedel’s analysis, the quantity Ax is identical to 
used in this work 
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Extraordinary Hall-effect measurements over a wide range of 
temperature are reported for 99.9 Ni, 99.4 Ni, 95 Ni, several 
80°) Ni alloys, Fe;04, and (NiO)o.75(FeO)o,25(Fe203). The resis 
tivity p of all samples over the same temperature range is also 
reported. At high temperatures, the extraordinary Hall coefficient 
R, for 99.9 Ni is proportional to p® as predic ted by theory. How- 
ever, the dependence upon p is smaller in the 99.9 Ni sample at 
lower temperatures and in the samples with higher impurity con 
centration at all temperatures. The 80° Ni samples exhibit 
positive R,, while R, in the high-concentration Ni samples is 
negative. R, for both ferrites is negative below about 400°C and 
positive above this temperature. 


I. INTRODUCTION 


HE Hall effect in ferromagnets was first measured 

by Hall! in 1881. In 1910, Smith? showed that the 
Hall voltage was proportional to the magnetization, and 
in 1929, Smith and Sears® separated the Hall voltage 
into two components, one proportional to the magneti- 
zation M and the second proportional to the H field 
inside the sample. The next important contribution 
appeared in 1950 when Pugh ef al.4 showed that the 
component proportional to the // field yielded the ordi- 
nary Hall coefficient Ro. However, efforts to show that 
the extraordinary Hall component, proportional to the 
magnetization, was a consequence of an internal effec- 
tive field acting on the conduction electrons failed be- 
cause of the impossibly large fields required. 

In 1954, Karplus and Luttinger® advanced the theory 
that the extraordinary Hall effect was the result of the 
spin-orbit interaction of polarized conduction electrons. 
Subsequently, Smit® pointed out that Karplus and 
Luttinger had not properly taken scattering into a 
count. Smit then proposed’ a model in which the asym 
metric scattering of conduction electrons by impurities, 
due to spin-orbit interactions, yielded an extraordinary 
Hall current. Recently, Strachan and Murray® per- 
formed a calculation using transport 
theory in which the effect of spin-orbit coupling on each 
electron was considered and scattering was taken into 


conventional 


account by means of a collision time. The noteworthy 


results of these theoretical works are: (1) Spin-orbit 


This work was performed at Harvard University and sub 
tted to the Division of Applied Science in partial fulfillment of 
the requirements for the degree of Doctor of Philosophy 
t Supported by the Office of Naval Research 
E. H. Hall, Phil. Mag. 12, 157 (1881 
>A. W. Smith, Phys. Rev. 30, 1 (1910 
3A. W. Smith and R. W. Sears, Phys. Rev. 34, 166 (1929 
‘FE. M. Pugh, N. Rostoker, and A. Schindler, Phys. Rev. 80, 
O88 (1950). 
®R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154 (1954 
6 J. Smit, Physica 21, 877 (1955 
J. Smit, Physica 24, 39 (1958). 
and A. M 


5(. Strachan (London 


73, 433 (1959). 


Murray, Proc. Phys. So¢ 


The theoretical work on metals generally indicates that R; is 
proportional to p? and the constant of proportionality r is weakly 
temperature dependent and of the order of unity. In the high- 
concentration Ni samples r is negative, of the order of unity, and 
exhibits a significant temperature dependence at low temperatures. 
In the 80°% Ni samples, 7 is positive and of the order of 107%. At 
room temperature, r is of the order of 107% in Fe304 and of the 
order of 107® in (NiO)o.75(FeO)o.25(Fe2O3). In both ferrites, r is 
stro ly temperature dependent. The change of sign of r with 
temperature observed in both ferrites has not been previously 


observed in metals or alloys. 


interactions can provide a mechanism with the correc 
order of magnitude, and (2) as suggested by Karplus 
and Luttinger, most of the temperature dependence of 
the extraordinary Hall coefficient R; in metals arises 
from the inclusion of the square of the resistivity as a 
consequence of the way in which R; is defined. 

In this paper, extraordinary Hall measurements on a 
class of materials not previously measured (ferrites) 
on Ni of somewhat higher purity than previously meas- 
ured, and on several Ni alloys are reported. 


II. EXPERIMEN TAL PROCEDURE 


The measurements were made at 1 ke ‘sec employing 
a de magnetic field. The equipment previously described? 
was designed to measure the ordinary Hall coefficient in 
these materials and therefore provided more than ade- 
quate sensitivity and resolution. 

In a retangular specimen of thickness ¢, with length- 
to-width ’ greater than 4, the Hall voltage in 
ferromagnets is given by 


Va=(RvyH+R\M)//t, (1) 


ratio! 


where H is the field inside the sample, M is the mag- 
netization of the sample, and J is the current. By extra- 
polating the slope of the Vz, H curve above technical 
saturation (where M=M, and is essentially constant) 
to zero field, the value of R; is obtained. 

In order to compare experiment with theory, the con- 
tribution of the effective field acting on the conduction 
electrons, given by 27r(1+ ))M,, must be subtracted. 
Wannier' has estimated p to be very nearly zero and 
we shall so regard it. Therefore, the Hall voltage above 

ituration is 
Vin={R(A+24M,)+RM 31/1, (2) 


where the extraordinary Hall coefficient is now desig- 


Instr. 29, 970 (1958 
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+]. M. Lavine 
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G. H. Wannier, Phys. Rev. 72, 304 
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Fic. 1. The resistivity of four samples, 99.9 Ni to 95.0 Ni, 
from liquid air temperature to the Curie temperature. 


nated R;’, and 
Ri’ =R,—27R. (3) 


In most cases, 27Ry<R; and R,;’ and R, are indis- 
tinguishable. We shall therefore omit the prime, noting 
that corrections to R; have been made when 27R, is 
more than a few percent of Rj. 

Values of the saturation magnetization M, for 499 
alloy (99.9 Ni) and Grade A Ni (99.4) were obtained 
from the 0°K value (Mo) given by Bozorth® and a 
universal curve of M,/M asa function of T/T, reported 
by Jan.” The values of My for R-63 alloy (95 Ni-4 Mn- 
1 Si), Supermalloy (79 Ni-5 Mo-0.5 Mn-15 Fe), and 
Mumetal (77 Ni-5 Cu-2 Cr-16 Fe) were obtained from 
Bozorth."* The value for Hymu 80 (79 Ni-4 Mo-17 Fe) 








Temperature (°C) 


Fic. 2. The extraordinary Hall coefficient of high-concentration 
Ni samples between liquid air temperature and the Curie 
temperature. 


2R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company, 
Inc., Princeton, New Jersey, 1951), p. 270 

3 J. P. Jan, Helv. Phys. Acta 25, 677 (1952 

'*R. M. Bozorth, see reference 12, p. 317 and p. 870 
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was obtained from the Carpenter Steel Company. The 
temperature dependence of M, for these alloys was 
likewise obtained from the universal curve for Ni. Since 
the universal curves of Ni and Fe are very nearly co- 
incident at small values of 7/7., this procedure intro- 
duces little error between liquid air temperature and 
room temperature. Values of 7. were obtained with good 
accuracy from measured resistivity-temperature data. 
In the case of Fe;04, M, was obtained from Pauthenet’s!® 
data ona natural crystal. For (NiO) ».75(FeO)o.25(Fe2Os), 
M, was obtained from the sum of 4M, for Fe;04 and 
3M, for NiOFe.0;, both obtained from Pauthenet. This 
procedure is somewhat justified by the fact that the 
net magnetization of these ferrites is given by the spin 
of the bivalent metal ion plus a very small orbital con- 
tribution. The temperature dependence of M, was calcu- 
lated in the same manner. This procedure is probably 
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Fic. 3. R; as a function of p for the high-concentration Ni samples 


less justifiable, since the exchange interactions which 
determine the temperature dependence probably do not 
average in this manner. However, the Curie tempera- 
tures of NiOFe.O; and Fe;O, are separated by only 25°C. 

The resistivity of all samples was measured using a 
four-contact arrangement and the same measurement 
system. Values of r= R,/p* have been calculated from 
these data. 

No data are reported near the Curie temperature 
where the magnetic field dependence of M, introduces 
appreciable uncertainty in &;. At all other temperatures, 
the error in R, and r from all sources has been calcu- 
lated'® to be less than 5% for all samples 


16 R. Pauthenet, Ann. Phys. 7, 710 (1952). 
16 J. M. Lavine, Tech. Rept. 225, Cruft Laboratory, Harvar: 
University, March 10, 1956 (unpublished 
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Fic. 4. r as a function of temperature for the 
high-concentration Ni samples. 


II. RESULTS 
A. High-Concentration Ni Alloys 


Figure 1 shows the resistivity of four samples ranging 
from 99.9 Ni to 95.0 Ni from liquid air temperature to 
the Curie temperature. The shapes of the curves are 
similar, being displaced by a residual resistance due to 
the impurity concentration. Figure 2 shows the extra- 
ordinary Hall coefficient over the same temperature 
range. At —195°C, the absolute values of R,; for 499 
alloy and Grade A Ni are roughly ;'6 and 3 the value 
observed by Jan.’ On the other hand, R; for R-63 is 
about seven times larger than Jan’s value at this tem- 
perature and 65 times larger than R, for 499 alloy. At 
temperatures of the order of 150°C, R; for the three 
highest concentrations Ni samples is roughly the same, 
while that for R-63 is about three times larger. Figure 3 
shows a plot of log R; as a function of log p. At the high 
end of the temperature range, the purest Ni shows a 


p'*’ dependence very nearly equal to that predicted by 
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Fic. 5. The resistivity of Supermalloy, Mumetal, and 
Carpenter Hymu 80 as a function of temperature. 
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Fic. 6. R; of the 80% Ni samples as a function of temperature. 


theory. However, at the lowest temperatures measured, 
the same sample exhibits a nearly linear dependence 
upon p. Figure 4 shows a plot of r as a function of 
temperature for these samples. As the purity of the 
Ni increases, the temperature dependence of r below 
room temperature also increases. 


B. Alloys ~ 80°, Ni 


Figure 5 shows a plot of the resistivity as a function 
of temperature for Carpenter Hymu 80, Mumetal and 
Supermalloy. These alloys exhibit small variation of 
resistivity between liquid air temperature and their 
Curie temperatures. Figure 6 shows R; between liquid 
air and room temperatures. R; varies less than a factor 
of 2 over this temperature range. However, R; in these 
alloys is positive, while R, in the high-concentration Ni 
samples is negative. Figure 7 shows that r for these 
alloys is relatively temperature independent over the 
range of measurement, and in absolute magnitude about 
100 times smaller than r for Ni. 
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Fic. 8. R; and p as a function of temperature for Fe;O, 


C. Fe,O, and (NiO), :;(FeO), FeO; 


FeO, in the region between its transition tempera- 
ture (—153.8°C) and room temperature exhibits a nega- 
tive temperature coefficient of resistivity. Between room 
temperature and about 100°C below T, it displays a 
metal-like coefficient of resistivity. Figure 8 shows a 
plot of the resistivity of FesO, obtained from Calhoun” 

below room temperature) and Smith'S (above room 
temperature) on synthetic single crystals obtained from 
the same source.” Values of R; are also shown in Fig. 8 
for comparison. R; at room temperature is negative and 
roughly 300 times larger than R,; for 499 alloy. Above 
room temperature, R; decreases in magnitude and goes 
to zero at 380°C. Above 380°C, R,; is positive. Below 
room temperature, R; is essentially constant between 
0°C and —60°C and increases in magnitude with de- 
crease of temperature to — 140°C. The solid data points 
of Fig. 8 were obtained on a second sample of Fe;O,4 from 
the same melt, which was somewhat less homogeneous 
electrically because of grain boundaries. Between 
— 140°C and liquid O, temperature, the absolute value 
of R; increases by a factor of 500, while the resistivity 
increases by 10°. Between liquid O2 and liquid N» tem- 
peratures, R, remains essentially constant, while the 
resistivity increases by a factor of 7. 
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Figure 9 shows a plot of R; and p between — 100°C 
and 7, for a single crystal of (NiO)».75(FeO)».o5(Fe2Os). 
At room temperature, R; is negative and 5 times larger 
than R; in Fe;0, and 1500 times larger than R, in Ni. 
R, decreases in magnitude with increase of temperature 
somewhat in the same manner as R, in FesO, and passes 
through zero at 410°C. Above 410°C, the sign of R; is 
positive. 

In Fig. 10 are plotted values of r for both ferrite 
samples. At room temperature r for Fe;O, is about 10° 
times the value of r for (NiO)o.75(FeO) .95(Fe2O3) and 
10~* times the value of r for Ni. At liquid air tempera- 
ture, r for Fe;O; is roughly 10-" times smaller than 
r for Ni. 

In Table I are listed the 300°K values of R; and p 
measured on all samples and other pertinent data. 


IV. DISCUSSION 


According to Karplus and Luttinger, R; is propor- 
tional to p* and the constant of proportionality r is only 
weakly sensitive to temperature and impurity concen- 
tration. In their model, interband scattering of d elec- 
trons as a consequence of spin-orbit interactions is 
primarily responsible for the extraordinary Hall current. 
Previous measurements? 
urements on 99.9 Ni at high temperatures exhibit a p* 
dependence. However, the dependence upon p is smaller 
in the 99.9 Ni sample at lower temperatures and in the 


on Fe and the present meas- 


samples with higher impurity concentrations at all tem- 
peratures. Figure 4 shows that the dependence of r upon 
temperature is most significant at low 
where little change in the population of the d bands is 
expected. Moreover, the temperature dependence at low 
temperatures decreases with increasing impurity con- 
centration. The magnitude of r decreases by about a 
factor of 2 with 5% impurity concentration, and by a 
factor of 100 with 20% impurity concentration. Mor¢ 

over, rand R; are positive in the 80% Ni alloys. Karplus 


temperatures 


C. Kooi, Phys. Rev. 95, 843 (1954). 
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MEASUREMENTS ON Ni 


TABLE I. Values of M,, Ri, p, r, and Ry at 300°K and Mo and T, for all samples. 


M Rs M, 
Material and composition (gauss . (gauss) 
474.7 

474.7 

491.4 


499 Alloy, 99.9 Ni 508.8 
Grade A Ni, 99.4 Ni 508.8 
R-63 Alloy, 
95 Ni-4 Mn-1 Si 
Supermalloy, 
79 Ni-5 Mo-0.5 Mn-15 Fe 
Mumetal, 
77 Ni-5 Cu-2 Cr-16 Fe 
Carpenter Hymu 80, 
79 Ni-4 Mo-17 Fe 
Magnetite, Fe;O, 
Nickel-iron ferrite, 
(NiO)o.75(FeO)o.2: 


628.8 
517.9 
604.0 


472.3 
308 
(Fe.0 


* Estimated value. 
l lim 


, see reference 21. 


and Luttinger have provided no explanation for the 
positive sign of R; in Fe contrasted with the negative 
sign in Ni. 

Smit has suggested that Karplus and Luttinger’s re- 
sults are spurious, arguing that their effect is exactly 
compensated by the opposite action of the collisons of 
the electrons with the perturbing potentials due to im- 
perfections, in the stationary state. In his model, Smit 
proposes that the asymmetric scattering of the d elec- 
trons by impurities present in the lattice provides the 
major contribution to the extraordinary Hall current. 
Thus a strong dependence upon impurity concentration 
is provided. However, lattice scattering also contributes, 
and at temperatures above the Debye temperature he 
predicts a p? dependence. Smit has also speculated that 
impurities with larger or smaller atomic number than Ni 
would provide attractive or repulsive scattering po- 
tentials within the Ni lattice and result in extraordinary 
Hall currents of opposite sign. This was not borne’ out 
by his experiments. 

Strachan and Murray have included the effect of 
s electrons as well as d electrons and conclude that R, 
increases with temperature somewhat more rapidly than 
p’. Their calculation [Eq. (50) ] indicates that R, is 
proportional to p?/M, with two factors. One of these 
involves the temperature directly and increases by a 
factor of 4 between 78°K and 600°K. The second in- 
volves the square of a screened nuclear charge. Using 
the measured values of R, for 499 alloy and Grade A Ni, 
this term must decrease by a factor greater than 10 over 
the same temperature range in order to fit the data. 

None of these calculations are presumed to apply to 
the ferrites whose conductivity mechanism Is at present 
poorly understood. The magnitude of r in both ferrites 
is markedly smaller than that observed in both the Ni 
and 80% Ni alloys and both exhibit reasonably large 
temperature variation. The sign reversal with tempera 
ture observed in both ferrite samples around 400°C has 
not previously been observed in 


metals. However, 


(volt-cm/ p 
amp-gauss) 


.23X 10- 
23 XK 107 


3.6310) 


3.281075 


Ry r Ry 
ohm-cm)~?/ (volt-cm 


ohm-cm gauss amp-oersted 


92107" 7.68 X 107° 36 -6.02K 107 


-1 
8.89 1076 1.57 6.02 1078 
2.20 1075 8.75K107 em 


32107 5.8710 3.81«10° 2x10°" 


6.2110 943107 2X10 


71X10 9.4210 1.93X 10? 2x10" 


3.96 10 
2.94% 10 


2.09 10 
1.89 10-6 


1.80X 107" 


64« 107 1.40 107" 


change of sign has been observed with alloying concen- 
tration. For example, Smit reports® that the addition of 
about 25% Co or 15% Fe to Ni results in a positive 
value of R; as in pure Co and Fe. The possibility that 
the sign of the dominant carrier in the ferrites may 
change at 400°C is discounted because thermoelectric 
voltage measurements” in Fe;O,4 provide contrary evi- 
dence. Moreover, there appears to be no correlation 
between the signs of Ry and R; in metals. Although Ro 
and R, are both negative in Ni and positive in Fe, 
Foner has observed that in Co (at room temperature) 
R, is positive and Ro is negative. Similarly, Foner has 
observed that between 70% Ni in Co and 100% Co, 
R, is positive and Ro is negative. 

It is generally concluded that spin-orbit interactions 
can provide a force of proper magnitude, related to the 
magnetization capable of yielding the extraordinary 
Hall current. As pointed out by Strachan and Murray, 
quantitative evaluations of the details of the electronic 
wave functions make demands on theory which can 
only be inadequately met at present. Hopefully, careful 
measurements on better samples, perhaps even single 
crystals, with close attention paid to impurity type and 
concentration, over a wide range of temperatures along 
with information about the conductivity carrier and 
possibly the magnetic anisotropy may yield useful 
information. 
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The parameters @ and 8 in the low even configurations of iron-group spectra are qualitatively explained 
as effects of the interaction with configurations having two 3) electrons excited from the argon-type core 
to 3d states. Quantitatively, the parameters are too large by a factor of two when the interaction integrals are 
taken equal to the exchange integrals of Watson’s self-consistent field calculations. The parameters are too 
small when the exchange integrals are evaluated from observed data in the 353d configuration of Ca mr. 


T was shown by Bacher and Goudsmit' that a large 
part of the second-order effect of electrostatic inter- 
action in an n electron atomic system could be evaluated 
indirectly from the experimental data in appropriate 
two electron atomic systems.? This was the effect 
produced by interactions with other configurations hav- 
ing two electrons excited from the configuration under 
consideration.’ They verified their theory by use of the 
experimental data for the simple spectra of elements in 
the first row of the periodic table. The method of apply- 
ing their procedure was cumbersome, however, and was 
not applicable if configuration interaction became too 
strong (i.e., second-order perturbation theory would not 
apply), or if there were a breakdown of LS coupling 
sufficient to obscure the term structure of the levels. 
For these and other reasons, it was impractical to verify 
the original theory with any precision in more compli- 
cated spectra, and so Slater’s theory* continued to be 
the one mainly used; to the extent that it was practical, 
configuration and spin-orbit interactions were also in- 
cluded, as suggested by Condon.° 

In recent years a further extension of Slater’s theory 
has been used and briefly described as the “linear 
theory.” It originated in the observation of Trees® and 
Layzer’ that adding a correction proportional to 
L(L+1) to Slater’s formulas greatly improved the 
accuracy of the theory in even configurations of first 
long period spectra. Racah recognized that the correc- 
tion implied a linear behavior of second-order effects of 
the electrostatic interaction, along with the existence of 
an additional correction; he introduced the latter as a 
term proportional to eigenvalues of his operator Q.° 

1R. F. Bacher and S. Goudsmit, Phys. Rev. 46, 948 (1934) 

2 It is considered that the closed shells forming the appropriate 
inert-gas type of core are also present. 

*They also showed that second-order effects arising from 
interactions with configurations having only one electron excited 
could be evaluated by considering data in appropriate three 
electron spectra as well. Since these excitations are not included 
in the “linear theory,” the latter is not expected to apply, except 
fortuitously, in the spectra where 'they are important. 

‘J.C. Slater, Phys. Rev. 34, 1293 (1929). 

5 E. U. Condon, Phys. Rev. 36, 1121 (1930). 

®R. E. Trees, Phys. Rev. 83, 756 (1951); 84, 1089 (1951). 

7D. R. Layzer, dissertation, Harvard University, Cambridge, 
Mass., May 1, 1950 (unpublished). 

*G. Racah, Phys. Rev. 85, 381 (1952). 


Later it was recognized that the linear property of 
second-order perturbations had been demonstrated 
earlier by Bacher and Goudsmit.'® 

The linear theory augments the usual Hamiltonian of 
the m electron system with additional two-body scalar 
interaction terms. Each interaction is multiplied by an 
adjustable constant that is determined by comparison 
with the experimental results. It is essential at this point 
to regard Slater’s F and G integrals as adjustable 
parameters also. The number of additional interactions 
is the minimum consistent with the requirement that 
the total number of adjustable parameters be the same, 
loosely speaking, as the number of allowed terms in all 
distinct two electron configurations that can be derived 
by deleting (n—2) of the electrons from the # electron 
configuration under consideration.’ Many sets of addi- 
tional interactions would satisfy this minimum require- 
ment, but it is natural to choose interactions that have 
easily evaluated matrix elements. For the even con- 
figurations of the first long period, two interactions are 
introduced corresponding to the two corrections already 
described. The parameter a multiplies the L(1+1) 
correction, and the parameter @ is associated with the 
Q correction. Including the three Slater integrals as 
parameters (i.e., Fo, F2, and F4), this yields a total of 
five adjustable parameters corresponding to the five 
allowed terms in the d? configuration. 

In the present paper it is shown that the observed 
values of a and 6 can be semiquantitatively explained 
by consideration of the interaction with a configuration 
having two 3p electrons excited from the argon-type 
core to 3d states; i.e., the values of a and @ in 3s°3p%3d" 
originate in the interaction with 3s°3p'3d"**. This has 
been pointed out by Jorgensen, who has discussed these 
and other configuration interactions in first long period 
spectra from a more qualitative viewpoint." Excitations 
of either one or two of the 3s electrons to 3d states are 
omitted for simplicity." This is the natural generaliza- 


9G. Racah, Lunds Univ. Arsskr. 50:21, 31 (1954) 

 C. K, Jorgensen, Solid State Physics (to be published). 

“Interaction with 3p%3d"*? would increase 8 by about 30%, 
but have no effect on other parameters (excluding Fo). Interactions 
with 3s3p%3d"*! are the nonlinear type referred to in reference 3 
lhe relative contributions to different terms can be easily calcu 
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tion to the first long period of the well-known inter- 
actions between 252" and 2p"** in the first short 
period.” The interactions in the first short period 
recently have been investigated in considerable detail 
by the use of new theoretical techniques." 

Regarding p*d’® as a full shell (and ignoring phase 
conventions), it follows from first principles that 


(p"d™ G p" at?) = (p* no m G Pp nd> m). 
Specializing to the case where n= 6 and m= 8, we obtain 
(p*d*|G| p'd") = (d?|G| p*). 


The matrix element on the left is the one needed to 
evaluate the interaction with the configuration having 
two core electrons excited, the property of linearity 
making it immaterial which particular p*d” configura- 
tion is considered. The equation shows that this element 
is equal to the easily evaluated’ element between the 
d@ and p* configurations. The effects of the interaction, 
as given by second-order perturbation theory, are then 
equated to the formulas of the linear theory for the d* 
configuration. By solving this simple set of five simul- 
taneous equations, the following contributions are ob- 
tained to the parameters of the linear theory (the 
contribution to Fo is omitted, as being irrelevant to the 
present work). The results apply, of course, to 3d” 
configurations generally. 


a= (W?+V2)/40U, 
8=—(11W—3V)(W—V)/20U, 
F.=—(W2+1.8V2)/84U, 
F,=—(W?—V2)/175U, 


where U is the positive number specifying the separation 
of the configurations, 


U=E(3p'3d"**) — E(3p°3d"), 


and V and W are linear combinations of the radial 
integrals R!(3d3d, 3p3p) and R*(3d3d, 3p3p) as follows: 


r= (5)-1(R'—3/7R’), 
W = (5)-}(R'+9/49R®), 


The integrals R* are formally equal to the exchange 
integrals G*, and it follows that V and W are positive 
numbers.’ The G* are in turn equal to D,G;, where the 
D, are numerical factors that simplify the form of 
Slater’s formulas. In the notation of Theory of Atomic 
Spectra’ (TAS), D,;=15 and D;=245 while Racah" 
uses D= 15 and D;= 245/3. 


lated for each value of m by use of matrix elements published by 
Racah. However, the appropriate radial integrals required to eval- 
uate the absolute effects have not been evaluated with self-consist 
ent field functions. 

2D). R. Hartree, W. Hartree, and B. Swirles, Phil. Trans. Roy. 
Soc. (London) A238, 229 (1939). 

3D. R. Layzer, Ann. Phys. (N. Y.) 8, 271 (1959). (See also 
reference 21). 

4G. Racah, Phys. Rev. 62, 438 (1942) 

‘6 EF. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, Cambridge, England, 1951). 
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SPECTRA OF Fe GROUP 1279 

Utilizing Roothaan’s procedure, Watson has carried 
out many Hartree-Fock calculations for the 3d" con- 
figurations of iron group spectra.'* He has published the 
values of the F and G integrals obtained from the 
calculation for the 3d° ®S ground term of Mn m1. Using 
these results, we obtain 39 000 and 58 000 cm~ as the 
values of V and W respectively. By taking twice the 
difference of the one electron energies H(3p) and H (3d), 
U is estimated as 810000 cm™. The corresponding 
values of a, 8, Fs, and Fs are 150, —630, —90, and —13 
cm, respectively. Shadmi has evaluated the parameter 
a in Mnut from a least-squares adjustment to fit all 
the available observed data for third spectra of the iron 
group, and finds it has the value 7642 cm“, or only 
half the value just estimated from Watson’s calcula- 
tion.!78 The most reliable estimates of 8 have been 
obtained from experimental data in the spectra of V 0, 
Cru, and Fe 1 where the values are within the limits 
—290+50 cm~!.® These values are consistent with the 
value —250+130 obtained by least-squares from the 
observed data for the 3d°® configuration of Fe m1.” It 
follows that the value of 8 estimated from the self- 
consistent field calculations is also twice as large as 
observed, and contributions from other configurations 
would make it still larger." 

Watson’s calculations indicate that F.=1741 and 
F,=120. These values would appear reduced in the 
observed data by 90 and 13 cm™, respectively, if the 
corrections evaluated above applied (i.e., F2.= 1651 and 
F,=107). The corrected values are still considerably 
larger than the observed values F.=1378+6 and 
F,=93+1.'8 The corrections are too small by a factor 
of 2 to 4 to explain these differences, and modifications 
(i.e., increase of U) leading to better values of a and 8 
tend to make the situation worse for FP. and F4. 

The variation of the corrections with atomic number 
and degree of ionization has been estimated by use of 
some of Watson’s data for 3d*° and 3d° isoelectronic 
sequences reproduced in Tables 3 and 4 of reference 10. 
The ratio of (G;)? to H(3p)— H (3d) indicates that the 
parameters should decrease by about 15% in going from 
Mn 11 to the isoelectronic spectrum of Cru. In the 
latter spectrum a=60,'’ so an approximately correct 
percentage variation is obtained. But the self-consistent 
field calculations yield F.= 1400 and F4= 100, while the 
observed values!’ are F2= 1061 and F4=72; the differ- 
ences between corresponding observed and calculated 
parameters are closely alike in Mn and Cru, and 
the effect of change in degree of ionization is much less 


16 R. E. Watson, Phys. Rev. 118, 1036 (1960). 

17G. Racah and Y. Shadmi, Bull. Research Council Israel 8F, 
15 (1959). 

18 Y, Shadmi, dissertation, The Hebrew University of Jerusalem 
(unpublished). 

9G. Racah and Y. Shadmi, Phys. Rev. 119, 156 (1960). 

In the 3d° 4s configuration of Fe 11, it is found that 8=—77 
+27. The apparent inconsistency in the two values of 8 seems to 
arise from the fact that the standard deviations obtained from 
statistics are unrealistic. [R. E. Trees (unpublished calcula- 
tions) ]. 
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rasce I. Calculated and observed energy levels (in cm™ 


in the 3p°3d configuration of Ca 1 


Obs Cale Calc-Obs 


203 230 
203 S45 203 998 
211 055 
12 128 
205 O04 
225 841 
213 822 
224 893 
225 286 
228 487 
226 799 


233 188 
Paran 


F,=215 328; F2=1479; G,;=1387 
G;=170;¢ 75 


eters 


=29075:¢ 72 


(dS lle 


than for a. According to the self-consistent field calcu- 
lations, the parameters should be about 5% smaller in 
V mi than in Mn m1, and F,= 1480 while Fs= 102. The 
observed values'® 68, Fo= 1178, and F,4=77. 
Here the difference of observed and calculated F> 
values shows a larger percentage variation than the a 
value. This may indicate a dependence on the particular 
configuration (i.e., 3d° in V m1 as compared to 3d* in 
Mn 111), but it is also possible that Watson’s F;, 
are not sufficiently close to exact self-consistent field 
results to justify our comparison of second-differences. 

The variation of a and @ is associated with the “near 
orbital degeneracy” of the interacting configurations 
3p°3d" and 3p*3d"**. This effect is already well known 
in simpler spectra,” and has been particularly studied 
in the 1s?2s? and 1s°2f? configurations of Be1.”' In 
contrast, the ‘‘constanc y ” of differenc es in the F, values 
is expected for interactions with configurations in which 
the principal quantum numbers of some orbitals differ 
from the corresponding numbers in the configuration 
under consideration. In these interactions, the energy 
denominators increase roughly with the square of the 
ionization in a way similar to the Rydberg series 
formulas. More specifically, the excited configuration 
3d"~*(xd)* has been identified as one of those respon- 
sible for the differences in the F; values.'° Here the no- 
tation “xd” refers to a ‘“‘virtual” d orbital of the type 
used in simpler configurations.’ Because of the presence 
of a node near the maximum of the 3d orbital, this vir- 
tual orbital would satisfy the requirements of orthogo- 
nality while still yielding large interaction integrals, and 
hence strong perturbations. These virtual orbitals are 
obtained from straightforward variation calculations,”! 
or by solving the Fock self-consistent field equations in 


are a= 


values 


2s. F. Boys, Pro« Roy or 
V. V. Kibartas, V. I. Kavetskis, 
Teoret. Fiz. 29, 623 (1955); R. E. Watson, Phys. Rev. 119, 170 
1960); A. W. Weiss, Phys. Rev. 122, 1826 (1961). 


London 1950) ; 


A201, 125 
and A. P. Yutsis, Zhur. Eksp. i 
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the multi-configuration approximation.“ The magni- 
tudes of the effects have not been estimated. However, 
simple considerations indicate that the major effect will 
be a reduction in the Fy. It seems that even if this reduc- 
tion can be made large enough to explain the difference 
between observed and calculated values of the F,, the 
contributions to a and 8 will be too small to compensate 
the excess in the values calculated from the 3p'3d"** 
interaction. 

Instead of introducing interactions with configura- 
tions other than 3p*3d"*?, the Hartree-Fock equations 
might be modified to yield 3d orbitals that are slightly 
expanded. By decreasing both the F; and the G,, this 
should lead to better quantitative agreement. It is 
known that the 3d orbitals are particularly sensitive to 
small changes in the equations,” and core polarization 
potentials might produce the desired result. The sim- 
plest viewpoint indicates that such corrections would 
contract the 3d orbitals still more and make the situa- 
tion worse. But the form of such a polarization potential 
is not known in the region of the maximum of the 3d 
orbitals,” and the effect in this region may well be 
repulsive. Whatever the merits of such an approach, it 
would still be desirable to evaluate the G* from the ex- 
perimental data, and see if these parameters are also 
smaller than those obtained 
field calculations.” 

The integrals G* have been determined from the 
observed data for the 3p°3d configuration of Ca m1.?° 
The radial integrals in the matrices of TAS 
determined to yield the best fit to the observed data 
(approximately), as judged by the least-squares 
criterion. The results are given in Table I. This calcu- 
lation yields the values V=1470 and W=14 190. We 
estimate U = 450 000 cm“, and obtain a= 11, 8= —214, 
F,=—5, and Fy=—3. An extrapolation of Shadmi’s 
results'’ indicates that a=56 in Ca 11, so that the use 
of the observed data to estimate this parameter leads 
to a value that is too small by a factor of 5. However, 
the assignments of the observed levels are “doubtful’™ ; 
even if they are correct, the effects of configuration 
interaction may be important, so that the results ob- 
tained from this calculation are somewhat inconclusive. 


from the self-consistent 
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Hartree-Fock atomic wave functions have been calculated and tabulated for the ground-state configura 
tions of Cu* through Kr*’, Interpolation functions for this configuration have also been tabulated 


INTRODUCTION 


TOMIC wave functions are of considerable in- 

terest not only for problems related to free atoms 
but also for certain investigations of molecular and 
crystalline aggregates of atoms. It was in connection 
with certain theoretical investigations of crystalline 
ZnS and ZnSe whose luminescent properties can be 
controlled by dilute substitutional impurities such as 
Cu, Ga, As, and Br that a need for atomic wave func- 
tions in this row of the periodic chart arose. Hartree- 
Fock wave functions were desired since they are well 
accepted as the best one-electron representation of 
many-electron atomic configurations. Since these func- 
tions had not appeared in the literature, a program for 
an IBM 650 computer was written to compute these 
functions.! Although the luminescent studies were not 
carried to a successful conclusion, the wave functions 
are of sufficient interest to be published. 

In the Hartree-Fock scheme for a closed shell con- 
figuration, the total electronic wave function W is a 
determinantal function made up of one-electron wave 
functions, u(¢/7), 


WV t), 


\ 
(VIO (-1)" I] ue 
l 


Pp 


where .V is the number of electrons in the configuration, 
p is the permutation operator for determinants, and 
u(C)7)=r 7 P (ngle; r)S (lemme; 0,0)x (7) (2) 
for the central-field case, where S is the spherical har- 
monic function and x the spin function. If the energy 


eX] yression 
W= [vena 


is minimized for an unrestricted radial wave function 
P after integrating over the angular and spin coordi- 
nates, then P is the Hartree-Fock radial wave function 
and, if r is measured in atomic units and €gq in rydbergs, 
is defined by an associated differential equation 


''W. W. Piper, Trans. Am. Inst. Elec. Engrs. 75 (1956), Part I 
Communication and Electronics), p. 152. 
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P, is the radial wave function for all electrons in the 
shell n=n, and /=1,, nz is the number of electrons in 
this shell, and vy is the running index over all the shells 
in the configuration. Superscript / indicates the sum- 
mation is limited to shells for which J,=/,. Z is the 
nuclear charge. A,,* and B,,* are the appropriate sums 
of the Slater coefficients resulting from the angular 
integrations: 
A,,.*=(1+%,.)7* >’ 


s=a 


(35) 


t=» 


Bas (1+6.5)~ » ad b! 


f=a,f=v 


(6) 


where the prime denotes (#é and 7m limits the sum to 
electron pairs with parallel spins. 


r ra 


Y a»*(r) -{ (p rPaPapt f (r/p)*"'P,Pdp. ( 


r 


/) 


For configurations containing only closed shells, 
€av=€q and Hartree? has pointed out that there is a 
solution for which €,,=0 (a#v). He has suggested that 
this be called the standard solution. The standard solu- 
tion is related to other solutions by an orthogonal trans- 
formation. Let P be an » vector whose components are 
the radial functions satisfying a set of Hartree-Fock 
equations: 


P'=[P1,(r),P2.(r),P2)(r),-°° (8) 


The €,,’s associated with this solution may be written 
as a symmetric matrix 

E=[ea]. (9) 
There is always an orthogonal transformation Q which 


2D. R. Hartree, The Calculations of Atomic Structures | 
Wiley & Sons, Inc., New York, 1957), p. 58. 


1 


John 





ae 


(3d). 


I. Values of Cru for the configuration (1s)*>-- 


PIPER 


TABLE II. Values of Ciaa for the configuration (1s)?-- - (3d)"°. 


Ye 
en 


\ 





will diagonalize FE. 
€is,is 0 
E'=Q'EO=| 0 


(10) 


€28,28 


It can be easily shown that the standard solution P, is 
P,=OP. (11) 
The results reported in this paper have all been trans- 
formed to the standard solution. 
NUMERICAL TECHNIQUES 


The Hartree-Fock functions for a configuration with 
m closed shells are defined by m equations of the form 


DPP (r)+ga(r)Pa(r)= falr) +20! €arP(r), 


vFa 


(12) 
where 


Crav¥ ar*(r) P(r ’ 


ei > 
r , a 
kw 


= 27-(Z+2 Cmal on OF > (n»—Sax) V >, (r) | 


ne 4 


—r-{[la(lat1)]—€aa (14) 
The values of the coefficients for the configuration 
(1s)?(2s)?(2p)®(3s)*(3p)*(3d)” are given in Tables I and 
II. They may be derived from Eqs. (4)—(6) and are the 
appropriate ones for all of the configurations reported 
in this paper. 

In order to solve the set of equations represented by 
Eq. (12), aset of starting functions P, (a= 1s, 2s, - - -, 3d) 
was assembled as a tabular array for a fixed list of 
values of the argument r. The computer program which 
was used requires that the increment of the argument is 
constant except that at the end of every s intervals 
(s=even integer) it doubles. 

The set of wave functions was made self-consistent 
by choosing one of the functions to be improved. The 
coefficients were computed according to Eqs. (13) and 
(14) and a solution of Eq. (12) was obtained which 
replaced the input function for that shell. This pro- 
cedure was repeated, selecting the wave function to be 
improved in a judicious sequence, until no significant 
change was obtained for any of the functions in the set. 


s 
p 
d 


The quadratures required to compute tables of the 
coefficients g and f for each iteration are carried out by 
a modification of Simpson’s rule. 

rth 
i) Fdr=pgh(5F (r)+8F (r+h)—F (r+2h) |, 


r 


(15a) 


r+2h 
f Fdr=fzh— F (r)+8F (r+h)+5F(r+2h)], (15b) 

r+h 
This is equivalent to fitting three points to a parabola 
and reduces to Simpson’s rule at the end of each even 
interval. 

Numerov’s difference equation’ is used to integrate 
Eq. (12). An associated function, 

a= (1+yy/'¢,) Pi, 

is used to carry the integration forward step by step, 


Sin1= (2—G,)2;—2:-1+-F,, (16b) 


(16a) 


where 
Gi= (1+ Pyh?g:) hg, (16c) 
and 


F; = . (fi rn it 1 hit fens ). ( 16d) 


The first neglected term of this difference equation is 
(1/240)6°P. Since z is a function of the interval size, 
it is adjusted at each change of interval. The integration 
begins at r=0 and for s functions 


zo= ¢Z lim(P/r), (17a) 


for p functions 


a one 2 L3 lien 
to= — Gf? lim(P 


r— 


(17b) 


and for /,>1, z9=0. 

The solution of Eq. (12) must satisfy the conditions 
that P(0)=P(«)=0 and that P be normalized and be 
orthogonal to all shells of the same orbital angular 
momentum. The last condition is satisfied by making 
use of the €q,’s. The €q,’s are initially considered to be 
zero. The integration is carried outward from r=0 and 
the boundary condition at infinity is replaced by P(r,) 
=0. The value of r; is chosen so that P is not large 
enough to influence the significant figures of the solu- 
tion. In order to satisfy this modified boundary condi- 
tion, the associated homogeneous equation is also in- 


3See D. R. Hartree, Numerical Analysis (Oxford University 
Press, New York, 1952), p. 132 
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TaBLe III. Coefficients of the screening-constant equation TABLE V. Linear correction to the reduced wave function for 
for (3d)!° configurations. Get, Q*(s), as defined by Eq. (28). 


(3d)° 

Seba Soe 0.00 0.00 0.00 0.000 0.000 0.000 
; 0.0478 0.01 0.01 0.00 0.007 0.007 0.000 
3.839 Si 0.2131 0.02 0.01 0.00 —0.015 0.022 0.002 
4.999 ; 0.1852 0.03 0.01 0.01 —0.052 0.041 0.007 
10.666 3.55 0.6328 0.04 0.00 0.01 0.097 0.059 0.014 
12.752 . 0.6494 0.05 0.01 0.02 0.143 0.074 0.025 
17.166 —4.51: 0.7078 0.06 0.02 0.02 —0.185 0.084 0.039 
0.07 0.04 0.03 0.220 0.088 0.055 
0.08 0.06 0.04 —0.247 0.087 0.074 


; 0.09 -0.08 0.05 0.265 0.080 0.094 
TABLE IV. Reduced wave function ?*(s) for Ge* as 0.10 0.10 005 0.273 0.068 0.116 


defined by Eq. (25). 


2p)* (3s)? (3p)° 





- ———————— — 0.12 0.14 0.07 —0.265 0.029 0.162 
(4.\2 2 6 -\2 \2 f 10 0.14 0.18 0.08 —0).231 —(0).024 0.209 
(Is? spt GS GP ts = 0.22 0.09 —0.171 —0.086 0.254 
0.000 0.000 0.000 i Y 0.000 0.18 —0.25 0.10 —0.099 —0.153 0.296 
0.037 0.102 0.001 y 0.000 0.20 —0.28 ; —0.019 —0.219 0.332 
0.072 0.190 0.005 0.280 0% 0.001 0.22 —0.31 2 0.064 —0.283 0.362 
0.107 0.265, 0.011 0.331 0.080 0.003 0.24 —0.33 ; 0.145 -(0).342 0.385 
0.140 0.329 0.019 0.341 0.128 0.006 0.26 34 13 0.221 —().392 0.402 
0.172 0.382 0.030 0.320 0.180 0.011 0.28 34 13 0.288 —(0.437 0.413 
0.204 0.425 0.041 0.277 0.234 0.018 0.30 BS & be 0.348 0.473 0.416 
0.234 0.460 0.055 0.217 0.287 0.027 
0.264 0.486 0.069 0.146 0.338 0.038 0.35 4 12 0.450 0.526 0.402 
0.292 0.504 0.085 0.070 0.385 0.050 0.40 31 . 0.493 0.530 0.359 
0.320 0.516 0.102 0.009 0.428 0.064 0.45 -0).28 O8 0.488 0.498 0.297 

0.50 —0,23 ; 0.448 —(),.439 0.224 

0.372 0.521 0.139 —0.165 0.498 0.098 0.55 —0.17 0.376 —0.363 0.148 

0.421 0.506 0.178 —0.305 0.544 0.136 0.60 —0.12 0.01 0.310 0.285 0.074 
0.467 0.474 0.220 —0.420 0.568 0.180 

0.510 0.430 = 0.263 —0.507 0.570 0.226 0.70 —().04 —0.03 0.152 —(Q.124 —0.056 
0.549 0.374 0.307 -0.564 0.552 0.275 0.80 0.02 —0.05 0.022 0.006 —0.150 
0.586 0.311 0.351 ~0.594 0.517 0.325 0.90 0.07 —0.07 —0.067 0.096 —0.208 
0.620 0.241 0.395 —0.597 0.467 0.376 1.00 0.07 —0.07 —0.118 0.147 —0.234 
0.652 0.167 0.438 —0.578 0.405 0.427 1.10 0.08 —0.07 —0.124 0.156 —0.237 
0.681 0.091 0.480 0.538 0.334 0.477 1.20 0.06 —0.06 0.122 0.157 =i 999 
0.708 0.014 0.522 —0.483 0.256 0.525 


1.40 0.03 —0.03 —0.073 0.099 —0.160 


pa hand = 1.60 -0.01 0.01 —0).003 0.024 —0.083 
0.810 —0.360 0.704 ~0.062 —0.177 0.736 1.80 0.03 0.02 0.051 _0.041 —0.009 


0.870 —0.665 0.840 0.400 —0.567 0.880 220 —004 004 0009 —0113 0.099 
0.887 —0.783 0.889 0.599 —0.722 0.927 2.40 ~0.04 0.05 0.102 —0.125 0.132 
0.897 —0.878 0.926 0.765 —0.846 0.960 2.60 0.03 0.05 0.098 —0.124 0.152 


$3 a ee : cee ae 3.00 —0.02 0.03 0.072 —0.103 0.161 
0.884 —1.053 0.976 1.103 —1.077 0.976 “ ) 16 eS es 
0.855 —1.050 0.955 1.119 —1.075 0.940 3.20, —0.01 0.03 0.03/ —0.08; 0.155 
0.817 —1.007 0.914 1.075 —1.028 0.889 3.40 0.00 0.03 0.046 —0.074 0.146 
0.773 —0.940 0860 0,993 —0.952 0.829 3.60 0.02 0.035  —0.060 0.134 


Md = a 4 - aps 3.80 0.01 0.027 —0.049 0.121 
% —0.858 0.76 ‘804 —0.864 0.76: 3. 2 2 
0.726 —0.858 0.797 0.894 =—0.864 0.765 4.00 0.00 0.020  —0.039 0.108 


0.765 —O0O178 0.618 —0.293 0.042 0.638 


0.627 —0.682 0.662 0.684 —0.678 0.638 
0.531 -0.519 0.532 0.498 —0.511 0.520 4.50 0.008 —0.020 0.077 
0.444 —0.382 0.417 0.350 —0.374 0.418 5.00 0.005 —().012 0.052 
0.366  —0.275 0.320 0.241 —0.269 0.332 5.50 0.002 —0.006 0.034 
0.299 —0.195 0.243 0.163 —0.190 0.261 6.00 0.001 —0.003 0.021 
0.243 —0.137 0.182 0.109 —0.133 0.204 6.50 0.000 —0.002 0.013 
0.196 —0.095 0.136 0.071 —0.092 0.158 7.00 —0.001 0.008 
0.157 —0.066 0.101 0.047 —0.063 0.122 7.50 0.000 0.004 
0.125 —0.045 0.074 0.030 —0.043 0.093 
0.100 —0.031 0.055 0.020 —0.029 0.071 
0.079 —0.022 0.040 0.012 —0.020 0.054 
0.063 0.015 0.029 0.008 —0.013 0.041 
0.049 0.010 0.022 0.005 0.009 0.031 
0.039 0.007 0.016 0.003 0.006 0.023 


tegrated. The two equations then are 


D?P'+g.P"= fas (18a) 
0.021 -0.003 0.007 0.001 0.002 0.011 . can 
0.012 —0.001 0.004 0.000 —0.001 0.005 PO+ g.0=0, (18b) 
0.006 —0.000 0.002 0.000 0.002 
0.003 0.001 0.001 so that 
0.002 0.000 0.000 ae 
0.001 Tx (18c) 
0.000 ; ; Be ; 
ee) 2 a = , is a solution of Eq. (18a) and x can be chosen to satisfy 








oe 


Le 


PIPER 


TaBLe VI. Interpolated and final values of o. The final value appears on the top line. 


Ga 
~ 0.641 
0.640 


3.811 
3.809 


4.971 
4.971 


10.594 
10.567 


17.434 


P(r,)=0. The integral of P? is 


[ra 1+6, 


in general, €aa in ga is adjusted until 6 is made suffi- 
ciently small (in this case 10~*) by assuming a linear 
relation between 6 and ¢€,q and reintegrating Eqs. (18) 
until the function is normalized within the 6 limit. After 
P has been normalized it is made orthogonal to the 
other P, functions which have the value of /=/,. For 
s functions, each P, is treated in sequence as though it 
were the only one. This introduces a small error 
which disappears as the configuration approaches 
self-consistency. 

If P3 must be made orthogonal to P., Eq. (18a) is 
subtracted from Eq. (12) and the result is divided by 
€a3 tO give 


(19) 


DP?+2,)S3= Ps, (20a) 
where 


Sg= (Pa—P)/€as. (20b) 


Equation (20a) is solved in the same fashion as was 
Eq. (18a), and the orthogonal solution is then 


P,=P+€apSp, (21) 


éas= — fers] {sss (22) 


At this point P, is tested to ensure that it is sufficiently 
close to a normalized function. If it is not, the function 
is entirely reconstructed with an adjusted value of €aa. 
The normalization test no longer occurs at the point 
described under Eq. (19) but instead after the or- 
thogonalization routine. 

In some cases of weakly bound shells it is desirable 
to take a linear combination of the input and output 
functions. This serves to damp any oscillations in suc- 
cessive approximations to a function and was found to 
be quite useful for the 3d shell. 


where 


Get 
0.644 


4 


Ast5 Brt? Kr*8 
0.646 
0.647 


Set 


0.647 
0.649 


0.653 
0.650 


0.658 
0.654 


3.874 
3.869 


3.931 
3.917 


3.90. 3.957 
3.893 3.940 
5.029 
5.024 


5.056 


5.048 


5.081 
5.070 


105 
091 


Ss 
S 


10.731 
10.758 


10.775 
10.843 


10.810 10.837 


10.996 


12.790 
12.821 


12.811 
12.883 


12.83 
12.99 
16.953 
16.948 


16.778 
16.767 


16.629 
16.612 


16.501 
16.477 


In order to reduce the results to the standard solu- 
tion, Jacobi’s method was used to determine the trans- 
formation matrix.‘ A program for utilizing this method 
on the IBM 650 has already been described by the 
author.® 


STARTING FUNCTIONS 


Hartree®’ has proposed a technique for interpolating 
wave functions which was used in the computations 
reported in this paper and was found to work exceed- 
ingly well. The mean radius * was used as a scaling 
factor. The mean radius is defined by 


i i) rP?dr, 


if the radial wave function P is normalized. A screening 
constant, o, is defined which equates 7 to the mean 
radius of a hydrogenlike function with a nuclear 
charge of (Z—c): 


(23 


F=}3[3n?—I1(1+-1) ]/(Z—o). (24) 


A reduced wave function is defined by 


P*(s)=7*P (¢). 
where 


S T/T. 


For complete shells Hartree has made the observation 
that o and P*(s) vary almost linearly as functions of 7. 
Thus a given complete shell of a configuration identified 
by its nuclear charge, Z, should be related to the same 
shell of a known configuration with nuclear charge 
Zo by 
-~7z.), (27) 


Oz O2z,—AlFz 


P7*(s)=Pao¥(s)+ (F2—Fa)O*(S). 


(28) 


4See R. T. Gregory, Math. Tables Aids Comp. 7, 215 (1953). 

5 W. W. Piper, General Electric Research Laboratory Report 
56-RL-1503A, 1956 (unpublished 

®D. R. Hartree, Proc. Cambridge Phil. Soc. 51, 684 (1955). 

7D. R. Hartree, Revs. Modern Phys. 30, 63 (1958). 
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TABLE VII. Normalized self-consistent radial wave functions for Cu*. The argument r is given in atomic units 
length and the eigenvalues are in rydbergs. 


r (1s)? (2s)? (2p)§ (3s)? (3p 6 (3d 10 


0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.005 1.3280 0.4074 0.0164 0.1522 0.0061 0.0000 
0.010 2.2984 0.6995 0.0613 0.2610 0.0225 0.0002 
0.015 2.9841 0.8952 0.1284 0.3335 0.0472 0.0007 
9.020 3.4447 1.0109 0.2127 0.3756 0.0780 0.0016 


0.030 3.8761 1.0564 0.4159 0.3888 0.1520 0.0050 
0.040 3.8805 0.9260 0.6435 0.3347 0.2341 0.0108 
0.050 3.6454 0.6858 0.8766 0.2386 0.3167 0.0193 
0.060 3.2902 0.3835 1.1021 0.1192 0.3946 0.0306 
0.070 2.8894 0.0535 1.3115 — 0.0098 0.4643 0.0447 
0.080 2.4876 —0,.2804 1.4993 ~0,1384 0.5237 0.0613 
0.090 2.1098 —0.6016 1.6629 —(0,2599 0.5713 0.0804 
0.100 1.7686 —0.8995 —0.3697 0.6068 0.1017 


0.120 1.2109 — 1.4026 
0.140 0.8085 — 1.7699 
0.160 0.5305 — 2.0073 
0.3438 — 2.1327 
0.2209 — 2.1677 
0.1410 — 2.1339 
0.0896 — 2.0502 
0.0568 — 1.9327 
0.0360 — 1.7944 
0.0224 — 1.6462 


—0.5434 0.6413 0.1499 
—().6501 0.6308 0.2039 
—0.6918 0.5820 0.2618 
0.6761 0.5025 0.3218 
—0.6135 0.3999 0.3825 
0.5145 0.2810 ().4427 
0.3893 0.1520 0.5014 
0.2466 0.0179 0.5578 
—(),0942 0.1169 0.6113 
0.0613 0.2491 0.6614 


— tt et ee DD NO DO NO 


0.0073 — 1.2709 1.0539 0.4369 0.5538 0.7707 
0.0024 — 0.9395 0.7769 0.7567 0.8042 0.8558 
0.0008 — 0.6744 0.5602 1.0009 0.9929 0.9178 
0.0003 —0.4740 0.3976 1.1686 1.1224 0.9591 
0.0001 —0.3283 0.2790 1.2677 1.2000 0.9828 
0.600 0.0000 = 2 0.1943 1.3103 1.2348 0.9920 


0.700 0.1040 0.0930 1.2752 1.2123 0.9785 
0.800 ~(0).0479 0.0446 1.1475 1.115. 0.9377 
0.900 —0.0225 0.0217 0.9838 0.9856 0.8825 
1.000 —0.0109 0.0110 0.8171 0.8481 0.8212 
1.100 —0.0055 0.0058 0.6640 0.7166 0.7585 
1.200 —0.0030 0.0032 0.5311 0.5977 0.6973 


1.400 —0.0011 0.0013 0.3290 0.4049 0.5845 
1.600 — (0.0005 0.0006 0.1981 —(0.2682 0.4871 
1.800 —0.0002 0.0004 0.1172 0.1753 0.4047 
2.000 —0,0001 0.0002 0.0686 0.1136 0.3358 
2.200 0.0000 0.0001 0.0399 0.0733 0.2782 
2.400 0.0000 (0.0231 0.0471 0.2302 
2.600 0.0133 0.0302 0.1902 
2.800 0.0077 ~0.0195 0.1570 
3.000 0.0045 -0.0125 0.1294 
3.200 0.0026 0.0081 0.1065 
3.400 0.0015 0.0053 0.0875 
3.600 0.0009 ~().0035 0.0718 
3.800 0.0006 —(),0023 0.0588 
4.000 0.0003 0.0015 0.0481 


1.500 0.0001 0.0006 0.0289 
5.000 0.0000 0.0002 0.0173 
5.500 0.0001 0.0102 
6.000 0.0000 0.0060 
6.500 0.0035 
7.000 0.0020 
7.500 0.0012 
&.000 0.0007 
8.500 0.0004 
9.000 0.0002 
9.500 0.0001 
10.000 0.0000 


10.645 : 1.621 
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TaBLe VIII. Normalized self-consistent radial wave functions for Zn**. The argument r is given in atomic units of 
length and the eigenvalues are in rydbergs. 


r (1s)? (2s)? (2p) ; 3p)® (3d)° 


0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.005 1.3910 0.4283 0.0180 0.1614 0.0067 0.0000 
0.010 0.7313 0.0669 0.2753 0.0250 0.0003 
0.015 E 0.9302 0.1399 0.3495 0.0521 0.0009 
0.020 3.5547 1.0432 0.2311 0.3909 0.0860 0.0020 


0.030 3.9604 1.0718 0.4498 0.3974 0.1666 0.0061 
0.040 3.9260 0.9164 0.6927 0.3328 0.2552 0.0131 
0.050 3.6519 0.6490 0.9391 0.2250 0.3434 0.0234 
0.060 3.2639 0.3212 1.1751 0.0946 0.4255 0.0370 
0.070 2.8384 - 0.0308 1.3918 0.0438 0.4978 0.0538 
0.080 2.4199 —0).3817 1.5839 —0.1797 0.5580 0.0736 
0.090 2.0325 —0.7149 1.7486 —0.3059 0.6049 0.0962 
0.100 1.6874 — 1.0199 1.8851 —0.4179 0.6380 0.1213 


0.120 1.1332 — 1.5239 2.0762 —0.5892 0.6640 0.1778 
0.140 0.7423 — 1.8786 2.1695 — 0.6857 0.6412 0.2405 
0.160 0.4779 — 2.0949 2.1826 —0.7119 0.5777 0.3072 
0.180 0.3040 — 2.1950 2.1342 —0.6777 0.4826 0.3757 
0.200 0.1917 — 2.2038 2.0414 —0.5952 0.3643 0.4444 
0.220 0.1201 — 2.1449 1.9186 — 0.4768 0.2307 0.5118 
0.240 0.0750 ~ 2.0388 1.7777 — 0.3334 0.0885 0.5768 
0.260 0.0467 — 1.9024 1.6278 —0.1749 — 0.0569 0.6385 
0.280 0.0291 — 1.7489 1.4760 —0.0092 ~0),2010 0.6964 
0.300 0.0178 1.5892 1.3277 0.1568 — 0.3402 0.7500 


0.350 0.0055 1.1988 0.9888 0.5463 0.6538 0.8640 
0.400 0.0018 — (0.8668 0.7140 0.8648 —0.9021 0.9490 
0.450 0.0006 — 0.6092 0.5047 1.0970 — 1.0807 1.0070 
0.500 0.0002 —0.4196 0.3513 1.2463 -1,1954 1.0417 
0.550 0.0000 —0.2851 0.2420 1.3243 2559 1.0569 


—1 
0.600 —0.1920 0.1656 1.3455 — 1.2732 1.0568 


0.700 —0.0857 0.0767 1.2729 2186 1.0237 
0.800 — 0.0384 0.0358 1.1181 - 1.0967 0.9638 
0.900 —0.0176 0.0171 0.9380 0.9497 0.8912 
1.000 — 0.0084 0.0085 0.7631 0.8015 0.8144 
1.100 — (0.0043 0.0045 0.6079 0.6645 0.7383 
1.200 —0.0023 0.0025 0.4767 0.5437 0.6655 


1.400 — 0.0008 0.0010 0.2837 — 0.3543 0.5345 
1.600 — 0.0004 0.0005 0.1638 —0.2252 0.4249 
1.800 — 0.0002 0.0003 0.0928 — 0.1409 0.3351 
2.000 —().0001 0.0002 0.0519 - (0.0872 0.2627 
2.200 0.0000 0.0001 0.0288 0.0536 0.2049 
2.400 0.0001 0.0158 0.0327 0.1590 
2.600 0.0000 0.0086 —0.0198 0.1228 
2.800 0.0047 —0.0121 0.0946 
3.000 0.0026 0.0073 0.0725 
3.200 0.0014 —0).0045 0.0554 
3.400 0.0008 — 0.0027 0.0422 
3.600 0.0004 —0).0017 0.0320 
3.200 0.0002 ~0.0010 0.0242 
4.000 0.0001 — 0.0006 0.0183 


0.0000 — 0.0002 0.0090 
0.0001 0.0043 

0.0000 0.0020 

0.0010 

0.0005 

0.0002 

0.0001 

0.0000 


708.185 90.197 79.336 4 3.068 
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laste IX. Normalized self-consistent radial wave functions for Gat*, The argument r is given in atomic units of 
length and the eigenvalues are in rydbergs. 


(2p) 3s)? (3p)® (3d) 





0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.005 1.4546 0.4496 0.0197 0.1710 0.0074 0.0000 
0.010 2.4925 0.7633 0.0729 0.2900 0.0276 0.0003 
9.015 3.2041 0.9649 0.1519 0.3658 0.0574 0.0011 
0.020 3.6621 1.0747 0.2504 0.4060 0.0945 0.0024 


0.030 4.0399 1.0850 0.4848 0.4052 0.1822 0.0073 
0.040 3.9658 0.9037 0.7430 0.3296 0.2776 0.0157 
0.050 3.6528 0.6086 1.0027 0.2098 0.3715 0.0279 
0.060 3.2324 0.2552 1.2488 0.0680 0.4577 0.0440 
0.070 2.7838 —0.1179 1.4722 —0.0796 0.5323 0.0637 
0.080 2.3505 —0.4849 1.6676 —0.2224 0.5929 0.0870 
0.090 1.9556 —0.8285 1.8324 —0.3527 0.6385 0.1134 
0.100 1.6074 — 1.1394 .9665 —- 0.4663 0.6688 0.1425 


— 


1462 — 0.6333 0.6849 0.2077 

0.7180 0.6484 0.2795 
-0.7270 0.5691 0.3551 
—0.6730 0.4574 0.4321 
—0.5702 0.3232 0.5084 
—().4321 0.1748 0.5825 
—().2708 0.0195 0.6533 
—().0971 —0.1367 0.7197 

0.0811 —().2895 0.7813 

0.2567 0.4352 0.8374 


0.120 1.0589 — 1.6412 
0.140 0.6804 — 1.9806 
0.160 0.4298 — 2.1738 
0.180 0.2684 — 2.2474 
0.200 0.1654 — 2.2300 
0.220 0.1017 — 2.1466 
0.240 0.0624 — 2.0189 
0.260 0.0381 — 1.8653 
0.280 0.0234 — 1.6978 
0.300 0.0143 — 1.5275 


te eet eet et KD OD BD FO FD 
i tn wat t 


0.350 0.0042 — 1.1265 0.9246 0.6563 —0.7547 0.9536 
0.400 0.0012 —0.7978 6545 0.9693 —0.9977 1.0357 
0.450 0.0004 —0.5488 4533 1.1870 — 1.1641 1.0873 
0.500 0.0001 —0.3705 3095 1.3161 — 1.2621 1.1130 
0.550 0.0000 — 0.2469 2093 1.3717 — 1.3042 1.1180 
0.600 —0.1631 0.1406 1.3713 — 1.3033 1.1069 


0.700 — 0.0706 0.0632 1.2616 — 1.2160 1.0516 
0.800 — 0.0303 0.0284 1.0825 1.0705 0.9715 
0.900 —0.0136 0.0133 0.8876 —().9072 0.8808 
1.000 — 0.0064 0.0065 0.7067 — 0.7498 0.7887 
1.100 — 0.0032 0.0034 0.5509 — 0.6087 0.6999 
1.200 —0.0017 0.0019 0.4226 — 0.4875 0.6168 


1.400 — 0.0006 0.0008 0.2405 0.3039 0.4719 
1.600 — 0.0003 0.0004 0.1324 —0.1843 0.3557 
1.800 —0.0001 0.0002 0.0715 0.1098 0.2649 
2.000 —0.0001 0.0001 0.0379 0.0644 0.1953 
2.200 0.0000 0.0001 0.0198 —().0374 0.1428 
2.400 0.0000 0.0103 0.0215 0.1036 
2.600 0.0054 —().0124 0.0747 
2.800 0.0028 —0.0071 0.0535 
3.000 0.0014 — 0.0040 0.0381 
3.200 0.0007 — 0.0022 0.0269 
3.400 0.0003 — 0.0012 0.0189 
3.600 0.0002 — (0.0007 0.0134 
3.800 0.0001 — (0.0004 0.0093 
4.000 0.0000 —0.0002 0.0065 


4.500 0.0001 0.0026 
5.000 0.0000 0.0010 
5.500 0.0004 
6.000 0.0001 
6.500 


faa 760.178 98.748 5.195 11.396 


P 
340, 105. 


Hartree’s wave functions® for Cut were first verified listed in Table VII. Wave functions for Mn*? were also 
with the program here described, and the result is available.’ The mean radius for each shell of these two 


*D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) ree e 
A157, 490 (1936). 2D. R. Hartree, Proc. Cambridge Phil. Soc. 51, 126 (1954). 
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lante X. Normalized self-consistent radial wave functions for Get. The argument r is given in atomic units ol 
length and the eigenvalues are in rydbergs. 


r 1s)? (2s)? (2p)8 (3s)? 3p)8 3d) 10 


0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.005 1.5185 0.4708 0.0214 0.1811 0.0082 0.0001 
0.010 2.5890 0.7947 0.0791 0.3054 0.0304 0.0004 
0.015 3.3116 0.9983 0.1644 0.3827 0.0631 0.0013 
0.020 3.7663 1.1040 0.2703 0.4217 0.1037 0.0028 


0.030 4.1139 1.0946 0.5210 0.4128 0.1988 0.0086 
0.040 3.9984 0.8861 0.7947 0.3253 0.3013 0.0185 
0.050 3.6468 0.5631 1.0673 0.1928 0.4010 0.0328 
0.060 3.1960 0.1844 1.3231 0.0395 0.4913 0.0516 
0.070 7255 —0.2093 1.5525 —0.1176 0.5679 0.0745 
0.080 3 —0.5912 1.7503 —0.2670 0.6286 0.1014 
0.090 : ; 9146 —0.4012 0.6724 0.1318 
0.100 528: 2588 0452 —0.5156 0.6991 0.1653 


0.120 878 155. 2119 — 0.6768 0.7041 0.2396 
0.140 228 d .2698 —0.7477 0.6526 0.3206 
0.160 38 24K —0.7380 0.5564 0.4052 
0.180 0.2366 i 2.1545 — 0.6629 0.4273 0.4905 
0.200 0.1437 — 2.2465 02 —0.5386 0.2763 0.5742 
0.220 0.0869 2.138: 1.8696 — 0.3802 0.1129 0.6547 
0.240 0.0523 . 1.7022 —0.2012 0.0552 0.7306 
0.260 0.0314 ~ 1.8209 1.5319 —0.0125 0.2218 0.8010 
0.280 0.0189 — 1.6417 1.3652 0.1771 —0.3824 0.8653 
0.300 0.0111 — 1.4638 1.2073 0.3605 0.5331 0.9231 


0390 
58 
SO 


1 
1 
1734 
1 
1 


0.350 0.0032 — 1.0549 0.8620 0.7675 —0.8562 1 
0.400 0.0009 —0.7302 0.5975 1.0730 ~1.0917 1 
0.450 0.0003 —().4922 0.4058 1.2723 — 1.2428 1 
1 
1 
1 


1 


0.500 0.0000 — 0.3258 0.2719 1.3785 — 1.3221 
0.550 —0.2131 0.1806 1.4105 1.3444 
0.600 —0.1385 0.1194 1.3874 1.3242 


665 


430 


0.700 —0.0578 0.0519 1.2416 1.2045 1.0641 
0.800 —0.0245 0.0229 1.0382 — 1.0350 0.9627 
0.900 — 0.0108 0.0105 0.8314 0.8575 0.8545 
1.000 — 0.0050 0.0051 0.6465 0.6927 0.7483 
1.100 — 0.0025 0.0027 0.4922 0.5495 0.6488 
1.200 —().0013 0.0015 0.3688 0.4300 0.5580 


400 —().0005 0.0006 0.1998 0.2553 0.4051 
600 — 0.0002 0.0003 0.1046 0.1471 0.2884 
800 —0.0001 0.0001 0.0535 0.0829 0.2021 
2.000 0.0000 0.0001 0.0269 —0.0461 0.1399 
200 0.0000 0.0134 0.0253 0.0957 
0.0065 0.0137 0.0649 

0.0031 —0.0073 0.0435 

0.0015 0.0039 0.0290 

0.0007 —0,0021 0.0192 

0.0004 —0.0011 0.0127 

0.0002 0.0006 0.0083 

0.0001 — 0.0003 0.0054 

0.0000 —().0002 0.0035 

—0.0001 0.0023 


0.0000 0.0007 
0.0002 
0.0001 
0.0000 


813.890 107.874 96.066 13.894 6,838 


356. 111. 927. 


configurations was computed, o calculated from Eq. The values of * were next determined for Ge** by sub- 
(24), and P* determined according to Eq. (25). With — stituting Z=32 into Eq. (24) and simultaneously solv- 
Zo=29 (Cut) and Z=25 (Mn*?), the constant A and __ ing this equation and Eq. (27) by an iterative process. 
the function 0* were determined in Eqs. (27) and (28). This result was then used to calculate (P*)ae by Eq. 





ATOMIC WAVE FUNCTIONS FROM Cut 


\BLE XI. Normalized self-consistent radial wave functions for As*®. The argument r is given in atomic units of 
length and the eigenvalues are in rydbergs. 


r (1s)? 2s)? (2p) (3s)? (3p)§ (3d) 
0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.005 1.5831 0.4922 0.0232 0.1914 0.0091 0.0001 
0.010 2.6857 0.8262 0.0855 0.3208 0.0334 0.0005 
0.015 3.4184 1.0314 0.1775 0.3995 0.0692 0.0015 
0.020 3.8084 1.1323 0.2911 0.4369 0.1133 0.0033 


0.030 4.1837 1.1021 0.5582 0.4192 0.2162 0.0101 
0.040 4.0268 0.8659 0.8474 0.3193 0.3258 0.0216 
0.050 3.6306 0.5145 1.1327 0.1739 0.4312 0.0382 
0.060 3.1555 0.1108 1.3976 0.0091 0.5253 0.0599 
0.070 2.6649 —0.3025 1.6322 0.1571 0.6035 0.0863 
0.080 2.2066 —0.6981 1.8317 ~0.3125 0.6637 0.1171 
0.090 1.8005 — 1.0588 9943 — 0.4495 0.7049 0.1517 
0.100 1.4515 37 1207 - 0.5641 0.7274 0.1897 


0.120 0.9200 
0.140 0.5689 
0.160 0.3460 
0.180 0.2081 
0.200 0.1234 
0.220 0.0732 
0.240 0.0433 
0.260 0.0254 
0.280 0.0152 
0.300 0.0089 


0.7175 0.7199 0.2735 

—0.7728 0.6522 0.3640 

( 0.7430 0.5381 0.4576 
( 0.6458 0.3911 0.5510 
( 0.5000 0.2237 0.6417 
0.3218 0.0456 0.7280 

&4 0.1256 0.1347 0.8083 
7 0.0766 —0.3107 0.8818 
0.2766 —().4781 0.9480 

0.4670 —().6332 1.0065 


7 
31 
6. 
5 
0 


2 
1, 
3 
5 
7 
7 


97 


2 
3 
58 
/ 


eS Et ee 


g 
6 

4 
30 
14 


0.350 0.0024 —0.9849 0.8014 0.8766 — 0.9560 1.1195 
0.400 0.0006 — 0.6680 0.5445 1.1695 1.1886 
0.450 0.0001 — 0.4409 0.3625 1.3487 —1.: 1.2205 
0.500 0.0000 —0.2862 0.2384 1.4308 37: 1.2227 
0.550 —0.1836 0.1553 1.4387 . 1.2025 
0.600 —(Q).1169 0.1008 1.3937 — 1.335. 1.1659 


0.700 —0.0475 0.0426 1.2131 83 1.0625 
0.800 —(0).0192 0.0181 0.9898 0.9934 0.9408 
0.900 — 0.0084 0.0082 0.7733 —0.8035 0.8163 
1.000 0.0038 0.0039 0.5869 —0.6338 0.6980 
1.100 —0.0019 0.0020 0.4359 — 0.4908 0.5903 
1.200 —0.0010 0.0011 0.3184 0.3745 0.4945 


1.400 —0.0003 0.0004 0.1638 0.2111 0.3396 
1.600 —0.0001 0.0002 0.0810 —().1150 0.2278 
1.800 0.0000 0.0001 0.0393 —0.0613 0.1500 
2.000 0.0000 0.0186 —(),0320 0.0972 
2.200 0.0087 — (0.0164 0.0621 
2.400 0.0043 —().0084 0.0393 
2.600 0.0023 — 0.0043 0.0246 
2.800 0.0010 —(.0021 0.0153 
3.000 0.0004 0.0010 0.0093 
3.200 0.0002 —0.0005 0.0056 
3.400 0.0000 — 0.0002 0.0033 
3.600 —0.0001 0.0020 
3.800 0.0000 0.0012 
4.000 0.0007 


4.500 0.0002 
5.000 0.0000 


870.306 5! 20.917 645 9,120 


45, 394, 514. 


(28) and Pee by Eq. (25) for each shell except the 3d. The starting functions for Get! were made self- 
For the 3d shell, o was taken the same for Cut and _ consistent according to the program outlined above. 
Get, Eq. (24) was solved for #, and P was obtained With the final functions for Ge+* and Cut, Q*(s) and A 
directly from Eq. (25) and P*(3d,Cut). were calculated for all shells including the (3d) shell. 
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Taste XII. Normalized self-consistent radial wave functions for Se**, The argument r is given in atomic units of 
length and the eigenvalues are in rydbergs. 





(2s)? (2p)* (3s)? (3p)8 (3d)'9 





0.000 . 0.0000 0.0000 0.0000 0.0000 0.0000 
0.005 ; 0.5137 0.0251 0.2020 0.0100 0.0001 
0.010 782 0.8574 0.0923 0.3366 0.0366 0.0005 
0.015 3.523: 1.0635 0.1910 0.4164 0.0756 0.0017 
0.020 3.967 1.1590 0.3125 0.4519 0.1235 0.0039 


0.030 1.1066 0.5965 0.4248 0.2344 0.0117 
0.040 0.8417 0.9012 0.3119 0.3514 0.0250 
0.050 0.4618 1.1989 0.1531 0.4625 0.0441 
0.060 0.0335 1.4724 — 0.0233 0.5600 0.0689 
0.070 7 — 0.3986 1.7116 —0.1983 0.6394 0.0990 
0.080 3. — 0.8067 1.9119 —0.3593 0.6985 0.1339 
0.090 . — 1.1737 2.0720 — 0.4986 0.7366 0.1730 
0.100 é — 1.4920 2.1932 —0.6123 0.7542 0.2158 


0.120 855; — 1.9689 2.3290 —0.7560 0.7327 0.3093 
0.140 5. — 2.2474 2.3472 —0.7940 0.6476 0.4094 
0.160 . — 2.3614 2.2782 —0.7425 0.5148 0.5119 
0.180 ; — 2.3510 2.1496 —0.6224 0.3495 0.6132 
0.200 1062 — 2.2543 1.9850 4545 0.1653 0.7105 
0.220 .0617 — 2.1013 1.8010 .2565 —0.0271 0.8020 
0.240 0.0358 — 1.9165 1.6112 : —0.2190 0.8861 
0.260 0.0206 — 1.7190 1.4252 : —0.4035 0.9619 
0.280 0.0121 — 1.5201 1.2482 ; — 0.5765 1.0290 
0.300 0.0069 — 1.3298 1.0848 Lod — 0.7343 1.0872 


0.350 0.0017 —0.9166 0.7429 ; — 1.0538 1.1950 
0.400 0.0003 — 0.6084 0.4946 ' — 1.2640 1.2541 
0.450 0.0000 — 0.3934 0.3229 — 1.3781 1.2733 
0.500 —0.2505 0.2084 ‘ — 1.4151 1.2614 
—0.1577 0.1334 457 — 1.3955 1.2270 
— 0.0987 0.0851 . — 1.3366 1.1767 


— 0.0388 0.0349 — 1.1541 1.0487 
—0.0152 0.0144 0.9356 —0.9448 0.9075 
— 0.0065 0.0064 0.7124 — 0.7454 0.7688 
— 0.0029 0.0030 0.5270 —0.5734 0.6411 
—0.0014 0.0015 0.3814 — 0.4327 0.5281 
— 0.0007 0.0008 0.2713 —0.3215 0.4305 


— 0.0002 0.0003 0.1322 —0.1716 0.2791 
—0.0001 0.0001 0.0617 —0.0882 0.1760 
0.0000 0.0000 0.0282 — 0.0444 0.1087 


0.0125 — 0.0218 0.0659 
0.0054 —0.0105 0.0393 
0.0023 — 0.0050 0.0232 
0.0010 -0.0024 0.0135 
0.0004 —0.0011 0.0078 
0.0002 — 0.0005 0.0044 
0.0001 — 0.0002 0.0024 
0.0000 — 0.0001 0.0013 
0.0000 0.0008 

0.0004 

0.0002 


0.0000 


127.771 115.011 .167 11.647 


122. 1093. 


Equations (27) and (28) were then used to determine 
starting functions for the remaining configurations re- 
ported in this paper. Tables III-V summarize the con- 
stants and functions used in Eqs. (27) and (28). Table 
VI compares the final value of o with the screening 
constant obtained initially by linear interpolation. 


605 


A final aid for the initial iteration of each shell was 
a good estimate for the eigenvalue €aq. Slater’s tabula- 
tion of one-electron energies of free atoms’ was found 
to be quite useful. The neutral atom energies were 


10 J. C. Slater, Phys. Rev. 98, 1039 (1955). 





ATOMIC WAVE FUNCTIONS FROM Cut TO Krt?* 


TaBLE XIII. Normalized self-consistent radial wave functions for Br*’. The argument r is given in atomic units of 
length and the eigenvalues are in rydbergs. 


(1s)? (2s)? (2p)® (3s)? (3p)® (3d)'° 


0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1.7133 0.5357 0.0271 0.2128 0.0109 0.0001 

2.8777 0.8890 0.0994 0.3526 0.0399 0.0006 

O13 3.6265 1.0955 0.2051 0.4333 0.0824 0.0020 
0.020 4.0633 1.1851 0.3348 0.4666 0.1342 0.0045 


0.030 4.3084 1.1094 0.6358 0.4293 0.2534 0.0135 
0.040 4.0658 0.8150 0.9560 0.3027 0.3777 0.0288 
0.050 3.6002 0.4063 1.2658 0.1305 0.4943 0.0505 
0.060 3.0631 0.0461 1.5473 —0.0576 0.5950 0.0786 
0.070 2.5368 —0.4962 1.7902 0.2410 0.6751 0.1126 
0.080 2.0599 —().9155 9905 0.4070 0.7325 0.1520 
0.090 1.6485 1.2876 1472 — 0.5476 0.7668 0.1958 
0.100 1.3035 — 1.6053 2624 » —0.6595 0.7788 0.2435 


0.120 0.7949 — 2.0683 
0.140 0.4732 — 2.3223 
0.160 0.2772 — 2.4075 
0.180 0.1606 — 2.3685 
0.200 0.0916 — 2.2464 


NN 


3807 — 0.7916 0.7420 0.3470 
3776 —0.8105 0.6384 0.4569 
.2870 0.7361 0.4861 0.5682 
1388 0.5923 0.3022 0.6771 
9576 —().4022 0.1015 0.7805 
0.220 0.0524 — 2.0721 7606 0.1849 0.1046 0.8764 
0.240 0.0299 — 1.8711 5613 0.0434 0.3072 0.9634 
0.260 0.0170 — 1.6621 1.3691 0.2698 -0.4991 1.0406 
0.280 0.0098 — 1.4560 1.1888 0.4861 ~0).6763 1.1078 
0.300 0.0056 — 1.2621 1.0244 _ 0.6852 0.8355 1.1647 


eee DON hh 


0.350 0.0014 0.8508 0.6871 1.0886 1.1482 1.2649 
0.400 0.0003 — 0.5528 0.4482 1.3474 — 1.3415 1.3120 
0.450 0.0001 —().3502 0.2869 1.4781 1.4339 1.3168 
0.500 0.0000 ().2188 0.1818 1.5075 - 1.4478 1.2898 
0.550 —0.1351 0.1142 1.4657 1.4064 1.2405 
0.600 —0.0831 0.0716 1.3773 1.3283 1.1762 


0.700 —0.0317 0.0285 1.1336 - 1.1169 1.0243 
0.800 —0.0121 0.0114 0.8776 0.8911 0.8654 
0.900 ~0.0050 0.0050 0.6508 0.6851 0.7150 
1.000 — (0.0022 0.0023 0.4688 0.5134 0.5809 
1.100 ~0.0011 0.0012 0.3302 0.3771 0.4656 
1.200 — (0.0006 0.0006 0.2285 0.2726 0.3689 
1.400 —(),0002 0.0002 0.1052 — 0.1375 0.2253 
1.600 —().0001 0.0001 0.0462 — 0.0666 0.1335 
1.800 0.0000 0.0000 0.0199 0.0315 0.0773 
2.000 ; 0.0082 ~0.0145 0.0438 
2.200 0.0033 0.0065 0.0244 
2.400 0.0014 0.0029 0.0134 
2.600 0.0006 0.0013 0.0073 
2.800 0.0002 0.0006 0.0039 
3.000 0.0001 — 0.0002 0.0021 
3.200 0.0000 —0.0001 0.0010 
3.400 0.0000 0.0005 
3.600 0.0003 
3.800 0.0001 
4.000 0.0000 


988.513 ; : 27.665 2.90. 14.417 


408 Su, 76. 699. 


adjusted for an ionized configuration by shifting the venient values of r and rounded to four decimal places. 
energy of each shell the same amount. The estimates so. The integrations were made either for an initial incre- 
obtained were usually well within the bounds beyond 
which the program would not converge to an appro- 
priate solution. 


ment of Ar=0.002 a.u. (atomic unit) which doubled 
at the end of every six intervals, or for an increment of 
0.005 a.u. doubling after every eight intervals. In some 
RESULTS AND DISCUSSION cases both interval schemes were used and the differ- 

The final self-consistent wave functions are listed in ences were found to be insignificant. Maximum devia- 
Tables VII-XIV. They have been interpolated to con- tion of P was a few digits in the fourth decimal place 
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TaBLeE XIV. Normalized self-consistent radial wave functions for Kr*8. The argument r is given in atomic units of 
length and the eigenvalues are in rydbergs. 


r 1s)? (2s)? (2p)® (3s)? 3p)' 3d)" 


0.000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.005 1.7789 0.5577 0.0291 0.2238 0.0119 0.0001 
0.010 2.9730 0.9203 0.1067 0.3687 0.0435 0.0007 
0.015 3.7280 1.1267 0.2197 0.4500 0.0894 0.0023 
0.020 4.1564 1.2097 0.3577 0.4808 0.1453 0.0051 


0.030 4.3637 1.1094 0.6761 0.4326 0.2730 0.0155 
0.040 4.0776 0.7849 1.0118 0.2919 0.4048 0.0328 
0.050 3.5753 0.3475 1.3334 0.1059 0.5267 0.0574 
0.060 3.0123 0.1285 1.6221 ~0.0935 0.6302 0.0891 
0.070 2.4704 -0.5954 SO8 —(),2849 0.7104 0.1273 
0.080 867 — 1.0248 2.067 ~(0).4551 0.7655 0.1712 
0.090 : ~ 1.4003 2 ~0.5963 0.7952 0.2200 
0.100 33 3282 —0.7055 0.8009 0.2728 


7474 0.3866 
6243 0.5062 
4521 0.6262 
2495 0.7423 
0327 0.8511 
1865 0.9509 
3986 0400 
5967 1177 
7768 1839 
0.9650 7948 9359 


0.120 

0.140 

0.160 

0.180 0.1410 
0.200 0.0788 
0.220 0.0443 
0.240 0.0249 
0.260 0.0139 
0.280 0.0079 
0.300 0.0044 


nd me 
oS aD 
a 
tN 
cam 


I de DO oe 


0.350 0.0011 0.6339 18 2383 
0.400 0.0002 — (0.5009 0.4051 : 4122 
0.450 0.0000 —0.3110 0.2543 5 4809 
0.500 —0.1906 0.1582 §: $710 
0.550 —0.1155 0.0976 . 4078 
0.600 — 0.0698 0.0601 3110 


m= IN Ww Ww Ww 6 


0.700 —0.0258 0.0232 7 1.0731 0.9910 
0.800 —(),0095 0.0090 8172 0.8339 0.8168 
0.900 — 0.0039 0.0039 58907 0.624? 0.6575 
1.000 ~0.0017 0.0018 33 0.45 0.5198 
i 
? 


4 


1.100 —().0008 0.0009 28: 0 0.4050 
1.200 — 0.0004 0.0005 0.1904 0.2286 0.3117 


1.400 —(.0001 0.0002 0.0828 0.1088 0.1792 
1.600 0.0000 0.0001 0.0341 0.0495 0.0996 
1.800 0.0000 0.0138 0.0221 0.0540 
2.000 0.0054 0.0095 0.0286 
200 0.0020 0.0040 0.0149 
400 0.0008 0.0017 0.0076 
LD 0.0003 0.0007 0.0039 
800 0.0001 0.0003 0.0020 
3.000 0.0000 0.0001 0.0009 
3.200 0.0000 0.0004 
3.400 0.0002 
3.600 0.0001 
3.800 0.0000 


Nm he be bo 


1050.847 136.062 26.394 17.426 
Pp 
lir 426 3 52 817. 


and the eigenvalues differed by a few thousandths of a was 0.0003. A similar test was made for a 3s function 
rydberg. with Z= 20. In this case, the maximum deviations were 
Another indication of the magnitude of the error in —0.01 ry and AP=0.0001. 

these solutions is given by the results obtained when a For Cu?* it is possible to compare the present results 
hydrogenlike configuration is integrated. For a 1s func- with Watson’s recently published Hartree-Fock func- 
tion with Z=30, the exact eigenvalue is 900 ry. The tions for the Fe series!’ which were obtained by varying 
deviation for each of the interval sizes described above mag Oe ee eS ee ee ee 
was +0.06 ry. The wave function was also compared ai nee Chem, eee homed “ie oe Pag Mea asag 
with the exact solution and the maximum deviation Cambridge, Massachusetts (unpublished 
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an analytical expression (Roothaan procedure). None 
of the eigenvalues differ by more than 0.01 ry except 
for a difference of 0.02 ry for €.,3, and 0.06 ry for 
The sum of one-electron energies of the con- 
figuration for the present results is 1993.418 rydbergs 
compared to Watson’s 1993.144. In view of the devia- 


€1s,1ls- 


tions of our numerical results for hydrogenlike con- 


figurations, no better agreement could be expected. 
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Rosenzweig and Porter have shown a “repulsion of energy levels” in spacing distributions determined from 
energy levels in complex atomic spectra. The present paper extends their work by showing that these spacing 
distributions can be determined from calculated positions of the levels in these spectra. Since calculated data 


are available for spectra where the observed data are scarce or incomplete, this partially overcomes limita 
tions imposed by statistical inaccuracy when direct use is made of the observed data. The equivalence of the 
two approaches is demonstrated by showing that calculated data for Ta 1 yield the same spacing distribution 
as obtained from observed data for Ta 1 and Re 1 combined. These are complex spectra in which a fully de 
veloped repulsion effect is present. A similar demonstration of equivalence is carried out for spectra of Rut 
and Mot, where the repulsion effect is in an intermediate state of development. The results also indicate that 
numbers easily evaluated from the radial parameters of the theory will indicate roughly the degree of 
repulsion, replacing to some extent the need for an explicit calculation of the spacing distribution. 


1. INTRODUCTION 


TATISTICAL models are often used to interpret 

nuclear data. Usually, mean values of the 
observables are calculated, but recent increases in the 
quantity and quality of observed data have dictated 
a need for calculating distributions about the mean. 
Wigner has suggested a formula for the distribution of 
nearest-neighbor level spacings (between levels of the 
same total angular momentum and parity), S, when 
the average spacing of such pairs is D.! Expressed in 
terms of the ratio «=S/D, this formula is 


P(x)= 32x exp(— 42°). (1) 


The distinguishing feature of formula (1) is the 
“repulsion effect.” If levels occurred randomly, with 
the probability the same per unit energy interval over 
a given range of energy, then the distribution of 
nearest-neighbor level spacings would follow instead 
the Poisson formula, 

P(x)=e7. (2) 


Formula (1) predicts zero probability for zero spacing, 
whereas formula (2) makes the zero spacing most 


'E. P. Wigner, Proceedings of the Conference on Neutron 
Physics by Time of Flight, Gatlinburg, Tennessee, 1956 [Oak 
Ridge National Laboratory Report ORNL-2309 (unpublished), 
p. 59] 


probable. If spacings in the first one-third-interval are 
counted (i.e., the number of spacings between zero 
and a third of D), then formula (1) predicts that about 
9% of all the spacings will be in this interval, while 
formula (2) predicts 28%. In the first two-thirds- 
interval the predictions still differ considerably, being 
30% and 50% of all spacings for formulas (1) and (2), 
respectively. For large values of «x there is also a 
difference between the formulas; 5°% and 15% of the 
spacings are greater than 2D according to formulas (1) 
and (2), respectively. In this paper, it is considered 
that a spacing distribution shows a ‘full’ repulsion 
effect only when there is close agreement with the 
predictions of formula (1) for the first one-third- 
interval, the first two-thirds-interval, and the number 
of spacings greater than 2D. For convenience, all the 
spacing distributions are normalized to a total of 74 
spacings. The corresponding spacing distributions from 
formulas (1) and (2) are given in Table I. 

The deficiency of small spacings can be understood 
intuitively as a “repulsion effect” by considering the 
well-known interpretation of a second-order perturba- 
tion as a mutual repulsion between two levels. The 
deficiency of large spacings can be interpreted ‘as a 
secondary result of this, if it is assumed that the 
expansion of short intervals is preferentially (when 
possible) at the expense of an adjacent large interval, 
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laBLe I. Nearest-neighbor spacing distributions. The interval is measured in units of the mean spacing D, and the 
normalization is for a total of 74 spacings. 





0-1/3 1/3—2/3 2/3—1 1—4/3 4/3—5/3 5/3—2 


Interval 
Formula (1) 
Formula (2) 


15.6 18.4 
15.0 10.8 


6.2 


21.0 


resulting in an apparent contraction of the latter. 
Though mutually connected in this simplified picture, 
the deficiencies of large and small spacings are not 
related unless the perturbations are large enough to 
produce a full repulsion effect. It is known that for 
weak perturbations a considerable deficiency of small 
spacings can be demonstrated in the absence of any 
appreciable reduction in the number of large spacings. 
Reference to the “repulsion effect’? has usually been 
used only in connection with the deficiency of small 
spacings. Our calculations show that a decrease in 
large spacings is easily demonstrated; since this is the 
distinctive feature of a “full” repulsion effect, we have 
also emphasized this deficiency. 

Empirical confirmation of formula (1) has been 
obtained by analysis of the spacings between slow- 
neutron scattering resonances. Very close neutron 
could not be resolved, and _ significant 
corrections had to be made to allow for this. A deficiency 
of small spacings was demonstrated in agreement with 
the prediction of formula (1), but statistical uncertainty 
prevented the demonstration of a deficiency in the 
number of large spacings. 


resonances 


Rosenzweig and Porter have considered levels of 
atomic spectra’* in odd configurations of the third 
long period; they were able to demonstrate deficiencies 
of both large and small spacings that were very close 
to the predictions of formula (1). An exceptionally 
large amount of atomic data was available for their 
analysis® (admitting a total of 1156 spacings). They 
found small departures from formula (1) that could 
not be attributed to statistical inaccuracy. They could 
be attributed to the fact that the experimental data 
were incomplete. No simple procedure was available 
to correct for this. However, it can be assumed that 
the levels are missed at random. The corrections® are 
then smaller than for the nuclear spectra where the 
omissions were systematically correlated to the smaller 
spacings. 

In odd configurations of the second long period the 
deficiencies of both large and small spacings were not 
as great as predicted by formula (1). For odd con- 


? J. A. Harvey and D. J. Hughes, Phys. Rev. 109, 471 (1958). 

+N. Rosenzweig and C. E. Porter, Phys. Rev. 120, 1698 (1960). 
This is referred to as I. 

*C. E. Porter and N. Rosenzweig, Suomalaisen Tiedeakat. 
Toimituksia (1960). This is referred to as II. 

°C. E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1958), Vol. III. 

® Pp. A. Moldauer (to be published). 


15.4 


10.0 


‘. 


7 5.5 


figurations of the first long period, the distribution of 
formula (2) applied, except for a small deficiency of 
spacings in the first one-fifth interval. These are spectra 
where the perturbations are too weak to produce a 
full repulsion effect. This conclusion applies as an 
average result for the whole long period. 

In I, spacing distributions were also determined for 
the levels of the even configurations of the three long 
periods. These spectra are considered in detail in the 
present paper and the results will be considered later. 

The work of the present paper utilizes both calcula- 
tions and experimental observations for atomic spectra. 
This eliminates uncertainty associated with lack of 
completeness in the experimental data. At the same 
time, the statistical fluctuations are reduced, since the 
calculations effectively increase the amount of data 
that is analyzed. 

A direct approach to the derivation of formula (1) is 
illustrated for low-order matrices in II.’ It has also been 
shown empirically that it closely reproduces spacing dis- 
tributions of eigenvalues of matrices whose elements are 
generated from random members.’**.’ It is expected 
that the eigenvalues of matrices derived from. suffi- 
ciently complex physical systems will show the same 
spacing distribution as the eigenvalues of random ma- 
trices. If that assumption is made in connection with 
the work of the present paper, then instead of a “‘veri- 
fication” of formula (1), the emphasis is on determining 
whether or not the system is complex enough for the 
formula to apply. 

Descriptions of matrices are presented in the present 
paper to establish a correspondence with the random 
matrices, and give some measure of the “complexity” 
of the spectrum.” From a simple viewpoint, complexity 
is increased (a) the larger the orders of the matrices, 
(b) the larger the off-diagonal elements of the matrices 
(or, equivalently, the larger the radial parameters that 
define these elements), and (c) the larger the number 
of different interactions. A full discussion is outside 
the scope of the semiquantitative treatment of the 
present paper. It is expected that a later paper will 
extend the present work to consider the correspondence 
to random matrices that is illustrated in II. 


7 However, see also L. Dresner, Phys. Rev. 113, 633 (1959), 
and M. L. Mehta, Nuclear Phys. 18, 395 (1960). 

*S. Blumberg and C. E. Porter, Phys. Rev. 110, 786 (1958). 

°N. Rosenzweig, Phys. Rev. Letters 1, 101 (1958). 

10In describing the matrices, the notation of atomic theory is 
used for convenience, but an exposition of the terminology of 
atomic theory is not attempted. 
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2. OUTLINE OF METHOD 


The calculations of the present paper utilize a set 
of seven matrices that are applicable to atomic spectra 
with three configurations commonly specified as (d+s)* 
or (d+s)’, corresponding to the use of a positive or 
negative value, respectively, for the spin-orbit parame- 
ter (see Fig. 1). Values of the individual matrix elements 
have been published in papers referenced elsewhere.":” 
The nonvanishing elements are linear combinations of 
fifteen adjustable parameters. The distribution of 
these parameters in the matrices is shown in Fig. 1. 
The parameters H, and G, determine the configuration 
interaction. The parameters ¢, ¢’, and ¢” define the 
spin-orbit interaction. These two interactions are the 
most important ones that give nondiagonal matrix 
elements. The other parameters originate in the electro- 
static interaction, and contribute mainly to the 
diagonal elements of the matrices. (There are a few 
instances where B and B’ contribute to nondiagonal 
elements, but these exceptions have been ignored for 
simplicity.) By simple permutations of the rows and 
columns, the matrices may be presented in a form 
which is diagonal in the SL-value, as shown in Fig. 2. 
This presentation is more appropriate for consideration 
of “constants of the motion,” and is the same as 
Fig. 11 of I. 

When the spin-orbit parameters are set equal to 
zero (but other parameters retain appropriate values), 
the eigenvalues and eigenvectors obtained from the 
matrices are referred to as “third-order” eigenvalues 





A,B,C, C,a 
(d*or d® 5?) 





A‘ BIC! Go,a 


(d°s or d’s) 





A, BY Ci Cla 
(d2s? or d®) 

















Fic. 1. Matrices of (d+s)* and (d+s)§ configurations. The 
partitioning emphasizes configuration interaction and shows the 
distribution of parameters. The orders of the matrices and 
diagonal submatrices as a function of the J value are as follows 


J value 0 1 2 3 4 5 6 


d' : 8 
d's 10 
d’s? 3 
Over-all 21 


"R. E. Trees, W. F. Cahill, and P. Rabinowitz, J. Research 
Natl. Bur. Standards 55, 335 (1955). 
2 R. E. Trees, J. Opt. Soc, Am, 49, 838 (1959). 
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Fic. 2. Matrices of (d+s)4 and (d+s)*® configurations. The 
partitioning emphasizes spin-orbit interaction. The matrices are 
the same as shown in Fig. 1, except for simple permutations of 
the rows and columns. The order of the diagonal submatrices as 
a function of the J value are as follows (numbers in parentheses 
indicate a multiplicity of that particular order of submatrix) : 


0 2 3 
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and eigenvectors.'* When spin-orbit interaction is weak 
in a given spectrum, the eigenvectors can be well 
characterized by specification of a single dominant 
third-order eigenfunction. The SZ value can then be 
regarded as a constant of the motion. The refinement 
introduced in I to take account of these constants has 
been omitted in the present paper, again for simplicity. 
Third-order eigenvectors have been published for 
Ru 1," and it has been shown that a single dominant 
component accounts for more than 50% of the eigen- 
vector in all but three of 59 observed levels. In Ta 11, 
the spin-orbit parameter is twice as large, but un- 
published calculatiens show that the eigenvectors can 
still be well described by a single third-order eigen- 
function. When spin-orbit interaction is very strong, 
the eigenvalues approach the values of 77 coupling!; 
the latter eigenvalues are listed in Table II. It is 
simple to show that the spacing distribution has an 
excess of small spacings beyond the predictions of the 
Poisson formula (2). In this case, the constants of the 
motion are the 7 values of the individual electrons. 
The set of parameters designated as A in Table ITI 
applies to the spectrum of Tart. The calculations 
leading to these parameters have been described," but 
the eigenvalues of the matrices were not given. 
Calculated eigenvalues and g values are therefore 
given in Table IV. For Tau, another procedure was 
used to obtain parameters designated as B (Table ITT).'® 


8 C.W. Ufford, Phys. Rev. 44, 7 

“4 R, E. Trees, J. Research Natl. 
(1959). 

18. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
(Cambridge University Press, London, 1951), Chap. X. 

16 In determining parameters B, the parameter a was fixed to 
have the value'60 cm", while other parameters were determined 
by least squares 


32 (1933). 
Bur. Standards. 63A, 255 
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TABLE II. Eigenvalues of matrices of (d+s)4 in jj cou- 
pling. Numbers in parentheses specify multiplicities of the 


eigenvalues. 


J=0 


i) 
oy 


—o¢ 


N 


| 


| 
Nm Ne er NM 


em Hm we 


“v 


The parameter sets A and B differ enough so that 
comparison of the results will give some indication of 
statistical uncertainty. Excepting this instance, no 
effort has been made to determine the statistical 
fluctuations that would be produced if the parameters 
were systematically varied by small amounts. In other 
cases, unrealistically large variations of the parameters 
have been used instead. This is to illustrate large 
changes that are expected to result. Since these large 
changes can be consistently demonstrated, the statisti- 
cal uncertainty does not seem to be an important factor. 

The parameters C of Table III are applicable to Ru 1; 
the eigenvalues obtained with these parameters have 
been published.” 

The calculations of spacing distributions were carried 
out on the 704 computer with a code similar to one 
described previously for the SEAC." On a typical run 
that required 17 min of machine time, the seven 
matrices were generated, each with eight sets of 

Unprimed parameters 
, and double primed to 
Rul 


TasLe III. Values of paran 
refer to d‘(d*s?), singl 
f2s2 


a 


d's 
, B—Tan. ¢ 


gie 


/*) with ¢ positive (negative 


a 


Individual 

parameter 

symbols A 
A 26 944 26: 
A’ 20 439 2 
A” 13 911 


Parameter set 


3 483 
B’ 483 
B” 483 


1841 
1841 
1841 


1776 
1776 
1776 
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parameters, for a total of 56 matrices. For each matrix, 
the diagonal elements were selected, sequenced in 
order of increasing magnitude, and printed on tape. 
The differences between nearest-neighbor diagonal 
elements were then obtained, sequenced, and printed 
on the tape. Eigenvalues were next computed. The 
procedure described for the diagonal elements was 
repeated for the eigenvalues. From these results, the 
spacing distributions were then determined by use of 
a desk calculator. The difference between the largest 
and smallest value was divided by the order of the 
matrix less one to obtain the mean spacing. The 
number of nearest-neighbor differences was then 
counted in intervals of length 4D in the range of 
spacings from 0 to 2D, and in intervals of length D 
beyond that. The counts for corresponding intervals 
were then added for the seven matrices associated with 
any one set of parameters. 


3. RESULTS 


The variances of the diagonal and_ off-diagonal 
elements of the matrices will be estimated first. From 
the ratio of these variances, uw’, the quantity Ny? is 
estimated, where V is the order of the matrix (the 
notation used here is the same as in I). The quantity 
Nu? measures the degree of repulsion in matrices 
whose elements are generated from Gaussian distribu- 
tions. In the latter matrices, as shown in I, the repulsion 
effect was fully developed for values of Vu?>0.2, while 
negligible repulsion effects were present for values of 
Ny? <0.002. 

The diagonal elements of the matrices are considered 
to have the spacing distribution described by formula 
(2). This corresponds, approximately, to assuming that 
the probability distribution of the elements is uniform 
over the interval ND, where N is the order of the 
matrix and D is the mean value of the nearest-neighbor 
spacings of diagonal elements of the matrix. The 
variance (about the mean) is then, 


1 VD/2 Vp 


f xd 
VD/2 


Values of D are given in Table V. This quantity should 
be distinguished from the mean spacing between 
eigenvalues, D, which is used in the determination of 
the spacing distribution of eigenvalues. 


ND 12 


For nondiagonal elements, the variance is defined 


as a sum of three contributions, one derived from the 
spin-orbit interaction and the other two from the 
configuration interaction. 

(f+ 2G2+hH. (4) 


yo 


The coefficients ) a 2 and hk are listed in Table VI 


Coefficient f was obtained by summing the squares of 
the for the coupling 


coefficients eigenvalues in 7/ 





Ta 11 (obs) 
Energy g value 


1031 

3180 

5658 

9690 
11 875 
13 560 
14 495 
17 168 
18 501 
22 929 
23 295 
28 044 
29 844 
30 406 


TABLE IV. Calculated and observed energies (in cm™) and g values for 


Calc 
energy 


4131 
12 579 
16 306 
23 074 
26 928 
31819 
38 429 
47 254 
68 561 


70 
5327 
10 633 
13 579 
14 504 
17 441 
23 155 
26 043 
30 495 
32 820 
37 229 
46 069 


1134 

3626 

5649 

9564 
11 832 
13 430 
14 730 
17 039 
18 440 
22 976 
23 049 
27 394 
30 134 
31 004 
33 678 
35 894 
37 092 
42 828 
43 116 
47 407 
57 395 
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Tam (Calc A) 


Calc-Obs 


Calc 


g value Calc-Obs 


0.039 
1.562 
2.358 
1.521 
0.853 
1.160 
1.228 
1.279 
0.995 
(0.998 
0.515 


1.492 


1.009 
0.766 
1.320 
1.067 
1.396 
1.130 
1.467 
1.235 
1.430 
1.071 
0.757 
1.356 
0.752 
1.161 
1.026 
1.395 
1.140 
0.933 
1.248 
1.007 
1.002 


J=0 


J=1 


0.035 
0.012 
0.005 
0.023 
— 0.008 
—0.008 
0.0 
— 0.053 
—().009 


J=2 


—0.012 
0.026 
—0.028 
0.020 
— 0.030 
0.011 
—0.009 
0.034 
—0.011 
0.374 
—0.343 
—0).002 
—0.081 
0.110 
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parameters A (Ta 11) 


Ta m (Calc A) 


| 
| 
| 
| 


| Tau 
| Energy 

2642 

6831 
11 767 
12 436 
14 581 
15 726 
18 554 
23 620 
24 870 
26 829 
30 624 


6187 
12 831 
18 186 
24 226 
25 414 


31 267 


17 982 
26011 


(obs) 
g value 


1.243 
1.089 
0.908 
1.585 
0.988 
1.455 
1.347 
1.065 
0.988 
0.854 


1.257 


1.346 
1.219 
1.019 
0.994 
0.919 
1.191 
yf 
1.033 
0.985 
1.085 
1.094 
1.129 


1.410 
1.280 
1.100 
1.003 
1.060 


Calc 
energy 


2775 

6875 
11 571 
12 265 
14 413 
16 049 
18 580 
23 638 
24 813 
27 246 
31 252 
32 316 
36 246 
41 859 
45 O89 
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OD Uide WOOT UI ht 


ofS wu 


6305 
13 948 
17 897 
23 521 
25 916 


31 329 


Calc-Obs 


133 
44 
— 196 
-171 
168 


Calc 


g value 


1.246 
1.082 
0.912 
1.609 
1.000 
1.460 
1.336 
1.086 
0.994 
0.841 
1.234 
1.130 
1.301 
1.059 
1.039 


= Do 


Nm 
MN OMY wrwwoad 


wou 


Calc-Obs 
J=3 


0.003 
—0.007 
0.004 
0.024 
0.012 
0.005 
—0.011 
0.021 
0.006 
—0.013 
—0.023 


J=4 


—().009 
0.004 
0.000 
0.047 
0.062 

—0.056 
0.107 
0.041 

—0.051 
0.034 

—0.041 

— 0.008 


J=§ 
—0.033 
— 0.133 
—0.001 

0.007 
—0).003 


J=6 
0.021 


interactions. The required ratio is about 5, while the 
ratio actually present for parameters of Table III is 
about 3. The spin-orbit interaction therefore contributes 
to the repulsion 9/25(~1/3) the amount contributed 
by configuration interaction. 


(Table II). Coefficients g and # were obtained by 
direct evaluation from the matrices. 

For the parameter sets of Table III, G, is roughly 
six times H». In Table VI are given the ratios 
[(h+36g)/f]'; this is the approximate ratio of the 
value of ¢ to Hy that is required to yield equal con- 
tributions to Vy? for the configuration and spin-orbit a eee ; ; ” 

. rape VI. Coefficients in the variances of nondiagonal 
zs matrix elements 
PaBLE V. Mean spacing, D, for diagonal elements of the 
matrices (cm™). 


) 


Set of \J value _ 
parameters 0 1 101.25 
6 18 


1320 3090 


4 5 


2543 4467_ 
2348 4246 
2946 4906 


56 
1 5668 


B 5071 
Cc 7202 


990 
4.95 


130 = 40 
2.88 3 


1110 


5.22 A 38 


6.00 
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TABLE VII. Values of Ny? as a function of J value 
and parameter set. 


Set of \J value 
parameters 0 1 
ian 0.384 0.414 0.296 0.283 0.312 0.252 0.256 


2 
B 0.489 0.507 0.348 0.333 0.371 0.275 0.306 
Cc 0.081 0.163 0.092 0.088 0.079 0.065 0.069 


2 3 


The quantities Vy? which define the degree of 
repulsion are then evaluated from the formula 


12 
N= = 


= — Cf? +2G?+hH,’), 
vspe 


(5) 
by combining the data of Tables III, V, and VI; the 
results are given in Table VII. The quantities Vy? are 
closely similar for different J values of any one set, 
which justifies combining the data from different 
matrices. 

The spacing distributions of the diagonal elements 
of the matrices are given in Table VIII. These distribu- 
tions have about the same number of spacings in the 
first two-thirds interval as called for by formula (2)— 
31 to 33 observed, as compared to 36 called for by the 
formula. There are 9 to 10 spacings greater than 2D, 
in agreement with the 10 called for by the formula. 

Table IX gives the spacing distributions for the 
eigenvalues of the matrices. From parameters of sets 
A and B, modified sets have been derived by setting 
configuration interaction integrals H, and G2 equal to 
zero, and these sets are specified with a prime in 
Table IX. For sets A, B, and C, other sets are also 
derived by multiplying the three spin-orbit parameters 
by simple factors of 0, 3, 3, and/or 2; where such a 
factor is used, it is indicated in parentheses following 
the letter of the original set. 

The levels of the low even configurations of Ta 1 
show a fully developed repulsion, as indicated by the 
results for the two sets of parameters A and B. 
However, the repulsion may have just reached the 
stage of full development. The spacings in the first 
third-interval slightly exceed the number predicted by 


TaBLe VIII. Spacing distributions for diagonal 
elements of the matrices 


Set of 
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formula (1). This excess seems to be greater than 
expected from statistical variation. When the spin-orbit 
parameter is increased [parameters A($) and A(2)] 
there is a decrease in the number of small spacings, 
while when it is decreased [parameters A (3) ], there 
is an increase of small spacings in the first two-thirds 
interval and also of spacings greater than 2D. If the 
spin-orbit interaction is set equal to zero, then no 
repulsion is present, as shown for the parameter sets 
A(0) and B(0). Though Ny? is reduced by only 25%, 
the repulsion disappears because the matrices are then 
resolved into separate matrices (Fig. 2), and the 
spacing distribution really corresponds to a super- 
position of several sets of independent eigenvalues. 
The over-all spacing distribution for such a super- 
position has been calculated,” and it has been shown 
that formula (2) is approached as the number of 
superposed sequences is increased.’ When configuration 
interaction is set equal to zero, repulsion is again 
absent, as shown for parameter sets A’ and B’. In this 
case, the eigenvalues for two larger submatrices, 
originating in the 5d‘ and 5d*6s configurations, have 
primary importance in determining the spacing distri- 
bution. If Nu? is large enough, a repulsion effect about 
half as great as called for by formula (1) is expected.’ 
This is demonstrated by the spacing distribution for 
parameter set A’(2), obtained from set A by doubling 
the spin-orbit parameters but still keeping configuration 
interaction integrals equal to zero. 

The results for Ta m indicate that a full repulsion 
effect should be demonstrable in the low even con- 
figurations of the third long period. Though the Ta 1 
results indicate only a bare attainment of full repulsion, 
the five-, six-, and seven-electron spectra of this period 
have a more complicated system of levels, and the 
interaction parameters are larger, in general, than 
those in Tart."'’ These factors insure that the 
observed data will show a full repulsion if eigenvalues 
of the matrices for Ta 1 represent the true repulsion 
in Ta 1. 

Using the calculations simply as a guide to the 
completeness of the data, we determined the spacing 
distribution from Kiess’s latest data for Tan, as 
reproduced in Table IV; levels for J values of 0, 5, 
and 6 were excluded because their sequences were too 
short. In addition, the observed data for Re I which 
are reproduced in Table I of reference 18 were used; 
here, levels with J values of 1/2, 11/2, and 13/2 were 
omitted, along with the lowest and two highest levels 
for the J value of 5/2. This set of 74 spacings, by 
chance the same number as obtained from the matrices, 
has the distribution given in Table X, in close agree- 
ment with the distribution obtained from the matrices 
by use of the sets of parameters A and B. 

The results of I for levels of the even configurations 
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PABLE IX. Spacing distributions for eigenvalues. A number in parentheses indicates a factor used to multiply ¢; 
a prime indicates that the configuration interactions are set equal to zero. 
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of the third long period indicates that about fifteen 
spacings should fall in the first one-third interval, and 
that the number of large spacings should agree with 
formula (2). This may be partly because incomplete 
experimental data were utilized in the analysis of I. 
However, the strong influence of the Hf1 data on the 
combined data for all levels of even configurations in 
the third long period should be noted (see Table IV of 1). 
The spacing distribution for the even configurations of 
Hf 1 alone is given in I, and there is a similar absence 
of full repulsion. However, Hf1 is not typical of the 
spectra of the third long period, because even con- 
figurations are present that are entirely unknown in 
spectra of the rest of the period. The matrices applicable 
to these configurations have not been published, so it 
would be impractical to include calculations for Hf 1 in 
the present paper. 

In the second long period, the interaction parameters 
are much smaller, as seen from the parameter set C 
which is applicable to the (4d+5s)° configurations of 
Rut (Table III). For these parameters, Vy? is about 
0.09 (Table VII), half the minimum value of 0.2 that 
is required for the development of full repulsion in 
random matrices, but well in excess of 0.002, where 
repulsion disappears. The results in Table IX indicate 
that for set C there is a decreased number of spacings in 
the first third interval, though this decrease is not as 
large as called for by formula (1). The numbers of 
spacings in the first two-thirds interval and in intervals 
greater than 2D are not decreased, but agree with the 
predictions of formula (2). Set C(2), obtained by 
doubling the spin-orbit parameters, shows a decrease 
of spacings in the first two-thirds interval also, but 
the number of spacings greater than 2D is still un- 
changed. As expected from the discussion above, the 
set C(O) with vanishing spin-orbit interaction, has a 
distribution showing no repulsion effect. Though 
statistical fluctuations would be too great to allow us 
to reduce the size of the first interval for this small 
sample of data, it is possible that in a smaller interval 
the predictions of formula (1) would be approached 
more closely. In general, it is expected that repulsion 
effects can be demonstrated in the smaller spacings 


B(0) C(0) C(2) 


15 
19 
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when the interactions are weak, if the size of the first 
interval is decreased accordingly.” 

The same degree of repulsion shown by the eigen- 
values of the matrices for Rui can be demonstrated in 
the observed data for even configurations of the second 
long period. It is important to stay as close as the 
available data will allow to the right-hand side of the 
periodic chart, however, because the spin-orbit parame- 
ter is very much smaller on the left-hand side of the 
chart. In this case, the observed data for Rui that is 
reproduced in reference 12 was utilized; levels with J 
values of 0, 5, and 6 were omitted, along with the 
three highest levels for J value of 3 and the highest 
level for the J values 2 and 4. In addition, the observed 
data for Mor which are reproduced in reference 20 
were used; here, levels with J values of 0 and 6 were 
omitted, along with the lowest and highest level with 
J value of 3 and the three highest levels with J value 
of 4. This yielded a set of 92 spacings with a distribution 
substantially the same as determined from the matrices 
for Rut, as shown by the results given in Table X. 
The over-all total has been renormalized to 74 spacings 
to simplify the comparison. In I, the spacing distribu- 
tion obtained for even configurations of the second 


TABLE X. Spacing distributions of observed energy levels, for 
low even configurations. Observed data for the second long period 
are taken from Mo1 and Rut, for the third long period from 
Ta u and Ret. 
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long period shows no evidence of repulsion, even though 
the first interval is only a fifth of the mean spacing. 
This is probably because data from both sides of the 
periodic table were utilized for the work in I. 


4. DISCUSSION 


The use of eigenvalues to determine spacing distribu- 
tions makes more data available for the determination. 
The results of the last section indicate that the calcula- 
tions will faithfully represent the observations. It is 
not @ priori evident that this would be the case, even 
though the mean error of the calculation is small. A 
reasonable estimate*® shows “‘it is quite possible that a 
root-mean-square shift per level of less than 15% of 
the mean spacing will suffice to convert the exponential 
to the Wigner distribution (or vice versa)”. It is, of 
course, considered that the shifts for each level are 
carefully chosen. A mean error of this magnitude in a 
calculation would probably not, however, lead to a 
spacing distribution that differs appreciably from that 
of the observed data, because the errors of theory 
correspond better to random shifts of the levels. The 
mean error for the Rut calculation is +63 cm 
than 5% of the mean spacing.” The mean error for 
parameter set A is +409 cm™', but if two levels with 
exceptionally large errors are ignored (i.e., 14 205 and 
12 831), the mean error is reduced to +200 cm”, 
which is about 10% of the mean spacing between 
eigenvalues. 

The simple indications 
introduction can be misleading. For instance, the 
observed data for Hf1 include almost all the levels in 
the even configurations of (d+p+s)*. In the even 
configurations of other spectra of the third long period 
(including the isoelectronic spectrum of Ta 11), levels 
containing a p electron are unknown. It is expected 
that the inclusion of a p electron in the configurations 
will increase the repulsion as confirmed by the results 
of I for the odd configurations. This is so because the 
strong spin-orbit interaction of the p electron is added 
to the perturbations already present. Along with this, 


1 less 


of complexity given in the 


TREES 


the system of allowed levels is more complex, so that 
any given level is perturbed by a larger number of 
other levels. However, as shown in Fig. 5 of I, a full 
repulsion is not present for the even configurations in 
Hi 1. Consideration of constants of the motion, such 
as configuration assignments and the SL _ values, 
would be necessary before the contradictions that 
arise from the simple viewpoint could be explained. 
Approximate procedures for doing this have been 
utilized in I, namely, the consideration of SLJ sequences 
instead of simply J sequences. These procedures would 
not be applicable in the work of the present paper 
because too few spacings are available. 

For the same reason, too much reliance should not 
be placed on the values of Vy? as measures of the 
degree of repulsion, even though the results agree with 
what is expected from the random matrices. The 
uncertainty associated with the significance of Ny? is 
related to the fact that the magnitudes of the non- 
diagonal elements depend strongly on the particular 
representation used for the matrices. This in turn can 
be attributed to the presence of constants of the motion. 
The largest contribution to Vy’ arises in the con- 
figuration interaction. But it is possible to change the 
form of the matrices by using the third-order eigen- 
functions as a new system of base vectors, and then 
these contributions to Vy? are removed from the non- 
diagonal elements. As a result, Vy? is reduced by about 
75%, though the eigenvalues of the matrices are, of 
course, unchanged. The diagonal elements still show 
the spacing distribution described by formula (2) 


(see parameter sets A’ and B’), so that there is no 
simple way of distinguishing the two equivalent forms 


of the matrices. 
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The O'*(p,«)N"™ activation cross section was measured from 12 to 18 Mev with an energy resolution of 30 
kev. The results are essentially the same as obtained by Whitehead and Foster and Rouse, using poorer 
resolution except for one very narrow resonance. As the proton energy increases through this resonance, the 
cross section first rises 7% to a maximum, then drops 33% to a minimum, and finally rises 6%. The peak 
and valley have a width at half-maximum of 30 kev and the peak and valley are separated by 60 kev. The 
proton energy at halfway down the drop was determined, using the limp-wire technique, to be 14.600+0.020 
Mev. This resonance is well suited for calibration purposes. A qualitative interpretation of the results is 


” 


made using the “cluster model 


INTRODUCTION 


HE activation cross section for the O'*(p,a)N” 

reaction has been measured by Whitehead and 
Foster! from 6 to 15 Mev and extended by Rouse? to 
19 Mev with resolutions > 200 kev. Their excitation 
functions exhibit four large peaks placed approximately 
3 Mev apart. The following higher-resolution measure- 
ments were undertaken to try to determine whether 
these large peaks were a number of narrow resonances 
or were some sort of ‘‘giant” resonances. 

Since the excited states of N® can all decay by proton 
emission,’ the N"™ activity produced by the proton 
bombardment of O' is to a very good approximation 
produced by the O'*(p,a)N™ reaction. Therefore, the 
interpretation of the results is not complicated by the 
possibility of O'*(pvy)N" reactions, and this is one of 
the few cases where the cross section for a ground-state 
reaction has been measured over such a large energy 
range and with good resolution. 


EXPERIMENTAL PROCEDURE 


The proton beam from the Princeton FM cyclotron 
was sent directly into a double-focusing magnetic 
spectrometer with the targets and Faraday cup behind 
the spectrometer. At 14.5 Mev, the spectrometer Was 
operated with slit widths of 1.5 mm which corresponded 
to a beam energy spread of 26 kev (full width at half- 
height). Above or below this energy, the slit widths 
were adjusted so that the ratio of the energy loss in the 
target and the beam energy spread allowed by the 
spectrometer was always a constant and the same as 
that at 14.5 Mev. Targets were }-mil (0.00025-in.) 
thick Mylar and the calculated energy loss in these 
targets for 14.5-Mev protons is 30 kev using the data 
of Aron e/ al. for the dE. dx. This energy loss together 

* This work was supported by the U. S. Atomic 
mission and the Higgins Scientific Trust Fund. 

1A. B. Whitehead and J. S. Foster, Can. J. 
(1958). 

2G. R. Rouse, B.S. thesis, Princeton University, May, 1958 
(unpublished). 

3F. Ajzenburg-Selove and T. 
(1959). 

#W. A. Aron, B. G. Hoffman, and F. C. Williams, Atomic 
Energy Commission Report AECU-663, 1951 (unpublished). 
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with the 26-kev beam energy spread leads to a calcu- 
lated resolution of 27 kev for very narrow resonances. 
The results obtained on the sharp resonance at 14.6 
Mev are consistent with this. 

The procedure was to bombard a Mylar foil for 10 
min (one half-life of N'), wait 5 min for any short- 
lived activity to die, and measure the activity with 
two Geiger tubes for 10 min. The short-lived activity 
could be either the 20-sec activity of C" or the activity 
in the Al backing on the Mylar targets. It was found 
that with the }-mil targets and a proton energy of 15.5 
Mev, 54% of the N"® recoils escaped from the target in 
the forward direction and about 6% escaped in the 
backward direction. For this reason a 0.3-mil Al foil 
was placed behind each Mylar target to stop the N® 
recoils in the forward direction. The maximum half-life 
of the activity produced in the Al was about 7 sec, and 
so after the 5-min delay between bombardment and 
counting the Al-activity was less than background. 

There were actually five Mylar targets used, with 
one always at the bombarding station, one at the 
counting station, and three waiting for the N® activity 
to die down. This meant that there was a 75-min in- 
terval between the times a particular target was 
counted, or in other words, only 0.5% of the N® 
activity of one counting would be present at the next 
counting of that target. The positrons from the N® 
decay were detected by two Geiger tubes which to- 
gether subtended a solid angle of 7.3 sr at the target. 

The activation measurements in references 1 and 2 
were performed using a stacked-foil technique. That 
was tried here but did not work well for these higher- 
resolution measurements. This was because (a) if there 
were a 5-stack cycle, and each stack contained 5 targets, 
there would be 25 Mylar targets whose thicknesses had 
to be known to 1%; (b) the 0.3-mil Al behind the Mylar 
targets used to stop N™ recoils made it necessary to 
know the energy loss in the 25 Al foils to 1%; and (c) 
the calibration of 5 Geiger tubes had to be known to 
1%. For these reasons it took less time to use a 5-stack 
cycle but with a single target in each stack. 

The proton beam was stopped in a Faraday cup and 
the charge collected by a leaky integrator. The charge 
was collected on a condenser with capacity C. A re- 
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sistor of resistance R was connected from the condenser 
to ground, with R chosen so that RC=¢;,/In2, where 4; 
is the half-life of N°. Under these conditions, the voltage 
V’ on the condenser satisfies the same differential equa- 
tion as the number .V of N™ atoms produced in the 
target. Therefore, the voltage on the condenser at any 
time is proportional to the number of N® atoms at that 
time. In practice, the RC is made equal to ¢;/In2 to 
within 1% where ¢;= 10.08+0.04 min.® With the beam 
current being constant within a factor of 2, this was 
more than adequate to keep the normalized activity 
V/V reproducible to 1%. 

In order to correct for the N® activity produced by 
the proton bombardment of the carbon in the Mylar 
targets (CiOsHs), the activation cross section was 
measured from 12 to 18 Mev using polyethylene targets. 


3 


RESULTS AND CONCLUSIONS 

The results obtained for the O'*(~,a)N® reaction and 
C¥(pn)N® and C"(p,y)N™ reactions are shown in 
Fig. 1. The results for these reactions are essentially the 
same as obtained by Whitehead and Foster' and Rouse.* 
The relative errors in Fig. 1 are indicated by the scatter 
of the data and are statistical errors. The uncertainty 
in the absolute cross section is +30%%, mostly because 
of the uncertainty in the solid angle subtended by the 
Geiger tube. These measured absolute cross sections 
agree with those of Whitehead and Foster.’ 

In the O'*(p~,a)N™ reaction, there is a very narrow 
resonance at 14.6 Mev which did not appear in refer- 
ences 1 and 2. This resonance is shown in detail in 
Fig. 2 and is well suited for calibration purposes. The 
proton energy at halfway down the drop was deter- 
mined, using the limp-wire technique, to be 14.600 
+0.020 Mev. The data obtained from the Mylar targets 
were corrected above 16 Mev for the activity from the 
O'*(p,d)O" reaction. The data of Tocher® were used 
for this. 


Fic. 1. The dots are the experimental points for the O'*(p,a) N™ 
reaction. To obtain the cross section in mb, multiply the vertical 
scale by 1.15+0.35. The crosses are the experimental points for 
the C#(p,7)N% and C(p,n)N™ reactions with targets not en- 
riched in C or C, The energy scale has been corrected for target 
thickness. 
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Fic. 2. The 14.6-Mev resonance in the O'*(p,@)N® reaction. 
energy scale has been corrected for target thickness. 


The 


The activation cross section for the proton bom- 
bardment of carbon is shown in Fig. 1. Both the 
C¥(p,n)N® and C"(p,y)N® reactions contribute in an 
unknown ratio. Assuming the N® activity is produced 
solely by the C"(p,n) reaction, then the cross section 
in mb is obtained by multiplying the vertical scale by 
5.2+1.5. Assuming the N® activity is produced by the 
C"(p,y)N™ reaction, the cross section is obtained by 
dividing the above factor by 99. The C"(p,y)N® re- 
action cross section was measured by Cohen’ at 11 
Mev, and he obtained 1.8 mb. This is considerably 
larger than the upper limit of 0.5020.15 mb which we 
would obtain using the results of reference 1. 

The attempts which have been made to understand 
the structure in the O'*(p,a@)N" reaction have not been 
very fruitful. First, it was thought that there might be 
a correlation between the structure of the O'®(p,a)N™ 
reaction and the threshold energies of other (O'*+ p) 
reactions. But there was no obvious correlation. Another 
possibility is that compound nuclear effects are re- 
sponsible for the structure in the (p,a) excitation curve. 
If this is so, there might be similar variations in the 
excitation functions of other reactions having the same 
compound nucleus. To check this, Sherr and Yoshiki* 
measured the yield of gammas from the de-excitation 
of the 6- and 7-Mev levels of O'®. Their results are 
shown in reference 9, and they found no energy de- 
pendence comparable to that found in the (p,q) re- 
action. Furthermore, the angular distributions measured 
by Maxson? are clearly inconsistent with the predictions 

7B. Cohen, Phys. Rev. 100, 206 (1955 


*R. Sherr and H. Yoshiki (unpublished 
*D. R. Maxson, following paper [Phys. Rev. 123, 1304 (1961 





HIGH-RESOLUTION 
of the appropriate plane-wave direct-reaction theories. 

There is another way in which to look at this, using 
the “cluster model.’ In the “‘cluster model” the exist- 
ence of two or more clusters is assumed. Here it is 
assumed that the particles in different shell model 
configurations (p states or s-d states) are decoupled. 
Thus, in Ne” there are four s-d nucleons outside an O'* 
core, and the core properties are assumed to be essen- 
tially independent of the coupling of the four s-d 
nucleons. The spins and parities of the four s-d nucleon 
structure is 0+, 2+, 4+, 6+, and 8*. From the variational 
calculations of Watanabe, Levinson, and Hill,! using 
the same model, the 0*—2* splitting was calculated to 
be 1.33 Mev and a 0*-4+* splitting of 3.9 Mev. In Ne” 
there is a 2+ state at 1.63 Mev and another of unknown 
spin and parity of 4.25 Mev.*® We shall now classify 
these two states as the 2+ and 4* states in the above 
model. 

In the case of F'’ there should exist an analogous set 
of states. But here the core will be N'® with a spin of 
>, instead of O'* with spin 0*. Therefore, the analog 
to the OF state in Ne” will be a 5~ in F; the analog to 
the 2+ state in Ne” will be a $~, $~ doublet; and the 
analog of the 4+ in Ne” will be a 7/2-, 9/2- doublet in 
F'’, In F’ a }> state exists at 0.110 Mev, and doublets 
exist at 1.35 and 1.46 Mev with spins (3,3) and (3,3), 
respectively.’ We shall classify this doublet as the 
analog to the above 2* state in Ne”. Thus, the splitting 
of the O*-2* states in Ne” at 1.63 Mev has gone to 1.3 
Mev in F"’. Hence, one might expect this splitting to 
further decrease as the size of the core is decreased. 

There is one other assumption that is made. This is 
that the wave function for a core and four s-d particles 
has a large overlap with the wave function of a core 
and an alpha particle. This assumption is quite plau- 
sible, since it has been verified by Watanabe that the 
four s-d particles are only weakly coupled to the rest 
of the core. Since we are studying alpha particle emis- 
sion, we are then selecting those states which are 
formed by a core and four s-d particles. 

In Ne” there is another state which has a very largs 
reduced width for alpha-particle emission. This is a 
with a C core 


Pasie I. “Cluster model” levels of O" 
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Fic. 3. At the top are the “cluster model” states of O drawn 
with the lowest state at an excitation of 7.8 Mev. Below is shown 
the total cross section of the O'*(,a)N® reaction plotted against 


the excitation energy of F!? 


3— state at 7.2 Mev. Hence, there must also be some 
fz. configuration mixing in with the s-d configurations 
of the four nucleons outside the O'* core. 

In O'* with a C” core, there should be an analogous 
set of states to those discussed in Ne”? and F'%’. These 
states are found by selecting those states which have a 
large reduced width for alpha-particle emission and are 
shown in Table I. The first 0* and 2* states shown can- 
not decay by alpha-particle emission and were put on 
the list because they fit the pattern determined by F” 
and Ne”. 

In F" there should exist a set of states analogous to 
the set just selected in O' except for F"’ the core is 
N® with a spin of }~ instead of a core of C” with spin 
0+. We shall assume that the spacing of the states 
selected with the C® core in O'* does not change appre- 
ciably in going to N® core in F’. The only thing that 
will change is the excitation energy at which this series 
of states start. This is used as a parameter and is chosen 
as 7.8 Mev for F!’, whereas it is 6.06 Mev, 0.110 Mev, 
and the ground state for O'*, F’, and Ne”, respectively. 
At the top of Fig. 3 are drawn these “cluster model” 
states of O' started at an excitation of 7.8 Mev. In 
the lower part of Fig. 3 is plotted the total cross section 
for the O'*(p,a)N® reaction as a function of the excita- 
tion of F!*, Thus, with this model one is able to obtain 
qualitative agreement with the experimental results ex- 
cept for the 14.6-Mev resonance. If this interpretation 
is correct, then this resonance cannot be described this 
way, since its lifetime is so much longer than the rest 
of the states. 

( ne point which should be noticed from the ¢ "(Da yN' 
data is that each state has apparently the same life- 
time, which follows from the width of each resonance. 
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This indicates that all the observed states have similar 
properties. If they are of the type discussed above, then 
they should have lifetimes which are similar. 

Another prediction that comes out of this is that the 
group of states at 15 Mev should all have even parity. 
The angular distribution of the alpha particle from these 
states has been measured by Maxson’ and is consistent 
with even parity. Also, 7.8-Mev excitation is not un- 
reasonable for the lowest state of this configuration. 

The testing of such an interpretation should not be 


VOLUME 123, 


AND 


KNUDSEN 


difficult, since it makes definite predictions about many 
reactions. On the other hand, if the interpretation is 
correct, then it is possible to infer from one nucleus 
many of the properties of the neighboring nuclei. 
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I. INTRODUCTION 


HE activation cross section for the O'(pia)N 

reaction was first measured by Whitehead and 
Foster,! wh tl 
three strong maxima below 16 Mev. Their results, which 
were quite unexpected and have not yet been satis- 
factorily explained, were confirmed and extended to 
19 Mev by Rouse.’ In t 


o found that the excitation function has 


he experiments to be described 
here, the O'*(p,a)N studied more 
by using an ion chamber to detect the 
alpha particles. Angular distributions of alphas from 
the reaction proceeding to the ground state of N' were 
measured at 10 bombarding energies. Also, because of 
of related effe in other (O''+ p) re- 
actions, angular distributions and differential excitation 
were measured for O'*(p,a)N™* reactions and 
for the elastic scattering of protons on O"*, 
In the experiments by Whitehead and Foster and by 
Rouse, the excitati [ i was determined by 
bombarding a ick of lva or Mylar foils and 


reaction was in 


ionizat 


the possibility 


curves 


measuring the N ta a function of the 
the stack. Energy resolutions of about 


tivitv as 
through 


distance 
* This work was supported by the U. S. Atomic Energy Com- 
mission and th i ientific Trust Fund 
t Present addre partment of Phy 


Brown University, 
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ted by the plane wave pickup or knockon theories, and 
e pronounced than would be expected for a simple direct reaction. The excit 
E,~16.5 Mev, and the angular distributions are markedly different 
reaction is also strongly energy dependent, ar 
is quite energy sensitive at large angles. The energy 


appears to be correlated with the O'*(p,a)N"™ excitation function 


the variation 
1 i mm curve 
and below 
bh pyOrs 

f the 


above 


ley 
aie 


200 to 500 kev were obtained. Since this energy spread 
is at least as large as the average F"’ 
the energy range of interest, the stacked foil experiments 
would have been incapable of distinguishing resonances 


level spacing in 


associated with individual compound nuclear levels. In 
order to reveal any fine structure which might have 
been missed in the previous experiments, Haase and 
Hill’ measured the O'*(p,a)N™ excitation function using 
a magnetic spectrometer with an energy resolution of 
30 kev. Their results were essentially the same as those 
in the 
showed that, except for one narrow resonance at 14.6 
Mev, the excitation curve has no fine structure between 
12 and 18 Mev. 


obtained lower resolution experiments, and 


II. EXPERIMENTAL PROCEDURE 


Targets were bombarded by 
Princeton FM cyclotron, and the scattering chamber 
described by Yntema and White! used for all 
Bombarding energies were measured to 


protons from the 
was 
measurements. 
an accuracy of +0.1 Mev by means of the energy 
controller developed by Schrank.’ Energies less than 
15 Mev were obtained by using polystyrene absorbers 
in the beam collimator. No uncertainty in the average 
bombarding energy was introduced by this procedure, 
L. Haase and H. A. Hill, Bull. Ar 

L. Yntema and M. G. White, Phys 
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since the energy was measured after the protons 
traversed the absorbers. The degradation of the beam 
energy did cause some uncertainty in the absolute cross 
section measurements, because the polystyrene foils 
were not at the front of the collimator, and some of the 
protons were scattered enough to miss the Faraday cup. 
The data have been corrected for such losses, but the 
absolute cross section measurements at energies below 
15 Mev are relatively less accurate than those at the 
higher energies. 

Alpha particles were detected with a cylindrical 
ionization chamber employing a Frisch grid. A commer- 
cial mixture of argon plus 10° methane was used, and 
the pressure was adjusted so that the range of the most 
energetic alphas was somewhat shorter than the length 
of the chamber. Singly charged particles then produced 
pulses not greater than about 30°; as high as the highest 
alpha pulses. The ion chamber with its preamplifier was 
entirely within the evacuated scattering chamber, and 
the counter gas was fed in and out through flexible 
metal hoses, so that the pressure could be adjusted 
from the outside. Gas purity was maintained by flowing 
the gas continuously through the ion chamber. In the 
proton scattering measurements, the protons were 
detected conventional Nal(TI) scintillation 
counter. 


with a 


In all of the angular distribution measurements at 
bombarding energies above 15 Mev, the maximum range 
of angles subtended by the detector was +3.0° for the 
ion chamber and +2.1° for the scintillation counter. 
The effects of the target size and of the angular spread 
in the incident proton beam were included in obtaining 
these figures. When absorbers were used to lower the 
beam energy below 15 Mev, the incident protons were 
not so well collimated and the corresponding angular 
ranges were +4.7° for the ion chamber and +3.8° for 
the scintillation counter. 

Oxygen gas was bombarded in some of the measure- 
ments. The gas cell, which was useful for angles from 
45 to 135°, was a small aluminum box supported on the 
end of the beam collimator. The beam passed in and 
out through end windows of 1-mil Al foil, and the alphas 
and scattered protons emerged through a long side 
window covered with } mil Mylar. An extra baffle with 
i vertical slot was introduced between the gas cell and 
the counter to define the ends of the target volume. This 
volume was approximately proportional to 1/sin@\,0, 
but a precise calculation would have been awkward, so 
the effective volume was determined experimentally. 
fo accomplish this, the elastic scattering of protons 
from carbon was observed, measuring the same angular 
CHs) foil and with 
An absolute determination of the 


distribution with a polystyren: 
propane (C;Hs) gas. 
effective volume was obtained by weighing the foil and 
measuring the gas pressure with a mercury manometer. 
obtained in 
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Fic. 1. Alpha-particle energy spectra from (p,«) reactions in 
Mylar (CyoO Hs) and in O2 gas. The rise below channel 30 is the 
upper end of the proton pulse-height spectrum. 


these measurements was in good agreement with the 
results of Dayton and Schrank.‘ 


III. RESULTS AND DISCUSSIONS 


In Fig. 1 are shown two alpha-particle pulse-height 
spectra, one obtained with a }-mil Mylar (C,oO4Hs) 
target and the other with an oxygen gas target. With 
the Mylar target the ground-state alpha group from 
C”(p,a)B® falls on top of the alphas from the 
O'(pa)N*(3.5 Mev) reaction. The spectra shown 
were observed at 90°; at forward angles the alphas from 
carbon overlap the £,=2.4-Mev group from oxygen. 
In spite of the masking of the excited state groups, 
Mylar was perfectly satisfactory for use in studying the 
ground-state reaction, and because of its convenience 
it was used for most of the (p,v) measurements reported 
in this article. The spins and parities of the N™ levels 
which could be resolved using the Oz» gas target were }— 
for the ground state and 3+ for the level at 2.37 Mev.’ 
The strong group at 3.5 Mev corresponds to a pair of 
unresolved levels, $— at 3.51 Mev and $+ at 3.56 Mev. 

Figure 2 shows the energy dependence of the 
O'§(p,a)N" ground-state differential cross section at 
Aiay= 70°, compared with a tracing of Rouse’s N™ 

®]. E. Dayton and G. Schrank, Phys. Rev. 101, 1358 (1956). 


7F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
1959). 
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Fic. 2. The O'*(p.@)N™ ground-state differential excitation 
function »=70° (upper part of figure) compared with a 
tracing of Rouse’s N™ activation curve? (below). Total O'*(p,a)N™ 
ground-state cross sections, obtained by integrating the angular 
distributions of Fig. 3, are compared with the activation curve in 
the lower right portion of the figure. Also shown are Sherr and 
Yoshiki’s measurements? of the yield of 6- and 7-Mev gamma rays 
from O'*(p,p’)O'** inelastic scattering (smooth curve at upper 


right). 


at @ 


activation cross section.” The differential excitation 
function reproduces the main features of the activation 
curve. An exact correspondence would not be expected, 
because the differential excitation curve is sensitive to 
variations in the angular distribution. Although they 
are not shown in this figure, there is a minimum in the 
activation curve at about 9.3 Mev, and another maxi- 
mum at & Mev. The complete excitation curve below 
16 Mev is given by Whitehead and Foster.' 

The minima in the O'*(p,a)N® activation curve might 
conceivably be caused by competition from other 
(O'%+ p) reactions, including (p,a) reactions to excited 
N™* levels which decay by proton emission. This con- 
jectured interpretation was investigated by comparing 
the activation curve with the threshold energies of all 
of the common reactions induced by protons incident 
on O'*. The results were negative, in that there was no 
obvious correlation between the threshold energies and 
the structure of the excitation function. 


t 
“ 
3 


The compound nucleus for this reaction, if one is 
formed, is F'’. Because the binding energy of a proton 
in F"’ is only 0.59 Mev, the F"’ excitation energy differs 
by less than 1 Mev from the laboratory bombarding 
energy over the entire energy range shown in Fig. 2. 


MAXSON 


The levels of F'’ within this range are not known, but 
an indication of the level spacing is given by the mirror 
nucleus O'”, which has about 9 levels between 8 and 9 
Mev excitation energy.’:’ Since this level spacing is 
small compared with the widths of the maxima in the 
activation curve, it may be assumed that a compound 
nucleus interpretation must involve groups of levels 
rather than individual ones. 

If compound nuclear effects were responsible for the 
structure in the (p,@) excitation curve, related varia- 
tions might be expected to occur in the excitation func- 
tions of other reactions having the same compound 
nucleus. One such reaction is O'*(p,p)O'* inelastic 
scattering. The excitation function for this process was 
observed by Sherr and Yoshiki,’ who measured the 
yield of gammas from the de-excitation of the 6- and 
7-Mev levels of O'*. A cellulose acetate foil was bom- 
barded by protons, and gamma rays emitted at angles 
between 50 and 90° from the beam direction were 
detected by means of a 3X3 in. NalI(TI) scintillator. 
The results, which are shown in Fig. 2, revealed no 
energy dependence comparable to that found for the 
(p,e) reaction. 

In view of the strong energy dependence of the (/,a), 
cross section, it seemed worthwhile to measure angular 
distributions of alphas at several energies. The results 
obtained at ten bombarding energies are shown in 
Fig. 3. The curves were drawn to connect the points; 
no theoretical curves are shown. The statistical un- 
certainties indicated by error flags are representative 
for all of the data. The absolute cross sections are 
believed to be reliable to within +10°7 for the seven 
curves from 15.4 to 18.1 Mev, and to within +20% for 
the three curves at lower energies, which were measured 
using absorbers to degrade the proton beam energy. 

Crude fits to some of the angular distributions of 
Fig. 3 could probably be obtained by using the appro- 
priate plane wave direct reaction theories. rhese 
theories, however, predict forward peaked oscillatory 
angular distributions, in which the magnitude of the 
cross section and the angular positions of the maxima 
change slowly and monotonically as functions of the 
proton energy. The experimental results are clearly 
inconsistent with these theoretical predictions. Also, 
except at 14.1 Mev, the angular distributions are not 
symmetric about 90°, implying failure of the statistical 
assumption and/or the continuum assumption if the 
reaction is interpreted in terms of a compound nuclear 
process. The range of 13.5-18.1 Mev in bombarding 


energy corresponds to 13.3-17.6 Mev in EF" excitation 
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Fic. 3. Experimental angular 
distributions of alphas from the 
O'§(p,a)N® ground-state reaction. 
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indicated for each curve. Repre- 
sentative statistical uncertainties 
are shown for two or more points 
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energy. Judging from the level scheme’*-) of O, 
the assumption of many overlapping levels may not be 
justified within this range. Between 8 and 10 Mev 
excitation in O!®, C¥(a,2)O'® resonances’ indicate an 
average level width only about 40 per cent as great as 
the average level spacing, and even at bombarding 
energies corresponding to excitations above 15 Mev, 
strong gross structure maxima occur in the N'5°(d,n)O'* 
excitation function.'® Some sort of interference phenom- 
enon seems to be suggested by the effects shown on the 
right side of Fig. 3. The cross section passes through a 
minimum as the bombarding energy is changed through 
16.6 Mev, and the phase and period of the oscillations 
are different above and below that energy. 

The total cross section for the (p,a) reaction to the 
ground state of N* was found by integrating the angular 
distributions. The energy dependence of the total cross 
section is compared with Rouse’s activation curve in 
the lower part of Fig. 2. The absolute value determined 
from the 15.4-Mev angular distribution was 30.2+3 
mb, in agreement with the value 29 mb measured by 
Whitehead and Foster.! The close correspondence 
between the results of the different experiments indi- 
cates that the activation curve represents the excitation 
function for the reaction to the ground state of N"’. 
Reactions to excited levels of N'® would not be expected 
to contribute appreciably in the activation measure- 
ments, because the excited states can decay by proton 
emission’ to leave stable C” 

Strongly energy-dependent angular distributions at 
bombarding energies above 10 Mev have been observed 
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for a few other (pa) or (@,p) reactions. The mos- 
pronounced variations with small changes of bombardt 
ing energy have been found in the C"(a,p)N'® and 
Al?(p,a)Mg**_ reactions.'*”! two reactions, as 
well as the F°(p,a)O"* reaction,” also exhibit strong 
backward peaks at certain energies. Similar peaks, 
probably too sharp to be readily explained in terms of 
heavy particle exchange,“ are seen in the 17.6- and 
18.1-Mev ©'*(p,a)N" angular distributions of Fig. 3. 
In instances where the experimental results have been 
inconsistent with the assumption of a simple direct- 
reaction mechanism, it has generally not been possible 
to fit the angular distributions. At lower bombarding 
energies the compound nucleus formalism has been 
used with success. An analysis similar to that by 
Schiffer ef al.?6 for the C* reaction, or by Lee 
and Schiffer?’ for the B'(a,p)C™ reaction, might con- 
ceivably be fruitful in the An interpreta- 
tion of the O'*(p,a)N" excitation curve in terms of an 


These 


(a,n)O'® 


present Case. 


f-wave resonance has been suggested by Kobayashi.?* 
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Fic. 4. Differential excitation functions at @j4,=90° for the 
O'*( pa) N® reactions leading to the (4—) ground state, the 
level at 2.37 Mev, and the unresolved pair of levels (}— and 
respectively) at 3.51 and 3.56 Mev. 
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There is also some recent evidence” that the O"* (p,a N's 
results may be explained by cluster model calculations. 

O'*(p,a)N"* differential cross sections were measured 
using the Os gas target. Figure 4 shows differential 
excitation functions and Fig. 5 shows partial angular 
distributions of alphas from the (p,q) reactions to the 
ground state and 2.4-Mev levels of N"’, as well as from 
the reactions proceeding to the two unresolved levels 
near 3.5 Mev. From the two figures it can be seen that 
the reaction to the 2.4-Mev level is as strongly energy 
dependent as the reaction to the ground state. As the 
proton energy is changed from 17.0 to 17.6 Mev, the 
cross section for the reaction to the ground state in- 
creases, while that for the reaction to the 2.4-Mev level 
so that the relative magnitudes of the cross 
are interchanged. this 


de reases, 


sections Figure 5 shows that 
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Fic. 5. Partial angular distributions of alpha particles 
from O'*(p,a) N™¥ reactions. 
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Fic. 6. O'(p,p)O"* elastic scattering angular distributions a 
five bombarding energies from 14.1 to 17.6 Mev The curves 
would overlap if plotted separated by 
multiplying the cross sections by the powers of 2 
parenthesis. 


directly, and have beer 


icate 


interchange in the relative magnitudes occurs for the 
entire angular range of the measurements. 

Since compound nuclear processes or effects associ- 
ated with the entrance channel might lead to related 
energy variations in any other (O'%+ )) reaction or 
scattering, the elastic scattering of protons on oxygen 
was investigated. In order to find the most suitable 
angle for a detailed determination of the energy depend- 
ence, angular distributions were measured at several 
energies. Five elastic scattering angular distributions 
are shown in Fig. 6. Ordinates are indicated in mb_ sr for 
the curve at 15.4 Mev. The other curves have been 
displaced vertically by multiplying by powers of 2. The 
actual cross sections are about the same near the central 
maximum (all between 34 and 43 mb/sr at 89° c.m.). 
An Oz gas target was used for the runs at laboratory 
angles from 45 to 135°. At each angle less than 45° the 
elastic scattering from carbon plus oxygen was meas- 
ured using a Mylar target, that from 
measured separately with a polystyrene target, and the 


carbon was 
contribution from oxygen was obtained by subtraction. 
At angles larger than 135° the carbon and oxygen peaks 
in the proton pulse-height spectrum were satisfactorily 
resolved, so that only a Mylar target was needed. The 
runs at 14.1 and 14.7 Mey were made with polystyrene 
absorbers in the beam collimator. 

From Fig. 6 it can be seen that the proton angular 
distributions at 16.6 and 17.6 Mev are almost identical, 





O'*(s,a)N'* ANGULAR 
but that at 15.4 Mev the minimum near 125° is much 
shallower (by about a factor of three). Since the maxi- 
mum variation with energy occurred at about 125° 
(lab), the energy dependence of the scattering cross 
section was measured at that angle. The results are 
shown compared with Rouse’s O'*(p,a)N™ activation 
curve in Fig. 7. The three sections of the proton scatter- 
ing curve were obtained with different thicknesses of 
polystyrene to degrade the beam energy, and were 
multiplied by arbitrary factors to make them join 
smoothly in the two regions of overlap. The number of 
absorbers used for each part of the curve is indicated at 
the top of the figure. The (p,@) tracing has been dis- 
placed upward to separate the two curves. 

The (p,p) and (p,@) cross sections shown in Fig. 7 
certainly do not have the same energy dependence, but 
every fluctuation in the (p,v) curve appears to be 
accompanied by a variation in the scattering cross 
section. If the structure in the (p,p) curve reflects the 
energy dependence of the compound elastic scattering, 
the apparent correlation between the two curves may 
provide some evidence favoring a compound nucleus 
interpretation of the (p,q) results. No definite conclusion 
is warranted, because similarities in the curves might 
arise from the common (O'*+-p) entrance channel even 
if no compound nucleus were formed. If compound 
nucleus formation is important in the O'®(p,a)N" re- 
action, related effects might be found in (N+ He’) 
reactions. 

Since the completion of the work described here, 
extensive O'*(p,p)O'® elastic scattering results have 
been reported by Kobayashi.*® Differential excitation 
functions, measured by Kobayashi at 140, 150, and 160° 
corroborate the existence of related energy variations in 
the (p,p) and (p,q) cross sections. 


IV. SUMMARY 


Angular distributions of alphas from the O'*(p,a)N¥ 
ground state reaction were measured at 10 energies from 
13.5 to 18.1 Mev. The angular distributions are oscil- 
latory but are strongly energy dependent and qualita- 
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Fic. 7. Energy dependence of the (O'*+> ) elastic scattering 
differential cross section at 125° (lab), compared with the 
O'*(p,a) N® excitation function. 


tively different from the predictions of the simple plane 
wave direct reaction theories. Compound nuclear 
effects are not excluded, although the maxima in the 
(p,«) excitation function are too broad to correspond 
to single F'’ levels. The O'®(p~,a)N™* reaction to the 
2.4-Mev level of N® is also strongly energy dependent, 
but does not vary in the same way as the reaction to 
the ground state. The O'°(p,p)O'® elastic scattering 
cross section is quite energy dependent at large angles. 
At 125°, the scattering cross section has fluctuations at 
the same energies as those in the O'®(p,a)N"® excitation 
curve, suggesting that the effects may be associated 
with an F'? compound nucleus or with the common 
(O'*+ p) entrance channel. 
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Measurement of the Deuteron Binding Energy using a Bent-Crystal Spectrograph*? 
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The deuteron binding energy has been determined by measuring 
the neutron-proton capture gamma-ray energy. This energy has 
been measured directly, relative to annihilation radiation, with 
the help of a 6-m radius bent-crystal spectrograph. The spectro 
graph is of the Cauchois type, in which a collimated but extended 
gamma-ray beam is incident on the convex side of an elastically 
bent quartz crystal, is diffracted, and is focused onto a focal circle 
defined by the radius of curvature of the crystal. The neutron- 
proton-capture gamma rays are produced by placing a poly- 
ethylene sample in the through port of the Massachusetts Institute 
of Technology research reactor. The (310) planes of quartz are 
used for diffraction, and the gamma-ray lines are recorded on glass 


I. INTRODUCTION 


HE first measurement of the deuteron binding 
energy B(D) was made by Chadwick and Gold- 
haber in 1934,' and repeated in 1935.2 They used the 
‘nuclear photoelectric effect,”’ or photodisintegration of 
the deuteron using ThC” gamma rays, and measured 


TABLE I. Early measurements of 


Particle 
detected 


Incident 
Principal author particle 
Chadwick 
Fleischmann 
Kikuki 
Ising 
( ‘ha iw ic k 
Bethe 
otetter 
Richardson 
Rogers 
Kimura 
Myers 
Wiedenbeck 
Nagakawa 
Meyer 


Proton 
Electron 
Electron 


ThC” gamma 
Neutron 
Neutron 
ThC” gamma Proton 
rhC” gamma Proton 
(Correction of 1937 
ThC” gamma Proton 
Na™ gamma Proton 
ThC” gamma Proton 
RaC gamma Neutron 
x rays Neutron 
Xx rays Neutron 
Neutron Gamma 
RaC” gamma Proton 
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+ Based on material presented by one of the authors (A.H.K.) in partial fulfillment of the requirements for the degree 


mounted 600-u-thick Ilford G-5 emulsions. The value of B(D) 
obtained is 2225.5+1.5 kev, where the error is the standard devia 
tion. This is the most precise direct measurement reported to date, 
and is in agreement with previous work. Using recent mass spec- 
troscopic data, the mass of the neutron is found to be 1.008 984 
+0.000 002 amu. The efficiency of the spectrograph is low. At 
2225 kev, 6000 curie hr is required to record a line; at 511 kev, 1200 
curie hr is necessary. The error in B(D) agrees with the estimated 
precision which varies from about 0.01% at 100 kev to 0.3% at 
4000 kev. The latter energy is close to the practical upper 
limit of the instrument. 


energy 


the energy of the recoil protons in an ionization chamber. 
Analogous techniques were used by almost all of the 
early workers in the field. Interesting exceptions are the 
experiments of Fleischmann’ and Kikuki e/ al.‘ In both 
of these experiments slow neutrons were used to bom- 
bard hydrogen, and the resulting recoil photons (or 


the deuteron binding energy B(D). 


work of Chadwick) 


jon) A163, 


Method Reference 
Ionization chamber 
Absorption 
Absorption 
Ionization chamber . 
Cloud chamber +£0.05 
+ 0.04 
+0022 
+0.07 
+ 0.05 
+0). 007 
+0.012 
+0).006 


Ionization chamber 
Cloud chamber 

Cloud chamber 
Slowing-down thickness 
Threshold 

Threshold 


NM NON NW M&W NN tb te = ls ts 
t 


t+ 0.005 
+ 0.005 


Proportional counter 


N 
—_ 
5 


1935 


306 (1937 


see P. Marin, G. R. Bishop, and H. Halban, Pro 


of Doctor of 


Philosophy in Nuclear Engineering at the Massachusetts Institute of Technology. 
¢ Present address: John Jay Hopkins Laboratory for Pure and Applied Science, General Atomic Division of General Dynamics 


Corporation, San Diego, California. 
1 J. Chadwick and M. Goldhaber, Nature 134, 237 
2 J. Chadwick and M. Goldhaber, Proc. Roy. Soc. 
3 R. Fleischmann, Z. Physik 103, 113 (1936) 
*S. Kikuki, H. Aoki, and K. Husimi, Nature 137, 186 (1936). 


1934). 


(London) Al5], 479 (1935). 
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DEUTERON 


BINDING ENERGY 


TABLE LI. Recent measurements of the deuteron binding energy. These measurements are characterized by a 
consistently higher value of B(D) than the earlier measurements listed in Table I. 


Year 


1949 


Principal author 


Hanson Gamma disintegration 


1948-1950 Bell 
1950 
1950 
1954 
1960 


Mobley 
Smith 
Noyes 
Chupp and 


John 


\. O. Hanson, Phys. Rev. 75, 1794 (1949). 


B(D) of reference a corrected for new value of incident gamma-ray energy; 


eR, E, Bell and L. G. Elliot, Phys. Rev. 79, 282 (1950). 
iR. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 (1950). 
R. V. Smith and D. H. Martin, Phys. Rev. 77, 752 (1950). 
J. C. Noyes, J 
Ek. L. Chupp, R. W. Jewell, Jr., and W. John, Phys. Rev. 121 


capture gamma rays) were measured by determining 
the maximum energy of secondary electrons. 

A break in the general approach up to that time is the 
work of Myers and Van Atta,> who were apparently 
the first to use the so-called “threshold” technique. 
This involves bombarding a target containing deuterons 
with high-voltage x rays of variable energy, and deter- 
mining the threshold energy when protons, or neutrons, 
appear. These and other early experiments are listed in 
Table I. In 1947°® Stephens critically reviewed some 
of this early work and arrived at an average of 
B(D)=2.187+0.011 Mev. 

Another major departure in technique was the ex- 
periment of Bell and Elliot, 1948-1950.7.5 Neutron- 
proton capture gamma rays were produced in the Chalk 
River pile and were converted, and the resulting photo- 
electrons were measured with a thin magnetic lens 
beta-ray spectrometer. It is noteworthy that their 
B(D), together with the measurement of Hanson,’ 
is considerably higher than that of the early meas- 
urements. This higher value has since been amply 
confirmed. The latest addition to the techniques of 
determining B(D) is the direct measurement of /(D) 
using crystal diffraction. This method was first used in 
connection with the 2-m-radius bent-crystal spectro- 
graph at the Lawrence Radiation Laboratory in Liver- 
more,’ and the present work is a direct outgrowth 
of this. 

The more recent experiments, characterized by the 
higher B(D) value, are listed in Table II. In addition, 
a number of other experiments are currently in pro- 
gress; however, no final results have been published. 
Similarly, a number of very low-precision measurements 
are not listed. 

5 F, E. Myers and L. C. Van Atta, Phys. Rev. 61, 19 (1942). 

®W. E. Stephens, Revs. Modern Phys. 19, 19 (1947). 

7R. E. Bell and L. G. Elliot, Phys. Rev. 74, 1552 (1948). 

8 R. E. Bell and L. G. Elliot, Phys. Rev. 79, 282 (1950). 


® A. O. Hanson, Phys. Rev. 75, 1794 (1949). 
0, L. Chupp, J. W. M. DuMond, R. W. 


Mark, Bull. Am. Phys. Soc. 4, 141 (1959). 
i E, L. Chupp, R. W. Jewell, and W. John, Phys. Rev. 121, 234 
(1961). 


Jewell, and Hans 


Method 


E. Hoomissen, W. C. Miller, and B. Waldemann, Phys. Rev. 95 
, 234 (1961). 


B(D) (Mev) 


Reference 


2.229+0.020 a 
221+0.013 b 


Measure conversion electrons due to capture gamma 
rays with thin-lens spectrometer 

X-ray disintegration threshold 

Proton disintegration threshold (H+D 

X-ray disintegration threshold 

Two-meter radius bent-crystal spectrograph. Meas 
ure neutron-proton capture gamma ray. 


.230+0.007 
.226+0.003 
.227+0.010 
.227+0.003 


»>2H-+n 


+0.003 
; see Table I, reference p. 


396 (1954). 


B(D) can also be obtained indirectly using various 
nuclear reaction cycles and their measured Q values. 
Values representative of this method are listed in 
Table III. 

Recent years have seen the increasing availability of 
nuclear research reactors. As a result, strong neutron- 
capture gamma-ray sources are becoming available. 
This allows the use of high-precision but low-efficiency 
instruments such as diffraction spectrographs, as in the 
present work. 


II. EXPERIMENTAL TECHNIQUES 


The instrument in question is a six-meter radius bent- 
crystal spectrograph. Use is made of the Cauchois-type 
geometry in which a collimated but extended gamma- 
ray beam is incident on the convex side of an elastically 
bent crystal, is diffracted, and is focused onto a foca! 
circle defined by the radius of curvature of the crystal. 

The design, construction, and operation of this in- 
strument has been described previously in detail in the 
literature.” Use is made of the (310) planes of quartz. 
A combination copper-polyethylene sample is placed 
into the 6-in.-diam through port of the 1-Mw (thermal) 
Massachusetts Institute of Technology research reactor 
(MITR), in a thermal flux of about 2.5X 10" 2 cm?2-sce. 
The sample can be adjusted, without removal from the 


TABLE III. Indirect determinations of the deuteron 
binding energy from nuclear reaction Q values. 


Year ‘Principal author B(D) (Mev) Reference 
1950 Tollestrup 30 +0.007 a 
1955 Wapstra 264+0.0018 b 
1957 Li .2255+0.0015 r 


1958 Kravtsov 241+0.0011 d 


A. Fowler 


a 21, 
Peking 
Uspekhi Fiz. 


367 
a, 6, 51 (1957 
. Kravtsov, Nauk, 65, 451 


1958). 


2A, H. Kazi, N. C. 
Instr. 31, 983 (1960). 
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CALIBRATING ANNIHILATION RADIATION LINES (0.511 MEV) 


B 


| ' 
AL OL Or AR 


NEUTRON-PROTON CAPTURE y-RAY LINES (2.225 MEV) 


f Fic. 1. Contact print of typical data plate. The two outer lines 
are the calibrating 0.511-Mev annihilation radiation lines. The 
two inner lines are the neutron-proton capture gamma ray lines 
to be measured. Data consist of the distances between these lines. 
rhe error is a function of linewidth and contrast. At higher energies 
it becomes increasingly difficult to separate the lines from the 
undiffracted beam. In the present case this poses no problem. 


reactor through port, so that the crystal sees either the 
copper or the polyethylene. The 12.8-hr positron 
activity of Cu® results in an effective annihilation radia- 
tion (0.511 Mev) source, as seen by the crystal during 
operation, of about 30 curies. The lines from this source 
are used as a calibration standard; the neutron-proton 
capture gamma-ray energy /(D) is measured relative 
to them, i.e., relative to the rest mass of the electron. 


The effective source strength of the polyethylene neu- 
tron-proton capture gamma-ray source, as seen by the 
crystal, is also estimated at about 30 curies. 

The gamma rays are recorded photographically on 
Ilford G-5 nuclear emulsions placed on the focal circle. 
Two emulsions are exposed in any one run, one placed 
behind the other. The spectrograph frame can be 
pivoted about the crystal so that gamma rays can be 
diffracted from both sides of the crystal planes. In this 
way, lines corresponding to a given energy can be made 
to appear on both sides of the 8 point (the infinite- 
energy position). Each plate of the present experiment 
therefore has four lines, two 0.511-Mev calibration 
lines and two unknown E(D) lines. 

In order to obtain a good readable line at 0.511 Mev, 
an exposure of at least 40 Mw hr is necessary. This 
equals an exposure of 1200-curie hr. In practice 3000- 
curie hr is usually used to produce extra strong lines 
For E(D) an exposure time of 200 Mw hr, or an ex- 
posure of 600-curie hr, is necessary. This means that 
one run takes about six weeks of normal 1-Mw MITR 
operation. For such a length of time, it is imperative that 
the general background radiation be rigidly controlled. 
It has been found that a background of 0.4-0.5 mr/hr 
at the line position is tolerable. Another problem is the 
prevention of latent image fading and of cracking due 
to drying of the glass-backed emulsion. It is advisable 
to use only fresh emulsions, tightly wrapped and taped 
in layers of Saran Wrap and photographic paper, at a 
room temperature not much above 22°C. 

In order to assure that a line is actually being re- 
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corded on the emulsions, use is made of x-ray film 
monitors. The 0.511-Mev line can be recorded on 
“No-Screen’’-type x-ray film in about 50-Mv hr; how 
ever, such thin film is too inefficient for the 2.22-Mev 
n-p capture gamma-ray line. No trace of it was observed 
directly on either No-Screen or KK film in exposures 
up to 180 Mw hr. The line can be obtained with the 
help of an image intensifier. In the present work, use 
has been made of a 7g-in.-thick CsI crystal, which 
enables one to obtain an /:(D) line on No-Screen film 
in about 170 Mw hr. A total of five runs were made, 
i.e., 10 emulsions were exposed. Of these five were 
satisfactory. Two pairs were unreadable because of 
image fading. One emulsion had too high a background. 
The lines on the emulsions are read with a high- 
precision optical comparator, such as a Gaertner-type 
M 1205 C. The line centers are determined by reading 
both edges of a line and taking the mean. In practice the 
lines are read in a number of different ways, by several 
observers, and on several different comparators in order 
to minimize systematic errors. The reading error de- 
pends upon the linewidth and the line separations. The 
fact that lines appear on both sides of the 8 point 
ideally reduces this error by a factor of two over the 
case when only one side of the crystal plane is used for 
diffraction. 


III. DATA REDUCTION AND ANALYSIS 


A contact print of a typical data plate is shown in 
Fig. 1. The data obtained consists of sets of «(4) and 
x(D), the distances between the A (annihilation radia- 
tion) and D (neutron-proton capture gamma ray) lines, 
respectively. The width of the 4 lines is about 400 u 
(0.4 mm), that of the D lines about 350 uw. The center 
positions of the former are reproducible to about 5y, 
the latter to about 10 uw because of lower intensity and 
higher background. 

Using Bragg’s law and a number of approximations, 
justified because of the small Bragg angles involved, 
one can obtain the following equation for A(D): 


A(D) x(D) 


+-6 
x(A) 


A(A) 


x(D) . x(D)x(A) 


+ 


x(A) 24C 
from which 
24C*x(A) 


E(D)= E(A) : 
24C?x(D)+x7(A)x(D) 


C, the radius of curvature of the bent crystal can be 
found from 
x(A)(A(A) 1fA(A) *) 
C= + 


2 Id 6 d 
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The value used for F(A), or moc*, is that given by 
Cohen et al,": 


f;(A)=0.510 976+ --0.000 007 Mev. (4) 
The correction term 6 in Eq. (1) corresponds to a AE (D) 
of about —0.1 kev, and is just on the threshold of 
significance in the present experiment. The value of 2d 
for the (310) planes of quartz enters the equation only 
through this correction term. The numerical value used 
in Eq. (3) is that given by Lind ef al." at 20°C, namely, 


2d (310) 


2355.34+0.04 « units. (5) 
The conversion constant for \(A) used is that also given 
by Cohen e¢ al.!® 


EX = 12372.44+0.16 kev x units. (6) 


In practice, 60 pairs of x(1A) and x(D) are usually 
obtained from each data plate. /(D) is calculated for 
each of these pairs, and /(D),, and its standard devia- 
tion are then determined in the usual way. Finally, 
B(D),, for each plate is found by adding a 1.3-kev 
recoil correction. The statistical standard deviation 
thus found is usually equal to about 0.5 kev. However, 
there are a number of instrumental sources of error. 

Geometrical effects cause only very small instru- 
mental errors. A AC, i.e., imperfect positioning of the 
emulsion on the focal circle, causes an instrumental 
error in /:(D) only through the dependence of the latter 
on C. As seen from Eq. (2), /(D) depends on C only 
in the second approximation, and is thus very insensi- 
tive to a AC. dF(D)/dC is equal to about 1X10™ 
kev/cm, and AC in the geometry used is less than 5 mm. 
A AC results, of course, in a broadening of the line 
profile and hence in a greater statistical reading error 
[hence the Hartmann tests (reference 12) ]. 

Another source of error is lateral deviation of the 
emulsion from the focal circle. If it is assumed that the 
emulsion is perfectly straight, i.e., unbent, and touches 
the focal circle only at the 8 point, then the true x’s 
equal the measured x’s minus 2a, where a is of the order 
of C(tané—siné). The resultant A/(D) is less than 
0.1 kev. A twist of the focal circle, say about the 8 
point, is negligible; it really amounts to an irregular 
AC, and moreover tends to be self-correcting since it 
adds a 6x to one side of the 8 point while subtracting it 
from the other. The fact that in general the emulsion 
is not placed into the holder with its long edge exactly 
parallel to the base of the crystal is no source of error. 
To account for all these geometrical effects, an error of 
0.1 kev is assigned to the E(D),, of each plate. 

A more serious source of instrumental error is emul- 
sion movement during development. One can distin- 


3. R. Cohen, K. M. Crowe, and J. W. M. DuMond, The 
Fundamental Constants of Physics (Interscience Publishers, Inc., 
New York, 1957), p. 269. 

4 PD). A. Lind, W. J. West, and J. W. M. DuMond, Phys. Rev. 
77, 475 (1950). 

16 See reference 13, p. 270. 
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guish between uniform shrinkage, of say 5% in both 
x(A) and x(D), i.e., s(4)=s(D), systematic differential 
shrinkage in which s(A)#s(D) but s(A)=f[s(D)], 
and random movement in which s(4)#s(D) and 
s(A)¥ f[s(D) JE(D), in the first approximation, is in- 
dependent of uniform shrinkage, and any effect through 
the second approximation correction term 6 is negligible. 
A number of experimental tests have been carried out'® 
which indicate that, within the error inherent in the 
method of line measurement used in the present work, 
there is no detectable systematic differential shrinkage. 
There is, however, evidence of random emulsion move- 
ment. The over-all average of this movement, neglecting 
end effects (the last 2 cm of the emulsion) is a shrinkage 
of 5X10°-°%. In a unit distance of 10 000 4 the usual 
variations are a few microns. Variations of +10 y are 
observed fairly frequently, with maximum variations 
several times as large. If this s is assumed to affect 
x(A) only, AE(D)=sE(D), and for s=5xK10°%, 
AE(D)~1 kev. 

Differences of several kev can therefore easily arise 
between the /(D),, of several different plates, and this 
is found to be the case. There is no indication to assume, 
based on the information known about the present 
measurement techniques, that there is any regularity 
to this movement, and it is therefore assumed to be 
random. This being the case, it does not cause any 
instrumental error. In other words, the different E(D).,y 
are averaged into the grand mean with equal weight as 
regards this type of emulsion movement. 

The most serious source of instrumental error is the 
so-called “asymmetry” effect. Ideally the pattern of the 
lines on a nuclear emulsion should be symmetrical, i.e., 
the 8 point (midpoint) of the two A lines should coincide 
with the 8 point of the two D lines. In practice, it has 
been found that there are varying amounts of asym- 
metry, characterized by n7=8,1—£p. 

The upper limit in the resulting A/(D) is found by 
assuming that B4=Strue, 1.€., is completely due to a 
shift of the D lines, and E(D)=x(A),/[«(D)+n]. The 
lower limit is found by assuming that Bp=Btrue. The 
ratio between the A/(D)’s in these two limits is equal 
to 4.5. As a compromise, in the present work the asym- 
metry error has been estimated by adding 3 to both 
x(A) and «(D), i.e., E(D)~[x(A)+3]/[a(D)+ 3]. 

The cause of this asymmetry is not known with 
certainty, but is thought to be also emulsion movement. 
It has also been observed in connection with the 2-m- 
radius spectrograph at the Lawrence Radiation Labora- 
tory in Livermore, and a great deal of effort was spent 
there to locate its source.’ As far as these studies show, 
the asymmetry is not due to any misalignments or asym- 
metries in the source, crystal, etc. There are several 
facts which speak for the emulsion movement hypo- 

'6 A. H. Kazi, Ph.D. thesis, Department of Nuclear Engineering, 
Massachusetts Institute of Technology, 1961 (unpublished), Secs. 


7-10 and 8-3. 
17 Hans Mark (private communication). 
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thesis. First, 7 varies from plate to plate, and 7 may 
be positive, negative, or zero. Second, and more im- 
portant, » varies for plates which have undergone 
identical exposure conditions and which vary only in 
their development. Thus in the present work P-7 and 
P-8 were exposed simultaneously, placed one behind 
the other; » for the former equals 4,4, for the latter 
it is 28u. Also the magnitudes of » for the present 
6-m-radius instrument and for the 2-m-radius Livermore 
one are about the same. If 7 were due to something in 
the geometrical system, one might expect a factor of 
two or three between the asymmetries of the two spec- 
trographs. It might be noted here that since 7 is the 
same in the two cases, the resulting AE(D) is } smaller 
in the six-meter case than in the two-meter case. 
Inherently random emulsion movement takes place 
during development. The variations of F(D),, from 
plate to plate are caused by the differences between the 
net result of the over-all random movement in each 
plate; is the result of the asymmetric component of 
this movement. The former can thus be treated statis- 
tically, and the latter results in an instrumental error. 


IV. DEUTERON BINDING ENERGY 


The results of the neutron-proton capture gamma-ray 
measurements are listed in Table IV. The five values of 
B(D),,, on the basis of the statistical standard devia- 
tions and using Birge’s criterion, are inconsistent. On 
the basis of their total assigned errors they are con- 
sistent.'* The weights are inversely proportional to the 
square of the total errors. The grand mean is then 
given by 


5 5 


B(D)=>— wiBi(D)av/>, wi, 


and its standard deviation 


° 


o(B)=(> w; B;-B'? 


5 
(n—1) >> w,}}. 


i=! 


TaBLe IV. Deuteron binding energy data. Listed are the 
average values of B(D) obtained from each of the five data 
plates, the associated errors, and the resultant weight assigned 
to each of the average values. The weights are inversely propor- 
tional to the squares of the total errors, which are taken equal to 
the sum of the squares of the individual errors. 


Plate B(D)., n 
No. kev) (microns) Total 


P-2 50 0.6 0.1 1.5 1.6 
P-7 , 4 0.6 0.1 0.2 0.6 
P-8 222 28 0.5 0.1 1.0 1.1 
P-9 23 0.6 0.1 0.7 0.9 
P-10 2222.9 66 0.6 0.1 2.0 2.1 


Errors, kev 
Statis. Geom. Asymm. 


W eight 
0.38 


A. G. Worthing and J. Geffner, Treatment of Experimental 
Data (John Wiley & Sons, Inc., New York, 1943), p. 199. (For 
the present data, hx—1.68=1.83, using the total assigned errors). 
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Fic. 2. Total weighted frequency distribution of E(D). This 
frequency histogram is obtained by plotting the individual values 
of E(D) versus their frequency as obtained from five data plates. 
The data of each plate have been multiplied by a weight inversely 
proportional to the square of the total error of the mean of that 
plate. 


Using the above data, one obtains 2225.5+1.3 kev. The 
standard error has been arbitrarily increased to +1.5 
kev, so that the final result is therefore 


B(D)= (7) 


As noted above, the error given is the standard 
deviation. 

Note added in proof. The latest result of the Livermore 
Group (W. John) for B(D) is 2224.6+1.5 kev. Since 
eight separate exposures have been made by this group, 
the calculated standard error is only +0.7 kev. Four 
of the five most recent plates had a negligible asym- 
metry which contributes to the small computed stand- 
ard error. The error quoted in their result here has again 
been somewhat arbitrarily increased to account for 
possible systematic errors in the experiment. The fact 
that the binding energy reported in this paper and the 
Livermore number are in close agreement is good evi- 
dence that the diffraction method is sound. 

Figure 2 shows the weighted frequency distribution 
of E(D) obtained from the five data plates. The appro- 
priate weights are shown in Table IV. The data from 
P-2 has been normalized from V=91 to V=60 in 
order to allow comparison with the other plates, for 
each of which V=60. 

A comparison of the present value of B(D) with some 
earlier measurements, as listed in Tables II and III, is 
given in Fig. 3. In general, it is not always quite clear 
whether a standard or probable error is involved in a 
particular quoted number. In the case of the values 
calculated from reaction cycle data, this distinction is 
somewhat arbitrary.” 


* See for example C. W. Li, Treatment of Experimental Data 
(John Wiley & Sons, Inc., New York, 1943), p. 54. 
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V. MASS OF THE NEUTRON 
The mass of the neutron is given by 
n=H—M+B(D), (8) 


where H is the mass of hydrogen and M the HH-D 
mass spectroscopic doublet. One recent measurement 
of these quantities is that of Demirkhanov et al.?° They 
use a Bainbridge-Jordan-type mass spectrometer with 
a resolving power which varies between 70000 and 
100 000. Their value for H = 1.008 142 amu+1 amu, and 
WV=1.5483 mmu+1yumu. The use of these data and 
the present value of B(D) yields for the mass of the 
neutron 

n= 1.008 984-+0.000 002 mu. (9) 
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Fic. 3. Recent values of the deuteron binding energy. The 
results of a number of recent determinations of B(D) are shown 
in comparison. The values are either direct measurements or the 
result of an analysis of a number of reaction cycles and their 
measured values. The error quoted in the present work is a stand- 
ard deviation. The agreement of the present measurement with 
previous work is seen to be good. 


2 R. A. Demirkhanov, T. I. Gutkin, V. V. Dorokhov, and A. P. 
Radenko, Atomnaya Energ. 2, 21 (1956); also in J. Nuclear 
Energy 3, 251 (1956). 
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Fic. 4. Recent values of the mass of the neutron. This figure 
compares the results of the mass of the neutron from a number of 
recent experiments. The values derived from B(D) are based on 
one recent set of mass spectre scopic measurements of the hydrogen 
mass and the HH—D doublet. Bondelid’s value is based on a 
measured n—H difference of 782.9+0.4 kev. 
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For comparison, # has been similarly calculated 
using a number of the other B(D) determinations. This 
is plotted in Fig. 4. In addition, two other values are 
shown. The value due to Cohen is a calculated one, 
based on Q-value data.’ His error is a standard devia- 
tion. The value of Bondelid ef al. is based on a recent 
precise measurement of the n-H difference’ and De- 
mirkhanov’s value of 7. The agreement among the 
various values, in the case of both B(D) and y, is seen 


to be good. 
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Differential cross sections for ground-state neutrons from the C(d,n)N'® reaction have been measured 
at E,;=3.53 Mev and 2.786 Mev by a neutron spectrometer. A stripping peak implying /,=1 is observed. 
The excitation function of the ground-state neutrons has been measured from y= 1.2 Mev to Ez=3.53 Mev. 
A number of resonances were found corresponding to virtual states of N!*. The angular distributions of 


neutrons associated with the 5.28-, 


5.31-Mev doublet (unresolved) and 6.33-Mev levels of N'® were measured 


by photographic emulsion technique. A stripping peak characteristic of /,=0 corresponds to the unresolved 
doublet, and /,=1 to the 6.33-Mev state. The excitation function for all neutrons from C'(d,n)N' was 


measured both by 


“slow” and ‘“‘fast’’ neutron counters. Several possible slow-neutron thresholds were 


found corresponding to excited states of N'®. The sensitivity of the slow-neutron threshold technique was 
checked by the O'*(d,n)F!”. Accurate values of these thresholds are reported. 


I. INTRODUCTION 


HE energy levels of N* have been extensively 

studied by many people,’ using principally the 
N"“(d,p)N™ reaction. The availability of C™ targets 
makes possible the investigation of N® levels by the 
C'(d,n)N™ reaction. Since this reaction starts from the 
spin-zero C nucleus, the ambiguity of spin assignment 
to the levels of N" is greatly reduced. The only previous 
study of the C'*(d,2)N" reaction was a neutron spec- 
trum measurement in 1950 with low-energy incident 
deuterons.’ 

In the present work, the angular distribution of 
ground-state neutrons was taken with a neutron spec- 
trometer. The angular distributions of neutrons from 
the 6.33-Mev level and 5.28-, 5.31-Mev doublet were 
measured with photographic emulsions. The angular 
distributions were analyzed by stripping theory. 

The ratio of the C(d,n) cross section to the 6.33-Mev 
N*® level and to the ground state is of considerable 
interest for intermediate-coupling calculations involving 
p-shell nuclei.** (The importance to theory of data 
concerning other N' states has been reviewed by 
Halbert and French 

The excitation function of the ground state neutrons 
shows resonances which correspond to virtual states 


of N*, 


Fic. 1. Neutron spectrometer 
ised for C'(d.n)N® ground- 
neutron sections 
The radiator is 0.46-mm thick 
polyethylene 
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A search for excited states of N 
the “slow” neutron technique. The neutron threshold 
for the O'%(d,n)F"" ground state and excited state were 
studied in order to find an optimum arrangement for 
“slow” and ‘‘fast”’ detectors and to explore the possi- 


was attempted by 


bility of doublet structure of the first excited state of F’. 


II. EXPERIMENTAL ARRANGEMENTS 


Deuterons accelerated by an electrostatic 
passed through an electrostatic 
calibrated in terms of the threshold for the Li’(p,n)Be? 
reaction (/yjresh = 1.8811+0.005 Mev. 

Thin carbon targets were prepared by a di 
C2Hy2 gas’ which deposited carbon on the wolfram back- 
ing. For the C* target, 38% enriched C™ 
thickness of the target 
be approximately 0.1 mg/cm’. 

A neutron spectrometer (Fig. 1) was built to separate 
the ground state C“(d,n)N™ neutrons from excited state 
neutrons. A 1-cm diameter, 0.46-mm thick polyethylene 
radiator was supported in the hemisphere by a thin wire. 
The detector was a 1.9-cm diameter, 1.4-mm thick CsI 
crystal mounted on a Du Mont 6291 photomultiplier 
tube. In order to reduce the background counting rate, 


generator 


analyzer which was 


scharge in 


was used. The 


was determined by weighing to 
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the thickness of the CsI crystal is chosen just sufficient 
to stop the maximum energy recoil protons. 

The pulse height in the CsI crystal was calibrated by 
protons from the C”(d,p)C® reaction. A typical ground- 
state neutron group is shown in Fig. 2. The background 
was measured by operating the counter without a 
radiator. The background counting rate was 3% at 
3.53-Mev deuteron energy, and has been subtracted 
from the data of Fig. 2. 

For the angular distribution measurement, the spec- 
trometer was mounted on a rotating arm. The radiator 
was 10.3 cm from the target. The angular resolution of 
the radiator was about +3° 

For measurement of the ground-state excitation func- 
tion, the spectrometer was placed close to the target. 
The angular resolution of the radiator was then about 
+8°. The counting rate was normalized to the angular 
distribution data, and absolute cross sections were 
calculated. Background (beam on blank target backing) 
was 10% at Ey=3.53 Mev, 5% at Ea=2.86 Mev. 

Unfortunately the spectrometer would not resolve the 
excited states of N'. Hence for the angular distribution 
measurement of neutrons from N® excited states, Ilford 
C-2, 200-~ nuclear photographic emulsions were used. 
The neutrons from the 6.33-Mev level of N® were 
clearly resolved; however, the doublet 5.28-, 5.31-Mev 
levels were not resolved (see I ig. 3). 


III. CROSS-SECTION RESULTS 


For the ground-state the neutron 
trometer (Fig. 1) was used to measure the excitation 
function at laboratory angles of 0° and 90°. The results 
are shown in Fig. 4. A number of broad resonances 
appear in the 0° data. Less pronounced fluctuations 
appear in the 90° data but it is possible to reproduce 


neutrons, spec- 


semi-quantitatively the 90° data as superpositions of 
resonances of the same energy and width as postulated 
to account for the 0° data. See Fig. 4. The results are 
summarized in Table I. Three of the resonances corre 
spond well in energy and width to those reported by 
Douglas ef al.’ in the C'(d,p)C" reaction. The resonance 
at E,=3.10 Mev is in parentheses because only the 
PABLE I. Resonances in C' 

Present work C'(d,n)N™ Earlier work* C'(d,p)( 
ha Ten SS ha ka o.1 
Mev kev (Mev (kev 


1.30 220 
1.65 390 
2.04 305 


11.56 
11.85 
12.20 


2.44 175 1 
2.69 150 1 
l 
1 


5 
4 


6 
Ss 
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2.86 175 
3.10 (175 


¢ 


3.13 


REACTION 





60 T T T T 


£528 Mev 
Ex" 1531 vel 


t 


or 
oO 


L 
Oo 





NUMBER OF RECOIL PROTONS 


GNO stare N's 
} 
' 











l 7 
2 3 


: a 0% Q 
3 5 6 a 9 o ii 
RECOIL PROTON ENERGY IN Mev 





Fic. 3. Recoil protons in 200-4 thick Ilford C-2 photographic 
emulsions from the C(d,n)N™ reaction [ground-state neutrons 
from C?(d,n)N® are indicated by arrow at about 3.2 Mev]. 


90° data indicate its existence and the statistical un- 
certainty there is large. 

Angular distributions of ground-state neutrons were 
obtained at deuteron energies of 3.53 and 2.786 Mev. 
The energy of 3.53 Mev was chosen as a convenient 
off-resonant value and 2.786 Mev is near a strong reso- 
nance. Figure 5 shows the observed angular distribution 
at hy=3.53 Mev. The data are in substantial agreement 
with the /,=1 Butler This result is consistent 
with the known spin and parity of N'. The angular 
distribution at ,=2.786 Mev (Fig. 6) shows almost 
no stripping peak. Apparently compound nuclear effects 


curve. 


predominate near the resonance. 

Angular distributions of neutrons from the 5.28-, 
5.31-Mev doublet, and 6.33-Mev level of N'&® 
tained only from the photographic emulsion data. See 


were ob- 


Figs. 7 and 8, 

In contrast to protons from the N'(d,p)N'° reaction, 
the C'(dj)N® neutron yield from the N"® doublet 
5.28-, 5.31-Mev level is more intense than the ground 
peak. 


This strong forward peak requires that the spin of at 


state yield and shows a strong /,=0 stripping 





lic. 4. Excitation function (laboratory coordinates) of ground 
state neutrons from C'*(d,n)N'. The dashed curves are postulated 
resonances (virtual states of N'*) to account for yield curve. 
Energies and widths are summarized in Table I. 
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Fic. 5. C¥(d.n)N® ground-state differential 
cross sections for £y=3.53 Mev. 


least one of the doublet levels be } with even parity. 


Halbert and French® predict that the 5.31-Mev level 
has spin } and even parity and belongs predominantly 
to the s*ps! configuration. 

Figure 8 shows the angular distribution of neutrons 
from the 6.33-Mev level in N'®. The solid curve is 
Butler’s curve for /,=1 with the same nuclear radius as 
used in the calculation of the ground-state neutron 
angular distributions. An /,=1 curve would imply (}-) 
or ($-) for the 6.33-Mev level. From shell-model con- 
sideration one expects the 6.33-Mev level to be the 3 7 
member of the ground-state spin doublet. 

Absolute cross sections for the photographic emulsion 
data (Figs. 7 and 8) are found indirectly by comparing 
the excited state yields to the ground state yields in the 
photoemulsions. The intensity ratios were corrected for 
the geometrical escape factor* and the energy depend- 
ence. of the n-p cross section. The ground-state cross 
sections come from the neutron spectrometer data and 
have an uncertainty of about 30%. The later uncer- 
tainty corresponds to C™ target thickness and composi- 
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Fic. 6. C(d,n) N* ground-state differential cross 
sections for deuteron energy near a resonance 
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tion uncertainty of ~ 20%, spectrometer solid angle and 
efficiency uncertainty, ~20%, and a statistical un- 
certainty of ~10%. The excited state absolute cross 
sections have an additional large (~ 25%) statistical 
uncertainty because of the small number of ground state 
recoil proton tracks available for the intercomparison 
with the spectrometer data. 

French‘ has pointed out the ratio of the C(d,n)N"® 
ground state yield to the 6.33-Mev state yield specifies 
almost uniquely the C wave function. For pure j-7 
coupling one expects no cross section to the 6.33-Mev 
level. The present experiment shows the /Aigher cross sec- 
tion to be to the 6.33-Mev level: o*/¢=1.5+0.4. For 
comparison with Fig. 1 of French’s paper,‘ this ratio 
should be corrected for kinematic stripping factors (e.g., 
as in the Appendix of Auerbach and French*). This 
correction gives o*/o0.6 and French’s Fig. 1 would 
imply (in his notation) for x>0, either y~0.3 or y=+1. 
The former solution (i.e., y~0.3) is in better agreement 
with other data on the A=14 and A=15 nuclei and 
would imply that the ground state of C™ is predomi- 
nantly 4S. This value for y (the amplitude of the *P» 
wave function) is about a factor of two less than 
Sherr ef al.? deduce indirectly from the decay rates of 
the A=14 polyad. The largest uncertainty in the *Po 
amplitude from the present work probably lies in the 
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Fic. 9, Experimental arrangement for ‘‘slow’”’ neutron threshold 
measurements. Blank tungsten disks could be inserted by solenoid 
activated pop-up for background measurement. The “‘fast’’ neu 
tron scintillator was ZnS powder in a high viscosity silicone fluid. 
The “slow” neutron detector is the conventional BF; counter 
plus a small cylinder of paraffin. 


adequacy of the stripping calculations for the relatively 
low-deuteron energy (3.53 Mev) and the large energy 
difference (6.3 Mev) between the two single-hole states 
of N'5, 
IV. SLOW-NEUTRON THRESHOLDS 

A search for N® excited states in the 9-11 Mev region 
was made by using the counter ratio technique to locate 
thresholds for new groups of neutrons from C'(d,n)N". 
The technique is difficult for this reaction in that the Q 
for the ground-state reaction is large and hence many 
different neutron groups are already present whose rela- 
tive yield may vary radically between resonances. In 
addition the target is ~60% C. The ‘“‘slow’’-neutron 
detector was the usual enriched BF; counter with a 
small paraffin cylinder (4.5 cm o.d. by 4 cm long) 
surrounding it. See Fig. 9. The counter was covered by 
0.8-mm cadmium sheet to reduce the thermal neutron 
background. 

A mixture of high-viscosity silicone fluid’ and Ag- 


activated ZnS powder (3 by volume) mounted on an 
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Fic. 10. O'*(d,n)F'? ground-state slow-neutron threshold data 
taken with setup of Fig. 9. (There were negligible counts in the 
“fast” detector.) Ordinate is neutron counts (arbitrary scale). 
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RCA 5819 photomultiplier tube was used as the detector 
for the fast neutrons. Discriminator bias was set so that 
the counter responded primarily to neutrons above 
1-Mev energy. A thick hydrogenous scintillator like this 
should have approximately constant sensitivity over a 
wide range of neutron energies above the bias cutoff 
energy." This type of energy insensitive fast detector 
was preferred to the conventional “long counter” be- 
cause the large CH, mass of such a counter scattered 
back many epithermal neutrons to the ‘‘slow” detector, 
thereby reducing the relative effect of slow neutrons 
from the target. 

A large and fluctuating neutron background was cor- 
rected for by taking many short runs alternately with 
background runs. For the background run a clean 
wolfram disk was popped in front of the target by a 
solenoid. An ordinary C™ target was used to correct the 
neutron yield from the 62% of C” in the C™ target in the 
slow neutron threshold measurement. 

To check the performance of the “slow” and “fast” 
neutron detectors the O'*(d,n)F" thresholds to the 
ground and first excited state were studied. Thin oxygen 
targets were prepared by heating wolfram disks in 
oxygen at ~ 1-cm pressure. Results are shown in Figs. 10 
and 11. Linear extrapolations to thresholds has been 
used to facilitate comparison with previous measure- 


| | 


Fic. 12. Survey “slow” (solid circles) and “fast” (open circles) 
neutron yield at 0° from a thin carbon target (38% C™) bombarded 
by deuterons. Experimental arrangement as in Fig. 9. Dashed 
Csiow’’ —C!‘s1ow’’ Curve is computed from additional survey 
data (not shown) for an ordinary thin C™ target. 


1H. H. Barschall and H. A. Bethe, Rev. Sci. Instr. 18, 148 
(1947). 
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16 T T T T T T T T TABLE IT O'*(d,n)F!? Slow-neutron thresholds 
(linear extrapolations except for 6). 


re 2. eeuege Present work Earlier work® 
t Threshold Threshold 


L a or Ground 1.832+.0.003 1.830 +0.004 

. . 1.835 +0.005* 
"Woes > 1.8292+0.0006 

14 i “| Excited 2.393 +4.0.003 2.393 +0.004 


r | 7 * T. W. Bonner and J. W. Butler, Phys. Rev. 83, 1091 (1951 
ae ’ R. O. Bondelid, J. W. Butler, and C. A. Kennedy, Phys. Rev. 120, 
i 889 (1960). 


' + ments and because a linear extrapolation was used for 
the Li(p,m) standard. A two-thirds power extrapolation 
is preferred on theoretical grounds. Bondelid et al.” find 
the two-thirds power extrapolation lowers the threshold 
of this reaction by about three kev. 

The data of Fig. 11 are of interest in that the anomal- 
ous dip in ratio of slow to fast yield reported by Marion 
ite ' *$ea q et al.8 at Eg=2.42 Mev is absent. 

} The survey data from both the slow and fast counter 
a i | 7 are shown in Fig. 12. Since the target is only 38% C™ an 
j additional (but not as extensive) survey run with an 

ordinary carbon target was made. The C“ “slow” yield 

ptt, ] 4 after subtraction of the C® “slow” yield is shown by the 
‘4 ¥ dashed curve. Three sharp anomalies, Eg= 2.04, 2.25, 
and 2.40 Mev, which are of the character expected for a 
slow-neutron threshold remain. Other anomalies in the 

- “slow” yield from C™ appear ~ £y~0.9, 1.25, 2.9, and 
3.2 Mev. Some of these anomalies may be associated 
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with slow neutron thresholds but the present data are 

unconvincing particularly as regards the shape. The 
antl 1 4. i i A. 4. i. 4 i. rt i 4 J. . rk 

zu 234 237 240 243 246 249 three sharp anomalies whose shape corresponds to slow 








Eg Mev ‘ ; "2 
neutron thresholds were examined in more detail with 
Fic. 13.1 thinner targets to accurately fix the threshold energies. 
1G. 13. Detailed study of several slow-neutron thresholds made = -p ; he $3 i 3 
, i) ; : . > res are s ‘ig. 13(a) < ‘ig. 13(b) : 
with thinner targets. Note suppressed zero of ordinate. Results Phe results are shown in Fig. - a) and Fig. 13(b ind 
are summarized in Table III summarized in Table III. It will be noted that very lew 


TABLE III. Slow-neutron thresholds, C"(d,n) N®. 


Observed 





Possible thresholds Q E, of N' levels in Mev 
thresholds* Figs. 12, 13 C4 (d,n) N5* 

E2t0.01 Mev Ea (Mev (Mev) From thresholds Previous data® 

0.67 8§.575+0.008 

1.23 1.25)? 9.1)? 9.062+0.010 

1.34 9.165+0.010 
2.036+0.003 — 1.780+0.003 9.768+0.008 

2.11 9.834+0.010 
2.227+0.003 — 1.947+0.003 9 935+0.008 

2.38 2.393+0.004 —2.092+0.004 10.080+0.008 10.069+0.010 

2.82 10.458+0.010 

2.92 2.9)? (10.5)? 10.544+0.010 

3.22 3.2)? 10.7)? 10.705+0.010 

®Asca in the last column 





b The Q for the gro in 1-state ( d 5 
Phys. Rev. 104, 1434 (1956) and N'*(d,p)N 
© See reference 14. 


on is most accurately found from the reaction cycle: C4(p,n)N"4, (O 0.6264 +0.0005 Mev, R. Sanders 
[O =8.614+0.007, D. Van Patter and W. Whaling, Revs. Modern Phys. 26, 416 (1954) |. 


‘ 





2 R. O. Bondelid, J. W. Butler, and C. A. Kennedy, Phys. Rev. 120, 889 (1960). 
J. B. Marion, P. Brugger, and T. W. Bonner, Phys. Rev. 100, 46 (1955). 
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of the previously known N! levels show up as distinct 
slow-neutron thresholds. This result is not too surprising 
for one would expect sharp thresholds only for those 
N® states for which the compound nucleus level had a 
large reduced width for s wave neutron emission. More 
puzzling is the fact that the two strongest and sharpest 
2.036 and 2.227 Mev, do not 
correspond to any previously observed N' level. How- 
ever, the only previous data on N* levels in this region 
come from M. I. T. magnetic spectrometer data" on 
N'*(d,p)N!. Unfortunately their nitrogen target (nylon) 
contained enough carbon that the prominent proton 
groups from C"(d,p) reactions to the 3.855- and 3.684- 
Mev states of C® completely swamp the plate region 


observed thresholds, Fy 


@ A. Sperduto, W. W. Buechner, C. K. Bockelman, and C. P 
Browne, Phys. Rev. 96, 1316 (1954). 
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where these N° groups would be expected to occur. 
(See, e.g., their Figs. 1 and 4.) 

Since the threshold at Ey= 2.393 Mev occurs at the 
same energy as the O'"(d,7) threshold to the first excited 
state of F'? (see Fig. 11), oxygen contamination of the 
target must be considered. Absence of the much stronger 
O'(djn)b™ ground-state threshold (Aa=1.832 Mev) 
excludes this possibility. 
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The threshold energy for the O'*(He?,) Ne!’ reaction has been 
measured. The value obtained, 3.811+0.015 Mev, determines the 
mass of Ne’ to be 18.011446+0.000014 amu (O'* standard, 1960 
mass tables). The slow-fast ratio method for the observation of 
neutron thresholds was employed at bombarding energies from 
the ground-state threshold to 5.6 Mev, corresponding to a region 
of excitation in the residual nucleus from zero to 1.5 Mev. No 
excited states in Ne!’ were identified. The bombardment of O' by 
He* also produced the reactions O'*(He*,p) F'8 and O'*(He?,a)O". 


INTRODUCTION 

HE first experimental evidence for Ne!® was re- 

ported by Gow and Alvarez’ who produced it in 
the reaction F"*(p,2n)Ne'’, and found it to be a positron 
emitter with an end point of 3.2+0.2 Mev, a half-life 
of 1.6+0.2 sec, and a logft value of 2.9+0.2. In the 
present experiment, the reaction O'®(He',7z)Ne!® has 
been used to determine the mass of Ne'* by means of a 
ground-state threshold measurement and also to search 
for excited states of Ne'’. Bombarding energies up to 
5.6 Mev have been used. Also, energy spectra have been 
obtained for gamma rays arising from the reactions 
O'§(He’®,p) F'8 and O'(He’,a)O" at a bombarding energy 
of 4.5 Mev. These gamma rays have been correlated to 
transitions in F'* and O'. A preliminary report has 
been made on part of this work.’ 


EXPERIMENTAL PROCEDURE 
Four thin targets and one fairly thick target of O' 
were bombarded with the magnetically analyzed singly- 
1 J. D. Gow and L. W. Alvarez, Phys. Rev. 94, 365 (1954). 


2K. L. Dunning and J. W. Butler, Bull. Am. Phys: Soc. 4, 444 
(1959). 


Energy spectra were obtained by means of a scintillation spec- 
trometer for gamma rays resulting from certain transitions in F'8 
and O'. For 4.5-Mev He’ particles impinging on a 1-Mev thick 
target of TiQs, gamma rays of the following energies were ob- 
served and attributed to F!8: 0.652+0.007, 0.939+0.005, 1.041 
+0.005, 1.17+0.01, 1.6140.02, 1.68+0.02, 2.09+0.01, 2.51 


+0.01, 2.65+0.05, 3.06+0.05, 3.35+0.10?, and 3.84+0.10 Mev. 
The following gamma rays were also observed and attributed to 
O'; 5.25+0.05, 6.22+0.10, and 6.87+0.10 Mev 


charged He*® beam from the NRL 5-Mv Van de Graaff 
accelerator. The energy spread in the beam was about 
4%. The neutron yields from the four thin targets were 
examined with the counter-ratio method, as a function 
of the bombarding energy. The apparatus and pro- 
cedures used for these measurements have been de- 
scribed previously.** The gamma rays resulting from 
the bombardment of the fairly thick target with a 4.50- 
Mev beam were detected in a 3-in.X3-in. NalI(TI) 
crystal mounted on a type-6363 multiplier phototube 
after they had passed through a composite shield de- 
signed to reduce the intensity of x rays and annihilation 
radiation relative to that of higher-energy radiation. 
The materials through which the gamma rays passed 
after leaving the target and before entering the Nal 
crystal were as follows, and are given in the order of 
flight: stainless steel, 0.025 in. (target chamber wall) ; 
paraffin, 0.25 in.; lead, 0.31 in.; tantalum, 0.016 in.; 
cadmium, 0.012 in. ; zinc, 0.010 in. ; aluminum, 0.031 in. 


>K. L. Dunning, R 
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Fic. 1. Excitation curve for the reaction O'*(He*,n) Ne'’, show 
ing the yield of fast neutrons (closed circles) and the ratio of 
slow-to-fast counts (open circles). The solid lines are for a CaO 
target about 70 kev thick to 4.5-Mev He’ particles, and the broken 
lines are for a slightly thicker CaO target. No background has 
been subtracted. 


crystal case); magnesium oxide, 0.23 in. (reflector). 
The target and gamma-ray detector were surrounded 
with a lead shield 4 in. thick, except at the He® drift 
tube entry point, for background radiation reduction. 
The gamma-ray pulses were sorted with a 100-channel 
pulse-height analyzer which was calibrated with radio- 
active sources Na”, Co™, and the 4.43-Mev gamma ray 
from a Po-Be neutron source. 

The first target bombarded was 70 kev thick to 4.5- 
Mev He’ particles. It was made by electrodeposition 
of calcium from a solution of Ca(NOs)- in ethy] alcohol 
onto a platinum blank 0.010 in. thick. The blank and its 
deposit were then heated in an oven, in an atmosphere 
of oxygen, to a maximum temperature of 2400°F. The 
heating time was about 2 hr, including the time re- 
quired for the oven to warm up and cool down. The 
second target, about 110 kev thick to 4.5-Mev He’ 
particles, was made in a similar way except that, after 
electrodeposition, the blank and deposit were brought to 
a white heat for a few minutes in air with an oxygen- 





Fic. 2. Ratio of slow-to-fast counts for the energy region 
3.70-4.27 Mev. The target was of CaO and about 15 kev thick to 
4.5-Mev He? particles. No background has been subtracted. 


AND 


J. W. BUTLER 


natural-gas flame. The third target was made in a 
manner similar to the first, and was 10 to 15 kev thick 
to 4.5-Mev He’ particles. The fourth target was formed 
by the deposition of a suspension of TiO, in water onto 
a platinum blank and was about 30 kev thick. The 
water was then evaporated slowly by means of a heat 
lamp. The blank and deposit were then purged of con 
taminants in an oxygen atmosphere in the oven as 
described for the first target. 

The fifth target, which was about 1 Mev thick to 
4.5-Mev He’ particles, was formed through the de- 
position of a suspension of 2 mg cm~ of TiO, in an 
alcohol binder onto a platinum blank 0.010 in. thick, 
which had been heated in an atmosphere of air for 1 hr 
at 2500°F. The blank and the deposit were then heated 
in an atmosphere of oxygen at 2600°F for about 2.5 hr. 


RESULTS 


Figure 1 is a plot of the fast neutron counts and of the 
slow-to-fast ratio for a variation of the energy of the 
incident He’ particles through the range 3.4-5.6 Mev. 
The solid curves indicate data taken with the 70-kev 


TABLE I. Information related to the ground-state threshold 
bombarding energy for the reaction O'*(He',n) Ne'’, based on the 
mass tables of reference 5 (O'* standard). 


Ground-state threshold bombard 

ing energy 3.811 +0.015 Mev 
Ground-state Q value 3.206 = +0.013 Mev 
Mass of Ne’ 18.011446+0.000014 amu 
Mass excess of Ne'® 10.658 +0.013 Mev 
End-point energy of positron spec 

trum Ne!® (for decay to the 


ground state of F'5) 3.423 +0.02 Mev 


target; the broken curves indicate data taken with the 
110-kev target. The statistical uncertainties for the 
points on the ratio curve of Fig. 1 are about twice the 
size of the open circles below threshold and somewhat 
smaller for the remainder of the curve. 

The rise in the ratio curve beginning about 3.8 Mev 
is interpreted as being due to the formation of the 
ground state of Ne'*. A careful examination of the 
ratio curve shows that the rise appears to break upward 
at about 3.95 Mev. Figure 2 shows the results of a 
more careful investigation of the region from 3.70 to 
4.26 Mev; these data were obtained with the target 
which was 10 to 15 kev thick. The statistical uncer- 
tainties near the break in the rising part of the curve 
are about half the size of the open circles. This break, 
though appearing to be quite definite, is interpreted as 
being due to an excited state or group of excited states 
in the compound nucleus, Ne”, rather than an excited 
state in the residual nucleus, Ne". 

As a check on the possibility that the neutron thresh- 
old at 3.811 Mev and the break at 3.95 Mev were due 
to some contaminant on the target (or perhaps the Ca) 
and not due to O"*, the 30-kev target of TiO. was bom- 





NEUTRONS AND y RAYS FROM 
barded. This target gave essentially the same results 
as those shown in Fig. 2. 

The probability that the interesting features of the 
ratio curve were caused by the presence of a contami- 
nant in the beam (such as HD* ions) is very small since 
a number of precautions were taken to avoid beam 
contamination. The He* was purified with activated 
charcoal prior to use. The ion source and accelerating 
tube never had been used to accelerate any particle 
other than He’ prior to the present experiment. 

The smoothness of the fast-neutron curve and an 
examination of a plot of the slow-neutron yield, which 
is not shown, indicate that the rises in the ratio curve 
at threshold and at the break at 3.95 Mev are due to 
the production of slow neutrons. 

The data of Fig. 2 indicate that the neutron threshold 
for Ne! is at 3.811+0.015 Mev. This threshold energy 
determines the mass excess of Ne'® to be 10.658+0.013 
Mev relative to the values given for He® and the neutron 
by Everling ef al.5 in their 1960 mass tables (O' 


TasBLe II. Gamma rays resulting from the bombardment of O' 
by He’, listed according to the reaction from which each gamma 
ray originated. 


O"(He',p)F8 (Mev) 


0.652+0.007 
0.939+0.005 
1.041+0.005 
1.17 +0.01 
1.61 +0.02 
1.68 +0.02 
2.09 +0.01 
2.51 +0.01 
2.65 +0.05 
3.06 +0.05 
3.35 +0.10? 


3.84 +0.10 


O'*(He’,a)O (Mev) 
5.25+0.05 
6.22+0.10 
6.87+0.10 


standard). This value may be compared with the value 
of the mass excess of Ne!® given in these mass tables, 
10.430+0.200 Mev. Other information related to this 
threshold energy is given in Table I. 

The peaks in the fast neutron curve of Fig. 1 imply 
that there is resonant compound nucleus formation 
when O° is bombarded with He’ particles in this energy 
range, but since only one angle was observed, this 
explanation for the peaks is not unique. Bromley et al.® 
found strong evidence for resonances in their studies of 
the mechanism of the reaction O'*(He’,a)O™ at some- 
what lower bombarding energies. 

Figures 3 and 4 show gamma-ray spectra obtained 
at a bombarding energy of 4.5 Mev with the target 
which was 1 Mev thick. Table II gives the energies of 
the observed gamma rays and the reaction to which 
they are attributed. Figure 5 is a level diagram of F'* 


F. Everling, L. A. Konig, J. H. FE 
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CHANNEL NUMBER 
Fic. 3. Energy spectrum of the prompt gamma rays from 
O'*+ He’ at a bombarding energy of 4.5 Mev with the gain ad 
justed so that channel 100 corresponds to a gamma-ray energy 
just above 9 Mev. No background has been subtracted. 


showing the transitions which are believed to have 
given rise to those observed gamma rays attributed to 
F's, The level energies, spins, and parities are those 
listed by Ajzenberg-Selove and Lauritsen’ with the 
following exceptions. The isobaric spin and _ parity 
assignments of the 1.085-Mev level have been inter- 
changed with those of the 1.043-Mev level because of 
the results of a recent study® of the way in which Ne!® 
decays to low-lying states in F'’. The gamma-ray en- 
ergies as measured in the present experiment are shown 
along the vertical arrows. The energy of the 3.35-Mev 
transition is enclosed in parentheses, and the arrow to 
it (indicating excited-state population) is broken to 
signify that this assignment is uncertain. 
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hic. 4. Energy spectrum of the prompt gamma rays from 
O'*+ He’ at a bombarding energy of 4.5 Mev with the gain ad 
justed so that channel 100 corresponds to a gamma-ray energy 
just above 2.8 Mev. No background has been subtracted. 
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of F'8. The level energies are 
energies are those measured in 

of bombarding energies in the 

| side in the scale of the center 

1 with values in the laboratory system 


Many gamma-ray spectra were taken, but the in- 
teresting features of all of them are illustrated by those 
of Figs. 3 and 4; an interpretation of these features 
follows. The highest energy peak of Fig. 3 (6.87+0.10 
Mev) is mainly the photopeak of the ground-state 
transition from the 6.86-Mev state in O' (see reference 
7 for an energy-level diagram of O' and a list of refer- 
ences to the original literature). The inflection point at 
about 6.35 Mev is due to the “single-escape” peak of 
the 6.87-Mev gamma ray. The peak at 6.22+0.10 Mev 
is mainly the photopeak of a ground-state transition 
from the 6.15-Mev state in O°. The 5.70-Mev peak is a 
the peak from the 
6.86-Mev transition and the single-escape peak from 
the 6.15-Mev transition. The two lowest-lying states 
reported’ in O" are at 5.20 and 5.25 Mev. The peak of 
Fig. 3 at 5.254+0.05 Mev is very likely a combination 
of the photopeaks due to the ground-state transitions 
from these states and contains a contribution from the 
double-escape peak from tt 


combination of “double-escape” 


the 6.15-Mev transition. The 
peaks at 4.74 and 4.23 Mev are, respectively, the single- 
escape and double-es ape peaks associated with the 
transitions of about 5.25 Mev. 


The peaks of Fig. 3 which are of lower energy than 


those mentioned are attributed to transitions in I" 
2 Mev (channel 5), which is of ele 
tronic origin. The peak at 3.84+0.10 Mev is the photo 
peak of a ground-state transition from the 3.84-Mev 
tate in F'*, It is not clear from the present data whether 
the peak at 3.35+0.10 Mev is 


’ 


except the one at 


a combination of the 
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photopeak of a 3.35-Mev gamma ray and the single- 
escape peak of the 3.84-Mev gamma ray, or is entirely 
due to the latter. If there is a contribution from a 3.35- 
Mev gamma ray, it probably arises from a ground- 
state transition from the 3.35-Mev state. The peak at 
3.06+0.05 Mev is interpreted as the photopeak associ- 
ated with a ground-state transition from the 3.06-Mev 
state. The double-escape peak of the 3.84-Mev transi- 
tion and the single-escape peak of the 3.35-Mev transi- 
tion should lie at about 2.83 Mev; they are apparently 
concealed in the skirts of the peak at 2.6540.05 Mev 
which also appears in Fig. 4. The origin of this last- 
mentioned peak is very uncertain, since it contains, in 
addition to the aforementioned sources, contributions 
from either or both of the following: 3.79-Mev state 
to the 1.127-Mev state (2.66-Mev transition) and 3.73- 
Mev state to the 1.085-Mev state (2.65-Mev transition). 
The peak at 2.51+0.01 Mev is assigned to the ground- 
state transition from the 2.53-Mev state. The peak in 
Fig. 4 at 2.09+0.01 Mev is composed of the ground- 
state transition from the 2.10-Mev state and the photo- 
peak of a transition from the 3.06-Mev state to the 
0.940-Mev state with contributions from the double- 
escape peak from the 3.06-Mev ground-state transition 
and the single-escape peak from the 2.52-Mev transition. 
The peak at 1.68+0.02 Mev is the ground-state transi- 
tion from the 1.70-Mev state. The peak at 1.61+0.02 
Mev is probably due mainly to the transition from the 
2.53-Mev state to the 0.940-Mev state, 
tions from the double-escape peak from the 2.53-Mev 
} 


with contribu- 


ground-state transition and the single-escape peak from 
the 3.06-to-0.94 Mev transition. The peak at 1.17+0.01 
Mev is mainly the photopeak of a transition from the 
2.10-Mev state to the 0.940-Mev state, with a small 
contribution from the single-escape peak from the 1.70- 
Mev ground-state transition and from the double- 
escape peak of the 3.06-to-0.94 Mev transition. The 
peaks at 1.041+0.005 Mev and 0.939+0.005 Mev are 
the photopeaks of the ground-state transitions from 
the 1.043-Mev and 0.940-Mev states, respectively. The 
peak at 0.652+0.007 Mev is the photopeak of a 
transition from the 1.70-Mev state to the 1.043-Mev 
state. Finally, the peak at 0.51 Mev is due to annihila- 
tion radiation. 


DISCUSSION 


? 


The Q value of —3.206+0.013 Mev is in good 
with the value —3.199+0.006 Mev 
and Macefield,” who investigated the 


agreement ob- 
tained by Towle 
O'*(He’,n)Ne'* reaction by means of neutron-threshold 
and time-of-flight techniques with bombarding energies 
up to 10 Mev. Ajzenberg-Selove and Dunning" meas- 
ured the Q value to be —3.20+0.05 Mev in their in- 
vestigation of this reaction using 5.52-Mev He’ particles 
and nuclear emulsion detectors 


® J. H. Towle and B. E. Macefield 
uF, Ajzenberg-Selove and K. L. Dunning, 
1681 (1960), 


lunicalior 


Rev 119, 


private com! 


Phys 





NEUTRONS AND y RAYS FROM 

The rate of rise of the ratio curve after threshold for 
the present experiment (see Fig. 2) is much less than 
for other reactions’ investigated with the same ap 
paratus and geometry. For example, the Li®(He*,7)B* 
ratio curve® rose to a maximum within 15 kev after 
threshold (for a target about 14 kev thick at threshold). 
The ratio curve of the present experiment rises very 
slowly by comparison, finally reaching a maximum 
about 300 kev above threshold. The shape of the ratio 
curve above threshold is determined by the cross sec- 
tion for the reaction, the target thickness, the variation 
of the efficiencies of the neutron counters with neutron 
energy, the rate at which the neutron cone opens as a 
function of energy, and the relative effective solid 
angle subtended at the target by the detectors. The 
most reasonable cause for the long slow rise appears to 
be the reaction cross section as a function of bombarding 
energy. 

The upward break in the ratio curve at 3.95 Mev 
could conceivably be interpreted as the threshold for a 
new excited state in Ne'’. In the preliminary report on 
a part of the present experiments, this break in the 
ratio curve was noted, and it was stated that if this 
break did correspond to a neutron threshold, the 
energy of the residual excited state would be 114 kev. 
The existence of this break so near the ground-state 
threshold is in itself very weak evidence for a low-lying 
excited state in the residual nucleus because, in previous 
experiments,’ ‘satellites’ of true neutron thresholds 
observed about 100 kev above the true 
threshold. Since there is no independent evidence for 


have been 
such a low-lying state in Ne’, it appears more reason- 
able to attribute this break to the same mechanism as 
that of the previously observed “‘satellites”, i.e., 
resonances in the compound nucleus. 

Since the ratio curve of Fig. 1 shows no evidence for 
any higher thresholds up to the maximum bombarding 
energy of 5.6 Mev (corresponding to a possible excita- 
tion energy of about 1.5 Mev), there is no evidence in 
the present experiment for excited states in Ne!’ below 
1.5 Mev. This observation is consistent with the work 
of Towle and Macefield,’ who found three excited 


BOMBARDMENT OF O'fF BY He3 1325 
Furthe Fr. 
there was no evidence in the work of Ajzenberg-Selove 
and Dunning!! for excited states in the range of excita 


tion energies of the present experiment. These findings 


states above this range but none within it. 


are consistent with the reported energy-level scheme of 
the mirror nucleus, O'8, whose lowest excited state has 
an energy of 1.982 Mev.’ 

The gamma-ray energies, as measured in the present 
experiment,, are consistent with the measurements of 
others as far as such comparisons can be made. Butler 
et al." observed gamma rays for the same reaction but 
at a bombarding energy of 2 Mev. Their values of 2.49, 
2.10, 1.69, 1.06, and 0.94 Mev correspond to five of the 
gamma-ray energies listed in Table I]. Naggiar et al.,' 
using the O''(p,ny)F'* reaction, observed gamma rays 
of 0.94+0.02 and 1.04+0.02 Mev; these gamma rays 
arise from the same states as the 0,.939- and 1.041-Mev 
gamma rays of the present experiment. Kuehner ef al." 
obtained values of 0.940 and 1.045 Mev for two of the 
gamma rays from the O'(He*,py)F'S reaction. Hinds 
and Middleton!’ measured the energies of the proton 
groups from the O'%(He*,p)F!* reaction and the alpha- 
particle groups from the F!(He’,@)F'* reaction at a 
bombarding energy of 5.9 Mev. Not every level ob- 
served by Hinds and Middleton was observed in the 
present experiment because of the better resolution of 
their magnetic proton spectrometer as compared with 
the scintillation gamma-ray spectrometer of the present 


experiment, and also because of their higher bombarding 


energy (5.9 Mev compared with an average energy ot 
+ Mev in the target for the present experiment). How- 
ever, as seen in Fig. 5, most of the excited states below 
4 Mev were observed in the present experiment. 
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Configuration Mixing and the Effects of Distributed Nuclear Magnetization 
on Hyperfine Structure in Odd-A Nuclei* 
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The theory of Blin-Stoyle and of Arima and Horie, in which the deviations of the nuclear magnetic 
moments from the single-particle model Schmidt limits are ascribed to configuration mixing, is used as a 
model to account quantitatively for the effects of the distribution of nuclear magnetization on hyperfine 
structure (Bohr-Weisskopf effect). A diffuse nuclear charge distribution, as approximated by the trapezoidal 
Hofstadter model, is used to calculate the required radial electron wave functions. A table of single-particle 
matrix elements of R? and R‘ in a Saxon-Woods type of potential well is included. Explicit formulas are 
derived to permit comparison with experiment. For all of the available data satisfactory agreement is found 
The possibility of using hyperfine structure measurements sensitive to the distribution of nuclear magnetiza 
tion in a semiphenomenological treatment in order to obtain information on nuclear configurations is 


indicated. 


I. INTRODUCTION 


r is well known that the strict single-particle model 
fails in explaining most nuclear magnetic moments, 
even with quenching of the intrinsic spin or orbital g 
values of the nucleons.’ On the other hand, reasonably 
successful theories have been developed by Blin- 
Stoyle,?> and Arima and Horie,’ to account for the 
departure of the magnetic moments of odd-A nuclei by 
configuration mixing calculations. This configurational 
mixing theory will be referred to as CMT. We investi- 
gate the application of such a configuration mixing 
theory toa closely related property of the nucleus—the 
distribution of its magnetization, as it is manifested in 
the hyperfine structure penetrating 
electrons. 

Bohr and Weisskopf (BW) have 
hyperfine structure interaction of 51,2 
in the field of an extended distribution of nuclear 
charge and magnetism.‘ Two important conclusions 
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may be drawn from their work. First, that the hfs for 
a finite nucleus is, in general, smaller than that to be 
expected for a hypothetical point nucleus. Second, 
that the isotopic variations of nuclear magnetic 
moments, combined with the different contributions 
to the hfs of the orbital and spin parts of the magneti- 
zation in the case of the extended nucleus, allow for 
relatively large isotopic variations in the departure 
from a point hfs interaction. The latter point is 
consistent with the experimental observation that 
the ratio of the hfs constants for two isotopes may, in 
some different independently 
measured ratio of the magnetic moments. The dis- 
crepancy in these two ratios is commonly referred to 
as the “Bohr-Weisskopf effect” or “hfs anomaly.”’ 

Bohr” has treated this “hfs anomaly” within the 
framework of the collective or asymmetric model, and 
recently Reiner'® has carried out calculations on the 
collective model, primarily in the region of the rare 
earths. 


cases, be from the 
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Most experimental data, however, lie in a region 
where the collective model is not ideally applicable. 
Furthermore the results of our experiments on the 
hfs of several Cs isotopes’® (together with evidence for 
configuration mixing in the decay scheme study of 
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NUCLEAR MAGNETIZATION 
Cs' by Sunyar ef al.) pointed out the difficulty of 
accounting for the BW effect in them unless some 
detailed information about the nucleon configurations 
were included in the BW theory. We have therefore 
developed a formalism which considers configuration 
mixing effects, as used by Arima and Horie*® and Noya 
et al.'® and in turn makes possible the use of the BW 
effect in conjunction with magnetic moment data to 
give information on the admixed configurations. 
Modifications of the intrinsic nucleon g values can be 
introduced formally into the theory when such changes 
are expected to have a substantial effect, as is the 
case for the potassium isotopes. 


II. EFFECT OF THE DISTRIBUTION OF CHARGE 
AND MAGNETIZATION ON HFS 


Bohr and Weisskopf* have calculated expressions 
for the hfs interaction energy W of a nucleus of finite 
extent. For sy» or p12 electrons there will be an hfs 
doublet corresponding to the two values of the total 
angular momentum /=j+3, and they define W to be 
the energy by which the state F=j+4 is displaced. 7 is 
the nuclear spin. Alternatively, if AAv is the energy 
separation of the two states, then by the interval rule 
W=jhAv/(2j7+1). They write W=Ws+Wz, where 
Ws and W, are the contributions to W from spin and 
orbital magnetizations in the nucleus. For the spin part, 


l6z7re ‘ 
W's oo f Xan Wy*(1---2--- Ades” 
3 yi 


xs f FGdr+Dz 


R, r - 
F( ir 
R3 


J 


The spin asymmetry operator in (1) is given by 
tensor product (of rank 1) 


D= —3(10) [SX], (1a) 


where Cy =[4a/(2k+1) ]'V,* (6,0), and Y is a spherical 
harmonic. It is equal to the bracket of Eq. (7) in BW 
as well as to the operator —(Sz)%, corresponding to 
Bohr’s Eq. (2). The orbital part of the interaction is 


167e 
Wy t [xa Wy*e, Lz 
3 N t 


x R, r 
x| f F'Gdr- [ Ptr be (2) 
R Jy R? J 


Che upper and lower signs in (1) and (2) refer to 5; 2 
and p;»2 electrons, respectively. The symbols are e, 
electron charge, R(X YZ) and r, nuclear and electron 
coordinates, respectively, Vy, nuclear wave function 


“A. W. Sunyar, J. W. Mihelich, and M. Goldhaber, Phy 
Rev. 95, 570 (1954). 
'*H. Noya, A. Arima, and H. Horie, Progr. Theoret 


Phys 
Kyoto) 8, 33 (1958), Supplement. 
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corresponding to the maximum z component of spin, 
F and G, Dirac electron wave functions for an extended 
nucleus, gs“ and g,“, spin and orbital g values of the 
ith nucleon, § and L nuclear spin and orbital angular 
momentum operators, 4, mass number of the nucleus. 
By writing 


W extended= WY noine a +e), (3) 


and noting that for a point nucleus the interaction 
energy is given by letting R;=0 in the integral limits in 
(1) and (2), and replacing F and G by Fo and Go, their 
values for a point nucleus, 


L 


uf F yGodr 
Ri Ri KGr 
| 2 : (so f FGdr—Dz J — ir) 
: 0 0 R; 
R; r 
gL‘ Lz“ f (.- -) Retr ~ 
| R3 io 


where yp is the nuclear magnetic moment. Equation (4) 
is the more general expression for e which corresponds to 
BW Eq. (19) as modified by Bohr” [Eqs. (1) and (15) ]. 


—_—*e= - | [Ede Ws" 
YN % 


III. ELECTRON WAVE FUNCTIONS IN A HOF- 
STADTER-LIKE CHARGE DISTRIBUTION 
EVALUATION OF THE ELECTRON 
INTEGRALS 


The functions F and G in (4) are to be calculated for 
a potential which corresponds to the actual nuclear 
charge distribution. This was approximated in BW by 
assuming a uniform distribution. We have found, 
however, that the electron integrals are noticeably 
sensitive to the model assumed for the distribution.’ 
For this reason we obtained a series solution of the 
Dirac equation for a charge distribution which agrees 
better with the one indicated by high energy electron 
scattering’? and other experimental data,'* and there- 
fore should correspond more closely to the actual 
nuclear charge distribution. 

We found that the solution of the equations was 
very complicated to handle for any of the three forms 
of the charge distribution given in reference 17. It may 
be shown that it is simple only if the entire charge 
distribution can be represented by a polynomial in r. 
Ihe solutions can then be carried out as in BW, re- 
lying on the validity of the approximations in the nor- 
malization of F, G, to Fo, Go as stated by Rosenthal 


16H. H. Stroke, Res. Lab. of Electronics, M.I.T., Quarterly 
Progress Report No. 54, July 15, 1959, p. 63 (unpublished). 

17, Hahn, D. G. Ravenhall, and R. Hofstadter, Phys. Rev. 
101, 1131 (1956). 

‘8K. W. Ford and D. L. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, California, 1955), p. 25. 
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Fic. 1. Trapezoidal 
charge distribution 
of Hahn, Ravenhall, 
and Hofstadter.!? 
(Our ¢ is their 
parameter c.) 


and Breit. We have therefore approximated the 
trapezoidal distribution p of reference 17 
with the following polynomial in x (x=r/Ry, where 


Ry =C()T2 


charge 


P= pot por+p32° + pyr. 


The dimensions ¢c; and are shown in Fig. 1. The 
pertinent values used are c;= 1.074! f, t=1.602;= 2.40 f. 
The coefficients p; were determined by demanding that 
p in Eq 5 
and Ry. In terms of the parameters of the trapezoidal 
distribution they are found to be 


coincide with p of Fig. 1 at r=0, c;—23, ¢1, 


The nuclear cha > determines the central charge 


$20Ze2 
145, 


3— 34¢123°— 122;) 
\ plot of p for A~40 and A~200 is given in Fig. 2. 
These distributions reproduce fairly well the trapezoidal 
one, and the small central depression may be 
From this charge distribution we ol 


the potent ial 


even 


realistic.'® ytain 


5Ze, 
'15Ze, 
2rRvy*p3/21Ze 


) D 
LT NN p 


The solution of the Dirac equation for this 
wl at 


potential 
e evaluation of the electron integrals of Eq. (4 
ire given in the Appendix. With these results [Eq 


J.E.R hal a sreit, Phys. Rev. 41, 459 (1932 
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AND JACCARINO 


(A.9)—(A.11) ], Eq. (4) becomes 


> on 


—e=(1 | fx dry Wy* Do 
N o n 


Rx?" 


XLes" (Sz (6s)on—Dz (bp) on) 
(n=1,2). (8) 


1 


The sum over v results from the series solution of the 
Dirac equation. The values of the electron coefficients 
bs and 6, (defined in the Appendix) are given in 
Table I for s;,2 and f;,2 electrons as a function of A and 
Z. Equation (A.12a) gives bp in terms of bs. A plot of 
these coefficients is shown in Fig. 3. For comparison 
the results obtained for uniform and 
surface charge distributions.'® It is interesting to note 
that the magnitudes of the 6 coefficients tend to 
dec rease the more the nuclear charge is distributed alt 
larger distances from the center, reflecting the cor- 
responding changes in the electron binding. Figure 4 
compares the 6 coefficients for the s; 2 and py, states 

for the charge distribution of Eq. (9 
We have investigated the effect on these coefficients 
of a modification of the approximate representation of 
the charge distribution [Eq. (5)] in the form p=p 
+-pox*+pyxt+per® [which in 
better fit to the trapezoidal distribution than Eq. (5) | 
We tind that the 6 coefficients for these two representa- 
tions within 2.5% for n=1 The 
small, are sensitive to 


we also show 


fact gives even a slightly 


agree to and 2. 
coefficients for n> 2, 
such slight variations in p. Since at 
experimental evidence in favor of either one, these 
higher terms cannot be 


which are 
present there is no 


considered to have signific ance 


p - ARBITRARY UNITS 
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in the result. As we will show in Sec. V, the evaluation 
of the radial nuclear matrix elements involves 
(Ro/ Ry)", where Ro=1.20A! f and is the radial parame- 
ter involved in the nuclear potential well. If we take 
this factor into account, the m>2 coefficients may 
affect the value of € to about five percent. We note, 
however, that in the comparison with experiment we 
take the difference of € for two isotopes (see Sec. VI). 
Therefore if €; and €: are very similar, although their 
differences will be small, the effect of neglecting such 
higher terms will also be canceled to a large extent. 
On the other hand if the ¢ are very different, as they 
would be if the two isotopes have different spins, then 
the difference will be large, and again the terms n>2 
will have relatively little effect. The actual extent of 
such cancellations will depend on the specific properties 
of the isotopes under consideration. 


IV. EVALUATION OF THE NUCLEAR INTEGRALS 


In Eq. (8) an expression is obtained for the quantity 
e which involves calculating the expectation value of 
the operators M,, where 


M,=M,5"+M./2, (9) 


and 


M,,*! 


(bs) 


(br)2n], (10) 


a Dz (11) 


(bp)> 


Explicitly for a nucleus of spin 7, since the expectation 
value is to be taken with respect to a nuclear wave 
function having its maximum z component of spin, we 
require (writing only the angular terms in the following 


bs for 


are defined in the 


hic 3, Dependence on Z of the electron coetlicients 
several nuclear charge distributions. The b’s 
Appendix, 
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PER CENT 
b 





Fic. 4. Dependence on Z of the electron coefficients bs for S1/2 
and p1/2 states for an assumed Hofstadter type of nuclear charge 
distribution. The 6’s are defined in the Appendix. 


three parts 
M,=C(jlj; 7 


(j|!M,!!7), 


(12) 


where (7 M,||7) is the reduced martix element of M,. 
C is a Wigner coefficient. 

In ignorance of the true nuclear wave function, 
some approximate or model wave function has to be 
used, and in view of the success of CMT in accounting 
for magnetic moments, this theory is also used in the 
following calculations. The basic idea is to write the 
nuclear wave function Wy as 


Wy=W+Dd,, BM, (13) 


where Wo (the zero-order state) represents a simple 
shell-model configuration and the V; represent admixed 
configurations characterized by the variable 7. For 
small mixing coefficients @(7), the main deviation of 
the expectation value of M, from that given by the 
simple shell-model wave function will be that due to 
terms linear in #(7) and the conditions that such 
contributions should occur is that Wy and WV; must 
differ at most by one single-particle state. In addition 
for M.S“ the orbital states must be the same (A/=0), 
while for M,,? states differing by Ail=2 
coupled. 

We follow the classification and labeling of states 
suggested by Arima and Horie. Thus the zero-order 
state configuration is written as j?(J=7), where p is 
the number of odd particles in the state 7 and no 
indication is given of the even numbers of “nucleons 
coupled to zero angular momentum. These latter 
nucleons, however, play a crucial role in the con 
figuration admixtures 
admixed states are those in wl 
There are three types of 


may also be 


considered here since these 


ich a nucleon is excited 
from or to these 


States. 
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TABLE I. Electron coefficients 6 for a Hofstadter-type charge distribution. Values are in percentages. 


S12 electrons Pre electrons 
(bx)2 —(bs)4 —(bL)4 (bs)2 (b1)2 —(ds)s — (bie 


0.128 0.047 0.020 0.003 0.002 0.001 
0.129 0.047 0.020 0.003 0.002 0.001 


0.138 0.051 0.022 0.003 0.002 0.001 
0.140 0.051 0.022 0.003 0.002 0.001 
0.141 0.051 0.022 0.003 0.002 0.001 


0.149 0.054 0.023 0.004 0.002 0.001 
0.150 0.054 0.023 0.004 0.002 0.001 
0.152 0.054 0.023 0.004 0.002 0.001 


0.160 0.058 0.025 0.005 0.003 0.001 
0.162 0.058 0.025 0.005 0.003 0.001 
0.163 0.058 0.025 0.005 0.003 0.001 
0.164 0.058 0.025 0.005 0.003 0.001 


0.225 0.079 0.034 0.010 0.006 0.002 0.001 


0.282 0.099 0.042 0.017 0.010 0.003 0.001 
0.284 0.099 0.042 0.017 0.010 0.003 0.001 
0.286 0.099 0.042 0.017 0.010 0.003 0.001 
0.288 0.099 0.042 0.017 0.010 0.003 0.001 


0.299 0.105 0.045 0.019 0.011 0.004 0.002 
0.300 0.105 0.045 0.019 0.011 0.004 0.002 
0.302 0.105 0.045 0.019 0.012 0.004 0.002 
0. 0.105 0.045 0.019 0.012 0.004 0.002 
0.3 0.105 0.045 0.019 0.012 0.004 0.002 


0.. O.111 0.047 0.021 0.013 0.004 0.002 
0. 0.111 0.047 0.021 0.013 0.004 0.002 
0. 0.111 0.047 0.021 0.013 0.004 0.002 
0. 0.111 0.047 0.022 0.013 0.004 0.002 
0.32: 0111 0.047 0.022 0.013 0.004 0.002 


0.123 0.053 0.027 0.016 0.005 0.002 
0.123 0.053 0.027 0.016 0.005 0,002 
0.124 0.053 0.027 0.016 0.005 0.002 
0.124 0.053 0.027 0.016 0.005 0.002 


71 
=2 
43 
75 
77 


0.137 0.059 0.033 0.020 0.007 0.003 
0.138 0.059 0.033 0.020 0.007 0,003 
0.138 0.059 0.034 0.020 0.007 0.003 
0.138 0.059 0.034 0.020 0.007 0.003 
0.138 0.059 0.034 0.020 0.007 0.003 


“iu 


© oR? hy Be ee | 
ae OS 


0.689 0.145 0.062 0.037 0.022 0.007 0.003 
0.693 0.062 0.037 0.022 0.007 0.003 
0.062 0.038 0.022 0.007 0.003 

0.420 5 0.062 0.038 0.023 0.007 0.003 


0.435 5; 0.066 0.041 0.025 0.008 0.004 
0.437 15: 0.066 0.041 0.025 0.008 0.004 
0.439 S: 0.066 0.041 0.025 0.008 0.004 
0.441 5: 0.066 0.042 0.025 0.008 0.004 


0.457 0.069 0.045 0.027 0.009 0.004 
0.459 0.069 0.046 0.027 0.009 0.004 
0.461 0.162 0.069 0.046 0.028 0.009 0.004 
0.463 0.162 0.069 0.046 0.028 0.009 0.004 


0.508 0.179 0.077 0.056 0.033 0.011 0.005 


0.559 0.199 0.085 0.067 0.040 0.014 0.006 
0.561 0.199 0. O86 0.067 0.040 0.014 0.006 


0.645 0.233 0.100 0.088 0.053 0.018 0.008 


0.704 0.259 O.111 0.104 0.063 0.022 0.009 
0.707 0.259 0.111 0.105 0.063 0.022 0.009 
0.710 0.259 0.111 0.105 0.063 0.022 0.009 
0.712 0.259 0.111 0.106 0.063 0.022 0.009 
0.715 ().259 0.111 0.106 0.064 0.022 0.009 
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3.949 


4.587 
4.594 
4.601 
4.608 
4.614 
4.621 
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TABLE I. 


$12 electrons 


0.785 


0.812 
0.815 
0.818 


0.852 
0.855 
0.857 
0.860 


0.893 
0.896 


0.928 
0.931 
0.934 
0.936 
0.939 
0.942 


0.969 
0.972 
0.975 
0.978 
0.981 
0.984 
0.987 


1.013 
1.016 
1.019 
1.022 
1.025 
1.028 
1.030 


1.061 
1.064 
1.067 
1.070 
1.073 
1.076 


1.269 
1.576 


940 


— (bs 4 


0.272 
0.272 
0.272 
0.273 
0.273 
0.273 
0.273 


0.287 
0.287 
0.287 
0.287 
0.288 
0.288 


0. 
0. 


0. 


0. 
0. 
0. 
0. 


0 
0 


302 
303 


303 


319 
319 
319 


319 


336 
336 


0.353 
0.353 
0.354 
0.35- 

0.354 
0.354 
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(bt)4 


0.117 
0.117 
0.117 
0.117 
0.117 
0.117 
0.117 


0.123 
0.123 
0.123 
0.123 
0.123 
0.123 


0.130 
0.130 
0.130 


0.136 
0.137 
0.137 
0.137 


0.144 


At 
IMNNmhee 


0.159 
0.160 
0.160 
0.160 
0.160 
0.160 


0.168 
0.168 
0.168 
0.168 
0.168 
0.168 
0.168 


0.177 


564 
564 
564 
0.564 
0.564 


0.565 


IN 


(bs)2 


0.113 


0.114 
0.114 
0.114 
0.115 
0.115 
0.116 


0.124 
0.124 
0.124 
0.125 
0.125 
0.126 


0.135 
0.136 
0.136 


0.147 
0.148 
0.148 
0.149 


0.160 
0.160 


0.186 
0.186 
0.187 
0.187 
0.188 
0.189 
0.189 


0.200 
0.201 
0.202 
0.202 
0.203 
0.204 
0.204 


0.217 
0.218 
0.218 
0.219 
0.220 
0.220 


0.294 
0.421 
0.589 
0.807 
1.020 
1.021 
1.023 


1.025 
1.026 


ODD 


pi/2 electrons 


(bx)2 


0.068 
0.068 
0.068 
0.069 
0.069 
0.069 
0.070 


0.074 
0.074 
0.075 
0.075 
0.075 
0.076 


0.081 
0.081 
0.082 


0.088 
0.088 
0.089 
0.089 


0.096 
0.096 


0.103 
0.103 
0.104 
0.104 
0.104 
0.105 


0.111 
0.112 
0.112 
0.112 
0.113 
0.113 
0.114 


0.120 
0.121 
0.121 
0.121 
0.122 
0.122 
0.123 


0.130 
0.131 
0.131 
0.131 
0.132 
0.132 


0.612 
0.613 
0.614 
0.615 
0.616 
0.617 


—(bs)4 


0.024 
0.024 
0.024 
0.024 
0.024 
0.024 
0.024 


0.026 
0.026 
0.026 
0.026 
0.026 
0.027 


0.029 
0.029 
0.029 


0.032 
0.032 
0.032 
0.032 


0.035 
0.035 


0.038 
0.038 
0.038 
0.038 
0.038 
0.038 


0.041 
0.041 
0.041 
0.041 
0.041 
0.041 
0.041 


0.045 
0.045 
0.045 
0.045 
0.045 
0.045 
0.045 


0.049 
0.049 
0.049 
0.049 
0.049 
0.049 


0.068 
0.102 
0.150 
0.217 
0.287 
0.287 
0.287 
0.287 


0.287 
0.287 


—(b1)4 
0.010 
0.010 
0.010 
0.010 
0.010 
0.010 
0.010 


0.011 
0.011 
0.011 
0.011 
0.011 
0.011 


0.012 
0.012 
0.012 


0.014 
0.014 
0.014 
0.014 
0.015 
0.015 


0.016 
0.016 
0.016 
0.016 
0.016 
0.016 


0.018 
0.018 
0.018 
0.018 
0.018 
0.018 
0.018 


0.019 
0.019 
0.019 
0.019 
0.019 
0.019 
0.019 


0.021 
0.021 
0.021 
0.021 
0.021 
0.021 


0.029 
0.044 
0.064 
0.093 
0.123 
0.123 
0.123 
0.123 


0.123 
0.123 
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TABLE I, 


2 electrons 
bs 2 \OL})2 —(bs)4 
4.760 
4.767 
4.774 
4.781 
4.788 
4.795 


380 
381 
381 
381 
382 
382 


Ie le bo bn te bt 


4.945 
4.952 
4.959 
4.966 


4.973 


447 
448 
448 
448 
449 


971 
9076 
980 
O84 


mw he ly by bo 


3.436 741 


4.042 2.159 


4.630 ? 609 


5 O86 3.025 


excitation which need to be considered—referred to 


as types I, II, and III. 


Type I Excitation 


[he zero-order configuration has p (odd) particles 
in state j, m; (even) inj; and mz (even) in je, the n; and 
N2 particles being coupled separately to zero angular 
momentum 
is equal to 7. 
can be written 


Vo =V( fr" (0) j2"2(0) j?( 7) J = 7). 


so that the total angular momentum J of 


the state Thus, symbolically, the state 


(14) 
The 


admixed states of type I are then taken to be 
ich a particle is excited from state y to 


in wi 
ix, each group coupling respectively to 7; and js, 

j, and j2 coupling together to J; which couples 
Wy can 


admixture, 


finally with 7 to give J The nuclear state 


therefore be written, on including one such 
VA" (O72 (0) 7? (PJJ=)+dUs, 81 


MYL (Fad jo"*(F2) JI 7? (I=)). 


V V 


(15 


Of course, the states 7; and jy are chosen so that the 
first-order matrix element of M,, is nonvanishing and 
so that the excitation involved is compatible with the 
exclusion principle. 

Usi the results of Noya ef al. 


following expression is 


specialized to our 
n obtained for the 
contribution of such a I mixing to the reduced 


type n 
uated with respect to 15 


matrix element of M,, eval 


jM, 


j . J/1 
=—(2j+1)IC(j1/; 40 
X Em (2j2+1—n, 2j1+1)(2j2+1) | 


(2 Vi- Vs) 


Xhhjrlejy)) jf ges") AF, (16) 
—J 


“ 


STOYLE, 


AND JACCARINO 
Continued. 
Pr » electrons 


(bx)s (bs (bt) bs)4 


> 
fC 
” 


592 
592 
592 
592 
592 
592 


1.080 
1.081 
1.083 
1.085 
1.086 


0.648 
0.649 
0.650 
0.651 
0.652 
0.653 


307 
307 
397 
307 
307 


307 


mn we 


Iw Iw Ie te te De 


0.620 
0.620 
0.621 
0.621 
0.621 


0.0860 
0.687 
0.688 
0.689 
0.690 


328 
328 
328 
329 
329 
0.746 


0.856 426 


0.925 1.096 
1.118 


1.296 0.399 


where 


hy'i(hy jules 


1 je; 40)( 71M 1+6), (17 


£ 


i Ri (R)R(R)RPOIR)R’dR. (18 


» 
« 


The upper (lower) line in the bracket { } must be 
used when the excited nucleon in the orbit j, is different 
from (similar to) the nucleon in the Tl 
quantity 6=(—1 j++4) is to be taken with the 
+ sign for excitations with A/=0, 


Al=2 in Eq. (17 
In the above expressions, the admixture parameters 


orbit D 


and — for 


8(J,) have been calculated by straightforward first- 
order perturbation theory using as the perturbing 
potential a delta-function interaction given by 


Ve =[V,( 1—o,-a.) 4 


+Vi(3+o;-o, 


115(R,—R,), (19) 


where V, and V;, represent the singlet and triplet 
strengths of the internucleon interaction. AF is the 
energy needed to excite a particle from the state j; to 
the state J and on M, je is the single-parti¢ le 
reduced matrix element of the operator M,. Now for 
M.S“ the only nonvanishing reduced matrix element 
is that 
excitation is from j/;=/;+4 to } 
M,,? we can have both j;=/,;+} to j 


lo be considered here for which the partic if 
l + However, for 


] 


and also 


* According to our calculations, Eq. (3.7) of Noya et al 
error by a factor (2j2+1)!. With our choice of phase i 
reduced matrix elements, we also differ in sign in this equati 
Our @ is equal to their e 

21 There is also the possibility of an excitation to a state of th 
same j and / value but different m value. Such an excitation would 
be through essentially two oscillator shells and because of the 
associated large value of AE such ¢ 


I 


neglected. 


xcitations are 
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ji=lit+} to jo=1,4+ 3 or vice versa. The reduced matrix 
elements of M, 
structed easily from the single-particle reduced matrix 
elements of Sz, Lz, and Dz given in Table II. 

Using the foregoing relationships, we obtain finally 
for the contribution of type I admixtures to the matrix 
elements M,, the expressions given in Tables HI and 
[V, where the radial matrix elements 9,,(ie, oles mi, Jids 
are given by 


in each of these cases can be con- 


I (M2, Joes Ma, Jil) 


on 


f Rno olo( R) 
: RY 


Rnyiah(R)R*dR. (20) 


Here the radial functions are those describing the 
ground and excited states of the single particle involved 
in the type I excitation; the evaluation of the 9, and 
also the estimation of the AZ will be discussed in Sec. V. 


Type II Excitation 


In this type of excitation, the orbit 7. (of type I 
excitation) coincides with 7. Thus the nuclear wave 
function, including a typical type IT admixture, can 
now be written 


Wy =¥(j:"(0) 7°) =A) 


td BIG s 7 p(s y)s ds (21) 
where p and mw are the numbers of odd and even 
nucleons, respectively. Using the same interaction as 


in type I and specializing the results of Noya ef al. to 


Pasve IIL. Contributions of type I admixtures to V7; the excitation is 
he 


j=l} 
table are just those obtained by 


containing an even number m2 particles. Note that for 
\rima and Horie? for du; 
Nucleus 


1 (Op)on) 


(214-3) (24,41) 


gr (br 


Odd proton 


neutron) 


es((bs)on 


Lasie LV. Contributions to 


Nucleus aM,?/{n 


(3/8)les(bd)anIn (mi, jrgli; m2, jal | 


(21+-3) (21 
Odd proton 


neutron) (3/8)U4 l)es(bp)2 4d, (my 


a 


2j244 


dis na, j2,l | 
| 
{ 


ON hfs IN ODD NUCLEI 


1 (jil|MI| je) of 


Reduced matrix elements 


operators S, L, and D. 


PABLI 


Operator M M je 


Ss, [27:4 2) 
L bE (2g +1) (27 
D C(2ji +1) (27 
S +N 
L AT (Qjit1) (27 
D jit 2] 
D aLbill 2(21; 
D He 2 


our case, we have 


j?J =j\|M, ul 
— (27+1)'C(f1Z; 20) 


x[(2j)—p)/(2j—-1) Vn 


Pr=j 
(27:+1 

(1, jal ) 

X(= VF ji7*)/ AZ, 
where the various components of this expression are 
defined as in Eqs. (17)-(19). The contributions of 
this type II admixture to the matrix elements M7, are 
Tables V VI where the radial matrix 
elements 9 are defined as in Eq. (20). 


2) 


given in and 


Type III Excitation 


Here the orbit yn coincides with the orbit q (of type ] 
excitation). The nuclear wave function including an 


admixture of this type can now be written 


Vi" pJ=)) 
t 7 B( J VG’ 


Vy () } 


\(J,)J=j), (23) 


(qi) j? 


articles in orbit +3 to orbit 


0, the values o 


ber a) ] 


} 
WV 


given by this 


from 


) numbers of 


ribution 


ns (neutrons 
ms (protons 
is (neutrons 


is (protons 


7,,? for admixtures of type T with Al 
We denote the larger / 


by l ° 


ntribution tron 


) ven numbers of 


rotons (neutrons 


Lacy, 
V.f/Al 
1(V.—V,)I/A 


neutrons (protons 
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rase V. Contributions of type II and III admixtures to MV ,. Type II is the excitation of an even number » particles in orbit j;=1+-} 
into the odd group j=/—} containing p particles. Type III is the excitation of the / particles in the odd group j=/+-} into the orbit 
j:=l—}4 containing m particles. If we specialize as in Table III, M, are again the results of Arima-Horie® for dun and dui. For the 


latter, usually n=0. 





Excitation type 


? fh 


n(2j—] 


and the appropriate reduced matrix element is 


pPJ=j M, jfPJ=j)m 
= — (27+ 1)1C(s1z; $0)[(271:4+1—n) 
x (p—1)/(2fr #1) (27-1) an" (ji lj) 
x (—VT(jip)/AE. (24) 


The contributions to M, resulting from this type of 
admixture are listed in Tables V and VII. 


Zero-Order Term 


Finally an expression has to be given for the reduced 
matrix element of M, with respect to the zero-order 
function ¥(j?(j)J=/). Only the odd (p) particles will 
contribute to this matrix element and we 
straightforward fashion 


obtain in a 


M,=C(jlj;j 
=C(j1j;j0 


for p identical particles.> 


Thus for ;=/+4, 


M. 
$,(n,jl;n,j,l); (25) 


yr admixtures 


to M,? 


fc 
ith AJ=2 


* G. Racah, Phys. Rev. 63, 367 (1943 
* C. Schwartz and A. de-Shalit, Phys. Rev. 94, 1257 (1954). 


rn bp)an 


Miu 


1—1)lLes((os)an—} (bv) 2n)—gu (bz) an 19 n(n, ji=l+4, 1; n, j=l 


2j—1) (2141)? 


)- SL br)an JS; 


(jr +1) (+1) (2143) 


and for j=/— 3, 


1 2j+3 
M = (-)i gx(b1)2n— oem 3, 
Mm 24+-2 2j+2 


(2j+3) 


| (sdat 


(| bs n,j,l;n,7,1), (26) 
4) 


where in both expressions all the symbols have been 
defined previously." 


V. RADIAL MATRIX ELEMENTS AND NUCLEAR 
ENERGY LEVELS 


Evaluation of §,,(Mo,jo,lo; m,J:,1;) and AE 


In order to obtain values for the radial integrals J,, 
for two single particle states m2jolz and m,j,li, the 
following approach was adopted. The relevant single- 
particle wave functions and energies were calculated 
for particle motion in a nuclear potential well of the 
Saxon-Woods type having the form 


Vi 


V(R)= —e . 
1+exp[Ao(R— Ro) | 


kh? Ao| Vo explLAo(R-—R 
+ : - L-S 
4m?" {i+exp[4 (R—Rpo) |}?R 


Coulomb effects were taken into account by assuming 
that the protons also moved in the potential of a charge 
distribution p(R) of the form 


(R os lina 8) 
p ) “A 
1+expl[Ai(R—R 


so normalized that the resulting Coulomb potential 
V.(R) satisfied 
V.(R)— (Z-—1)e/R for Roo. 

* The subscript m is used variously denoting in the nuclear 
radial integrals the principal quantum number, in the angular 
matrix elements, numbers of particles, and thirdly the terms 
arising from the series expansion of the Dirac equation. The 
particular meaning is obvious from the context. 





NUCLEAR 
TaB_e VII. Contributions to V,,? for admixtures 
of type III with A/=2. 


—pM,?/C (27: +1—n) (p—1)] 


3/8) (1+1)gs(bv)andn(mijidi; ng) (—V.1/AE) 
(2143)? 


3/8)L1+D gs(bv)andn(migidi; nj) (—V.l/AE) 


1) (42 —1) 


1 


The well radii Ro and R,. are defined by Ro=rA?*. 
R.=CRo, and the various values of the parameters 
used are as follows: 


Vo=64.5 Mev for an odd proton, k= 39.5, 
C=0.96, 


{;= 1.40 10-" cm 


Vo=50.0 Mev for an odd neutron, 
ro= 1.20 10-" cm, 
Ao=1.40X10-" cm—', 


These values lead to an approximately correct ordering 
of the single particle neutron and proton energy levels. 

We adopt the values of AEF as given by Horie and 
Arima** who discuss their determination in detail. 
Our parameters are thus consistent with the ones used 
in their magnetic moment and electric quadrupole 
calculations. The pertinent energy denominators are 
reproduced in Table VIII. 

The calculations of the wave functions, energies, and 
finally the radial matrix elements were carried out on 
the Mercury computer at Oxford using a program due 
to Dr. L. M. Delves. 

The radial integrals required are of the form 


1 
= f Ri (R)R?"*?R2(R)dR, (29) 
R,°*" 


where Ry is the full radial extent of the trapezoidal 
charge distribution and is defined in Sec. III. In the 
machine calculations, the actual radial 
calculated were 


integrals 


1 
(30) 


- f RRR RRAR, 
R,2" 


where Rg is involved in expression (27) for the nuclear 
potential distribution. Thus J, and 9,’ are related by 


Re \’ 1.20A3 ” 
Sq= ( ) 3, ( ~~ —) Sy. 5%) 
Ry’ 1.07 A#+-1.50 
where we have used the expression Ry given in Sec. ITI. 


*% H. Horie and A. Arima, Phys. Rev. 99, 778 (1955 
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TABLE VIII. Values in Mev of energy differences AE required 
for calculations of e. These are obtained from the work of Arima 
and Horie (see references 3 and 25). 


States Ak States AE States 


2—Id 
»—I|d {7/2 
2— VY 2d5/2— 
-2 pire = 2d3)2-. 


ol 5 thie 


In Table [X the 
are given, but it must be remembered that in using 
this table the relation of Eq. (31) must be used in 
order to obtain $,(11,11,713 M2,l2,J2). The program also 
printed out the radial wave functions, binding energies, 
g . and G4. 


final results for 9’ (#1,1,j15 M2le,J2) 


Values of V,, V,, and J 


In estimating the values of these three parameters, 
we follow the procedure of Arima and Horie and take 
|V,| ~1.5|/V,|. We further ignore the dependence of 
the integrals J [Eq. (18) ] on the quantum numbers 
involved and only take into account the approximate 
mass dependence of J. The value of the product V,J is 
related to pairing energy data and, following Arima 
and Horie, we take V,J=—25/A Mev. 


VI. COMPARISON WITH EXPERIMENTAL 
RESULTS AND DISCUSSION 


General Expression for ¢ 


We now consider the general form taken by ¢ when 
many admixtures of different types are contributing. 
By Eq. (8), 


agra { Sy'MSedrv= 5 M., (32) 
n=1,2 « n=1,2 


where M,, is the operator defined in (9), and where 
Wy may contain the three types of admixtures described. 
It must be remembered in this connection that there 
may be different type 
contributing. Now it is of interest and of some practical 


several admixtures of each 
use to write down in a semi-symbolic way the form 
taken by —e taking into account all of the possible 
first-order admixtures investigated.” 


Tables III through VII, and Eqs. 


Referring to 
(25) and (26), it 


2*°H. H. Stroke and R. J. Blin-Stoyle, Proceedings of the 
International Conference on Nuclear Structure, Kingston, edited 
by D. A. Bromley and E. W. Vogt (University of Toronto Press, 
loronto, 1960), p. 518 
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TABLE IX. Values of radial integrals 9,’ between single-particle states mlij, and n Js j2 required for the calculation of hfs anomalies. For 
states which are unbound with th - ry I 


) 
rameters indicated in the text, the program increases the well depth to give a binding energy /=0 


e pa 


Ps Proton states 9," jy" Neutron states 


1 


0.686 i o—1ds/2 0.800 0.876 


0.689 
—(0).616 


0.662 
0.669 
0.590 


0.670 
0.592 
0.653 Q9O4 


0 


962 


993 


0 


706 
680 


692 


0.770 
0.839 
0.865 
0.767 


0.6341 


O 685 0) 
0.662 0 
0.489 0 


0.672 0.699 
0.654 0.525 
0.479 0.514 
0.659 0.673 993 
0.646 0.512 . . 965 
0.469 0.497 
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TABLE IX.—Continued 


Element A Proton states gy" S$’ Neutron states gy 9,’ 


Ga E 5 2 0.694 0.74: 2—2p 0.840 1.106 
0.701 0 ee A 0.754 0.717 
0.671 1f 0.612 0.798 
0.501 0 


0.681 7 2pij2—2} 1.047 
0.686 73 fsjo—1f> 7 0.691 
0.663 I ; f 5 0.756 
0.490 


0.669 2 7 0.994 
0.673 701 : 

0.654 526 

0.479 516 


0.658 669 v2—2P 7 0.948 
0.660 675 z/2 0.972 
0.647 513 
0.470 {OX 


0.647 O48 2 prje—2) 763 0.907 
0.649 651 1.04 
0.640 501 
0.461 4X2 


0.660 673 , 7 0.948 
0.662 680 
0.648 515 
0.471 501 


0.649 ) p12 | 763 0.907 
0.651 oz 1.04 
0.641 
0.462 


0.639 j 7 0.869 
0.640 3 { 1.02 
0.634 
0.454 


0.630 4 2; . 73 0.834 
0.630 4 (0.990 
0.628 
0.446 


0.640 O35 ? 747 0.869 
0.641 638 
0.635 $93 
0.454 $71 
0.742 671 


0.632 617 732 O.834 
0.631 618 o> . 0,990 
0.629 0.483 
0.447 0.458 
0.738 0.662 


0.623 0.600 : } 7 O.814 
0.622 0.599 ‘ . 0.902 
0.623 0.473 
0.440 0.445 
0.735 0.654 
0.615 0.584 py t 703 0.777 
0.613 0.582 gs O.886 
0.617 0.464 
0.434 0.433 
0.731 0.646 


0.607 0 
0.604 0 
0.612 0 
0.428 0 
0.728 0 
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TaBLe IX.—Continued. 





































































Element Z { Proton states g,' 9, Neutron states g,’ g,’ 
Kr 36 79 2ps 0.622 0.601 2prj2—2hr 0.734 0.836 
If; If; 0.624 0.474 Lgrj2—1go/2 0.847 0.902 
2psi2—1 —0.441 —0.446 2pry2—2pse 0.724 0.814 
$1 2pi2—2p 0.614 0.583 Igaj2—1ga 0.842 0.847 
Vfs2— Ure 0.618 0.465 Igzj2—1g 0.840 0.886 
2ps2—1 —0.434 -0.434 2pir2—2psi2 0.707 0.777 
&3 pr2—2psi2 0.605 0.568 1gg2—1g¢ 0.830 0.819 
Ufs2—1 fre 0.613 0.456 lgzj2—1go 0.834 0.870 
dpaj2— 1 —0.428 -0.423 2pr2—2 Pare 0.699 0.759 
85 2pPr2—2psi2 0.597 0.553 1go/2— 1g 0.821 0.800 
1fs2—1f 22 0.608 0.448 ler2—1¢or 0.822 0.840 
9 7 ee 0.422 0.413 
RI 37 et ? yt 0.616 0.587 l¢ 1 0.840 0.8380 
2p 2t 0.614 0.585 2pr2—2p 0.707 0.777 
83 lfs2-1 O.588 0.423 le? 1 0.834 0.870 
2pre—2pse 0.606 0.569 Dp, 2t 0.699 0.759 
85 Ifse—Vf 0.583 0.414 le lyy ().822 0.840 
2 2t 0.598 0.55 2pr2e—2p 0.684 0.726 
87 2t 2p 0.594 0.546 ler2—1 0.810 0.811 
2p: 2p 0.590 0.540 
S 38 R3 2p 2p 0.606 0.570 legs lg, 0.830 0.819 
lere— le 0.834 0.870 
2pi2—2pae 0.699 0.759 
&5 2pi2—2} 0.598 0.550 ley lg, 0.821 0.800 
lgzj2— 1g ().822 0.840 
2r 2p 0.684 0.726 
87 2pr2—2h 0.591 0.542 1 lego 0.813 0.783 
le? 1 0.810 0.811 
89 2 2 0.584 0,529 2d 2d 0.909 1.241 
le; 1 0.799 0.786 
M 4? Q5 2¢ Zr 0.567 0.499 2d 2d, 0.865 1.11 
1 les 0.694 0.573 yy 0.907 1.24 
lo- 1 0.774 0.729 
2d 1 0.567 0.786 
07 2 i 2 0.561 0.489 2d 2d 0.850 1.07 
1 1 0.688 0.562 2d 2d 0.887 1.19 
le: lo 0.766 0.711 
2d Ig 0.546 0.742 
\g 47 ( 2 2t 0.540 0.451 le? le 0.734 0.646 
lyzj2—1 0.669 0.530 2d 2d O.815 0.996 
2d lg; 0.501 0.640 
107 2pij2—2pis2 0.535 0.443 le; ley 0.727 0.633 
lgrj2—1go/2 0.664 0.522 2d 2d 0.801 0.962 
2d le; 0.491 0.620 
109 2 2p, 0.530 0.435 lg7j2—129 0.722 0.622 
1 -1¢e 0.660 0.514 2dx;2—2d 0.788 0.930 
2d le? 0.483 0.602 
1 2 2pi 0.526 0.428 2d 2d 0.776 0.901 
lere—l1gore2 0.656 0.507 
113 2pr2—2pise 0.521 0.421 2d3;2—2d 0.705 O.874 
lerj2—1goy2 0.652 0.500 Lhyje— Vie 0.805 ().780 
Cd 45 105 1gzj2—1g9/2 0.670 0.531 2ds)2—2d 0.791 0.930 
2pis2—2pae 0.546 0.464 2d3;2—2d 0.815 0.996 
1¢7/2—1g0/2 0.734 0.646 


0.640 





Element 
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Proton states 


Igzj2—1goye 


2prj2—2paye 


1gzj2—1g9/2 


2pij2—2ps/2 


1g7j2— 1 go, 
2prj2—2psyj2 


1 gzj2— 189) 
2prj2—2psy2 


1 gzj2—1g9/2 


2pi2—2p 


I gzj2—1go/2 
2prj2—2pasj2 


1gyj2—1go/2 
1gzj2—1gaye 


TABLE IX.- 


3g,’ 
0.665 
0.541 


0.660 
0.537 


0.656 
0.532 


0.652 
0.528 


0.648 
0.524 


0.644 
0.520 


0.700 
0.661 


0.696 
0.657 


0.693 
0.652 


0.689 
0.648 


0.686 
0.645 


0.683 
0.641 


0.649 


0.645 


0.642 


0.645 
0.614 
0.642 


0.639 
0.639 


0.607 
0.635 


0.604 
0.628 
0.632 


0.636 
0.629 
0.369 
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Continued. 


3,’ 


0.523 
0.456 


0.508 
0.442 


0.501 
0.435 


0.495 
0.428 


0.488 
0.422 


0.484 


0.612 
0.444 
0.485 


0.601 
0.479 


0.428 
0.581 
0.469 


0.474 
0.587 
0.394 


iB 


ODD 


Neutron states 9,’ G2 


2d5;2—2d 


2d3/2- 
1g; a 
2d3)2— 


2d 3/2 
2d3/2 
1gz/2 
2d5/2 
35 


2d3/2 


0.904 
0.962 
0.633 
—0.620 


0.880 
0.930 
0.622 
0.002 


1.113 
0.901 
0.611 
0.585 


1.074 
0.874 


1.038 
0.849 
0.773 


1.004 
0.826 
0.766 


0.622 
0.930 
0.602 


0.611 
0.901 
-0.585 


0.601 
0.874 


0.849 


0.773 


0.826 
0.766 


0.805 
0.760 


1.038 
0.849 


1.004 
0.826 
0.766 


0.973 
0.805 
0.760 


0.805 
0.760 


0.766 
0.747 


0.748 
0.741 


0.918 
0.766 
0.747 
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TABLE IX.—-Continued. 


Element 7 Proton states 9,’ 9, Neutron states , J," 


le . 7/27 »/2 0.632 0.469 3 » 3s) 0.892 
0.623 0.576 2d 2 0.748 
0.365 0.388 1 0.741 


0.611 0.440 dd 7 0.785 
0.640 0.604 ! 0.753 
0.640 0.481 
0.636 0.001 
0.373 0.402 


0.635 0.594 > 7 0.766 
0.636 0.475 1 792 0.747 
0.630 0.589 
0.369 3905 


0.630 584 
0.633 
0.624 
0.366 


0.624 
0.630 
0.618 
0.362 


0.598 d d 0.694 
0.627 1 0.785 
0.612 
0.359 


0.596 
0.624 
0.607 


0.356 


0.637 


0.370 


0.633 


0.366 


0.630 8Si/2 33 
0.362 9 j 0.701 
0.789 


0.627 e—3 0.724 
0.359 7 ] 1 0.694 
O.785 
0.624 ‘ j 0.695 
0.356 ‘ 0.687 
0.782 


0.659 


0.6087 699 
0.680 687 
0.777 714 
0.651 132 
0.619 2d 0.680 O84 
0.350 ! 0.772 0.702 


0.643 0.715 


0.638 2d / 0.709 0.748 
0.631 0.789 ().741 
0.430 
0.634 
0.625 
0.366 


0.631 
0.631 
0.619 
0.363 
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TABLE IX.—Contlinued 


Element / : Proton states g,' 9,’ Neutron states g) 


Cs 351/2—-351/2 0.624 2d3j2—2d5)2 0.694 
1¢7/s 


> 


—1g0/2 0.628 Thais— Thais 0.785 
o— 2d5/2 0.014 
o— lgz 2 0.359 


2d 


0.616 
0.625 
0.609 
0.356 


0,594 / 0.680 
0.622 hh, 0.777 
0.604 
0.353 


591 
0.619 
0.599 
0.350 


0.588 , / 0.706 0.691 
0.617 
0.594 
0.347 


0.628 3 3 0.724 0.847 
0.614 0.694 0.716 
0.360 3 haj2 / 0.785 0.730 


0.625 5 33 0.715 0.827 
0 ‘ » 0.687 0.701 
0: 373 , j 0.782 0.725 


0 35) 3s 0.706 0.807 
0.604 : 0.680 0.687 


353 0.777 0.714 


620 2d | 0.680 0.084 
599 53 2 0.673 0.674 
351 462 i ' 0.772 0.702 

} 0.643 0.715 


617 ().- Md s;2—2d 0.073 0.669 
(0.766 0.691 


0.848 1.029 
0.761 0.680 


0.844 


0.655 


0.828 
0.653 


0.814 
0.648 


d »— Sp 0.786 
0.514 t T1 1 0.636 
0.632 


0.461 
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TABLE IX.—Continued. 


Element / ; Proton states 9g,’ $0’ Neutron states i,’ 
Au 2d3)2—2d3)2 0.507 0.379 3pij2—3 ps2 0.699 
2d3;2—2ds)2 0.512 0.391 Lit1j2— 1243/2 0.742 

lh, Lhyy)2 0.630 0.454 
351j2—2d 0.459 0.383 


Lhigy2 his 0.637 0.464 0.735 0.850 
0.715 0.809 
0.724 0.828 
0.755 0.653 


0.604 0.691 


io Ow Ww 


0.462 3pij2—3 py /2 0.728 0.834 

0.709 0.796 

0.718 0.814 

0.752 0.648 

0.598 0.680 

0.634 0.459 3Pij2—3)p, 0.72 O.S1S8 
0.749 0.642 


0,593 0.669 


0.632 P p; 0.714 0.804 
0.745 0.636 
0.588 0.658 


0.630 3p3i2—3/ 0.693 0.760 
0.699 0.773 
0.742 0.630 
0.583 0.649 


0.629 SPie—3yf 0.702 0.775 
0.687 0.748 
0.693 0.760 
0.739 0.625 


0.578 0.639 


0.505 0.427 t 7 0.800 
0.634 0.460 74 0.642 


0.503 0.424 3 3 0.786 
0.632 0.458 ; i 745 0.636 


0.501 0.420 pire—3 ( 0.773 
0.631 0.455 j i 2 0.630 


0.498 0.417 3 bi 3 0.693 0.760 
0.629 0.453 tue i 0.739 0.625 


0.496 0.413 3p; 3 0.749 
0.628 0.450 ry ty 73 0.620 


n formally write [using Eq. (A.12a 


¢ }91(s.p.)+(bs)4 1+ - ¢ 9 2(s.p.) +aQz » 


91(1)+(bs)4 - $2(t) Pgs —((bz) 293 (i) + (0, 49 0(t) gr 


ty ary" (bs)o9, (4) + (bs) 4$0(2) £5 
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where by comparison with Eqs. (25) and (26) 
2j-1 


4(j+1) 


=(j-2), § 


for j=I+3, 


34b) 
1 


S,(S.p.) J » CR) RR, 5 (aR. (35) 
Ry?" 


Here the suffix s.p. stands for “single particle” since 
the contribution to —e from these terms alone is just 
that which would be obtained for a_ single-particle 
shell-model des¢ ription. 

The ay and as‘ refer to Al=0 and Al=2 excitations 
respectively, the label 7 designating a particular 
Their values could be written down ex- 
plicitly by referring to Tables IIIT through VIL but 
this will not be done here. Finally the 9,(7) are the 
relevant radial matrix elements { Eq. (20) | for the ith 
admixture and gs‘ and g,‘" are the g factors for the 
excited particle in this admixture. 

It is to be noticed that in terms of the parameters a, 


admixture. 


the theoretical value for the magnetic moment resulting 
from admixtures of the above type ts 


Mi a lx ta p.£ +> 50 Ls ry : a) 


Now, as can be calculated, the A/= 2 contributions are 
generally small. Thus if, for example, there is only one 
likely AJ=O admixture, 1=& (say), then ay’ could be 
determined empirically by requiring that wa, of (36 
agrees with the experimental value of up. The ao’ so 
determined could (33) to obtain an 
Alternately, if there are /wo 
likely admixtures, we can use the magnetic moment 


then be used in 


empirical value for —e. 


and the “hfs anomaly” data for the determination of 
their contributions. Both of these methods and_ the 
direct computation of ¢« will be used in the following 


investigation of the experimental cases. 


Experimental Data 


The comparison of the theoretical value of e€ with 
that obtained experimentally is usually not made 
directly through the relation of Eq. (3). This is because 
W point 
better than 0.1% % in order to compare it meaningfully 
with the experimental result, Wextendead. In practice this 
is not achieved except in light nuclei, which we do not 
consider here, and we compare therefore the ratio of 
the measured values of single electron magnetic 
interaction constants two isotopes with the 
independently-measured ratio of the nuclear g values. 


would have to be calculated to a precision of 


for 
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The latter would correspond to the ratio of the point 
interactions (since these measurements are performed 
in a uniform magnetic field, and are therefore insensitive 
to any departure from a point magnetic moment), in 
most cases to a degree of accuracy much better than 
is required for the above comparison. In view of this, 
only the part of the Rosenthal-Breit-Crawford- 
Schawlow correction?’ which affects the Bohr-Weisskopf 
effect through the variations of the charge distribution 
between isotopes is included. This is obtained formally 
by using in the calculation of € electron coefficients b 
which are functions not only of Z and a value of A 
which corresponds, for example, to the most stable 
isotope, but actually 6(Z,A) 
magnetic 


In the case where the 
moments are very nearly equal and the 
spins identical for the two isotopes, the Breit-Rosenthal 
point-magnetic moment correction may however still 
predominate.”* Consequently, for one-electron spectra, 
using the relationship between W and /Ap (the hfs 
separation energy between the two states F,=j+4 
and F_=j—4%, with the electron angular momentum 
J =}4), we find" for two isotopes 1 and 2, using Eq. (3), 


Avy gi(2), T 


Ave 


or as Al 


action 


ak Sy 


constant 


where a is the magnetic dipole inter- 
in the Hamiltonian, and neglecting 


terms other than linear in e, 


The comparison with CXPe riment is therefore via Eq. 
38). It is clear that if we deal with a spectrum of more 


than one electron, the contribution of the single §; 2 OF 


pi» electron first has to be separated out properly 


interaction constant. 
has pointed out that in the case of p electrons 


from the measured magnetic 
Schwartz? 
a number of important corrections have to be applied 
before a of A can be 
screening effects as weil as configuration interaction 
influences. that such 


can lead to hfs anomalies for a 


value obtained. These involve 


In particular he shows con- 
figuration interactions 
ps2, and in fact 
electrons, in view of these possible ambiguities, the 


comparison of the experimental data with our calcula- 


any electron. Thus for other than s 


tions may be subject to significant modifications. The 
experimental results are given in Table X. 


Discussion of the Experimental Cases 


In discussing the various isotopes we indicate only 
the groups of nucleons which contribute in zero-order 
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from them) to the 
the hyperfine structure 
indicated in A include 
only those which arise from some 5 or 6% variations 
in € which may result from neglected terms in the 
series expansion of the Dirac equation as was discussed 
in Sec. II. 


and through excitation (to or 
magnetic moment and to 
anomaly. The uncertainties 


Atoms in s, 2 States 


Potassium. K* has (1d3,2)* protons with no possible 
admixtures. Therefore we would expect this isotope to 
have the extreme single-particle moment of 0.124 nm. 
Actually this is not the case, and the discrepancy may 
be attributed to a quenched g factor® for the ds,» 
proton; we find, by demanding agreement with the 
experimental value of w in K*, gs(effective)=4.7. 
In K* we have, in addition to the (d3,2)* protons, the 
contribution from excitations of the (1f;,2)* neutrons. 
From the magnetic moment of K*', and using the 
proton gs value found in K*, we determine the mixing 
coefficient of these neutrons. The value of A which we 
obtain is —0.254+ ~0.03%. This is in excellent agree- 
ment with experiment. If, on the other hand, one does 
not consider configuration mixing in K‘! but tries to 
fit the moment entirely with a different gs(effective), 
the result is —0.360%. Similarly if in K" we use gs(free 
and determine the 1f neutron admixture empirically, 

find A= —0.17%. 
Copper. We have for the protons 2ps 2h; o)®, In 
Cu® the neutron contributions are (1f5 2)?(2ps,2)', and 
in Cu® (1f52)'(2ps 2)'. The calculated magnetk 
moments are 2.17 nm and 2.30 nm for Cu® and Cu®, 
and A is approximately zero with an estimated error 
of about 0.0150). 

Rubidium. The pair of isotopes Rb*® and Rb* is 
particularly interesting as the addition of two neutrons 


we 


changes the nuclear spin and hence causes a substantial 
difference in the distribution of magnetization. (In 
fact this was the first experimental observation of the 
“hfs anomaly.”) For Rb‘ have (1f5/2)°(2p 
protons and (1g 2)* neutrons. The contributions in 
Rb* are protons: (2p; 2)*, neutrons: (gs The 
calculated magnetic moments are 1.32 nm and 2.79 nm 
for Rb™® and Rb*?, and A=0.332+ ~0.016°%, which is 
in good agreement with the experimental value. We 
also calculate A=0.019+0.002°7 for the p; » hfs. 
Silver. For Ag"? we have 2); 2(1g92)* protons and 
(lds 2)? neutrons. In Ag" we have the same protons 
and (2ds »)' neutrons. The 6-function interaction does 
not permit admixtures if the odd nucleon is in a p, 
state. We therefore take the semiphenomenological 
approach. By admixing either the g proton or d neutron 
obtain A~ —0.42+ ~0.30%. The large 


we 


»)10. 


excitation, we 


“T. Talmi and A. de-Shalit (private communication). Good 
agreement between theory and experiment is obtained with such 
an effective g factor for magnetic moments of the potassium 
isotopes. See also S. D. Drell and J. D. Walecka, Phys. Rev. 120, 
1069 (1960) 
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uncertainty reflects the fact that for these silver 
isotopes the values of € are large. As a consequence it 
is not possible to determine the two admixtures 
individually. If we attribute the entire deviation from 
the single-particle magnetic moment to the g-proton 
excitations, we find [through the use of Eq. (4), 
reference 3] that this requires a mixing coefficient of 
0.014 in the wave function. 

Cesium. At Z 
lg; 
(1g7/2)°, 


55 there is competition between the 
» and 2d; 2 proton levels. We might have therefore 
(1g7/2)*(2d5 2)", or 1gz2(2d52)*. In the 50-82 
neutron region the 1g7,» 2d; » levels lie lowest, 
with the 35,2, 14; » States on the top. The 
program used for calculating the radial integrals 9’, 
gave binding energies of about 10.3, 9.6, and 9.4 Mev 
for the Ij; 2, and 2d; » neutrons, respectively. 
This order of tilling the neutron levels also leads to the 
best agreement in the magnetic moments. We should 
remark, however, that the same magnetic moment 
corrections are obtained in the three Cs isotopes which 
we consider if the 35) 2 Slates get filled after the 1/4; 
neutrons. .Thus for Cs' the neutron contributions 
are (1h); .: (2d; 2)°; for the protons a mixture of 
1g72(2d52)* and (1g7,2)°(2d5 2)" leads agreement 
with the experimental magnetic moment. In Cs'** the 
neutron (1/y, 2)" (2d3,2)?, while for 
the similar mixture as in Cs}, 
Finally in Cs? the best agreement in the magnetic 
moment (u=2.67 nm) is obtained with 1g;7/2(2d5,2)4 

and of have only the (4/Ay1;2)" 
neutron contribution. The anomalies which we calculate 
are Aj33—135= +0.068% and Aj35—137= —0.026%, both 
+<=0.025. Thus it is indeed possible to obtain a 
reversal in the sign of A in going from the Cs—(Cs!*5 
pair to Cs'—Cs and this we were not able to do 
with purely effective moment calculations. 


and 
», an 2d 


IS}, 9, 


to 


contributions are 


protons we have a 


protons, course Wwe 


Aloms in p States 


Chlorine. For the protons in both Cl 
have ld We contributions 
only in Cl, 1e., (1ds 2)°. Here we adopt the modified 
values of the interaction strengths as used by Arima 
and Horie® that /(1d,1d):J(2d,2d)= 31:20, with 
VJ (2d,2d) having the standard value —25/A Mev. 
The resulting magnetic moments are 0.710 and 0.582 


and Cl? we 


o(251/2)*. have neutron 


SO 


for Cl and Cl. The hypertine structure anomaly 
calculated for the p, 
with experiment. 


electron is zero, in agreement 


Gallium. There are two possibilities for the contribu- 
ting protons—(2p32)%(1fz2)* or 2ps o(1fs2)?(1fz 2)°. 
There is a neutron contribution only in the Ga™ 
isotope, 1.e., (2p; 2)*. Arima and Horie* suggest that 
the first choice is more likely on the basis of the positive 
quadrupole moments. The magnetic moments for Ga™ 
and Ga" are 1.58 nm and 1.82 nm for the first choice 
in the proton configuration, and 2.85 nm and 3.05 nm 


for the second one, with the experimental values 
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lying in between. Since we are dealing with a p-electron 
hfs in relatively light isotopes, the anomaly is expected 
to be very small in either case. Indeed we find A=0 
+ ~0,0005°% with the first proton choice, and —0.001 
+=0,.,001% for the second. The Breit-Rosenthal cor- 
rection is also relatively important here. 

Bromine. We have two alternatives for the protons: 

2ps2)*(1fs,2)* and (2p3/2)°(1fs 2)?(1g9 »)*. The neutrons 

are (1gy2)* and (1gg2)° for Br® and Br. The first 
proton configuration leads to w= 2.56 nm and w*! = 2.53 
nm while the second one gives u?=1.92 nm and p™ 
=1.90 nm. As both give moments which are nearly 
identical for the two isotopes and the hfs is of a p 
electron state, we again expect a very small anomaly. 
We calculate A= —0.0014 ~0,001% for the first pro- 
ton configuration. 

Indium. The contributing protons are (1g 2)*. In 
In"? we have (2d; 2) neutrons, and for In" in addition 

1/;,2)? neutrons. We find pu!" =5.62 nm and p!®=5.59 
nm, numerically close to the experimental values but 
with wrong relative sizes. Similar electronic and other 
correction considerations as in Ga apply. We find 
A=0+ =0.004%. 

Thallium. The proton contributions are 3s; 2(1/41,2)". 
For the neutrons, the program fills the 126 shell in the 
order lis 2, 3p3 2, 3p12. Thus for TI" 
contributions are (12,3 2)"(3p 
3p32)*. This yields ph’ =1.36 nm, wu 
A=—0.041+ ~0.017%, in poor agreement with experi- 


the neutron 


TI"*(1ijs 2)" 


1.21 nm, and 


»)* and in 


ment. We note also that experimentally yu” is larger 
than PT pad Somewhat better agreement can be obtained 
9 States to be filled last, but this 
is more unlikely from the point 
} 


if we assume the 12, 
of view of pairing 
For this case we have (11, »and (1%, 
and TI* 
moments of nm 


+ ~().023°7. As we 


energy. 


neutrons in Tl 
1.58 


with resulting magnetic 
1.56 nm, and A= —0.011 
pointed out Breit- 
and electronic perturbations are 


and 
earlier, the 
Rosenthal correction 
significant here. 


Other Cases 


Cadmium. The protons contribute (1g 2)°. For the 
351/2(1gz/2)*(2d5,2)°, Ca" 
. The calculated magnetic moments 
are —0.49 nm and —0.77 nm for Cd!" and Cd", and 
A=0.018+ ~0.006%. In 


anomaly, the electronic and Breit-Rosenthal corrections 


neutrons Cd has and 


35109 lg; 9)*(2d5 2) 


view of the small observed 


are important and we do draw definite 


conclusions. 


not any 

Antimony. The pair of isotopes Sb™ and Sb", 
similarly to the rubidium isotopes, change spin with 
the addition of two neutrons. Thus for Sb! we have 
2ds5,2(1g9/2)" (1A41/2)°(2d5,2)® neutrons, 
while in Sb” we have 1g;,2 proton and (1/4; 2)°(2ds5 »)° 


protons and 


neutrons. The resulting magnetic moments are 3.49 nm 
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and 2.49 nm and the anomaly —0.421+0.033%. Ii 
we fill the neutron levels on the basis of the spins of odd 
neutron nuclei in this region rather than on that of 
pairing energies, we obtain uv! = 3.55 nm, w= 2.46 nm, 
and A= —0.439%, 
experiment. 


in somewhat worse agreement with 


Mercury. Hg has an odd 3; » neutron and therefore 
again we do not have any corrections with the 6- 


function interaction. Thus we adopt the semiempirical 


approach for Hg. We assume that the 2d; protons 
close the 82 shell and that the (1/4; 2)" and (2d. 

protons contribute the major part of the deviation 
from the single-particle value of uw. In Hg” the odd 
neutron is in the 3); 2 orbit. With this choice the 
magnetic moments and the hfs anomaly can be fitted 
with reasonable admixture coefficients, i.e., in Hg™ 
a(h) = —0.135 and a(d) = 0.248, and in Hg™ a(h) =0.172 
and a(d)=0.144. Here we made use again of Eq. (4), 
reference 3. If we try to admix the 17, 2 or 3p neutrons 
instead of one of the proton groups, or substitute both 
neutron excitations for the two proton excitations, the 
required admixture coefficients become unreasonably 
large. 


Conclusion 


The configuration mixing theory accounts satis 
factorily for a great number of magnetic moments of 
odd-l nuclei. We have extended this theory Lo pe rmit 
the calculation of the 


effects of the distribution of 


nuclear magnetization as manifested by hyperfine 
structure anomalies. From a comparison of the theory 
with experiments performed up to date, reasonabk 
agreement is obtained. In view of this success, more 
experiments of such a nature would appear fruitful. 

interaction does 


not allow any admixtures if the odd nucleon is in a 


We also note that the 6-function 
pi 2 state. In this case, as well as for nuclei where there 
may be only two important admixtures, the semi- 
phenomenological approach has been found useful: it 
permits the determination of these two configuration 


1 


admixtures by making use of the hfs anomaly data in 
conjunction with the values of the magnetic moments, 
while only one such admixture could be determined 


from a knowledge of the magnetic moment alone. 
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APPENDIX 


Evaluation of Electron Integrals in Eq. (4) 


Letting X,;=rF, X.=rG, where X; and Xz are the 
small and large components, respectively, of a Dirac 
wave function, and neglecting the binding energy of 
the electron compared to its rest mass, ie., taking 
E=me, the Dirac equation for the electron in the 
potential of Eq. (7) becomes 


dx 1 x 1 ; 2 ; . 
+ — (AK — dox*— ayx'— d5x°— dgx®), 


dx 


dX» 
Y | Ze “eB A- yx" - ayxt— agx*— dgx°). 


dx 


The upper and lower signs above and in several 
expressions below, are to be taken for s;,2 and ~; 2 
electrons, respectively. Here Y= Za, where a=e" he is 
the fine structure constant, €,=mcRy/yh, m is the 
electron mass, ¢ the velocity of light, and h=h/2r, 
where /: is Planck’s constant. 

We obtain series solutions of Eq. (A.1) which are 
well behaved at x=0 in the form*! 


for the 5; electron. It is found that Jo>=0; go is the 
normalization factor. Similarly for the p12 electron 


X= > tax, 


where now %=0, and up is determined by the normali- 
zation. By inserting (A.2) in (A.1) we obtain the 
recursion formulas for the coefficients in the series ‘for 


' See, for example, H. A. Bethe and E. E. Salpeter, Quantum 
Vechanics of One- and Two-llectron Atoms (Academic Press, Inc., 
New York, 1957), Chap. Tb 
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the 51/2 electron: 


Ll, (n+2) 
=9¥(— Agn—1+ degn—3t @1Gn—st5qn—6t Geqn—z), 
(A.4) 


gun = (Zea t+ K ln_1— dal n_3— dal n_5s— As n—6— Aol nz J. 


The p12 electron recursion formulas are similarly ob- 
tained by inserting (A.3) in (A.1). The result is 


UpN=¥(— Kvn_1tetn—3t aginst a50n—g-td6t'n—z), 


Vn(n+2) 


: (A.5) 
= y[(2ea+K)u, 


1 Getty, 37 AqUn_5 


— Asi n_g— Ag, 7 . 
Although explicit expressions for the above coefficients 
can be obtained easily, in practice it is simpler to use 
the recursion formulas numerically. The functions are, 
for the 51/2 state 


and for the pi 


state 


numerator of Eq. (4) are now 
state we find 


The integrals in the 
evaluated. For the 5; 2 


R 1 R: 
[ FGdr= emo ) 
J Ry Ry 
R: 
+3 (Iq v1) ( ); | (A.8) 
Ry‘ 


The /; 2 integral is identical to (A.8) if we replace g by 
u, and / by v. The terms in the remaining integrals of 
Eq. (4) are related to those of (A.8) by numerical 
factors and will be given below. We can write for the 
electron factor of the spin contribution to € in (4) 


R x 
[ rGdr | f FGodr 
R° R' 
(sf ); (bs ( 
Rx? Ry‘ 
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where the coefficients bs are defined by comparison of 
(A.9) with (A.8). The factor of the asymmetrical spin 
contribution, D, in (4) is written similarly 


R r x 
f ¥ ar/ f FG dr 
R ° 
iG 
Ry’ 
and that of the orbital contribution, 
R r x 
[ (:- rear / f F \Godr 
R , 
R? 
b ( ) b 
Ry? 


We tind the simple relations 


(A.10) 


b D/2 


A.12b) 


=hbe—b)b A 


For r>Ry, the necessary Coulomb wave functions 
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(V=—Ze*/r) are obtained from the Dirac equation: 
X1=CiJ2,(2(2yy)!)4+C2J_2,(2(2yy)!), 
Xo= (1/y){Cil (F1—p)J2,(2(2yy)!) 


+ (2yy)!Jo541(2 (2rvy)!) JFCL (1p) J_»,(2(2yy)!) 
1 (2(2yy)!) ]}.  (A.13) 


1—y*)!, y=r/A. [A= h/ me 
The constants C, 


t (2yv) ST _¢s 


J are Bessel functions, p 

(1/2x)X Compton wavelength ]. 
and Cy. are determined by matching (A.13) to the 
interior functions (A.6) and (A.7). Using the approxi- 
mate expressions of the Bessel functions for small 
arguments, J,(x)~1x°/2°p! and J_,(x)~2°x-*/(—p)!, 
we find 


C= ¥ (2p—1) !L- 
X[ (1p) Xa (a= 1) byXo(x=1)] 


where L=(2yRy/X.)!. For well-behaved point wave 
functions, we must take C.=0, assume, to 
adequate precision, that C; of the point wave function, 
equals C, of (A.14) as in Rosenthal and Breit.'? Using 
the integration formulas for the Bessel functions,” we 


£ CY; 
{ Fy Gudr 
Jo \.p(4p*— 1) 


A.14) 


and we 


obtain 


\.15) 


alculated with these 
and the 


The 6 coefficients in Table I were « 
formulas, together with Eqs. (5a), (6), (7a), 
appropriate values of c; and 23. 


el Function 
ed . p 403 
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New Isotope, Al*’} 


E. L. ROBINSON AND O. E. JoHNSON 
Physics Department, Purdue University, Lafayette, Indiana 
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Scintillation measurements were made of the beta and gamma 
radiation from high-purity natural silicon targets after bombard 
ment with fast neutrons produced by the Li7(d,)Be® reaction 
(2,524 Mev). In addition to well-known radiations, a beta 
spectrum with an end point of 5.05+0.25 Mev and two gamma 
rays with energies of 2.26+0.03 and 3.52+0.03 Mev were ob 
served. These gamma rays and the beta group decayed, within 
experimental error, with the same half-life, 3.27+0.20 sec. The 
assignment of this activity to Al and the proposed decay scheme 
are supported by considerations involving the decay schemes of 
the well-known isotopes produced, half-life studies using portions 


I. INTRODUCTION 


N connection with a study of short half-lived isotopes, 

a search was made for the previously unobserved 
isotope, Al. The calculated mass excess of Al* using 
the semiempirical formulas of Cameron! and Fermi? is 
— 6.82 and —9.95 Mev, respectively. These mass values 
indicate that the ground state of Al® should be stable 
to heavy particle emission and should negatron decay 
to Si® with a total disintegration energy of ~8.8 or 
~5.6 Mev, depending on whether the Cameron or Fermi 
A}** mass excess is used. Furthermore, assuming a single 
allowed beta transition to the Si*® ground state, a half-life 
value in the range from 0.1 to 10 sec would be expected. 
This investigation was undertaken to produce Al* by 
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Fic. 1. A gamma-ray spectrum from high-purity natural silicon 
targets after bombardment with fast neutrons. The spectrum was 
formed from a series of difference spectra. Each difference spec 
trum was formed by taking a 5-sec spectrum accumulated 0.32 sec 
after a 3.5-sec bombardment and subtracting from it a 5-sec 
spectrum accumulated 10.32 sec after the same bombardment. 


t This work was supported in part by the U. S. Atomic Energy 
Commission and is based on a part of the doctoral thesis research 
of E. L. Robinson. 
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2.N. Metropolis and G. Reitwiesner, Atomic Energy Commission 
Report NP-1980, 1950 (unpublished) 


of both the beta and gamma spectra, the features of experimental 
beta and gamma spectra, and nuclear systematics. Strong beta 
transitions to the first and second excited states of Si® are inferred 
from the experimental gamma spectrum and nuclear systematics. 
A weak beta transition (<2°%) ‘to the ground state cannot be 
excluded by this investigation. Possible spin and parity assign- 
ments for the ground state of Al™ are 1+, 2+, and 3+. A weak 
argument is made against a spin 1 assignment. The results of this 
investigation cannot be used to reduce the ambiguity of the spin 
assignment further. The resulting Al*®—Si*® 
7.29+0.25 Mev. 


mass difference is 


bombarding natural silicon with fast neutrons and to 
study its decay modes using scintillation techniques. 


II. EXPERIMENTAL APPARATUS AND PROCEDURE 


Most of the experimental apparatus and techniques 
employed in the present investigation have been de- 
scribed elsewhere.** The important points of difference 
in experimental detail will be described below. 

The neutron source was a lithium metal target which 
was bombarded with the 9.7-Mev external deuteron 
beam from the Purdue University 37-in. cyclotron. The 
external deuteron beam was focused by a set of quadru- 
pole magnets, collimated, passed through a 1-mil 
aluminum window, ? in. of air, and a second 1-mil 
aluminum window before impinging on a ;'g-in. thick, 
water-cooled lithium target. The nominal deuteron 
beam current and energy at the lithium target were 0.5 
ua and 8.8 Mev, respectively. The Q value for the re- 
action Li’(d,z)Be® is about 15 Mev and the energy 
spectrum is known to be complex. A continuous neutron 
spectrum with a maximum energy of about 24 Mev 
could be expected. The predicted Q value for the re- 
action Si*(2,p)Al* is —8 or —5 Mev according as the 
Cameron or Fermi value of the Al® mass excess is used. 

The targets consisted of high-purity silicon cylinders 
(3 in. in diameter and ? in. in thickness). The maximum 
total impurity in this silicon was of the order of 10 
parts per million. The silicon cylinders were mounted on 
polystyrene target carriers. Three targets that could be 
interchangeably mounted on different target carriers 
were used to avoid excessive buildup of longer-lived 
activities in the silicon and to allow the investigation of 
the contributions to the beta and gamma spectra arising 
from induced activities in materials of the target carrier 
and target-carrier hardware. The latter contributions to 
the spectra were found to be negligible. During bom- 
bardment the silicon target was located directly behind 


the lithium container, about } in. from the lithium, 
*E. L. Rev. 120, 1321 
(1960). 
‘E. L 
122, 202 
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within the pneumatic target-transfer tube. After a pre- 
determined bombardment period the target-transfer 
system, which was integrated with the spectrometer and 
half-life circuits, transported the silicon targets to the 
counters 19 ft away. The travel time for the silicon and 
target carrier during these investigations was nominally 
0.33 sec. 

The gamma rays were detected with a cylindrical 
3X3-in. Nal(Tl) crystal optically coupled with Dow 
Corning 200 fluid to a DuMont type 6363 photomulti- 
plier tube. The gamma detector was mounted coaxially 
with the beta detector and on the opposite side of the 
source from it. Lucite absorbers were placed in front of 
the gamma detectors to stop the beta particles. The 
resolution for the 0.662-Mev gamma ray of Ba"’™ 
was 9%. 

The beta detector consisted of a cylindrical plastic 
phosphor (23 in. in diameter X 1} in. in height) optically 
coupled to a DuMont type 6363 photomultiplier tube 
with Dow Corning QC-2-0057 silicone compound.® The 
phosphor was covered with a thin aluminum light cover 
which had been smoked on the inside with MgO. Beta 
particles entered the phosphor through a 1-mil alumi- 
num window. The resolution obtained with this detector 
for the 0.624-Mev internal conversion line of Ba!’ 
was 15%. 

The beta and gamma detectors were energy-cali- 
brated with several standard sources. Photopeaks from 
gamma rays of known energy were used for gamma- 
energy calibration. Beta-spectra end points and internal 
conversion lines of well-known energies were used for 
beta-energy calibration. 

The output was 
amplifier either to the 


analyzer or to the circuit 


detector passed through a pre- 
multichannel _ pulse-height 
onfiguration used for half-life 


analysis. 


Ill. MEASUREMENTS, RESULTS, AND DISCUSSION 


Many nuclear reactions are energetically possible 
when natural silicon is bombarded with neutrons having 
an energy distribution that extends to 24 Mev. Identi- 
fication of the product radioisotopes was accomplished 
through consideration of the results of half-life measure- 
ments made using various portions of the beta and 
gamma spectra and measurements of the total beta 
and gamma spectra. 

The measurements of beta and gamma spectra were 
made according to the following general program: The 
target was irradiated T, sec; the start of the first 
counting period was delayed 7p; sec after the end of the 
bombardment ; the spectrum was measured for 7'¢ sec; 
a second delay of Ty» sec followed the measurement: 
finally a second measurement of the spectrum was made 
for Tc: sec. A difference spectrum was formed from 
these two spectra. A series of similar measurements was 


E. Crouthamel, Ray Spectr 


Press, New York 


{ p plied Gamma 
1960), p. 63 
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made and the resulting difference spectra were summed 
to form the final spectrum. Since Si® is only 3.1% 
abundant, the activity of interest was relatively weak, 
thus many cycles of the program were necessary. The 
experimental points in the resulting spectrum represent 
the difference of two numbers, the smaller of these 
numbers being equal to or greater than their difference, 
so have rather large statistical errors. 

A preliminary gamma spectrum was measured with 
Trp=2.2 sec, Tp1:=0.33 sec, T¢;=60 sec and no sub- 
traction of a second spectrum. This spectrum favored 
observation of the longer-lived activities and could be 
interpreted, except for peaks at ~2.3 and ~3.5 Mev, 
by assuming that AlP’*, ~ 2.3 min; Al?*, ~ 6.6 min; Si?’, 
~4.1 sec; and Si*', ~2.6 hr were produced during the 
bombardment.® Gamma-ray 
shorter 7'¢; periods showed enhancement, relative to 
the remainder of the spectrum, of the peak interpreted 
as annihilation radiation and the peaks at ~2.3 and 
~3.5 Mev. Spectra measured using various Tp, 
intervals indicated the half-life of the unassigned 
activity to be in the range from 1 to 10 sec. A spectrum 
was measured with 7 g=3.5 sec, 7 p;=0.33 sec, T¢,;=5.0 
sec, Tp2=5.0 sec, and Ty This spectrum 
showed the following gamma rays 0.52 
+0.06 Mev, interpreted as annihilation radiation due 
to the presence of the 4.1-sec positron emitter Si*’ and 
external pair production; 1.32+0.06 Mev, due possibly 
to both the Si* and Al** decays and there may also be 
a contribution resulting from the gamma transition 
between the 3.51-Mev and 2.24-Mev levels of Si®; 1.82 
+0.06 Mev, from the decay of Al**; and peaks at 2.26 
+0.03 Mev and 3.52+0.03 Mev which cannot be associ 
} 


spectra measured with 


5.0 sec. 


see Fig. 1): 


ated with the decay of any known product isotope. T 
the 
3.0 


m 
intensity of the 3.52-Mev radiation relative to 
2.26-Mev radiation is 0.64+0.06. The peak at ~ 
Mev and the small peak at ~2.5 Mev are interpreted 
as the single and double es ape peaks of the 3.52-Mev 
gamma ray. The large scattering of points in the energy 
interval around 2.5 Mev is attributed to the large 
statistical fluctuations arising from the subtraction of 
the 2.43-Mev gamma ray of Al’*. No evidence was found 
for any other gamma rays below 5.5-Mev. The assigned 
energy errors are estimated limits of error based on an 
appraisal of calibration procedures, uncertainty in peak 
location, and count-rate effects. 

The half-life measurements were made by passing 


energy-selected pulses from the detector into the multi- 
channel analyzer used in its time-analysis mode.’ Half- 


life measurements using all gamma radiation with 


® It may be generally assumed, unless other that 
properties of nuclei referred to in this report have been selected 
from one or more of the following compilations of nuclear data 
P. M. Endt and C. M. Braams, Revs. Modern Phys. 26, 683 
(1957); D. Strominger, J. M. Hollander, and G. T. Seaborg, ibid 
30, 584 (1958); F. Ajzenberg-Selove and T. Lauritsen, Nuclear 
Phys. 11, 1 (1959); and’ Nuclear Data Sheets (National Academy 
of Science—National Research Council, Washington, D. ( 
1958-1960 
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: Uncorrected 
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Fic. 2. A conventional Fermi plot of a portion of the beta spec 
trum associated with the decay of radioisotopes produced by the 
neutron irradiation of thick natural silicon targets. The Fermi 
function was assumed to be a constant. The points marked 4 have 
been corrected for target thickness and finite resolution. The 
points marked B represent the data before correction. See the text 
for details. 


E>2.0 Mev and E>2.1 Mev each yielded a single 
short-lived component (2.97+0.60 and 3.26+0.50 sec, 
respectively). A half-life of 3.330.50 sec was measured 
for the gamma radiation in a 320-kev interval centered 
at 3.52 Mev. The activity associated with an energy 
greater than 3 Mev, observed using the beta detector, 
yielded a single short-lived component with a (3.52 
+0.40)-sec half-life. The errors are estimated limits 
of error based on counting statistics and an appraisal 
of the errors associated with the methods used in the 
analysis of the data. These half-lives are, within experi- 
mental error, consistent and yield an average value of 
3.27 sec with a standard deviation of 0.20 sec. 

Limited neutron flux, a relatively low reaction cross 
section, and the low natural isotopic abundance of Si” 
dictated the use of extremely thick silicon targets 
(nominally 2.3 g/cm*). The short half-life ruled out 
chemical separations and required that the entire 
silicon target be used as an Al” beta source. The neutron 
flux in the targets should be almost constant. As a 
consequence of this, correspondingly uniform produc- 
tion of Al*® could be expected throughout the silicon. 
The beta spectra were measured using extremely thick 
sources. A conventional Fermi plot constructed using 
the experimental data is shown in Fig. 2, the set of 
points marked B. The marked deviation from linearity 
in the high-energy region is interpreted as arising from 
the extreme source thickness and finite resolution. A 
first-order correction for both source thickness and 
finite resolution was calculated. This correction was 
applied to the experimental data and yielded the set of 
points marked A in Fig. 2. The curvature in the cor- 
rected Fermi plot is reduced in the energy interval be- 
tween 3.8 and 5.0 Mev. A linear least-squares fit of the 
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corrected data between 3.8 and 5.0 Mev yields an end- 
point energy of 5.05++0.25 Mev. The error is an esti- 
mated probable error with the largest contribution 
coming from the correction itself. The points below 3.8 
Mev were not used to make the fit since a deviation from 
linearity in the Fermi plot would be expected to start at 
about 3.78 Mev due to the beta transition which popu- 
lates the second excited state of Si® if the 5.05-Mev 
transition is to the first excited state. 

The (3.27+0.20)-sec activity is assigned to the decay 
of Al’ on the basis of the following observations: (1) 
The activity is not associated with materials in the 
target-transfer system, impurities inherent to the 
silicon, or surface contaminants on the silicon targets; 
(2) failure of one or more of the features of the experi- 
mental gamma spectrum to correspond to details of the 
composite gamma spectrum expected from the known 
reaction products; (3) failure of the end-point energy 
of the beta spectrum to correspond to that of beta 
transitions in known reaction products; (4) inability to 
associate the (3.27+0.20)-sec half-life obtained from 
various types of measurements using beta and gamma 
radiation with previously observed reaction products 
which have been identified in this investigation; and 
(5) the correspondence between the observed gamma- 
ray energies and the known states in Si*®, It will be 
assumed for the remainder of this report that the radia- 
tions in question are associated with the decay of Al* 
to Si*, 

The 


quantity of the (3.27+0.20)-sec radioisotope 











Fic. 3. The partial decay scheme is an assumed trial decay 
scheme for Al**. The total disintegration energy is taken to be 5.05 
Mev. The log ft values for the three beta transitions are shown as 
a function of P2 for various values of the (P2,P3) ratio, and may 
be read off the ordinate scale. The two separate auxiliary ordinate 
scales are used to read the branching percentages P; and P3. See 
the text for details and discussion 
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produced in these investigations was small rendering 
the use of coincidence techniques completely imprac- 
tical. As an immediate consequence, direct experimental 
information as to whether the Al*-Si® mass difference 
is 7.29 or 5.05 Mev could not be obtained. In order to 
further investigate this point, less direct experimental 
information will be combined with nuclear theory and 
systematics. Since no evidence was found for transitions 
from the A!® ground state to any state higher than the 
second excited state of Si®, it shall be assumed through- 
out the following discussion that there are only three 
beta transitions. In particular, the assumed transitions 
are: 8; to the (0+)-ground state; 8: to the (2+)-first 
excited state at 2.24 Mev; and 8; to the second excited 
state at 3.51 Mev. The branching percentages of these 
beta transitions shall be denoted by P;, Ps, and P3. 
The Al®-Si® mass difference will be 7.29 or 5.05 Mev 
according as the measured (5.05+0.25)-Mev end point 
is that of 6; or 82. First, assume the total Al*-Si* 
disintegration energy is 5.05+0.25 Mev as shown in 
the decay scheme of Fig. 3. The intensity of the 3.51- 
Mev gamma transition relative to the 2.24-Mev gamma 
transition was measured to be 0.64+0.06. The intensity 
of the 3.51-Mev gamma transition to the 1.27-Mev 
gamma transition, the transition between the first and 
second excited states, has been reported as 0.87+0.17.7* 
Combining this experimental information one finds that 
P;= (5.33.9) P:. Figure 3 is a graphical representation 


of the implications of the experimental information and 
this assumed decay scheme. The curves represent the 
log ft values for 8, 82, and 8; as a function of P:. The 


abscissa scale is used for the variable P2. The log ft 





al? 
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7.29Mev A> 3.51 
B\ St 2.24 
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Fic. 4. Same as Fig. 3 except that the Al®-Si® mass 
difference is assumed to be 7.29 Mev. 


7 C. Broude and H. E. Gove, Bull. Am. Phys. Soc. 5, 248 (1960). 
* H. E. Gove (private communication). 
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values for each of the transitions may be read off the 
common ordinate scale. The separate, auxiliary ordinate 
scales are used to read P,; and P3, the branching 
percentages of 8, and 83. Three pairs of curves for 6; 
and 8; correspond to three values of the (P3,P:2) ratio. 
Examination of the curves reveals that in order to have 
the comparative half-lives of 8. and 8; in the range 
normally associated with allowed transitions requires 
that P2,S1% implying that P;>90°%; that is, more 
than 90% of the transitions go to the ground state of 
Si*. It then follows that the ratio of the intensity of beta 
radiation to gamma radiation should be at least 10 and 
possibly 100 or more. Crude experimental determina- 
tions of this ratio, believed to be reliable to a factor of 
2 or 3, prove that this firm lower limit on the predicted 
ratio of 10 is not approached. On this basis, it is con- 
cluded that the total disintegration energy is not 
5.05+0.25 Mev. 

In Fig. 4 a plot is shown which is similar in structure 
to that of Fig. 3. The assumptions are the same except 
B2 is assumed to be the 5.05-Mev transition as shown 
in the decay scheme. A firm experimental upper limit 
of 2% has been placed on the intensity of a (7.29+0.25)- 
Mev beta transition; that is, P}<2%. Referring to the 
curves for the most probable value of the (P2,P3) ratio, 
k=5.3, the corresponding approximate log ft values and 
branching percentages for 82 and 8; are (5.2 and 160% 
and (3.9 and 83%), respectively. The comparative half- 
life of 8. is in the allowed range, but the value for 8, is 
slightly low. This latter point will be discussed below. 
The assumptions associated with construction of the 
curves of Fig. 4 lead to consequences that are more 
generally consistent with the experimental results. 

The general trend in the energy difference between 
the lowest levels of isotopic spin T=1 and T=2 as a 
function of mass number for light nuclei of the type 
A =4n+2 appears to favor a (7.29+0.25)-Mev Al*-Si*° 
mass difference. Using the notation and following the 
method of Peaslee,’ the Coulomb energy differences of 
these light nuclei, determined from more recent and 
more complete beta decay data were fitted to the form 


AE,=a[(Z+3)/A* J+, 1 
where Z is the lower atomic number of the two nuclei 
connected by the beta decay, a and 6 are constants, and 
A is the mass number. The new values of the constants 
are a= 1.451 Mev and 6=—1.088 Mev. This Coulomb 
energy expression was used with experimental decay 
energies to determine A», the energy separation between 
the lowest levels of isotopic spin T=1 and T=2 for a 
given A. This quantity can be obtained from the energy 
available for the appropriate (7=2) ground state to 

(T=1) ground state negatron transition, /3 

An = Es +AE,—0.783 Mev 

= Fa +1.451[(Z+4)/A!]—1.871. 
‘D.C 1954 


Peaslee, Phys Rev. 95, 717 
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Fic. 5. A plot of the energy separation between the lowest 
levels of isotopic spin 7=2 and 7=1 for a given A in light nuclei 
of the (4n+2) type. The two points at 4 =30 represent the values 
of As: resulting from the assumed Al*—-Si® mass differences of 
7.29 Mey, point labeled a, and 5.05 Mev, point labeled b. (Vote 
added in pr Point at A =26 should be plotted at 12.3 Mev with 
corresponding change in broken line 


A plot of A»; for (424 2)-type nuclei is shown in Fig. 5. 
The points marked with crosses correspond to the 
alternate values for the Al*°-Si* mass difference. The 
solid line was fitted by least squares to all the points 
marked with solid circles. The broken line connects the 
points at .f=26 and 34. Whether one assumes that all 
the points should lie ( lose 10 the solid line, or that there 
is a break in the line at .1 = 38 and the points for 4<38 
should lie close to the broken line, a mass difference of 
7.29+0.25 Mev is favored. More detailed examination 
of other nuclear systematics indicate that the curve 
through the points should be in two parts with a dis- 
continuity between .1=34 and 38 arising from the 
closing of a neutron shell at the magic number 20. 
Simple shell-model result in the 
alternative spin assignments 1 through 5 and positive 
parity for the Al ground state. From Fig. 4 and its 
is concluded that the beta 
, 2.24-Mev state and 83 to the 
+), 3.51-Mev state® of Al® are of an allowed charac 
ter, thus inferring the alternative spin assignments 1, 2, 


considerations 


associated discussion, it 


transitions 8» to the (2+ 
) 


or 3 and even parity. The ambiguity in this spin assign- 
ment could be further reduced if 8; could be shown to 
be forbidden character. It has been established expe ri 
mentally that 7; is definitely less than 2% and is, with 
high probability, much less than this upper limit. Ap; 
branching percentage of 2% corresponds to a compara 
half-life of 6.8 somewhat outside the 
“normal” allowed range. Though classification of a beta 


tive which is 
transition as forbidden solely on the basis of its com- 
parative half-life is a questionable procedure, except in 
extreme cases, the possibility of ?, being much less than 
2% can be interpreted as weak support for the assertion 


that of the remaining alternative spins 1, 2, and 3 
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an assignment of 1 is the least probable. Brennan and 
Bernstein’® proposed an empirical coupling rule for 
configurations in which there is a combination of par- 
ticles and holes (a d; proton hole and a d; neutron in the 
case of Al*). This rule predicts 3 for the spin, which is 
compatible with the results of this investigation. 
Although the comparative half-life of 8. is within the 
range expected for allowed transitions, that of 8; seems 
slightly low. One early experiment" indicated the 
gamma transition from the second to the first excited 
state in Si to be weak. If this branching ratio is in the 
lower portion of the range of values covered by the 
experimental ratio, 0.87+0.17, and or there are un- 
detected beta transitions to higher states which decay 
through the 3.51-Mev level such that the order associ- 


ated gamma radiation is masked by more prominent 


features of the gamma spectrum, then the assumptions 
that have been made would lead to a low comparative 
half-life for 3. 


IV. CONCLUSIONS 


Experimental results have been presented and inter- 
preted within the framework of pertinent nuclear 
theory and systematics to yield the following conclu- 
sions: (1)'A radioisotope with a (3.27+0.20)-sec half- 
life is produced by bombarding silicon with (Li’—d) 
neutrons. (2) This activity is that of the previously un- 
observed isotope Al and is produced by the reaction 
Si(7,p)AlP. (3) The decay of the Al ground state 
takes place by at least two beta transitions. (4) A 
(5.05+0.25)-Mev beta transition, 82, is the principal 
mode of decay. (5) An upper limit of ~ 2° is placed on 
a 


1,2,3* (3.27% 0.20)sec 


(7.29 t 0,25 )Mev 














Fic. 6. The level structure of Si* taken from recent compilations 
of nuclear data , and the proposed decay scheme 
of AP resulting from the present investigation 
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the branching percentage of a (7.24+0.25)-Mev beta 
transition, 8;. (6) Two gamma transitions, having 
energies of 2.26+0.03 Mev and 3.52+0.05 Mev are 
associated with the decay of Al*. The intensity of the 
3.51-Mev gamma ray relative to that of the 2.24-Mev 
gamma ray was measured to be 0.64+0.06. (7) Since 
limited source strength prevented coincidence measure- 
ments, the Al*’-Si® mass difference is either (5.05+0.25) 
Mev or (7.29+0.25) Mev with the latter value more 
consistent with nuclear systematics and indirect experi- 
mental results. (8) Shell-model considerations yield 
alternative Al® ground-state spin assignments 1 through 
5 and even parity. Although no further reduction in the 
spin ambiguity can be made directly from the present 
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experimental results, reasonable arguments can be mack 
to reduce the choice to the values 1, 2, or 3 with 1 being 
the least probable. (9) The proposed decay scheme for 
Al* is shown in Fig. 6. 


ACKNOWLEDGMENTS 


The authors acknowledge the service of Professor 
D. J. Tendam and the cyclotron crew in providing and 
maintaining the deuteron beam throughout these 
investigations. Professor R. W. King is thanked for his 
interest and counsel. We are indebted to Professor 
R. Buschert for supplying the silicon and to P. H. Klose 
for machining the silicon targets for attachment to the 
existing target carriers. 


NUMBER 4 


New Hafnium Isotope, Hf'**t 


J. Wine, B. A. Swartz, AND J. R. Hu1zenca 
Argonne National Laboratory, Argonne, Illinois 
(Received April 3, 1961) 


\ new isotope of hafnium, Hf'®, has been produced by double neutron capture in Hi'™ in the intense 
neutron flux of the materials testing reactor (MTR). Mass spectrometric analysis of the irradiated hafnium 
gave a Hf'*/Hf'™ atom ratio of 0.00147+ 0.00001. The new isotope decays with a half-life of (9+2) X10 
years by 8 emission predominantly to a 271-kev level in Ta'®. The number of 271-kev gamma rays per 8 
disintegration is 0.84+0.10. The log ft for the beta transition to the Ta'™ ground state is >15 indicating 


that this transition is at least third forbidden. The neutron capture cross section of Hf 


[ a continued search for extinct radioactivities, 
several nuclides were exposed to the high neutron 
flux of the materials testing reactor in September, 1956, 
for a one-year irradiation. One of these targets was 300 
mg of HfO:, enriched in Hf’ to 93°). Approximately 
three years after the completion of the irradiation, when 
the Hf'™ and Hf!” activities had decayed by factors of 
many thousands, the sample was dissolved by fusion 
with K.S2O;. Following several chemical purifications 
of the hafnium, a small sample was isotopically analyzed 
in a 12-in., 60° mass spectrometer with a multiple- 
rhenium-filament source. The hafnium 
isotope Hf'* was the amount given in 
Tabie I. 

The radiations of Hf'* were examined with 3X3-in. 
NaI(Tl) and }-in. thick anthracene crystal detectors 
coupled with conventional amplifiers and multichannel 
analyzer. The y ray spectrum of the chemically purified 
hafnium sample contained, in addition to the photo- 
peaks characteristic of the decay of Hf'™' (45 days) and 
Hf'*® (70 days), a 271-kev y ray which is associated with 
the decay of Hf'*. The intensity of the 271-kev y ray 
is 0.84+0.10 per Hi'™ disintegration. 


1onization 


detected in 


t Based on 
Atomic Energy 


work performed under the auspices of the U. S 


Commissior 


Sis 40 ® * harns 


The results of the measurement on the beta spectrum 
are indefinite due to the Hf contribution, although 
an upper limit of 0.4 Mev can be placed on the beta 
particles of Hf'™. 

The half-life of Hf'** was determined from the growth 
rate of Ta’. In order to discriminate against the Hi 
and Hf! activities, the Ta'** was detected by its gamma 
rays with energy greater than 1 Mev. The absolute 
counting efficiency of Ta‘ gamma rays in the energy 
range selected in our experiment was established by 
comparing the gamma-ray counting rate of a pure Ta" 
activity in our arrangement with its beta counting rat« 
in a 4-7 beta counter. The amount of Hf 
lated from the mass spectrometri: 


was calcu- 
analysis and the 


TABLE I. Isotopic content of hafnium sample enriched 
in Hf™ and irradiated in the MTR for 1 year 


Isotope Atom percent 


182 0.138+0.001 
180 93.80 +0.04 
179 3.16 +0.03 
178 2.67 +0.03 
177 0.098 +0.002 
176 0.114+0,.005 
174 0.023+0.001 
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weight of the hafnium sample which was determined 
as HfO.. This information and the least-squares 
analysis of the growth curve of Ta'® give a value of 
(9+2)X10® years for the half-life of Hf'**. Two recent 
communications!” give the half-life as 8.510° and 
(8+5) 10° years, respectively, in agreement with our 
measurement. 

The experimental lower limits placed on both the 
lifetime and the decay energy (> 271 kev) of the beta 
transition to the Ta'* ground state enables one to 
calculate a lower limit for the log ft value of this 
transition of 15. Since the beta transition to the Ta'™ 
ground state is at least third forbidden and the ground 
state spin and parity of the even-even nucleus Hf'® is 
expected to be 0+, spins of 2 or less (either parity) and 
3+- assignments for the Ta'** ground state are not likely. 
This conclusion is consistent with a recent survey* of 
the evidence about the spin of Ta! obtained from 
studies of the beta decay of Ta'* and the gamma-ray 
spectrum following neutron capture in Ta’! which 
favors a ‘Ta'* ground-state spin assignment of 3 or 
greater. 

Two low-lying excited states of Ta'* with energies of 
147 and 319 kev have been observed in the decay of 
16-minute Ta'*™ and their spins*® are 7+1 and J+2, 
respectively, where J is the ground-state spin. The 
absence of these levels in the beta decay of Hf'® is 
consistent with their assigned spins. In the neutron 
capture gamma-ray spectrum of Ta'*! the three highest 
energy transitions which are observed have energies of 
6.060-+0.008, 5.961+0.008 and 5.782+0.010 Mev. If 
the 6.000-Mev y ray represents the transition’ to the 
Ta' ground state, the other two y rays populate levels 
of 994-16 and 278+18 kev. Excited levels in Ta'®? with 
higher energies are also populated in the neutron 
capture but will not be discussed here. The capturing 
state in Ta'* can be either 3 or 4, and the parity, like 

1 W. Hutchin and H. Lindner, University of California Radia- 
tion Laboratory Report UCRL-6094-T, 1960 (unpublished). 

2R. A. Naumann and M. C. Michel, Bull. Am. Phys. Soc. 6, 73 

( ) 
es W. Sunyar and P. Axel, Phys. Rev. 121, 1158 (1961). 

‘G. A. Bartholomew, J. W. Knowles, G. Manning, and P. J. 
Campion, Atomic Energy of Canada Limited Report AECL-517, 
30, 1957 (unpublished). 
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that of 'Ta'™ is positive. If the high-energy gamma rays 
observed in the neutron capture are dipole transitions, 
the 99+16 and 278+18-kev levels in Ta'® will each 
have a spin of 2 or greater. 

From the lifetime of the Hf'* beta transition which 
populates the 271-kev excited level of Ta'® and the 
upper limit placed on the maximum energy of the beta 
transition, it follows that the spin and parity of the 
271-kev level may be 3+, 2+, 14, or 0+. The con- 
version coefficient of the 271-kev gamma ray is less 
than 0.35 (for the calculation of this limit we assume 
that all the beta decay populates the 271-kev level) and 
on this basis one eliminates all multipolarity assign- 
ments for the 271-kev transition except £1, £2, and 
M1. Such an argument in conjunction with the know- 
ledge that the Ta'’ ground-state spin is at least 3 
eliminates the 0+ assignments for the 271-kev level. 

On the basis of present experimental knowledge the 
271-kev level observed in the Hf'** beta decay and the 
278+18 kev level observed in the neutron-capture 
gamma-ray spectrum of Ta'’' may be the same excited 
level of Ta'’*. The absence of beta branching (< 20%) 
to the 99+ 16 kev level indicates that the spin of this 
level is larger than that of the 271-kev level. The cascade 
gamma rays with energies of 172 and 99 kev have not 
been observed at this time and from our experiment an 
upper limit of about 0.2 gamma ray per Hf'® beta 
disintegration is placed on each of their intensities. 
Arguments can be made from this information in con- 
junction with other data** to indicate that the spin of 
the 99-kev level is probably the same as the Ta!® 
ground state and two units greater than the spin of the 
271-kev level. 

The neutron capture cross section of Hf'* in the 
neutron spectrum of the MTR reactor has been esti- 
mated from our data to be 40_.9*” barns. This assumes 
that the activation cross section of Hf! is 10 barns.5 

The authors wish to thank members of the Analytical 
Chemistry group for their assistance with the chemical 
separations. 


5 Neutron Cross Sections, compiled by D. J. Hughes and R. 
Schwartz, Brookhaven National Laboratory Report BNL-325 
(Superintendent of Documents, U. S. Government Printing 
Office, Washington, D. C., 1958), 2nd ed. 
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Fission-product cross sections have been measured radiochemically and mass-spectrometrically 


bombarded with 112-Mev C" ions. 


lor gold 


Cross sections for 43 nuclides have been measured for elements from 


nickel to barium. Thirty-six yields are either primary fission-product yields (independent yields) or have been 
corrected (with less than 25°% correction) so as to represent independent yields. The independent yields have 


been empirically systematized, and a yield-mass curve has been constructed. 


The yield-mass curve is com 


pared with the yield-mass curves obtained from the fission of bismuth with 22-Mev and 190-Mev deuterons 
The yield systematics indicate that the sum of the mass numbers of complementary fission products is 131 
amu less than that of the compound nucleus, and the sum of the charges of complementary fission products 


is 2-units less than that of the compound nucleus. By thermodynamic arguments it is shown that 


loss of 


the 


charge was carried by an alpha particle, not by protons. 


The most probable a of the 
empirically and compare¢ 


ZZ, 


with theoretical prediction 


may be fitted 


I. INTRODUCTION 


EW fission-yield investigations have been per- 

formed on targets of atomic number less than that 
of thorium (90). Fairhall and Jensen have bombarded 
radium with 11-Mev protons and observed three 
distinct peaks in the mass-yield curve corresponding to 
the asymmetric and symmetric modes. Fairhall also 
studied the system Bi” plus 15- and 22-Mev deuterons 
and observed a single narrow symmetric peak.? Fairhall 
et al. found a single narrow symmetric peak for the 
fission of lead isotopes with 25- to 42-Mev helium ions.* 
Grifhoen and Cobble found a symmetric peak for the 
fission of tantalum and rhenium with helium ions of 
more than 40 Mev, asymmetric fision becoming rela- 
tively more important below 40 Mev.* Much less work 
has been done on the fission of elements lighter than 
thorium at high excitation energy (greater than 50 
Mev). Probably the best-known work in this region is 
the investigation by Goeckermann and Perlman of the 
fission of bismuth 190-Mev deuterons.® Unfor- 
tunately, when the energy of the bombarding particle 
exceeds about 50 Mev per nucleon, the compound- 
nucleus model becomes invalid as direct interactions 
take nucleon-nucleon collisions 
particles to be knocked out of the 
excited 
broad spectrum of excitation energy.* 


wit h 


cause cascade 
nucleus, resulting in 


place; 


a large number of nuclear spe ies laving a 


der the 


* This work was periormed the | 
\tomic Energy Commission 

+ Present 
York 

'R. C. Jensen and A. W. Fairhall, Phys 

2 \. W. Fairhall, Phys. Rev. 102, 1335 (1956). 

\. W. Fairhall, R. C. Jensen, and E. F. Neuzil, Proceedings of 
the Second United Nations International Conference on the Peaceful 
Use of Atomic Energy, Geneva, 1958 (United Nations, Geneva, 
1958), Vol. 15, p. 452. 

*R. D. Griffioen, thesis, 
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®R. Serber, 
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Rev. 109, 942 (1958 
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Rey. 72, 1114 


Phys 1974 


fission products as a function of mass number has 
The charge-dispersion curve 
we 1 by the Gaussian y=exp[— 
sides of Z—Z,=0 support the symmetry of the charge 


been determine: 
fracti on chair 1 vie Id vs 
Z—Z,)?/0.9)/ (0.9x)! 
dispersion curve that many worke 


Experimental yield 
rs have 


(Hila 


excitation energy in 


The Berkeley linear accelerator 
provides a means of attaining high 


a single compound nucleus. 


heavy-ion 
Here we conside ring 
only compound-nucleus formation; stripping reac 
are ignored, since they not 
nificantly to the fission 
or or=10 for 40-Mev 
whereas for 112-Mev C” 
order of magnitude of 1 (where or opr 
fission section to total reaction 
Projectiles ranging from He® to A® are 
an energy of 10 Mev per nucleon, far too low for the 
nucleon-nucleon cascade process. 
target because it is monoisotopic and high-purity foils 
are available. Bombardments been performed 
with C” ions of up to 112 Mev. The predicted compound 
nucleus is At®, with about 89 Mev of excitation. Such 
systems formed through heavy-ion bombardment have 
very high angular momenta; the average predicted for 
the above case is 40 units.* With a compound system 
not preceded by cascade, the mass distribution is more 
meaningful, and in particular the charge distribution 
has far more significance than that resulting from 
proton bombardment at the same energy. 
Many workers have investigated the « 
tribution in fission. The rules of the game usually have 
been to measure independent and partial chain fission 
yields and then to determine by 
of several empirical rules gives the correlation of 
the results. (“Independent yield” this work 
refers to the yield of an isotope from the fission process, 
and does not include contributions to that yield from 
83+, 8-, or electron- -capture decay of other 
the same mass chain.) It is understood that 
reason why any simple rule must explain the experimen- 
tal resultsin the « omplex proce ss of nuclear fission. None 


are 
tions 
sig- 


should contribute 


section of gold; e.g 
particles on 
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section).’ 


Cross 
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ions on gold OF OR 
the 
cross cross 


accelerated to 
Gold was chosen as a 


have 
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there is no 
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theless, by learning more about the primary distribution 
of charge in fission, we can gain additional insight into 
the nature of the fission processes and the properties of 
nuclear forces. 


Il. EXPERIMENTAL PROCEDURE 
A. The Target and Irradiations 
1. The Target 


For radiochemical studies the targets consisted of 
sheets of 0.1-mil gold. The actual arrangement in the 
target holder was a stack consisting of two 0.7-mil 
aluminum foils followed by the 0.1-mil gold foil, which 
was in turn followed by another 0.7-mil aluminum foil. 
The first aluminum foil served as a vacuum seal for the 
target holder; the other two aluminum foils sandwiched 
the gold target foil and served as catcher foils for the 
recoiling fission products. In all runs in which absolute 
were to be determined an additional 
0.25-mil aluminum foil (‘crud foil’) was placed well 
in front of the target. The purpose of this foil was to 
strip fully the carbon ions of electrons. It was important 
to know the charge state of the carbon ions, since they 


cross sections 


were all stopped by the target holders, which served as 
their own Faraday cups. 

\ mass spectrometer was used to measure the relative 
vields of tission-produced isotopes of cesium and stron- 
tium. The target used for mass spectrometry consisted 
of a 1-mil aluminum beam-degrader foil followed by a 
0.5-mil gold foil. No additional catcher foil was used. 
When thinner gold targets were used, the number of 
cesium and strontium atoms 
for mass spectrometry. 


formed was insufficient 

Spectrographic analysis (optical) of the O.1- and 0.5- 
mil gold foils set an upper limit of 0.1% % for heavy ele- 
ments. The aluminum foils were 99.5% pure. 


2. Radiation Detection 


Beta radiation was counted by use of an end-window 
proportional counter. The detector response Was cali- 
brated by standardization with varying thicknesses of 
various 8 emitters, as described by Bayhurst and 
Prestwood.’ Efficiency curves were determined for all 
shelf positions used. All 8-decay curves of more than 
two components were resolved by use of the ‘Frenic”’ 
IBM-704 \lamos 
program). 


least-squares program (a Los 
using a 100 
channel pulse-height analyzer (PENCO) with 3X3-in. 
and 1.5X 1-in. thallium-activated Nal crystals. Crystal 
efficiencies were determined experimentally by using 
Na” and Cs"? samples of known disintegration rate. 
These values were found to be in good agreement with 


Gamma spectra were observed by 


’B. P. Bayhurst and R. J. Prestwood, Nucleonics 17, 82 (1959). 


WITH 


112-Mev C!? IONS 


published values; 
10,11 


the published curves then were 
used. 


B. Cross Sections and Results 


The cross sections for all nuclides measured are listed 
in column 2 of Table I. If the cross sections have been 
corrected so as to represent independent yields, these 
are listed in column 3. The method of obtaining the 
numbers in columns 3 and 4 is discussed in the next 
section. The other column headings are self-explanatory. 


The limits of errors quoted are felt to be reasonable; in 
most cases +20% has been estimated for the absolute 
errors between nuclides of different elements. The rela- 
tive errors for isotopes of a fixed Z are much smaller. 
If there was difficulty in resolving decay components 


(as in the gamma-spectra resolution resulting from 
decay of iodine isotopes), or if the half-life was some- 
what uncertain (as with Y"), a larger absolute error has 
been indicated. The results of the lower-energy bom- 
bardments are listed at the end of the table. For the 
yields of niobium isotopes from the target bombarded 
with 76-Mev C® ions, no uncertainties are listed because 


Mh 


an unidentified contamination made decay-curve reso- 
lution very uncertain. The yttrium cross sections from 
the lower-energy bombardments have less than 20% 
errors indicated. The smaller error estimation has been 
chosen because these yttrium cross sections are com- 
pared only with the yttrium cross sections from the 
112-Mev bombardments and not with cross sections of 
other nuclides. 


III. DISCUSSION 
A. Correlation of Results 


In most fission-product studies the fission fragments 
are very neutron-rich. Thus, chain yields are easily 
measured, but it is difficult to measure a large number 
of independent yields. In this work, the neutron- 
deficient properties of the probable compound nucleus 
(At) and the high excitation energy (89 Mev) made 
the reverse true. The fission products varied from 
slightly neutron-rich to neutron-deficient, and it was 
very difficult to measure total chain yields, since a 
stable isotope usually comprised a significant part of 
the total chain yield. The term “chain yield” is used in 
a rather loose sense in this work; it is used to mean the 
cumulative isobaric yield, even though the ‘chain’ 
contain 8°, 8*, electron capture, and stable iso- 
topes. It is necessary to correlate the data in some way 


may 


such that the yields of stable or unmeasured isotopes 
may be estimated. 

It was decided to attempt construction of the three- 
dimensional yield surface Z vs A vs cross section (¢). 
Several independent yields were measured experi- 


10 J. M. Hollander and M. Kalkstein, University of California 
Radiation Laboratory Report UCRL-2764, 1954 (unpublished). 

"R. L. Heath, Atomic Energy Commission Research and 
Development Report IDO-16408, 1957 (unpublished). 
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mentally for each of several elements. Thus, each of 
these represented the variation of yield with mass 
number for fixed Z, that is, the two-dimensional o vs 
A function for fixed Z. These isotopic yield functions 
formed the slabs used to construct the three-dimensional 
yield surface. If the points denoting ¢ vs A for some Z 
are connected, they define a curve. This curve is either 
the same for all Z, or different. If it is different, it is not 
unreasonable to guess that the greatest difference will 
show up between a Z in the “symmetric” fission region 
and a Z in the “asymmetric”’ fission region. Therefore, 
cross sections for formation of yttrium and cesium iso- 
topes were measured very carefully (see Appendix) and 
compared (Fig. 1) to determine whether the curve shape 
was dependent on or independent of Z. (The yields of 
cesium isotopes were corrected slightly sO as to represent 
independent yields; a small correction was also applied 
to correct for the vield-distribution broadening because 


ALE BL 


iN N 


of the 0.5-mil foil used.) Fortuitously, Fig. 1 shows no 
drastic Z dependence. Therefore, a first rough three- 
dimensional construction was made, using the shape 
determined by the two slabs due to yttrium and cesium. 
In order to interpolate missing slabs it was necessary 
to know the mass number (not necessarily integral) at 
which the maximum of each yield vs A curve occurred, 
and the cross section at this maximum. The previously 
determined distribution about this maximum (Fig. 1 
then determined all yields for the element. Finding 
these maxima required the major assumptions of the 
data correlation. 

It was assumed that the variation, as a function of Z, 
of maximum cross section and of the A at which that 
maximum occurred were both smooth functions—that 
is, that interpolation was valid. For elements for which 
several independent yields were measured, the curve for 


cross section vs .1 was drawn through these points, 


rase I. Results (half-lives and decay schemes from reference 12 unless otherwise noted). 


Cross section (mb) 

Corrected to 

independent 
yield 


Fractional 
chain yield* 


Nuclide 


With 112-Mev C® ions 
Ni® 1.36+0.14 
Ni® 1.25+0.13 
As™ 0.47+0.10 
\s** 


Measured 


1.0+0.2 
0.47+0.10 


0.50 
0.054 


3.7+0.8 
As” 
As’5 
Br® 

Br®™ 
Br@ 
Br® 

Br 
Br 
Sr® 


— Go ht 


noo 


Sr® 
Sr! 
y 
y v1 
y2 
y 43 
yu 
ys 
Zr 
Zr”? 


18+3 
16.343 
2445 
25.745 
20.545 
11.0+3.6 
4.44+2.2 
3047 
11.6+2 


HHH HHP EH HE FP EF EP EE EE 


WN hm sh &w Ut UG Ww 


1D oe OO Un a DOO 


Nb*® 
Nb* 
Nb”? 38+ 

Nb** 24+6 

Mo” 45+10 

Agi! 17+3 

Agi? 10.8+2 

Ag''3 7.64+1.5 
Ag® 0.92+0.20 
ps2 0.04+0.01 
[23 0.44+0.12 
pm 1.20+0.30 
[125 3.2+0.6 
jiz¢ 3.1+0.6 
[26 3.1 
[136 3.2 
[28 1.0+0.3 1.0+0.3 


17+3 

29+6 50 
3748 59 
20+6 33 


i 


16.443 53 
10.542 37 
6.94+1.5 0.26 
0.8+0.2 0.035 
0.04+0.01 0.0035 
0.42+0.12 0.049 
1.20+0.30 0.16 
3.2+0.6 0.50 
3.1+40.6 0.62 


0.27 


747+665-kev y's 


Assumed 

radiation 

abundance Number 
(particles per of deter 
disintegration) minations 


Half-life 


used 


Radiation 
detected 


B~ : 2.56 hr 
s&- - 54.6 hr 
B*,B 17.5 davs 
B- 26.4 hr 
560-kev 7 26.4 hr 
B 38.7 hr 
8 90 mit 
Br® 8,8 4.4 hr 
35 ¢ 
2.3 hr 
6.0 min 
32 min 
50.5 days 


B 
s- 
3 
3- 
(Mass spec. ratio Sr®/Sr®) 
9.67 hr 
64.2 hi 
57.5 davs 
3.60 hr 
10.4 hr 
16.5 min, 20 min 
10.5 min 


g 
g 
B 
B 
p 
p 
pB 
6 


8 


765-kev 4 


a eer ee on oe ee ee ee 


210-kev 7 
160-kev > 
600-kev + 
Te K x rays 
380-kev 7 
480-kev 7 
650-kev ¥ 
460-kev 4 
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Cross section (mb) 


Measured 


With 112-Mev C ions 


[190 
[130 
[130 
(5127 


Cy 


(1g185¢ 
Ba'! 


>0.077+0.02 
> 0.087 
> 0.100 

0.079+0.02 

0.6+0.12 


1.14+0.22 
0.9+0.18 


0.090+0.018 
0.16+0.04 


With 95-Mev C® ions 


yu 
yu 
y2 
ys 
yup 
Nb 
Nb* 
Nb*? 
Nb** 


§.9+0.9 
17.542 
2342 
2743 
21+4 
9.442 
16.0+3 
32+6 
15+3 


With 76-Mev C® ions 


y™ 


01 


Nb*® 
Nb* 


Nb??+4 


® Indepe 
b Fror 


endent yield 


1.05+0.1 
3.00+0.3 
5.30+0.5 
8.7+0.9 
8.4+1.6 
€ 1.3 
9.7 
18 


n reference 13. 


lixing 


Corrected to 
independent 
yield 


> 0.088+0.02 
0.075+0.02 


0.54+0.12 


1.1+0.22 
0.9+0.18 


0.086+0.018 
0.15+0.04 


, 


= = 
J+ 
= 


0.9 


9.442 
16+3 
32+6 


1.05+0.1 
3.00+0.3 
4.9+0.7 


+total isobaric yield 


sional surface represented in Fig. 3. 


Au WITH 


4112-Mev C2 


TABLE I (continued). 





Fractional 
chain yield* 


> 0.035 


0.017 
0.18 


0.096 
0.075 


A max and Omax. These were each plotted vs Z; 
the plot of om... vs Z is shown in Fig. 2, with the smooth 
curve drawn through these points. Similarly a plot of 
A max VS Z was used to interpolate A max. From these 
curves it was possible to construct the three-dimen- 


The first construction of Fig. 3 was used to correct 
some additional cumulative yields so as to represent 
independent yields. This was done when the correction 
did not exceed 25% of the measured cumulative yield. 
Thus, cross sections of comparable size were not sub- 
tracted unless both were experimentally measured. 
This was the method used to get entries in column 3 of 
Table I. The shape of the curve for isotopic yield vs .1 
was redetermined by using the directly measured and 
corrected independent yields of bromine, yttrium, 
niobium, silver, iodine, and cesium. These yields seemed 
consistent with the curve y= exp[— (A — A z)?/6]/ (6r)! 

fraction isotopic yield (where A z is the most probable 
mass number for the atomic number “Z”’), as may be 
seen in Fig. 4. The curve of Fig. 4 replaced the curve of 


Assumed 
radiation 
abundance 
(particles per 
disintegration 


Number 
of deter 
minations 


Radiation 
detected 


Hali-life 
used 


410-kev 4 
530-kev > 
660-kev > 
mass spec, 4 
380-kev 4 
mass spec 
mass spec 6 days 
670-kev 4 2 days 
mass spec 
mass spec 
Cs and Xe K 


xX rays 


< 0.30 2.6 hr 
< 1.00 
<0,90 

.3 hr 
< 1.00 7 hr 


3X 108 yr 


5 days 


hr 


days 


h r 


64. 
B 57 
B 3 
g 10.5 hr 
B 19.5 min 
765-kev 35 days 
B 23 hr 
B 70 min 


days 
hr 


AMD Uw 


Fig. 1 for final construction of the three-dimensional 
surface of Fig. 3. 

were summed to obtain the 
yield-mass curve of Fig. 5. Where experimental values 
were available, these were 


Isobaric slices of Fig. . 


used. Mass values for con- 
struction of Fig. 5 were in general selected where experi- 
mental yields were available. These slices were also used 
to determine Z, for various .14. The distribution of 
fraction chain yield vs the Z—Z, so determined is 
shown in Fig. 6. The Z, determined in this manner is 
estimated to be correct to +0.2 charge unit, and the 
smooth correlation of the charge-dispersion curve is 
consistent with this estimate. The solid curve of Fig. 6 
is the Gaussian, y=expl—(Z—Z,)?/0.9] (0.9 3)! 
fraction chain yield. 

The question arises whether the functions constructed 
from Fig. 3 are unique (within the uncertainties quoted) 
or arise as a consequence of the assumptions used in the 
construction. 

We feel that the yield-mass and charge-dispersion 
curves are, within the quoted uncertainties, unique. 
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f Y and Cs cross section vs A distributions 
» abscissa has 1 mass unit per division.) 


The reasons are that the yield-mass curve is drawn 
through points representing mainly measured yields. 
The sums of measured yields are shown in Fig. 5 as 
triangles, whereas circles represent sums of measured 
plus estimated yields. Figure 4 is good justification for 
assuming an isotopic yield shape independent of Z, and 
placement of curves in construction of Fig. 3 was 
further aided by the requirement that estimated in- 
dependent yields sum to measured partial chain yields. 


Essentially the same charge dispersion curve may be 
obtained from the three independent yields of Y*, Zr’, 
and Nb*, assuming only that the shape is Gaussian. 
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88 section of maximum isotopic yield vs Z. This 
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This assumption has been fairly well justitied experi- 
mentally in other systems." 


B. Yield-Mass Curve 


The yield-mass curve (Fig. 7) is symmetric about 
mass No. 98 and is 27 mass No. wide at half maximum. 
The yield-mass curves measured for the fission of 
bismuth with 22-Mev deuterons and for bismuth with 
190-Mev deuterons are shown in Fig. 7 as broken lines.?° 
Fairhall’s work (bismuth+22-Mev d) shows a sym- 
metric peak centered about mass No. 103.5 and having 
a 17-unit width at half maximum. The work of 
Goeckermann and Perlman (Bi?’+190-Mev d) shows 
a symmetric distribution centered about mass No. 99. 
The comparison shows a narrower peak in the low- 
energy bombardment than in the higher-energy bom- 
bardments, which could be attributable to lower exci- 


tation in the fissioning nucleus, less variety of fissioning 
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Mass number 
Fic. 3. “Isotopic shape” of Fig. 1 normalized toJmeasured it 
dependent yields (solid lines). Several interpolated curves are 
shown as broken lines. The atomic number corresponding to each 
curve is written directly above the curv 


nuclei, or both. Comparison of the two high-energy 
peaks shows that the system bismuth+ 190-Mev d gives 
a fissioning nucleus approximately the same 
average excitation energy as the system Au!?+112- 
Mev C®. This follows from the observation that both 
peaks are in nearly the same position as a function of 
mass number. The greater width of the peak resulting 
from the fission of bismuth with 190-Mev deuterons is 
most likely attributable to greater spread of excitation 
, than for the Au?+C 


with 


energies about the average 


8 Kurt Wolfsberg, thesis, Department of Chen 
ton University, 1959 (unpublished), p. 67 

“David E. Troutner, thesis, Washington University, 
1959 (unpublished) 

1 A. C. G. Mitchell, Jose O. Juliano, Chas. B 
C. W. Kocher, Phys. Rev. 113, 628 (1959 

16 James R. Grover, thesis, University of California Radiation 
Laboratory Report UCRL-3932, 1957 unpublished » pp 49-50 

17 David Nethaway, thesis, Washington University, September, 
1959 (unpublished 
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system, as well as to a greater variety of fissioning 
nuclei due to nucleon-nucleon cascade reactions. It is 
at present impossible to make any assessments, solely 
from the experimental data of this work, of the effect 
of high angular momentum on the fission process. 

The cross section for fission found in this work was 
0.9+0.3 barn, which may be compared to a predicted 
compound-nucleus cross section of 1.9 barns.* Goecker- 
mann and Perlman found a 0.2-barn cross section for 
fission of bismuth with 190-Mev deuterons, and 
10-5 


Fairhall found a fission cross section of about 
barn for bismuth plus 22-Mev deuterons.?:® 
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Fic. 4. Final isotopic yield curve used to construct Fig. 3. 
The abscissa gives A — Az.) 


C. Charged-Particle Emission 


How many nucleons were emitted in the fission act ? 
\n estimate of the total nucleon emission may be ob- 
tained by ‘folding’ the yield-mass curve. Such folding 
is accomplished by summing mass numbers having the 
same yield, as read from Fig. 5. These mass numbers 
may be said to be yield-complementary. Masses of 
complementary fragments so defined summed to 196 
amu, 13 less than the 209 of the assumed compound 
nucleus. Similarly, by folding the yield-charge curve 
(Fig. 2), one finds the peak at Z=41.5. The uncertainty 
here is +().5 charge units in the sum. Thus, the sum 
of the charges of complementary fragments is 83+0.5, 
two less than the 85 of the compound nucleus. One 
may conclude that in the average fission process there 
were 13+1 nucleons emitted, 20.5 of them being 
charged particles. 
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Yield-mass distribution for fission of Au"? 
with 112-Mey C® ions. 
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Were the charged particles emitted as protons or as 
an alpha particle? An answer to this question may be 
obtained from energy-balance considerations. Consider 
Table II. Mass values for Table IT were taken from the 
mass tabulation by Cameron, with the exception of 
mass-excess values for «C®, o»He*, ov!, and ,;H', which 
were taken from the G. FE. Chart of the Nuclides.'*"® As 
may be seen from the tabulation, the 28-Mev binding 


energy of the alpha particle is necessary to give a 





Fraction chain yield 











Fic. 6. Charge-dispersion curve Au!’7(C®, f) 


is A.G. W. Cameron, Atomic Energy of Canada Limited Report 
\ECL-433 CRP-690, 1957 (unpublished), Appendix. 

'9 G. Friedlander and M. Perlman, G. E. Chart of the Nuclides, 
1956 (revised by Stehn and Clancy). 
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TABLE II, Comparison of two possible modes of nucleon 
evaporation for s;At®* excited to 89 Mev (c.m.). 


\ssumed final products (most probable 
Nb +eMo%+1lin+2p «aNb*%+aMo%+9n+a 


i75 19059 
. kK 
13. 86 (1960 
Calculated fr yuulomb barrier considerations 


f é see also Harold (¢ 

Arthur R ton, Phys. Rev. 120, 1768 (1900 
balance between the energy available for nucleon 
kinetic energy and the energy required. One would 
expect 3 to 4 Mev of energy to be lost owing to y 
emission.’ That this energy is apparently not available 
may be attributed to the one-neutron uncertainty (one 
ess neutron lost would make an additional 8 Mev 
available), or to experimental error in the 144-Mev 
value used for kinetic energy of the fission fragments, 
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veral yield-mass curves in the bismuth region. 


or both. Actually @-particle emission from the system 
gold+160-Mev O'° ions has been seen by Anderson 
et al. Preliminary results indicate that the average 
kinetic energy of the emitted @ particles is 18 Mev in 
the center-of-mass system. 


D. Charge Distribution 


It has been stated that the dispersion of charge about 
the most probable value (Fig. 6) may be described by a 
curve y=expl—(Z—Z,)*/c]/(xc)', where ¢ has the 
value 0.9. Actually values of 0.9+0.1 for ¢ are within 
the experimental uncertainties. This curve is essentially 
the same as that found in the thermal neutron fission 
of uranium.'? One might wonder why this curve is not 
broader, since the excitation energy is higher than in 
thermal-neutron-induced fission of U**°. However, there 
is no @ priori reason why these systems should be com 
parable; the features of fission around bismuth are 
known to be entirely different from those around 
uranium. It is not even known whether I’; I’, is large 
or small for a highly excited At®” nucleus. 

The variation of Z, with .1 is of interest. Several 
empirical rules to estimate this variation have been 
suggested.® *! Present, and later Fong, offered a theoreti- 
cal method for predicting Z, as a function of A.” 
Present assumed a model of two tangent spheres at 
scission, and minimized the potential energy of the 
system with respect to Coulomb and symmetry energies. 
The predictions of this theory of Present (as formulated 
by Swiatecki using constants due to Green) are shown 
in Fig. 8.7425 Also shown in Fig. 8 is a prediction by the 
so-called “CCR” rule (where the most probable Z/ 1 
ratio in a fragment is assumed to be the same as in the 
fissioning nucleus less neutrons, i.e., 83196) and a pre 
diction by the ECD or equal-chain-length rule. The 
Z, of Grummitt and Milion were used in these 
calculations.”' 

The smooth curve of Fig. 7 was used to estimate Z, 
according to the method suggested originally by Wahl. 
Fraction chain yields were forced onto the smooth 
curve, and Z—Z, (hence Z,) was read from the inter 
section of the experimental fraction chain yield value 
with the charge dispersion curve. The point S pl ytted in 
Fig. 8 are shown with an uncertainty of +0.2 charge 
unit. Evidently Present’s theoretical treatment is worth 


*C, E. Anderson, .\. R. Quinton, and W. J. Knox (Yale Uni 
versity), preliminary results (from private communication with 
W. J. Knox, May, 1960 

21. D. Glendenin, C. D. Coryell, and R. R. Edwards, Radio 
chemical Studies: The Fission Produ MeGraw-Hill Boo 
Company, Inc., New York, 1951), Paper No. 52, National Nuclear 
Energy Series, Plutonium Project Record, Vol. 9, Div. IN 

2 R. D. Present, Phys. Rev. 72, 7 (1947 

% Peter Fong, Phys. Rev. 102, 434 (1956 

*W. J. Swiatecki, Lawrence Radiation Laboratory (private 
communication } 

26 A. E. S. Green, Phys. Rev. 72, 7 (1947 

26W. E. Grummit and Gwen M. Milton, Atomic Energy of 
Canada Limited Report AECL-453 CRC-694, 1957 (unpublished 

27 A. C. Wahl, J. Inorg. of Nuclear Chem. 6, 263 (1958 
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additional investigation, since it predicts the experi- 
mental trend quite nicely. 
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APPENDIX 
Chemistry 


All chemical procedures employed in this work may 
be found in the literature. The compilations used were 
those of Coryell and Sugarman and the Los Alamos 
Scientific Laboratory Reports.**** In addition, some 
solvent extraction procedures were used for separation 
of yttrium and niobium from other fission products. 


Nuclides Observed 
Nickel 


The decay curves obtained by proportional counting 
always showed two components which were easily re- 
solved graphically. The components represented half- 
lives of 2.56 hr, corresponding to Ni®, and 54 hr, corre 
sponding to Ni® in equilibrium with its 5.1-min Cu® 
daughter. 

Irsenic 


End-window proportional counting gave a decay 
curve that was resolved, through the use of the IBM-704 
Frenic least-squares program, into four components 
having half-lives of 17.5 days (As™), 39 hr (As), 26.7 
hr (As*®), and 90 min (As**).% Because the 26.7-hr 
component was less abundant than the 39-hr group, 
and because the half-lives were not well separated, 
resolution of the 26.7-hr component had a large standard 
deviation associated with it. Therefore, the 26.7-hr As‘® 
y radiation was also observed on the 3X3-inch Nal 
crystal on the 100-channel pulse-height analyzer. 


Bromine 


In the long bombardments (1 to 2 hr) three com- 


ponents were observed in the 8-decay curves, corre- 


28 Radiochemical Studies: The Fission Products, edited by 
C. D. Coryell and N. Sugarman, see reference 24, Book 3, Paper 
No. 277, p. 1623. 

® Collected Radiochemical Procedures, Los Alamos Scientific 
Laboratory Report LA-1721, 1956 (unpublished), p. Ni 1. 

” H. G. Hicks and R. S. Gilbert, Anal. Chem. 26, 1205 (1954). 

1D. F. Peppard, J. P. Faris, P. R. Gray, and G. W. Mason, 
J. Phys. Chem. 57, 294 (1953). 

® For a description of the least-squares program see G. R. 
Keepin, T. F. Wimett, and R. K. Zeigler, J. Nuclear Energy 6, 
1 (1957). 
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Fic. 8. Variation of most probable charge with mass No. as 
measured experimentally, as predicted by the theory of Present, 
and as calculated by empirical rules. 


sponding to the isotopes with half-lives of 2.3 hr (Br™), 
4.4 hr (Br®™), and 35.9 hr (Br*). In a 3.00-min bom- 
bardment components of 6.00 min (Br™), 32 min 
(Br*), 2.3 hr (Br*), 4.4 hr (Br®™), and 35.9 hr (Br**) 
were observed. All bromine decay curves were analyzed 
through the use of the IBM least-squares program. 
Although the Br® 8~ activity of 18-min half-life was 
put into the guessed decay curve for the IBM least- 
squares program, the least-squares program would not 
converge promptly; rather, it showed the 18-min 
activity at the end of the bombardment as zero counts 

min. 


Strontium 


The ratio of the yield of Sr*’ to that of Sr® was deter- 
mined by use of the mass spectrometer. Strontium-89 
and Sr* yields were determined radio-chemically by 
using the proportional counter. Two-component decay 
curves resulted which were easily resolved graphically. 
Twenty hours elapsed after the end of the irradiation 
before strontium oxalate was precipitated. Several 
yttrium hydroxide precipitations were performed just 
prior to the precipitation of the strontium to remove 
Y" and Y”. The 20-hr delay permitted 80% of the Sr 
to decay to Y"', as well as removing the Sr”-Y® pair. 
Yttrium-91 has a 58-day half-life and would appear as 
Sr® (50.5-day half-life) in the decay-curve analysis. A 
small correction was applied to the Sr disintegration 
rate for the Y" that was present. This method was 
quite accurate; the correction was very small. 


trim 


The proportional counter was used to count 8” par- 
ticles from the decay of yttrium isotopes from four 
different bombardments of from 5.00 min to 2 hr. The 
yttrium fraction from the 5.00-min bombardment 
showed 8-decay components corresponding to half-lives 
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of about 16 min, 50 min (Y"™), 3.6 hr (Y™”), 10.5 hr 
(Y™), 64.2 hr (Y™), and 57.5 days (Y"). The 16-min 
component was further resolvable into components of 
10-min (Y*%) and 19.5-min (Y™) half-life. The decay 
curve from the 5.00-min bombardment was analyzed 
through the use of the IBM 704 least-squares program, 
as were all the yttrium decay curves. The decay curves 
from the longer bombardments (20 min to 2 hr) yielded 
3-decay components with half-lives of 19.5 min (Y™), 
50 min (Y"™), 3.6 hr (Y®), 10.5 hr (Y%), 64.2 hr (Y®), 
and 57.5 days (Y"). 


Zirconium 


The 8-decay curve resulting from decay of zirconium 
isotopes was resolved graphically into components 
corresponding to half-lives of 17 hr (Zr) and 65 days 
(Zr). The 17-hr component was in equilibrium with 
the 72-min Nb”. The cross section for the production 
of Zr*’ was also measured by using the 3X3-in. Nal 
crystal and pulse analyzer to observe the y radiation 
from decay of Zr*’. 


Niobium 


Least-squares analysis of the niobium 8-decay curves 
yielded components corresponding to half-lives of 52 
min (Nb*), 72 min (Nb), 23 hr (Nb%), 84 hr (Nb*”), 
and 35 days (Nb®). The Nb*® decay was observed 
additionally on the 3X3-in. crystal by measuring the 
760-kev y radiation. 


Molybdenum 


The 3-decay rate of molybdenum was always meas- 
ured on shelf 3 of the end-window proportional counter. 
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The 8 decay always yielded a single component of 66- 
to 67-hr half-life (Mo”). 


Silver 


8-proportional counting was used to observe the 
decay of silver isotopes. IBM least-squares analysis 
yielded decay components having half-lives of 21 min 
(Ag™>), 3.2 hr (Ag"*), 5.3 hr (Ag"), and 7.5 days 
(Ag"). 


lodine 


Yields of iodine isotopes were determined by observ- 
ing y radiation on the 3X3-in. and 1.5X1-in. Nal 
crystals, which were connected to the 100-channel 
pulse-height analyzer. Peaks were resolved from the 
total y spectra by using standards of various energies, 
and the integrated resolved photope aks wert plotted 
vs time to give decay curves. Resolution of these decay 
curves allowed quite certain identification of iodine 
isotopes (121, 123, 124, 125, 126, 128, 130) as well as 


allowing determination of their yields. 


Cestum 


The 3X3-in. Nal crystal and pulse analyzer were 
used to measure the 670-kev y radiation of Cs!” 
as the 380-kev y radiation of Cs". 


as well 


Barium 


The 1.5X1-in. Nal crystal with beryllium window 
and pulse-height analyzer were used to measure the 
cesium A x rays from Ba'*' as well as the xenon A x rays 
from the decay of the Cs'*' daughter. 
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Evidence for an Isomeric State of Y°’ 


W. L. ALFrorp, D. R. KoEHLER, AND C. E. MANDEVILLE* 
Army Rocket and Guided Missile Agency, Redstone Arsenal, Alabama 
(Received April 6, 1961) 


The recently reported activity induced by neutron bombardment of niobium has been produced by 14-Mev 
neutrons and by neutrons of energy less than 6 Mev, on both niobium and zirconium. In each case, chemical 
separation showed the activity to be due to an isotope of yttrium. Two coincident gamma rays having 
energies of 0.200 and 0.485 Mev and a half-life of 3.1+0.1 hr were observed; these observations were in 
agreement with earlier results. ‘The activity appears very similar to that which has been previously attributed 
to the decay of Y%. However, threshold considerations and the failure to observe by means of a thin-window 
Geiger counter any beta emission associated with this gamma activity, point to an isomeric state of Y™. 


99 


Experiments with separated isotopes of Zr” and Zr” support this assignment. 


INTRODUCTION two Du Mont 6363 photomultiplier tubes, in conjunc- 
tion with two single-channel analyzers, a coincidence 
circuit of 0.1-ysec resolving time, and a Radiation 
Counter Laboratory, Inc., 256-channel analyzer. Na”, 
Mn**, Co®, Cd!®, Ba'**, and Cs"? sources were used for 
energy calibration of the gamma detectors. For beta 


HE recently reported activity! induced by bom- 
barding niobium with 14-Mev neutrons has been 
studied in this laboratory and has been shown to be due 
to an isotope of yttrium. Two coincident gamma rays 
having energies of 0.485 and 0.200 Mev decaying with 
a 3.1+0.1-hr half-life have been observed in agreement 
with previous measurements. This paper reports experi- 
ments? indicating that the activity is due to an isomeric 
state** of Y” arising from Nb*(,a). 


counting, a Geiger counter of window thickness 1.9 
mg/cm? was used. 

Chemical separations* were carried out following 
irradiation of niobium and zirconium targets; however, 
no chemistry was performed when the separated isotopes 
STUDY OF THE INDUCED ACTIVITIES were employed. The niobium targets were dissolved in 
concentrated nitric and hydrofluoric acids; yttrium 

Samples of niobium, zirconium, zirconium oxide 
enriched in Zr, and zirconium oxide enriched in Zr” 
were bombarded by neutrons produced by 0.3-Mev 
deuterons incident on a_ tritium-zirconium target. 
Niobium metal (99.92% pure) and zirconium hydride 

99.8% pure, reactor grade) were obtained from the 
Kawecki Chemical Company, Inc., and Metal Hydrides el 1.930 Mev 
Incorporated, respectively. The enriched zirconium 
isotopes as well as the Zr-T targets used for neutron 
production were obtained from the Oak Ridge National 
Laboratory. The enrichments of the Zr® and Zr” 
samples were 98.66 and 93.22%, respectively. Chemical 
analyses of the niobium and zirconium hydride samples 
and spectrographic analyses of the separated isotopes 
of zirconium were available. This information was care- 
fully considered in eliminating any impurity as the 
source of the activity under study. 

Gamma rays were measured by two NaI (TI) crystals, 
inches in diameter and 2 inches thick, coupled to 


N/Channel 


N/Channel 


1 
* Present address: Physics Department, University of Alabama, Niobium supernate 
University, Alabama. 

'M. Bocciolini, G. Di Caporiacco, L. Foa, and M. Mandé, 
Nuovo cimento 16, 780 (1960 

2 A preliminary account of the results of this investigation was 
presented at the twenty-seventh Annual Meeting of the South 
eastern Section of the American Physical Society, Louisville, 
Kentucky, March 30-April 1, 1961. Subsequent to writing this 
paper it was noted that J. E. Cline, R. L. Heath, C. W. Reich, and 
E. H. Turk, Bull. Am. Phys. Soc. 6, 228 (1961) have also reported 
this isomeric level in Y®. These workers produced the Y®”" by I 
thermal neutron irradiation of Y*®® and obtained results in agree am 
ment with those given here. 

8 Note added in proof. A recent report on Y*®” has been given by 
Larry Haskin and Robert Vandenbosch, Phys. Rev. (to be 3W. A. Cassatt, Jr.. and W. W. Meinke, Phys. Rev. 99, 760 


(1955). 
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1. Gamma-ray spectra resulting from niobium activation 
with 14.7-Mev neutrons 
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Fic. 2. Gamma-ray spectra resulting from zirconium activation 
with 14.7-Mev neutrons 

and zirconium carriers were added with the yttrium 
precipitating as the fluoride. For beta counting under 
thin-window Geiger and for gamma-ray 
coincidence measurements, the yttrium precipitate was 
metathesized with 10-molar potassium hydroxide, 
washed, dissolved in hydrochloric acid, and evaporated 
to dryness. The irradiated zirconium samples were 
dissolved in dilute hydrofluoric acid after which the 
process was the same as for the niobium samples. 

The results obtained for 14.7+0.7 Mev neutrons on 
niobium are shown in Fig. 1. Prior to chemical separa- 
tion the niobium gamma spectrum showed, in addition 
to the well-known gamma ray? at 0.930 Mev from Nb®, 
two other gammas at 0.200 and 0.485 Mev. The spectra 
shown in Fig. 1 for the yttrium fluoride precipitate and 
for the supernatant solution indicate a satisfactory 
chemical separation. The decay of both the 0.485- and 
0.200-Mev gammas was studied by following the output 
of single-channel analyzers set to pass pulses occurring 
within the two photoelectric peaks in two back-to-back 
Nal crystals. Measurements on both gammas covering 
a period of about 15 hr gave a value of 3.1+0.1 hours 
for the half-life of each. The coincidence counting rate 
was also followed and the same half-life was obtained. 
Additional gamma spectra were recorded on the multi- 
channel analyzer gated by the output of the coincidence 
circuit. The gating pulse required coincidence between 

‘D. Strominger, J. M 
Modern Phys. 30, 662 


scheme information 


counters 


Hollander 


1958 


and G. T. Seaborg, Revs 
Unless otherwise noted, decay 


was taken from this reference. 
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AND MANDEVILLE 
the outputs of the two Nal crystals and the output of 
a single-channel analyzer. Spectra were recorded on the 
multichannel analyzer with the single-channel set at 
0.200 Mev and at 0.485 Mev. The spectra showed these 
gammas to be in coincidence. 

The decay of the yttrium fraction was also followed 
by a thin-window Geiger counter. The sample decayed 
with a half-life of approximately 65 hr, a value matching 
that of the beta decay of Y*. Observation of a buildup 
of the 65-hr decay due to the possible 3.1-hr isomeric 
state of Y® was unsuccessful; however, the low yield 
of Y®" and the delay due to chemical separations would 
make this difficult. 

The results for 14.7-Mev neutrons on zirconium are 
shown in Fig. 2. Here again the chemical separation 
points to an isotope of yttrium as the source of the 
0.200- and 0.485-Mev gammas; this result is in agree- 
ment with the niobium data. Present in the spectrum 
from the supernatant solution of zirconium are promi 
nent gamma rays at 0.388, 0.511, and 0.915 Mev. Th« 
0.511- and 0.915-Mev gamma rays are attributed to the 
decay scheme of Zr** resulting from an reaction 
in Zr”. The 0.388-Mev gamma ray is expected from 
the Zr®(n,a)Sr*’ reaction. The 0.551-Mev gamma which 
arises from the yttrium fraction, along with the 0.200- 
and 0.485-Mev gammas, is attributed to Y" formed by 
Zr"(n,p). The decay of the yttrium fraction was 
followed by the Geiger counter with a resulting decay 
curve which could be resolved int 5- and 3.5-hr 
components. These components could 
by the beta decay of Y* and Y”. 

Samples of niobium and zirconium were al 
barded by neutrons of energy less than 6 Mev produced 
by 1.7-Mev deuterons on a beryllium target ; the neutron 
energy was below the Nb” (n,2p), Nb (n,He*), Zr(n,d), 
and Zr(n,t) thresholds.*.® The fact that the activity was 
still observed in the niobium bombardment 
either an Nb® (2,02) Y®” or an Nb*(i2,2'a) Y° 
The known properties of Y*’” essentially eliminate the 
latter reaction as a possibility. Furthermore, the fact 
that the activity is produced in the zirconium bombard- 
ment completely eliminates Y*” as the 
activity. 

Since gammas similar to those presently considered 
have been previously attributed® to levels in Zr® from 
the decay of Y®, separated isotopes of Zr” and Zr” were 
bombarded by 14.7-Mev neutrons. Irradiation of Zr” 
gives rise to the spectrum of Fig. 3. Apparently present 
in this spectrum are the 0.388-Mev gamma ray from 
Sr5™, 0.200- and 0.485-Mev gamma rays from Y*%”, 
and those gammas from the decay of Zr**. The assump- 
tion that the peak near 0.5 Mev is due to a mixture of 
0.485- and 0.511-Mev gammas appears reasonable from 
the width of the peak. This spectrum was taken after 


n,2n 
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sO bom- 


indicates 


reaction. 
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§V. J. Ashby and H. C. Catron, University of California 
Radiation Laboratory Report UCRL-5419, 1959 (unpublished 

6 R. J. Howerton, University of California Radiation Laboratory 
Report UCRL-5351, 1958 (unpublished). 
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sufficient time had elapsed for the decay of the 4.4- 
minute Zr", A subsequent Geiger count followed a 
rate of decay which could be attributed to a mixture 
of Y® (65 hr) and Zr‘? (79 hr). There was no indication 
of a 3- to 4-hr component. 

As shown in Fig. 3, no gamma photopeaks were 
clearly evident above background in the reaction 
products of Zr® plus 14.7-Mev neutrons. Although some 
low-level gamma activity must certainly be present 
from the reaction products of other isotopes of zirconium 
in the separated sample of Zr® and from any branching 
of the Y” beta decay, it was masked by the background. 
This Zr® sample, which was also counted under the end- 
window Geiger counter, showed a 3.5-hour activity as 
expec ted from the beta decay of Y*. A comparison of 
the two parts of Fig. 3 indicates that a reaction in- 
volving Zr™ is the source of the 0.200- and 0.485-Mev 
gammas. 

The level in Y* at 0.200 Mev has also been reported 
by Bartholomew.’ On the basis of angular correlation 
studies, these workers gave a tentative assignment of 
3— to this level. As pointed out by Bocciolini! the 3.1-hr 
activity is consistent with Weisskopf’s lifetime formula 
if the 0.485-Mev gamma results from an M4 transition. 
These considerations would point to an assignment of 
a 7+ level in Y* at 0.685 Mev. 
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hic. 3. Gamma-ray spectra resulting from 14.7-Mev neutror 
activation of Zr” and Zr**. The structure of the peak near 0.500 
Mev in the Zr® spectrum was deduced by observing the 0.511-Mev 
peak of the 79-hr Zr® after the 3.1-hr activity had decayed away 


7G. A. Bartholomew, P. J. Campion, J. W. Knowles, and G 
Manning, Nuclear Phys. 10, 590 (1959), 
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Fic. 4. Decay of Y®” 


CROSS SECTIONS 


The Nb*(2,a)¥®" and Zr” (n,p)Y*” cross sections 
at 14.7 Mev were found to be 542 and 12+4 mb, 
respectively. The Zr®(n,p)Y®™ cross section was deter- 
mined by comparing the total counts under the 0.200- 
and 0.485-Mev photopeaks from Y%" and the 0.915- 
Mev photopeak from Zr. The value* of 822 mb was 
used for the Zr”(n,2n) cross section at 14.7 Mev. For 
the Nb**(2,a)Y*" cross-section measurement, the 
niobium sample was sandwiched between disks of 
copper foil and activated. A comparison was made of 
the yield of the 0.200- and 0.485-Mev gammas from 
Y*®™ and the annihilation gammas from Cu®. The 
absolute cross section obtained for Nb*(n,a)Y*” was 
based on a Cu®(,2n)Cu™ cross section’ of 610 mb at 
14.7 Mev. In making the cross-section determinations, 
corrections were included for crystal efficiency, satura- 
tion factors, internal conversion coefficients,” and decay 
factors. It was found that, within the uncertainties in 
the crystal efficiencies and the internal conversion 
coefficients, the number of 0.485-Mev gamma rays was 
equal to the number of the 0.200-Mev gamma rays. No 
measurements of the cross section were made at the 
lower neutron the yields were 


energies; however, 


*R. J. 
1961 

) J. L. Fowler and John E. Brolley, Jr., Revs. Modern Phys. 28, 
103 (1956). 

0M. E. Rose, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 905, 


Prestwood and B. P. Bayhurst, Phys. Rev. 121, 1438 
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markedly reduced from those at 14.7-Mev neutron 
energy. 


CONCLUSION 


The experimental results obtained in the present work 
support those findings previously reported! with the 
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KOEHLER, 


3, NUMBER 4 


AND MANDEVILLE 

additional result that the 3.1-hr activity is associated 
with yttrium. Threshold considerations and the absence 
of a detectable beta particle associated with the 0.200- 
and 0.485-Mev gammas indicate an isomeric state of 
Y®. The information on the decay of Y®” is summarized 
in Fig. 4. 
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Excitation Functions for Lithium-6 Induced Reactions on Aluminum-277+ 
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Slora 


Excitation function 


number of Li*-induced reactions on AP’ have been studied using stacked foil 


techniques and the Li* ion beam from the Yale Heavy Ion Accelerator. Excitation functions corresponding 


to radioactive residual nuclei P®, P®, Si3', Al?*, Al?’, Mg?’, 


Na*™, and Na™ have been measured in the Li® energy 


range from 1 to 63.3 Mev. The data strongly suggest that the P®, P®, and Si*' result from compound system 
processes and the Na” and Na* from a predominant direct knockout process. In the cases of Al?’ and AP 
oth compound system and direct pickup reaction amplitudes contribute to the reaction yield. 


INTRODUCTION 


YXEVERAL laboratories'"® have reported results of 
the study of the interactions of accelerated Li® ions 
with various target materials. However, these data are 
limited either by very low Li® ion energies or by detec- 
tion of the fragments resulting primarily from Li® ion 
breakup. The availability of a Li® ion beam of high 
intensity (3X10 Li® ions/min) and energy (10.55 
Mev nucleon) from the Yale Heavy Ion Accelerator 
has facilitated more extensive studies, using activation 


methods, of excitation functions for several residual 
nuclei. 


Reactions of particular interest are those, where the 


target nucleus—Li® ion interactions lead to products 
formed via nucleon pickup or charge exchange and 
those in which the target nucleus is depleted by one or 
more nucleons or nucleon-clusters as a result of a direct 
pickup or knockout reactions. In the present work Al’? 


+ This work was the U. S. Atomic 
(ommission 

*On leave from Analytical Chemical Institute, 
Vienna, Vienna, Austria. 

¢ Present address: The Applied Physics Laboratory, The Johns 
Hopkins University, Baltimore, Maryland 

1G. C. Morrison, Phys. Rev. 121, 182 (1961 

?7E. Norbeck and C. S. L. Littlejohn, Phys. Rev 
1957). 

3E. Norbeck, Proceedings of the Second Conference on Reaction 
between Complex Nuclei, Gatlinburg, Tennessee (John Wiley & 
Sons, Inc., New York, 1960), p. 236 

‘C. E. Anderson, Proceeding of the Second Conference on Re 
actions between Complex Nuclei, Gatlinburg, Tennessee (John 
Wiley & Sons, Inc., New York, 1960), p 67. 

°G. C. Morrison, Proceeding of the Second Conference on Re 
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Wiley & Sons, Inc., New York, 1960), p. 67 

* FE. Norbeck, J. M. Blair, L. Pinsouneault, and R. J. Gerbracht, 
Phys. Rev. 116, 1560 (1959 


supported by Energy 


University of 


108, 754 


foils were used as the target material because of the ease 
of identification of many of the residual nuclei in ques- 
tion (P®, P*, Si*!, AP*, Al?®, Mg*’, Na”, and Na*‘) by 
observing either gamma-ray decay, beta decay, or both. 
In addition, the availability of very thin Al foils with 
uniform thickness and high purity permits the use of 
the normal stacked-foil technique 


EXPERIMENTAL 


Foil stacks, each consisting of 27 foils of 99.9% AP’, 
4.65 mg cm? in superficial density, were irradiated for 
periods ranging from 20 min to 1 hr with Li® ion beams 
having an incident 10.5540.2 Mev per 
nucleon. In all bombardments the intensities 
were measured using a Faraday cup and a Cary elec- 
trometer. Following the bombardment the 
separated, mounted on aluminum disks and the gamma- 
ray decay followed using a 3X3 in. Nal(T1) crystal and 
a 400-channel pulse-height analyzer (Fig. 1; tables). 
The foils were counted with a gas-flow end-window beta 


energy of 
beam 


foils were 


proportional counter and the beta decay of P®, Si 
Na™, and Na*4 followed for times sufficient to establish 
accurate half lives. 

The energy calibrations for the gamma-ray spectra 
were accomplished with several standard sources (i.e., 
Cs'37, Na”, Mn*!, etc.). The gamma-ray spectra were 
normalized in the standard manner, corrections for 
background and efficiency’ were applied, and the total 
disintegration rates established by observing the decay 
of the integrated areas of the gamma-ray peaks of 
interest. The gross beta-decay curves were resolved 


7R. L. Heath, Atomic Energy Commission Report, [DO-16408, 
1957 (unpublished 
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TABLE I. Assignment of activities observed. 


Mode of 
decay 


Isotope observed 


Phosphorus 32 , a 100% 
Phosphorus 30 B8*, 100% 
Silicon 31 B~, 100% 
Aluminum 28 > 
\luminum 29 


Magnesium 27 


y-Tay energy 
Literature 
values* 


1.78, 100% 
1.28, 85¢ 
0.843, 70% 


1.015, 30% 


Sodium 22 


Sodium 24 


+, 90% 
, ¥, 100% 


1.368, 100% 


2.75, 100% 


* 1D. Strominger, J. M. Hollander, 


and G. T. Seaborg, Revs. Modern Phys 
ices, National Research ( nei 


il, 1959) 


into the half lives of the individual components, the 
counting rates corrected for counting efficiency, geo- 
metry, and window and air absorption. From these 
data the total disintegration rates at the end of bom 
bardment were calculated. 

Table I lists the observed and literature values for 
the gamma-ray energies and half-lives of the nuclides 
of interest in this study. 

The activation sections for the radioactive 
nuclei formed were calculated using the thin-target 
equation and the corrected total disintegration rates 
found from gamma-ray and or gross 
counting. The excitation functions of the various 
products are listed in Table II. The Li® ion energy in a 


CrOss 


spectra beta 


given Al foil was determined, using the range energy 
tables of Northcliffe.> 


RESULTS 


The activation cross sections at given energies for the 
formation of the radio-isotopes observed are tabulated 
Table II, and the excitation in 
Figs. 2(a), 2(b), and 2(c). The cross sections were deter- 
mined to within +20%, except in the cases of Na”, 
where the cross section values are the upper limits, and 
of Na®*® where the errors are listed in Table II and 


Fig. 2(c) 


in functions shown 


As the Li® ion beam energy is reduced in traversing 
the foil stacks the uncertainty in beam energy from the 
entrance into and exit from individual foils increases. 
This uncertainty is represented by the error bars at 


each value (Fig. 2). The excitation function was drawn 
through the mean energy point in each foil with no 
attempt to correct for range straggling. However, this 
error is relatively small since the aluminum foils used 
had a mean thickness of 4.65 mg/cm®*, which is less than 
5% of the total range of the 10.55 Mev per nucleon Li® 
ion beam [total range 126.5 mg Al cm? *]. Consequently 
the errors introduced by the Li® beam straggling were 


‘ L. Northcliffe, Phys. Rev. 120, 1744 (1960) 
¥ Inge-Maria Ladenbauer, Nuclear Phys. 23, (1961). 


30 


(Mev 
Observed 
values 


Half-life 
Observed 
values 


Literature 
values 
14.5 days 1 
5 min 
62 hr 
3 min 
6 min 
5 min 


days 
2.7 min 


NwrNhN 


6.6 min 
9.5 min 


~ 
oS 


2.6 yr 


15 hr 15 hr 


585 (1958): Nuclear Data Group, Nucl ita Sheet 


National Academy 


neglected in this study, since their magnitudes were 
small compared to the general error of +20% en- 
countered in the cross section determination. 

The possibility of the production of nuclei by neutron 
induced reactions (e.g., Al?8, Na®4, and Mg**) is elimin- 
ated by consideration of the activity found in the 
individual foils. If neutron induced reactions made an 
appreciable contribution to the intensity of a particular 
activity, then it would have been observed in foils 
beyond the range of the Li® ion beam. But no activities 
were found in these Al-foils and therefore it is con- 
cluded that all observed residual nuclei were produced 
by Li® ion induced reactions. 

The shape of the excitation functions normally 
expected for the compound-nucleus-produced nuclides 
is distorted in the higher energy ranges due to the recoil 
range of the products (P®, P*°, and Si*'). However, 
considerations of range-energy relations*'" show there 
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Fic. 1. Typical gamma-ray spectrum observed in an Al foil 
after irradiation with a beam corresponding to 55+0.6 Mev 
Li§ ions 
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TABLE II. Formation cross section (mb).* 


Li® ion 
energy (Mev) 


pse Si® 


63.3-61.6 
61.6-60.0 
60.0-58.7 
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18.9-15.0 
15.0-10.5 
10.5— 6.0 
6.0— 0.0 


* With the exception of Na™ and Na™ all cross sections have an inherent ur 


can be little effect of recoil in the cases of other nuclides 
observed, since the available energy is insufficient to 
produce recoils greater than the foil thicknesses 
employed. 

The energy resolution of the gamma-ray spectra (e.g., 
7.3% at 1.78 Mev and 9.3% at 0.84 Mev) permitted 
an accurate determination of the individual gamma-ray 
energies and intensities because of the negligible inter- 
ference between adjacent gamma-ray peaks observed. 
In addition the accuracy of the half-life resolution 
found by following both gamma-ray decay and beta 
decay was enhanced by the magnitude of the half lives 
of the individual nuclides of interest (see Table I). 
Consequently, chemical separations of the radio- 
isotopes produced by Li® irradiation were not necessary, 
thereby eliminating the inherent error in determining 
chemical yields. 


CONCLUSION 


From the shape of the excitation functions it is 
strongly suggested that the production of P*°, P®, and 
Si* [Fig. 2(a)] occurs through a compound system 
formation and decay. The broadening of the P*° excita- 
tion function may in part result from the difficulty 
experienced in resolving the decay of the 0.511-Mev 
annihilation peak from the contributions made by other 
positron emitters formed during the irradiation. Both 
the shape and the position of the peaks of these excita- 
tion functions agree with those which are generally 
anticipated for a compound nucleus mechanism. 

The Al’* excitation function seems to suggest that 


Als A}*® Mg?’ Na*4 
(4.4) 


5.9 


(23.6) 


(32.6+4.6) 


28.4 43.0+8.0 


37.8 
re 
bas 
39,2 


6.4 40.3+4.4 
40.7+4.0 
$1.1+4.6 
$4.0+3.2 


43.3+1.0 


43.8+0.9 


Wr NM Ww w 


HH HH HOHE OE dE 


das 


80.8 


o + 


97.4 

76.5 

0.69 
icertainty of +20% (see text) 

possibly two or more modes of formation contribute to 
the yield observed. At the lower beam energies (25 Mev 
and below), the most probable reactions leading to Al** 
from Al’? appears to have the characteristics of a 
compound nucleus, and/or a stripping mechanism. 
That is, the excitation function exhibits a sharp increase 
with increasing energy reaching a maximum cross 
section value at 20 Mev. The excitation function seems 
analogous to that observed in the above cases (P*’, 
P®, Si3!) with a marked contribution from a direct 
stripping mechanism. Since the recoil range of Al* 
Al? 


uced reactions on 


TABLE III. Q values for Li®-ind 


Q value 
(Mev) 


+13.9 
6.37 
+-5.27 
+496 


+2.23 


Reaction products 


P2®+1p 
P®+1p+2n 
Si*™+2p 

Al3+ 1p+ la 
A}8+ Lié 
AP+3p+1n 
Al®+2p+d 
Mg??+la+2p 
Na®+2a+1p+2n 
Na®+2a+T? 
Na”+ B" 
Na™+Li®+2p+ 1n 
Na™*+ Li®+ He® 
Na™*+2a+ 1p 
Na™+ B? 


-7.02 


®V. A. Kravtsov, Upsekhi Fiz. Nauk 65 (3), 451 used 


for the calculation of the O values. 


1958). Mass table 
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Fic. 2. Excitation functions for Li®-induced reactions on Al*’. 
The energy error bars represent the difference in entrance and exit 
energies in each foil. (a) Excitation functions for the formation of 
P®, P3!, and Si®. (b) Excitation functions for the formation of 
Al*8, Al?®, and Mg?’. (c) Excitation functions for the formation of 
Na™ and Na”. 


resulting from Al*’-Li® compound system mechanism is 
small compared to the foil thicknesses employed, the 
part of the excitation function above 25 Mev can not 
be attributed to the recoil range of this nuclide. Appar- 
ently then, the predominant contribution to the cross 
section in the higher energy range is from one or more 
direct interaction processes. The most probable of these 
is a direct neutron pickup by the Al*’ target nucleus. 
Morrison,':> Anderson,‘ and Gluckstern and Breit! 
have studied a mode of Li® breakup producing He‘ and 
a deuteron. The breakup of the projectile with its com- 
ponent nucleon clusters contains the inference that the 
Al?’ formation may not only be due to the stripping of 
1 R. Gluckstern and G. Breit, Proceeding of the Second Confer- 


ence on Reactions between Complex Nuclei, Gatlinburg, Tennessee 
(John Wiley & Sons, Inc., New York, 1960), p. 77. 
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a neutron from Li® as such, but also to stripping from 
the individual clusters which make up the Li® nuclide. 
More specifically, the Li® interaction may be enhanced 
by the apparent He*-d structure, in which the deuteron 
cluster is most probably the major contributor to the 
neutron stripping process. (e.g., 


AP?+Li® > [AP?+ (a,d) ] — AP§+ea-+ p). 


This reaction mechanism would be most probable in a 
surface interaction similar to the contact process 
suggested by Kaufmann and Wolfgang”-'*® since the 
wave functions for the Het-d system indicates the 
existence of the deuteron in the diffuse area outside the 


2R. Kaufmann and R. Wolfgang, Phys. Rev. 121, 192 (1961). 
R. Kaufmann and R. Wolfgang, Phys. Rev. 121, 206 (1961). 
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He core of Li®."" The Q values in Table III for Al’ 
(Li®;a,p)AP® represent a magnitude attributed to a 
compound system formation with subsequent evapora- 
tion of particles. The value should not be much in 
excess of that anticipated for the reaction proceeding 
through the reaction intermediate. However, unlike the 
compound nucleus, the reaction intermediate would 
retain the basic structure of the nuclides forming it to 
a large degree. 

The production of Al’ probably takes place via a 
two-neutron pickup by the target nucleus in a direct 
interaction mechanism, in addition to some contribution 
from the compound system production. However, the 
general shape of the excitation function is indicative of 
a direct interaction mode of production, most probably 
related to the contact stripping mechanism™'*, A 
significant contribution to the total yield of AP* by the 
compound is decreased by consideration of the level 
densities of the residual nuclei. At these energies, the 
() values indicate that the formation of Al* by the 
evaporation of individual nucleons from the compound 
system would be favored over the formation of Al’ 
which would be formed near its ground state by a 
similar cascade (see Table ITI). 

The formation of Mg*’ via a compound nucleus 
mechanism is possible, but with only a small probability. 
As in the case of Al*’, level density consideration would 
not appear favorable for the compound system 
approach. The shape of the excitation function indicates 
the predominant mechanism is that of a direct inter- 
action, since the peaking of the excitation functions 
appears to be negligible. In this case a reaction inter- 
mediate similar to that proposed for the Al?-Al’* 
system seems to be appropriate (e.g., 


AP?+Li*® — [AFP?+ (a,d > Mg”*+a+2p). 


This mechanism is then analogous to the (d,2p) or (n,p) 
direct interaction mechanism, with the deuteron 
cluster of Li® enhancing the yield of Mg?’ over that 
anticipated from nucleon exchange produced by the 


KR, PREISS, 


AND ANDERSON 

Li® nuclide itself. The possibility of charge exchange 
between Li® or the nucleon clusters He*-d and the target 
also presents itself. Again this mode of formation of 
Mg?? would be enhanced by the cluster structure of Li' 
and the surface interaction 
above. 


mechanism™:3 discussed 

The mechanism by which Na” and Na** are formed 
is almost certainly a direct interaction. This mechanism 
most probably involves either the evaporation, stripping 
or direct knock-on of nucleon clusters from the Al*’ 
target. The excitation function indicates very little, if 
any, contribution from a compound system mechanism. 
As in the (d,p) instances previously discussed, a reaction 
intermediate may present considerable contribution to 
the over-all cross section found for these nuclides. 

In general, it is highly probable that in all instances 
not clearly specified as compound system information 
and decay (i.e., all cases other than P®°, P®, Si®!, and a 
portion of the low-energy Al** formation), one or more 
direct interaction mechanisms predominate. The rela 
tive yields, threshold energies and general 
shapes of the excitation function seem to indicate 


apparent 


importance of the contact process and subsequent reac 

tion intermediate formation. A more prec ise conclusion 
as to the importance of the He*-d structure of the Li 
projectile and the nucleon cluster character of the 
target, as well as the relative merits of direct interaction, 
reaction intermediate, or compound nucleus formation, 
requires a careful analysis of excitation functions 
resulting from other heavy ion experiments and on a 
comparison of activation cross section data with those 
based on identification of the light fragments (He’*, He’, 
Li*’, Be’, etc.) resulting from a heavy ion-Al’ system. 
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The energies of the cascade gamma rays in Nd" are found to be 1487.0+1.1 kev and 696.7+0.6 kev and 


the measured energy of the crossover transition is 21 


86.0+2.2 kev. The agreement of these results is used 


to justify the claim of 0.1% accuracy for the scintillation spectrometer with anticoincidence annulus for 


the measurement of gamma-ray energies in the interval from 0.5 Mev to roughly 3.0 Mev 


\n energy of 


570.8+0.5 kev is obtained for the low-energy radiation from Pb’? and energies of 1836.2+1.7 kev and 
898.7+0.8 kev are reported for two Sr88 gamma rays. Also measurements are given for the relative intensities 
of the 2.18-Mev, 1.48-Mev, and 0.696-Mev gamma rays of Nd", the relative intensities of the 1.8-Mev and 
0.898-Mev transitions in Sr*’, and the relative intensities of the 1.06-Mev and 0.57-Mev transitions in Pb?”? 


I. INTRODUCTION 


N the analysis! of the spectra of gamma. rays 

obtained with the scintillation spectrometer with 
an anticoincidence annulus,’ the mean pulse height of 
the full-energy peaks are determined to within an 
uncertainty of from 0.4% to 1.0% of the width of a 
peak. In order to utilize this precision for the evaluation 
of the energies of gamma rays, it is necessary that the 
relation between energy and pulse height be determined 
with comparable accuracy. For any limited energy 
interval, the required calibration can be made by 
measuring the response of the scintillation spectrometer 
for several gamma rays of known energy within this 
interval. Between 0.3 Mev and 1.5 Mev the energies of 
a number of gamma rays have been determined with 
this 
interval from 


sufficient accuracy for purpose. However, for 
1.5 Mev to 2.7 Mev 


there seem to be no convenient sources of gamma rays 


transitions in the 


with precisely measured energy. This interval, which 
was of particular interest in connection with another 
experiment,’ is too large to allow an a priori estimate 
of the validity of any calibration function, particularly 
for energies in the neighborhood of 2.2 Mev. 

The nucleus Nd'* is the source of three gamma rays 
with energies of about 2.18, 1.48, and 0.696 Mev. The 
latter two are in cascade from the level at 2.18 Mev, 
as shown in Fig. 1. Thus the energies of the two cascade 
gamma rays fall within an interval in which the 
spectrometer can be calibrated accurately. Since the 
sum of the energies in this cascade gives an independent 
determination of the energy of the crossover gamma 
ray, this source provides a means by which a given 
calibration relation may be tested in the critical 
neighborhood of 2.2 Mev. 

The the measurement of the 
energies of the gamma rays from Nd" are 2186.0+2.2 
kev, 1487.0+1.1 kev, and 696.7+-0.6 kev. The directly 
measured energy of the crossover gamma ray and the 


results of present 


t Work performed under the auspices of the U. S. Atomic 
Energy Commission. 
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sum of the independently measured energies of the 
gamma rays are within the 
experimental errors. It is believed that this agreement 
provides a confirmation of the validity of the present 
method of measurement and analysis. 

More generally these results that a 
representation of gamma-ray energies by a quadratic 


cascade seen to agree 


indicate 


function of the observed pulse height is accurate to 
about 0.1% over the entire energy interval from 0.6 to 
2.7 Mev. 


response of 


Previous studies'® on the linearity of the 
scintillation this energy 
interval were not accurate enough to detect the slight 
deviations represented by the quadratic term in the 
response function. In these earlier studies, no effort 
was made to suppress those events in which degraded 
quanta escape from the crystal. These events caused 
asymmetries in the full-energy peaks so that it was 
difficult to assess the accuracy with which their mean 


counters over 


positions were determined. 

In the present experiment it proved convenient to 
use the two gamma rays of Sr* as auxiliary standards 
measurement of the of the 1.48-Mev 
ray from Nd'*. The energies of these two 
gamma rays, as measured in this experiment, are 
1836.2+1.7 kev and 898.7+0.8 kev. Also, as a by- 
product, we obtain the energy of the 0.571-Mev 
gamma ray in Pb”, the relative intensities of the 
gamma rays of 2.18, 1.48, and 0.696 Mev in Nd", 


in the 
vyamma 


energy 


284d 


. 1. Partial decay 
scheme of Ce™, 


‘Yu. A. Nemilov, I. I. Lomonsov, A. N. Pisarevskii, L. O. 
Soshin, and N. D. Teterim, Bull. Acad. Sci. U.S.S.R. Phys. Ser. 
Columbia Tech. Translation) 23, 246 (1959). A bibliography of 
such measurements can be obtained from this reference. : 

5 R. W. Peele and T. A. Love; Oak Ridge National Laboratory 
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Fic. 2. Experimental arrangement for the measurement of 
the 696-kev gamma ray of Nd™, 


the relative intensities of the gamma rays of 1.8 and 
0.898 Mev in Sr*8, and the relative intensities of the 
gamma rays of 1.06 and 0.571 Mev in Pb*’. These 
results are summarized in Tables III and VIII in 
Sec. ITI. 


II. APPARATUS AND PROCEDURE 


use of the anti- 
spectra are char- 
events within the 


All spectra were obtained by 
coincidence spectrometer. These 
acterized by the suppression of 


crystal that do not contribute to the full-energy peaks 
so that the full-energy peaks are apparently enhanced 
relative to the remainder of the spectrum. This elimin- 
ates much of the ambiguity in the identification of the 
mean position of each gamma-ray peak. 

The energy of each of the three gamma rays from 


Nd'* was measured separately. In order to measure 
the energy of the gamma ray of about 696 kev, a 
spectrum of the gamma rays from Bi” (1063.9+0.3 
kev),® Po*? (803.3+0.4 kev),’ Au’ (411.78+0.04 kev),® 
and Ce'* (unknown) was obtained by exposing the 
detection system simultaneously to these sources. The 
experimental arrangement for this measurement is 
shown in Fig. 2 and the measured spectrum is presented 
in Fig. 3(a). A sheet of aluminum 0.125 in. thick is 
placed between the sources and the detector to stop 
the energetic beta rays from the sources. The simul- 
taneous collection of data from all sources tends to 
minimize the systematic errors caused by the drift of 
the photomultiplier, fluctuations in the power supply, 
and changes in the gain of the amplifiers. Also, the 
counting rate restricted to moderate values in 
order to reduce the possible influence of counting rate 
on the relative positions of the full-energy peaks. 


Was 


Ihe spectra are recorded on a 256-channel analyzer 
and stored on punched paper tape. This tape is 
compatible with a program developed for the digital 
computer GEORGE at the Argonne National Labor- 
atory. This program analyzes the spectra in a manner 
which we believe realizes the full potential of the 


* D. E. Alburger, Phys. Rev. 92, 1257 (1953). 

7D. E. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 
(1954 

8D. E. Muller, H. C. Hoyt, D. J. Klein, and J. W. DuMond, 
Phys. Rev. 88, 775 (1945) 
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counting statistics. The details of this program are 
given in Sec. ITI. 

In the analysis of the data, provisions are made for 
the removal of background contributions to the full- 
energy peaks as well as contributions from gamma rays 
with an energy higher than that of the particular 
gamma ray being analyzed. In preparation for this 
analysis, separate measurements are made of the 
spectra of the following isolated sources: (i) Bi?” 
[Fig. 3(b) ]; (ii) Zn® [Fig. 3(c) ]; (iii) Po” [Fig. 3(d) ]; 
(iv) Ce™ [Fig. 3(e)]; (v) Au’ [Fig. 3(f)]; and (vi) 
room background [Fig. 3(g) ]. We shall refer to these 
six auxiliary spectra as background spectra for the 
measurement of the energy of the gamma ray of 
0.696 Mev. 

The full spectrum, which we shall call the data run, 
in the measurement of the energy of the 696-kev 
gamma ray consisted of five full-energy peaks. In 
addition to the peaks of the three standard energies 
and the lower energy cascade gamma ray of Nd', 
the full-energy peak of the 571-kev gamma ray of 
Pb”? was present. It proved convenient to carry out 
the background subtractions for this data run in two 
steps. First the gamma rays of 1.0639 Mev, 0.8033 Mev, 
and 0.571 Mev are considered as one group. These 
spectra are corrected for room background and the 
Ce™ source by subtracting spectrum (iv) with the 
normalization appropriate for the total live times for 
the accumulation of the data run and the background 
run. The full-energy peak corresponding to the 1.0639- 
Mev gamma ray is then analyzed® to obtain the 
parameters of the line shape of this transition for the 
data run and for the background spectrum (ii). In the 
latter case, the background (vi) is subtracted after 
normalization by the ratio of the live times for the 
accumulation of the respective data. To prepare for 
the analysis of the full-energy peak of the 0.8033-Mev 
gamma ray, the contribution of the 1.0639-Mev gamma 
ray in the region of the 0.8033-Mev gamma ray is 
removed by subtracting spectrum (ii) with normaliza- 
tion determined by the ratio of the areas observed for 
the 1.0639-Mev “line” in the data run and in the 
background run (ii). The analysis of the 0.8033-Mev 
peak in the data run is then carried out. The full- 
energy peak in the background run (iii) is analyzed 
next. The background of spectrum (vi) is subtracted 
first in this case. Finally the 0.571-Mev peak in the 
data run is analyzed after first using the background 
(iii) to subtract out the influence of the higher energy 
gamma rays in the vicinity of this peak. The normaliza- 
tion for this subtraction made use of the ratio of the 
area of the full-energy peak of the 0.8033-Mev gamma 
ray of the data run to the area of the corresponding 
peak of spectrum (iii). We note that each subtraction 


* By the “analysis’’ of a line we shall mean the fitting of the 
observed line shape to the Gaussian function given in Eq. (1), 
Sec. II. 
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Fic. 3. (a) Measurement of energy of 696-kev 
gamma ray of Nd"; response of scintillation spec- 
trometer with anticoincidence annulus of Nal to the 
gamma rays of Ce, Bi%®?, Po?!®, and Au™®§. Full 
scale corresponds roughly to 1.5 Mev. These data 
accumulated in 6200 sec. (b) Spectrum of isolated 
Bi’ obtained in 3600 sec. (c) Spectrum of Zn® ob- 
tained in 700 sec. (d) Spectrum of Po*!° obtained in 
7200 sec. (e) Spectrum of Cel—Pr'4—Nd'™ ob- 
tained in 3600 sec. (f) Spectrum of Au'®’ obtained in 
3600 sec. (g) Room background obtained in 3600 sec. 
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COUNTS PER CHANNEL 
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ACTUAL 


ne a, Se 
50 100 150 
CHANNEL NUMBER 


200 + «250 


Fic. 4. Measurement of the energy of the 2.18-Mev gamma 
ray of Nd; response of scintillation spectrometer to the gamma 
rays of Ce’, Na*™, Bi®’, and Y* 


is made for the entire range of the multichannel 
analyzer so that the background of a particular source 
is removed only once. 

In the analysis described above, the spectrum of the 
1.12-Mev gamma ray of Zn® was used to simulate the 
spectrum of the 1.0639-Mev gamma ray of Bi*”’ in the 
region of the full-energy peak of the 0.571-Mev gamma 
ray. We have also carried out the analysis of the full- 
energy peak of the 0.571-Mev transition without any 
attempt to remove the influence of the 1.06-Mev 
gamma ray. Its contribution is then contained in the 
value of the defined below, which 
describes a constant level of background in the response 


parameter aj, 


of the counter system. These two methods proved to 
be equivalent for the determination of the energy of 
the 0.571-Mev gamma ray. That is, the two methods 
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0.570 Mev 
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+ 
- 1.0639 
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Fic. 5. Measurement of the energy of the 1.48-Mev gamma 
ray of Nd; spectrometer to the gamma 
rays of Ce™, Bi* 


response of scintillatior 


7 and Y* 
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yield mean positions which differ by less than 0.1 of 
the uncertainty associated with them. 

The second step in the background subtraction 
procedure for the determination of the energy of the 
696-kev gamma ray involves the analysis of the full- 
energy peaks (in the data run) associated with the 
gamma rays of energy 0.696 Mev (Ce!) and 0.412 
Mev (Aus). We begin by subtracting spectrum (i), 
normalized to the respective live times of the counter, 
from the data run. The peak of the 0.8033-Mev gamma 
ray in the data run, as well as the corresponding peak 
of spectrum (iii), is analyzed. In the latter case 
spectrum (vi), normalized to a corresponding live 
time of the counter, is subtracted first. The procedures 
outlined above are repeated to obtain the analysis of 
the peaks of the 0.696- and 0.411-Mev gamma rays. 

A similar procedure is used to determine the parame- 
ters for the crossover transition, the 2.18-Mev line of 
Nd'#,. The spectrum of this gamma ray is obtained 
simultaneously with the spectra of “standard” gamma 
rays in the same manner as described for the measure- 
ment of the energy of the 0.696-Mev gamma ray. 
The “standards” used in this case are the (2753.3+1.0)- 
and the (1368.6+0.3)-kev gamma rays" of Mg", the 
(1063.9+0.3)- and the (570.8+0.5)-kev gamma rays 
of Pb’, and the (696.7+0.6)-kev gamma ray of Nd". 
The energies of the latter two gamma rays wert 
determined with different 
ment described above. The spectrum from a typical 


standards in the measure- 
run is presented in Fig. 4. The gamma rays of 
(1.8 and 0.90 Mev 
anticipation of their use in the mea 
1.48-Mev cascade gamma ray. 

The analysis of these full-energy peaks is carried out 


are included in these data in 
} urement of the 


minor changes. In the 
Me a the 
crossover transition in Y™ 
2.74 Mev) is 
traction of the appropriate isolated spectrum. Because 
of a weak 1.74-Mevy 
subtraction, using the spectrum of a Bi*’’ source, is 
carried out in the neighborhood of the 1.84-Mev peak 
of Y*. 

In the measurement of the 1.48-Mev cascade gamma 
ray of Nd'*, the interference of the 1.368-Mev transition 
“standard”’ 


as outlined above with a few 
analysis of the 2.75-Mev 
contribution of the 


an energy of about 


gamma ray of 
(with 
removed by sub- 


transition in Pb? a separate 


prevents the use of Na*! as a source of 
gamma rays. We therefore use the gamma rays of Y* 
and the 2.18-Mev gamma ray of Nd'* as * 
in this case. A typical spectrum is presented in Fig. 5. 


standards” 


III. RESULTS 


Table I contains the results of the analysis of a 
typical run in the measurement of the energy of the 
0.696-Mev gamma ray of Nd'*. The parameters listed 
in the table correspond to the parameters in a function 


1 A. Hedgran and D. Lind, Arkiv Fysik 5, 177 (1952 


private communication. 
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TABLE J. The parameters of Eq. (1) determined from the observed response of the scintillation detector by the 
modified x? minimum method. The results are for a typical set of data, run number 825. 


Peak height Meanof Gaussian Standard deviation Residual background x’ 


This 


calculation 


Energy of gamma ray a ae a3 a4 


. : Expected 
(kev) (counts) (channels) (channels) (counts) 


value 


1063.9 
803.3 
696. (unknown) 
571.(unknown 


5574452 

5706+44 

7700+170 
13752+72 


+0.09 
+0.09 
+0.14 
+0.05 


62455 
152+38 
310+200 
170+70 


174.785+0.038 04 
133.574+0.06 5.97 
116.736+0.048 5 


J.0 


96.795+0.023 4.79 


411.8 14986+48 71.595+0.009 


of the form 


(1) 


C(x) =ayG (x; 2,03) +ay+a;sG (x; a,—d, a3), 


where C(x) is the measured response at pulse height 
Zz, and Q1, Qs, , @, are parameters whose values are 
determined from the corrected data spectrum by 
means of the modified x? minimum procedure, and 


G(y; @2,a3) = exp — (y—ap)* a;° |. (2) 


It is seen from Eqs. (1) and (2) that a; and ay» 
represent the amplitude and mean pulse height, 
respectively, of the full-energy peak, and a; is a 
measure of its width. The a; is a measure of a constant 
background that is not removed by the subtraction 
procedures. In sources with two or more gamma rays, 
it is sometimes not possible to remove the influence of 
the higher energy gamma ray in the region of the 
full-energy peak of the lower energy gamma rays. ‘The 


parameter ay is used to represent these contributions. 
We also introduce a fifth parameter a5 in Eq. (1) to 
describe the response to back-scattered events within 
the crystal. These are caused by large-angle Compton 
scatterings in which the degraded gamma rays escape 


the detector through the entrance aperture and, 
therefore, fail to trigger an anticoincidence pulse. This 
type of event leads to a small peak not more than 
250 kev lower than the mean of the full-energy peak. 
Since the shape and mean position, (a2—d) in Eq. (1), 
of this secondary peak can be calculated with reasonable 
accuracy, it is necessary only to determine its ampli- 
tude a; in order to include these events in the response 
function. For all full-energy peaks, with the exception 
of that at 2.7533-Mev, the contribution to the full- 
energy peak from a; is essentially zero; and even in 
the case of the 2.7533-Mev peak, the correlation 
between a, and as is sufficiently small that 
reasonable value of as produces a negligible shift in a. 
The calculated value of x° provides a measure of 
the “goodness of fit” of the assumed response function, 
Eq. (1), to the observed spectrum. The calculated and 
expected values of this quantity are listed for each 
full-energy peak in the last two columns of Table I. 
The mean positions of the full-energy peaks are 
determined within an uncertainty which varies from 
1.0% to 0.4% of the width of the peak. This accuracy 
is limited only by counting statistics and the stability 


any 


4.058+0.020' 


76+45 


of the counting system, provided that the shape of the 
peak is known. The values calculated for x? give a 
measure of the validity of the assumptions about the 
shape of the full-energy peak and the errors quoted in 
the table are adjusted in the usual way for external 
consistency. 

In order to determine the energy of the 696-kev 
gamma ray, the relation between energy and pulse 
height of the spectrometer system must be determined 
from the energies of the three standard gamma rays. 
The least-squares values of the coefficients of an 
assumed linear response in the energy interval from 
411 kev to 1.06 Mev are given in Table II for five 
separate experimental “runs.” Listed in the last 
column of Table II are the calculated values of x? for 
“run.” Theoretically values should be 
distributed as x° with one degree of freedom. Actually 
the observed distribution is somewhat narrower than 
the theoretical distribution so we conclude that the 
assumption of a linear relationship between energy 
and pulse height within this energy interval is consistent 
with the data to within the accuracy of the “standard” 


energies. 


each these 


We used this opportunity to make an independent 
measurement of the energy of the 571-kev gamma ray 
in Pb*?, There are two values reported in the 
literature; 569.740.1 kev by Bickstrém and 568.9 
+0.3 kev by Yavin and Schmidt. These results do not 
agree within the stated errors and our preference, 
therefore, is not to use the average of these results. 
Both papers are very tersely written and we are 
prevented from making an evaluation of the work for 
systematic errors. Our own result turned out to be 
570.8+0.5 kev which, note, does not agree with 
either of the two earlier results. In the subsequent 
measurement on gamma rays of higher energies we use 
our value of the energy for this gamma ray. The 
results of our measurements on these transitions are 
summarized in Table III. In the calculation of the 
standard deviations associated with these results, the 
error asssociated with each individual determination 
is treated as entirely systematic so that the average 
result of a number of runs has, in general, about the 
same error associated with it as do the individual runs. 
The justification for this procedure is that we believe 


we 


the main sources of error in our energy determination 
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TABLE II. Least-squares values of the energy-calibration equation E=a+ a2 for the energy interval from 


Energy E of standard Mean position 
gamma ray ag 
(kev (channels) 
177.011+0.037 


135.811+0.075 
73.587 +0.017 


1063.9 +0.3 
803.3 +0.4 
411.77+0.04 


1063.9 
803.3 
$11.7 


+0.3 174.830+0.038 
+0.4 133.566+0.062 
7+0.04 71.523+0.017 


1063.9 +0.3 
803.3 +0.4 
411.77+0.04 


174.785+0.038 
133.574+0.06 
.595+0.009 


3.953+0.034 
32.804+0.027 
).940+0.010 


1063.9 +0.3 
803.3 +0.4 
411.77+0.04 


1063.9 +0.3 
803.3 +0.4 
411.77+0.04 


174.540+0.029 
133.306+0.042 
71.456+0.027 


are possible errors in the value of the energy assigned 
to the standard gamma rays and systematic deviations 
of the true relation between energy and pulse height 
from that which we have assumed. Both of these 
sources result in a systematic error that 
reduced by simple repetitions of measurement. 

Phe 570.8- and the 696.7-kev gamma rays were used 
as standards, together with the 1368.6- and the 2753.3- 
kev gamma rays of Na*™ and the 1.06-Mev line of Bi*”, 
to measure the energies of the prominent gamma rays 
from Y** and the 2.18-Mev Nd’. A typical 
spectrum in this series of data runs is shown in Fig. 4. 
These data were analyzed in a manner similar to that 
described for the spectrum of Fig. 3. Tables IV and V 
contain the channel positions of the mean of the full- 
energy peaks for the stand 


cannot be 


line of 


andard and unknown energies, 


TaBLe IIT. Energy of ‘‘696’’-kev and ‘‘571"-kev gamma 
rays of Nd' and Pb*’, respectively 


Energy fron 
linear fit 
kev 


Channel! 


of unknowr! 


DOsiti 


118.67 +0.05 
98 845+0.034 


696.0+0 
571.0+0 


116.49 +0.06 
96.707 +0.034 


695.6+0 


570.7+0.: 


116.736+0.048 
96.795+0.023 


697 0+0.6 
571.0+0.5 


116.021+0.039 
96.063 +0.021 


697.1+0.5 
570.8+0 
831 116.599+0.033 
96.568+0.014 


697.4+0.! 


3S70.7+0 


696.7 +0.6* 


570.8+0.54 


\verages 
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0.41 to 1.06 Mev 


a b 
(kev) (kev/channel 


52.15 +0.38 6.3040+0.0033 


39.672+0.055 6.3119-+0.0005 


40.636+0.078 6.3190 +0.0007 


37.272+0.069 6.3299+0.0006 


— 40.196+0.23 +0.002 


respectively. Also given in Table IV are the parameters 
of a calibration curve for the spectrometer over an 
energy interval from 0.571 to 2.75- Mev. This calibra- 
tion curve includes a quadratic term in the mean 
pulse height in addition to the constant and linear 
terms. The number of degrees of freedom for the 
theoretical distribution of the values of x’ is 2, except 
for the runs numbered 157 and mal 
function of the printer prevented th 

full-energy peak. The 
from about 
function. 


158, where a 
analy SIs of one 
computed values of x 
3 to 20 for the quadratic 


Vary 
calibratior 
For a linear calibration within this energy 
interval, the computed values of x? vary from 30 to 
80 and the average ratio of the values of x? for these 
two calibration functions is 5.9. If equal validity is 
assumed for both calibrations, the expected value of 
this ratio is 1.5. This indicates that the quadratic 
term in the interpolation function improves the agree- 
ment to an extent greater than would normally be 
expected by the introduction of one additional free 
parameter. However, even for the quadratic formula 
the distribution of observed does not 
agree with the theoretical distribution as well as might 
be expected. We shall return to this point below. 


values of x° 


The weighted average of the energies of the two 
gamma rays in Sr** and the highest energy line from 
Nd'* are 898.7+0.8 kev, 1836.2+1.7 kev, and 2186.0 
+2.2 kev, respectively. A summary of these results 
for each of eight separate determinations is included 
in Table V. For the same reasons as given before, the 
errors associated with the individual runs include a 
normalization to the expected value of x 
treated as entirely systematic. 

These three lines are now used as secondary standards 
in the measurement of the energy of the 1.5-Mev 
gamma ray of Nd'*. This part of the experiment is 
similar to the previous data runs, except that the Na”! 


and are 
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TABLE V. Energies of unknown gamma rays of Nd and 
Sr88 from the calibration of the response of the scintillation 
spectrometer given in Table IV. 


020 
.014 
008 
023 


8+0. 


05 


+0. 


+0.06 


Mean position of 
full-energy peak Energy determined 
of unknown from quadratic fit* 
(channels (kev) 


‘ 


76 
90.333 +( 


61.3 


Run 159 
7 


12.6 
— 0.78+0.23 


51.110+0. 


114.8 


178.46 +0.04 2188.9+3.1 
150.657 +0.029 1837.9+2.5 
76.712+0.015 899.2+1.2 


20 
) 


+0.01 


177.67 +0.04 2187.142.9 
149.996+0.023 1837.54+2.2 
76.129+0.012 898.8+1.1 


12+0.016 


Not in this program 


‘ 


114.230+0. 
0.53 


89. 


12.93 +0.04 
- 0.612+0.15 


177.699+0.025 2188.5+2.6 
150.03 +0.03 1838.9+2.0 
76.128+0.016 899.1+1.1 


O17 
013 
012 
lis run 


Run 157 
( 
( 


176.04 +0.04 2183.84+1.5 
148.69 +0.03 1836.2+1.1 
75.360+0.009 898.4+0.5 


4+0. 


114.485 


é 


/ 
12.81+0.06 
1.18+0.21 


90.073 
61.168+0. 


225.9 
Not used int 


178.04 +0.04 2184.2+2.2 
150.587+0.017 1835.7+1.5 
77.217+0.015 899.0+0.8 


/ 


5 


180.183+0.024 2188.3+2.4 
151.903+0.020 1837.2+2.0 
77.057 +0.007 898.7+1.1 


Run 811 
23.09 +0.0: 
113.815-+0.029 
90.139-+0.010 

1.632+0.01 

12.93+0.04 


61.390+0.014 


5 


179.795+0.024 2186.2+2.0 
151.454+0.018 1833.9+1.6 
76.635+0.018 899.1+1.0 


)15 
)18 
) 


180.547+0.027 2186. 
152.227+0.028 
77.237+0.030 


+1.1 
+0.0 


‘ 


> 
) 
— 
o 
~ 
™~ 
N 
> 
= 
o 
™~ 
wy 
- 
= 
3 
> 
i 
>» 
&0 
pe 
nu 
— 
—~ 


Run 810 
4.3 
12.9 


112.015+0. 
7 


88.305+0. 


Weighted average 


Mean position of full-energy peak, az 


Parameters of quadratic fit 


5 


0+0.006 
12.90+0.0 
0.82+0.19 


89.182+0.013 
60.240+0.015 


0.4: 


112.896+0 


source has been removed. A typical spectrum is shown 
in Fig. 5, and a summary of the data is given in Table 
VI. Again a nonlinear term is postulated for the 
calibration function and the theoretical distribution of 
x” again has two degrees of freedom. In this case, for 
which the energy interval is from 0.57 to 2.18 Mev, 
the agreement between the distribution of observed 
values of x? and the theoretical distribution is excellent. 

The weighted average of four determinations of the 
energy of this cascade gamma ray in Nd!" js 1487.04+1.1 
kev. Again the errors of the individual runs have been 
treated as systematic. 

In Table VII is presented a summary of the results 
for the Nd'“ gamma rays. Here the sum of the energies 
of the cascade is given as 2183.7+1.7 kev, and this 
value is to be compared with the energy of the crossover 
gamma ray which was measured to be 2186.0+2.2 kev. 
Treating the difference between these measured values 
as a sample drawn from a normal population with zero 
mean, it is easily shown that 4 of 10 similar experiments 
would result in a difference at least as large as that 


5 


&9,201+0.013 

60.229+0,018 
0.455+0.009 
12.88+0.0 


5 


The parameters of the calibration relation i =a+ 
Run 806 
112.890+0.022 


5+0.007 
0+0.015 


sot 


TABLE IV 
Run 804 


12.86-+0.06 


0.9 


89.762+0.016 


113.449+0.028 
60. 


223.40 +0.03 


§ 
5 


energy /¢ 
1368.6+0.3 
1063.9+0.3 
696.7+0 
570.8+0.: 
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The parameters of the calibration equation E=a+ba;+ca? in the energy interval from 0.57 Mev to 2.18 Mev. 


The calculated energy of the 1.48-Mev gamma ray of Nd“ is given for each run 





Energy E of “standard” 4 
(kev) Run 815 
176.460+0.027 
148.965+0.027 
88.490+0.011 
75.493+0.025 
59.710+0.012 
49.984+-0.007 


121.572+0.027 


2186.0+2 
1836.2+1 
1063.9 
898.7+0.8 
696.7+0.6 


570.8+0.5 


+().. 


1480-kev “unknown” 


176.298+0.022 
148.872+0.028 


121.563+0.035 


Mean position 


Run 816 Run 819 Run 820 
175.564+0.015 
148.236+0.033 
87.859+0.014 
74.960+0.021 
59.190+0.021 
49.490+0.011 


120.879+0.028 


177.994 

150.51 
89.987 
77.230 
61.330 
51.632 


+0.032 
+£0.05 

+0.021 
+0.020 
+0.008 
+0.031 


88.463+-0.009 
75.505+0.012 
59.730+0.010 
50.010+0.008 


123.08 


Parameters of quadratic fit 


1000. 
; £9 
1486.6 +1.0 


x 
I nergy ol 1480-kev 


—71.3 +1.5 


1487.4 +1.1 


-66.7 +1.3 04.7 - 
12.912+0.028 12.94 
048 +0.15 0.694 
1.4 3 
+1.0 1486.9 


12.87+0.03 
0.36+0.18 
2.3 


1487.1 


Weighted average for 1480-kev gamma ray =1487.0+1.1 kev 


obtained here. We interpret this to indicate that the 
procedures of measurement and analysis described 
herein yield results that are internally consistent. 

We arbitrarily average the crossover value with the 
cascade sum to obtain the value 218542 kev for the 
energy of this crossover transition. 

As mentioned before, the agreement obtained with 
a quadratic calibration function in the energy interval 
0.57-2.75 Mev is somewhat disappointing. This can be 
attributed to the inadequacy of the calibration function, 
various approximations in the analysis, errors in the 
determination of the mean pulse heights, or errors in 
the assignment of energy values to the “standards.” 
Undoubtedly all of these possibilities contribute to 
some extent. It the 
claim of 0.1%) accurac y of calibration over this energy 
the 


should be noted, however, that 


s not inconsistent with agreement obtained 


interval i 


Pas_e VII. Measure 


ment of the energy of the Ce gamma rays. 


All energies are in kev 


Standards 


411.8+0.3 
570.8+0.5 
1063.9+0.3 
803.3+0.4 


gamma ray 7+0.6 Au’ 


Bi? 
Po7!? 


570.8+0:! 
1063.9+0 
1836.2+1 

898.7+0.8 
2186.0+2.2 

696.7+0.6 


ediate energy gamma ray 


Bie? 


¥° 


2753.341.0 
1368.6+0.3 
570.8+0.5 
1063.9+0.3 
696.7+0.6 


Highest energy gamn 


a ray 


Na™ 
Bi207 
Cel 


8.7417 


Errors treated as 
systematic 


Sum of cascade 


Average for cross over transition 


by use of the quadratic calibration function. Further- 
more, this degree of accuracy is supported by the 
agreement obtained for the crossover transition and 
the cascade sum in Nd" as well as the results given in 
Table VI for calibration in the energy interval from 
0.57 Mev to 2.18 Mev. 

Finally, Table VIII presents the relative intensities 
of the gamma rays in Sr“, Nd, and Pb*’?. These 
numbers are obtained as a byproduct of the fit of the 
data in the form of Eq. (1) since the product aja; is a 
measure of the area of the photopeak. When this area 
is corrected for the photopeak efficiency of the spec- 
trometer, obtained from a Monte Carlo calculation," 
a measure of the relative intensities of the gamma rays 
from each source is obtained. In the ratio of the areas 
of the full-energy peaks of any pair of gamma rays, 
the errors associated with the amplitudes of the peaks 
and with the widths of the peaks are less than 2°% each. 
of the the pertinent cross 
sections, we assign an error of 5 to the Monte Carlo 


Because uncertainties in 
calculation of the efficiency of the system for each 
gamma ray. The total error assigned to the ratios of 
intensities is therefore 8°. The ratios of the intensities 
of the gamma rays are corrected for the losses in the 
Al absorber (0.125 in. thick). This amounts to a 2% 
decrease in the ratio of the intensity of the 1836.2-kev 
gamma ray to that of the 898.7-kev gamma ray of 
Sr**, and a 2¢ 

the 696.7-kev gamma ray to that of 
gamma ray of Nd, 

The 898-kev gamma ray of Sr* is part of a cascade 
from the level at 2.74 Mev to the 1.84 Mev. 
Since the direct transition from the 2.74-Mev level to 
the ground level is only about 0.5% of the intensity of 
the cascade decay, the relative intensities of these 
cascade transitions directly give the branching ratio 


© increase in the ratio of the intensity of 


the 2185-kev 


level at 


"1G. Backstrém, Arkiv Fysik 10, 393 (1956); A. I 
IF. H. Schmidt, Phys. Rev. 100, 171 5: 
2 W. F. Miller and W. J. Snow, Rev. Sci. Tr 


and private communication. 


Yavin and 


str. 31, 39 (1960), 
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TABLE VIII. Relative intensities of gamma rays 
from Sr®8, Nd'*, and Pb, 


Gamma-ray 
energy 
(kev) 


Relative 


Emitting } 
intensity 


nucleus 


Sr88 


898.7 1 
1836.2 1.11+0.08 


2185 1 
1487 0.40+0.03 
696.7 2.06+0.14 


Nd!*4 


1063.9 0.76+0.06 
570.8 1 


Pb”? 


of the decay of Y** to these levels. Our value for the 
ratio of the 8 decay to the 1.84-Mev level relative to 
that to the 2.73-Mev level is 0.1120.08. Lazar 
obtained a value of 0.09 for this ratio. It is difficult 
for us to assess the error assignment in Lazar’s work 
because of the very brief description of the intensity 
measurements. 

The relative intensities of the gamma rays in Nd‘ 
imply a branching ratio of 1.19+0.10 to 1 for the p 

18. N. H. Lazar, E. Eichler, and G. D. O’Kelley, Phys. Rev. 101, 


727 (1956). 
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decay of Pr'“ to the 0.696- and 2.18-Mev levels. Graham 
et al.4 report a value of 1.3 for this ratio. Their measure- 
ment is also based upon the measurement of gamma-ray 
intensities. Kreger and Cook'® report 1.14 for this ratio 
and Alburger and Kraushaar'® report about 1:1. 
Burmistrov'’ reports that the ratios of the intensities 
of the 0.696-, 1.48-, and 2.18-Mev gamma rays are 
(2.10.6) :(0.34+0.10) :1; and Porter and Day" report 
(1.49+0.09) :(0.29+.0.03) :(0.68+0.10) for the same 


gamma rays. 
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\ search has been carried out for the parity-nonconserving a decay of the 8.88-Mev (2 


) state in O!* by 


examining the alpha-particle spectrum following N'® 8 decay. An upper limit of (I/l,)<2X10~-* was 
determined which is shown to lead to the estimate that 5? 2X 10~". The alpha-particle group corresponding 
to disintegration of the broad 9.58-Mev (1) state was observed and the log ft for the 8 decay to this state 
found to be 6.80.1, the slow transition rate being in accord with a shell-model prediction that the 9.58-Mev 
state is due to a three-nucleon excitation. The shape of the alpha spectrum was fitted with a Breit-Wigner 


analysis. 


INTRODUCTION 


HE possibility of detecting a parity-nonconserving 

nuclear transition in the alpha-particle spectrum 
iollowing N'® 8 decay has been pointed out by the 
present authors! and, independently, by Alburger ef al.’ 
The relevant energy-level diagram is shown in Fig. 1, 
which includes results from the present work. Pre- 
liminary results, published in a previous communica- 
tion,! showed an alpha-particle group corresponding to a 
3 decay to the broad 9.58-Mev state but did not show 
any evidence for alpha particles emanating from either 
the 8.88- or 9.84-Mev states. The 2~ 8.88-Mev state is 
known! to be fed by the 8 decay of N’® but its breakup 
into an alpha particle and a C” nucleus is strictly for- 
bidden on the basis of conservation of angular momen- 
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_Fic. 1, Energy-level diagram showing the relevant states in the 
N16(3~)O!* (a@)C™ decay chain. The results of the present work 


are included; all other information was obtained from reference 3. 


'R. E. Segel, J. W. Olness, and E. L. Sprenkel, Phil. Mag. 6, 
163 (1961). 
2D. E. Alburger, R. E. Pixley, D. H. Wilkinson, and P. Dono- 
van, Phil. Mag. 6, 171 (1961). 
*F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
1959). All information about N* and O"* not otherwise referenced 
is taken from this compilation 


tum and parity. The decay to the 2+ 9.84-Mev state 
would represent a first-forbidden 8 transition. 

The experiment described previously has been refined 
considerably, particularly in regard to the sensitivity 
for detecting the parity forbidden transition, and the 
improved results are reported herein. 


EXPERIMENTAL RESULTS 


A schematic view of the target and counting chambers 
is shown in Fig. 2. Nitrogen gas, enriched to 96% N15, 
was bombarded with 2-Mev deuterons. The beam 
entered and left the target chamber through thin 
(0.075 X10 in.) nickel windows. Bombarding currents 











Fic. 2. Schematic diagram of target assembly. Components not 
labeled are designated by numbers as: (1) target volume; (2 
counting volume; (3) silicon detector; (4) detector assembly; and 

5) 0.075 10-*-in. nickel foils 


of about 1.5 wamp were used, and the gas target pressure 
was kept at about 3.5 in. Hg. The radioactive gas 
diffused into a small counting chamber which was viewed 
by a surface-barrier solid-state detector made of 70 
ohm-cm, n-type silicon with a gold surface layer less 
than 0.1 » thick. The bias on the detector was kept suffi- 
ciently low (about 3.5 v) so that electrons would lose 
no more than about 500 kev in traversing the counter’s 
depletion layer. The entire electronics system was fre- 
quently monitored for drifts by inserting pulses from a 
mercury pulser into the preamplifier input through a 
capacitor. The running cycle was to bombard (11 sec) 
‘ The authors wish to thank Dr. G. Dearnaley of Atomic Energy 
Research Establishment, Harwell for the loan of this detector 
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wait (5 sec)-count (13 sec). The accelerator was turned 
off by removing the spray voltage from the charging 
belt, and the waiting period was set to be long enough to 
allow the voltage to leak off the high-voltage terminal. 

The detector was calibrated by scattering mono- 
energetic alpha particles, accelerated by the Van de 
Graaff generator, into the detector. A separate target 
chamber was used for these measurements in which the 
scatterer was a thin nickel foil. The absolute energy 
determined by this calibration was accurate to +30 kev 
in the energy region of interest (~1.5 Mev) and the 
energy scale (kev/channel) accurate to +3%. The 
main uncertainty in determining the energy calibration 
was due to an uncertainty in the thickness of the nickel 
scatterer. 

The energy resolution of the detector was determined 
by inserting a known quantity of charge into the pre- 
amplifier (charge-sensitive) input with the detector in 
place. This noise spread was equivalent to about 65 kev 
and the spectra from monoenergetic alpha particles 
scattered into the detector confirmed that noise was the 
limiting factor in the detector energy resolution. 

In determining the energy resolution of the entire 
system, the energy losses in the gaseous source had to be 
taken into account. An integration was performed over 
the source volume which showed that at the gas pressure 
used (3.5 in.) a monoenergetic alpha line would have 
appeared at the detector as a peak shifted downward by 
about 7 kev, of width 11 kev, plus a low-energy tail. 
Over 90° would appear within 60 kev of the true 
energy. The energy resolution of the entire system was 
therefore limited mainly by the detector and electronic 
noise. 

The pulse-height spectrum from a run of some 6000 
bombard-count cycles is shown in Fig. 3. It can be seen 
that, again,' only one alpha-particle group was observed, 
the group from the O'* 9.58- Mev state. The position and 
shape of this peak is discussed below. These data contain 
some 11 000 counts in this group. The rise at low pulse 
heights was due to electrons. 

An upper limit for the number of alpha particles from 
the 8.88-Mev state was established with the aid. of a 
computer calculation generously performed for us at 
Oxford University. In this computation, which used a 
computer program developed at Oxford, a sharp peak 
riding on a continuous spectrum is searched for by re- 
moving from the spectrum those channels which could 
be influenced by the sharp peak and then fitting the 
remainder of the spectrum with a polynomial. This 
polynomial is then used to predict the spectrum in the 
region of the sharp peak and the predicted spectrum 
compared to the observed one. Using this method, it 
was found that no more than 39 counts were present 
representing alpha particles from the 8.88-Mev state; 
the actual result being 7432, with the quoted error 
representing one standard deviation. 
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Fic. 3. Pulse-height spectrum from silicon detector viewing 
decaying N'* nuclei. The instrumental resolution was about 4 
channels. The solid curve was calculated, as explained in the text, 
for the level parameters given by /y’=/)°+A,°=2.43 Mev, 
P',°=0.65 Mev. The values given here are in terms of the channel 
energies in the center-of-mass system. In terms of the energy of 
the emitted alpha-particle, as given by the scale in Fig. 3, the 
corresponding values are 1.822 and 0.440 Mev, respectively. The 
shift in the calculated peak to a lower energy, by about 80 kev, 
is due to the strong dependence on energy of the beta-transition 
probability 


In a similar manner, the number of alpha particles 
emanating from the 9.84-Mev state was found to be 
16+47. 

The number of alpha particles per N'® disintegration 
was determined by measuring the activity in the small 
counting chamber. This activity was measured with a 
Nal(Tl) crystal behind a lead collimator such that only 
radiation from the counting chamber could reach the 
crystal, The average solid angle subtended by the silicon 
detector was computed by integrating over the gas 
volume. After making the appropriate corrections for 
gamma-ray absorption, gamma branching ratio, and 
Nal(TI) efficiency, a branching ratio of (6.11.5) X 10~® 
to the 9.58-Mev state was determined. Taking the half- 
life of N'® to be 7.4 sec, and the 8 end-point energy as the 
energy cerresponding to the observed peak in the alpha 
spectrum (see below), we find for the 8 transition to the 
9.58-Mev state, log f/=6.8+0.1. This transition rate is 
somewhat higher than we reported previously and, as 
the present measurement was performed with more care 
and under better conditions, we consider its result to be 
the more accurate. 

Combining our upper limit (<2.2X10- alpha per N" 
decay) for the number of alpha particles emanating from 
the 8.88-Mev state with the known branching ratio 
(1.1%) to this state, we find for the 8.88-Mev state: 
r./P,<2.0X 10 

The 800-ev width of the 9.84-Mev state assures that 
this state must decay largely by alpha emission. The 
upper limit for alpha particles observed emanating from 
this state therefore reflects an upper limit for the feed- 
ing of the state. Hence, from our data, we find for the 
9.84-Mev state: log fl>8.1. 
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UPPER LIMIT FOR PARITY NONCONSERVATION 


As previously,' the absence of an alpha-particle group 
from the 8.88-Mev state can be used to estimate an 
upper limit to which parity is conserved in nuclear re- 
actions. Taking our experimentally observed value of 
l,/0,<2.0X10-® and, as before, estimating Ty: 
X 10 ev, we find Tl, <<6X 107° ev. Again, as previously, 
we estimate that a parity allowed transition could be 
expected to have a width of ~ 3X 10 ev and we therefore 
conclude, using the usual notation: 2X 10-". 

\s in all such experiments, it is necessary to point out 
that some rather crude estimates enter into the calcula- 
tion of 5 which can thus itself only be considered a 
rough estimate. However, we do note that the upper 
limit on * given here is lower than any previously 
reported. 

Blin-Stoyle® has discussed the degree of parity non- 
conservation to be expected because of the weak inter- 
action component in the nucleon-nucleon potential and 
finds that ¥°~ 10~ is to be expected. Blin-Stoyle implies 
that the theoretical estimate of due to this weak inter- 
action term in the potential must be considered as un- 
certain to at least 2 orders of magnitude. The upper 


limit of ¥* derived from the present experiment is suffi- 
ciently close to Blin-Stoyle’s estimate to imply that, 
n 


pending further refinements in the theory, any parity 
nonconservation detected in a nuclear reaction would 
be ascribable to the weak-interaction component of the 


internucleon pote ntial. 


9.58-MEV STATE 


Ihe experimental data of Fig. 3 were fitted with a 
single-level expression to yield the level parameters of 
the 9.58-Mev state of O'°. The phase-shift analysis of 
C"(a,a)C" by Hill® had resulted in the assignment, for 
this level, of spin and parity 1~. The resonance behavior 
of the p-wave phase shift was fitted, in the single level 
approximation, for a resonance energy and total width 

2.43+0.01 Mev, P’=0.645+0.010 Mev. 
tion radius was chosen as a= 1.40 (4!+-4') 


here in the center-of-mass 


given by / 
The intera 
X10-" cm. 


Energies are giver 


¢ 


for this level T=T, to within about 10°°7 , the 


nship between the spectral intensity W(E£,) and 
the channel energy £, may be written’ (using the nota- 


tion of Hill®) as 


*R. J. Blin-Stoyle, Phys. Rev. 118, 1605 (1960). 

®°R. W. Hill, Phys. Rev. 90, 845 (1953). 

7R. G. Sachs, Nuclear Theory, (Addison-Wesley Publishing 
Company, Inc., Reading, Massachusetts, 1953), p. 277 ff. 
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AND SPRENKEL 
where 
2kaVra" 
TP, =Pha= | — : 
A?(p) p=kea 


—Vr0" d \nA;(p) 
r ') 
a d |np p 


In the above expressions the subscript \ is used to 
designate the particular intermediate state involved in 
the 8, @ transition, in this case the 9.58-Mev state of 
O'*; p=kar, where k, is the alpha-particle wave number 
and r is the radial coordinate describing the system 
C"-+-a; a is the ‘interaction radius’. Values of A?(p) 
=F?(p)+G2(p) and dInA;(p)/d lnp were taken from 
the curves of Sharp ef al.* and from the tabulation of 
Coulomb functions by Block ef al.° The probability 
P(Eg) for the transition N'*— 6-+0'* (9.58 Mev 
was taken, as a function of beta end-point energy 
E3=3.25—E,, from the nomogram of Strominger ef a!. 
Throughout the region of interest, the dependence is 
given very closely by P(E3) « (£3). 

The energy dependences of I’, and Ay were calculated 
from Eqs. (2) and (3) for the resonance values given by 
Hill: Ey’°’= £y°+ A)°=2.43 Mev, T)’=0.645 Mev, and 
a=5.43X10-* cm. The spectral shape was then calcu- 
lated from Eq. (1). The resultant curve, after being 
folded in with the energy distribution function describ- 
ing the effects of the finite experimental resolution, | 
shown in Fig. 3. Since the energy spread defined by the 
experimental resolution was appreciably less than th 
peak width of Fig. 3, the resolution effects are small, 
and may be described approximately as a broadening 
of the spectral shape, in the peak region, to the extent 
of about 10 kev. (Note: The calculated curve shown in 
Fig. 3 has been shifted down by 5 kev in order to permit 
a direct comparison with the experimental data.) 

The excellent fit observed in Fig. 3, especially within 
Ey" — Ey S1T)/2, may be taken 


y= A= 


the region defined by 
as confirmation of the results of the C"(a,@)C” analysis. 

Alternatively, considering the present analysis only, 
we obtain the values £”’=2.43+0.04 Mev, [',"=0.65 
+0.03 Mev. The relatively large uncertainty in the 
value given for £” is due primarily to the uncertainty 
in the determination of the absolute energy scale of 
Fig. 3. In this respect the close agreement between the 
experimental and theoretical spectra (within 5 kev 
just be considered largely fortuitous. The error limits 
for I,’ are not so severely affected by this uncertainty 
in the absolute energy calibration, but represent more 
an estimate as to the insensitivity of the analysis to 
small variations in I)”. 


’ W. T. Sharp, H. E. Gove, and E. B. Paul, Chalk River Project 
Report TPI-70, Atomic Energy of Canada, Ltd., Chalk River, 
Ontario, Canada (1955). 

*I. Block, M. H. Hull, Jr., A. A. Broyles, W. G. Bouricius, 
B. E. Freeman, and G. Breit, Revs. Modern Phys. 23, 147 (1951). 

D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs 
Modern Phys. 30, 597 (1958 
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half-maximum of the calculated 
spectrum is 0.44 Mev, which matches the experimental 
value very closely. (In terms of the energy scale of 
Fig. 3, the corresponding value is 0.33 Mev.) The differ- 
ence between this “peak width” of 0.44 Mev and the 
value [,’= 0.65 Mev is in a sense a measure of the effect 
of the level shift parameter A,. Since Ay, and thus also 
I,", exhibits a strong dependence on the choice of inter- 
action radius @, it is important to note that the calcu- 
lated spectral width (and also, to a large extent, the 
spectral shape) can be related somewhat more directly 
to the results of the C"(a,a)C” analysis. Since the po- 
tential scattering phase shifts yg, vary rather slowly wil h 
channel energy, the resonance behavior of the C?(a,a)C! 
cross section, in the region of the p-wave (/=1) reso- 
nance at £,=2.43 Mev is described quite well by the 
p-wave resonance phase-shift only" 


The full width at 


P,/2 


8,=arc tan ; 
ky +Ay— R. 


In terms of 8,, Eq. (1) can now be written as 


W (E.) « P(Eg)(T)/2)7 sin*B;. 


insofar the distortion 
introduced in (5) through the energy dependences 
of P(E) and [Ty (a good approximation for the 
hy" — Eq) SV)/2) the spectral shape of Fig. 3 can be 
related directly to the C"(a,a)C™ 
To the extent that the approximations given here 


Therefore, as one can 


neglect 
region 
cross section through 


are valid, the above relationship is, in a practical sense, 
nol dependent on a particular choice of interaction 
radius a. 

As a check solely on the computational accuracy of 
the present analysis, Eqs. (2) (4) were used to compute 
values of 3; vs Eq, which were then compared to those 
calculated by Hill for the C"(a,a)C" analysis. The two 
sets of results were found to agree within the limits of 
arithmetical error involved in the calculations. 

Vote added in proof. 
problem has been given in a recent publication: T. 
EB. € Biedenharn, Nuclear Phys. 15, No. 4, 636 (1960). In subse- 
quent discussions, which the authors gratefully acknowledge, Dr. 
ied nharn has pointed out that the desired relationship is given 
more exactly through the inclusion of the hard-sphere phase shift 
¢i. In terms of Eq. (5), this requires that one replace 8; by the 
nuclear scattering phase shift 6:=8:+-¢7. An extension of our 
analysis has shown that the inclusion of this modification does 


vield a better fit to the data, particularly in the region of low 
energy tail of Fig 


A more complete discussion of a similar 
A. Griffy and 
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\ccepting the 1~ assignment to the 9.58-Mev 
our log //=6.8 indicates that this allowed transition 
is inhibited by a factor ~ several hundred. This obser- 
vation is in accord with the shell model description of O'° 
of Elliott and Flowers,'? who were able to account for most 
of the negative parity states in O'® below 12 Mev as 
belonging to the 1p'(2s,1d) configuration but specifi- 
cally deny the 9.58-Mev state as being of this prescrip- 
tion. Elliott and Flowers therefore assign the 9.58-Mev 
state to be of three-nucleon excitation (a two-nucleon 


state, 


excitation would not preserve the negative parity). As 
the 2— N!6 
of the 1p7'(2s,1d) configuration, the decay to a three- 
nucleon excitation state should be inhibited 
is the case. The for the transition 
9,58-Mev state can therefore be taken 
evidence for the Elliott and Flowers model of O'°. 

The 8 decay to the 9.84-Mev state is expected to be 
first forbidden on the basis of the N'® ground state being 
2~ as indicated by its 8 spectrum and the 9.84-Mev 
state being 2+ as determined by the (C+ a) scattering 
data. The value obtained here of log ft>8.1 is consistent 
with this transition being first forbidden though it does 
appear to be inhibited. 


ground state would be expected to be mainly 


as, indeed, 
to the 
as supporting 


high log fi 


\ slight anomaly does appear in the spectrum corre- 
sponding to O'6* = 
state in O'®. The energy is too low to correspond to the 
9.84-Mev as the deviation from a smooth 
curve is only about one standard deviation, we consider 


).7 Mev, at which there is no known 


state and, 


the anomaly not to be statistically signifi 


wnt 
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Nuclear resonance fluorescence techniques have been used to 
measure the mean life of the 1.61-Mev level of Mg* and the 1.83- 
Mev level of Mg**. The exciting y radiation was obtained by 
bombarding metallic Mg** and Mg** targets with 4.0- and 4.4-Mev 
protons. For the Mg*® level, assumed to be }*, the self-absorption 
of the resonance radiation gives r= (2.5_9,47°*)K10™™ sec. The 
angular distribution for the resonance scattering was found to be 
1+ (0.42+0.03) P2(cos@) + (0.03+0.003) Ps(cos@), where the errors 
given are statistical only. For other reasons it is believed that the 
correct coefficient of the P, term is approximately zero. For the 


I. INTRODUCTION 


T the 1960 International Conference on Nuclear 
Structure, Gove reviewed the evidence for the 
appearance of collective effects in the 2s—1d shell. 
Among other things, he pointed out that the nuclei for 
which the odd particle number is 13—,9Nei3, 12Mgis, 
wAlhe, isAli, and y4Si:;—show a striking similarity of 
level structure. In particular, it is attractive to regard 
the lower-lying levels as belonging to either a K=} 
rotational band, based on the ground state, ora K=}3 
band based on the first excited state, although the 
evidence is still far from complete. In a recent paper,” 
we gave a preliminary value for the lifetime of the 
second member of the ground-state band of Mg’. This 
paper is a report of further work on this level, and a 
brief discussion of further information 
acteristics and those of the possibly related level in Al?’ 
that can be obtained from our present results and from 
reference 2. 
An experimentally related measurement of the mean 
life of the first excited state of Mg*® is also described. 


as to its char- 


II. EXPERIMENTAL DETAILS 


The experimental procedures in measuring a lifetime 
by nuclear resonance fluorescence when the y rays are 
produced in a nuclear reaction have been discussed in 
several publications.?~* We mention the basic principle, 

* This research was supported by the U. S. Office of Naval 
Research 

1H. E. Gove, in Proceedings of the International Conference on 
Nuclear Structure, Kingston, Canada, edited by D. A. Bromley 
and E. W. Vogt (University of Toronto Press, Toronto, and 
North-Holland Publishing Company, Amsterdam, 1960), Chap. 5.4. 

2 F. R. Metzger, C. P. Swann, and V. K. Rasmussen, Nuclear 
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*C. P. Swann, V. K. Rasmussen, and F. R. Metzger, Phys 
Rev. 114, 862 (1959 g 
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Phys. 13, 95 (1959 

*C. P. Swann and F. R. Metzger, Phys. Rev. 108, 982 (1957); 
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154 (1958); F. R. Metzger, C. P. Swann, and V. K. Rasmussen, 
ibid. 110, 906 (1958); C. P. Swann, V. K. Rasmussen, and F. R 
Metzger, ibid. 121, 242 (1961 
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Mg** level, the apparent resonance scattering cross section 
combined with some previous estimates of slowing-down times for 
the excited nuclei gives r= (7+3)X10°% sec. Further evidence 
as to the collective nature of these nuclei and of Al’ is discussed. 
Support is given to the suggestion of the Chalk River group that 
the 1.61-Mev Mg** and the 2.21-Mev Al’ levels are the 3* second 
members of A =}* rotational bands based on the ground states. 
For the Mg” level, spin and parity 


3* is required to obtain 
agreement between the quadrupole transition probability from 


these measurements and that found by Coulomb excitation. 


, 


that the resonance scattering cross section is propor- 
tional to the level width, and then confine the following 
description of experimental details to points of par- 
ticular importance for the present measurements. 


A. Source of y Radiation 
As noted previously,” inelastic ‘scattering of a few 
microamperes of 4-Mev protons from natural mag- 
nesium targets gives a good yield of both the 1.61-Mev 
y ray from Mg*> and the 1.83-Mev y ray from Mg”**. 
However, the simpler y-ray spectra and the increased 
yield expected from isotopically enriched targets indi 
cated that their use would be desirable. Fifty mg each 
of 97.5% Mg™ and 99°, Mg?* were obtained from thx 
Stable Isotopes Division of the Oak Ridge Nationa! 
Laboratory. These were converted to metallic flakes by 
Oak Ridge. They contained enough impurities (of 
unknown nature) to require that targets be made from 
them by what may be described as a crude sort of 
vacuum distillation, as described in the caption of 
Fig. 1(a). The targets thus obtained were almost 
entirely metallic magnesium tightly bonded to the 
0.010-in. thick tantalum backing. They were approxi- 
mately circular, around 3 mm in diameter, and of 


nominal, but very nonuniform, thickness around 150 
mg/cm’. 


These targets, when water-cooled 
assembly shown in Fig. 1(b) stood up quite well under 
bombardment by 10-12 wa of 4-Mev protons from the 
Bartol-ONR Van de Graaff generator, as long a 
beam was spread out to a diameter of about 3 mm. 
The yield of 1.61-Mev y radiation from the Mg* 
targets increased smoothly as the proton energy varied 
from 3.0 to 4.8 Mev. The yield of neutrons from target 
impurities, etc., increased more rapidly, and 4.00 Mev 


placed in_ the 


s the 


was selected as the most suitable bombarding energy. 

As previously noted, the calculation of a y-ray width 
from a resonance scattering experiment requires a 
knowledge of V(Epr,8), the number of photons per unit 
energy interval at the resonance energy as a function of 
a coordinate 8 which describes the scatterer location. 
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Fic. 1. (a) “Vacuum still’ used in preparing magnesium 
targets from small metallic flakes of the separated isotopes. The 
construction was entirely of stainless steel (including the six 
screws), except: for the 0.010-in. thick tantalum disk on which 
the targets were deposited. The flakes were placed in the central 
cavity and the tantalum disk sealed on in vacuum, the seal being 
made by a knife edge around the outer circumference. The 
assembly, with the tantalum up, was heated in vacuum by r 
induction to somewhat above the melting point of magnesium 
Disassembly required some judicious machining where the tanta 
lum and steel fused together at the knife-edge seal. (This is why 
the construction is somewhat more complicated than would 
appear to be necessary.) The metallic magnesium was then found 
in the fastest-cooling region, the center of the tantalum disk, 
well bonded to it, and separated from most of the impurities 
which, fortunately, were of much higher melting point than 
magnesium. Three or four meltings were required to obtain 
satisfactory purity. It was possible to scrape most of the mag 
nesium off the tantalum for remelting. (b) Water-cooled target 
holder. A denotes the tubes used for water inlet and outlet, B 
two of the screws used to hold the assembly together, and C the 
target on the 0.010-in. thick tantalum. The vacuum seal to the 
tantalum was by a circumferential knife edge, of smaller diameter 
than that for (a). The material used was stainless steel. Especially 
for angles with the incoming proton beam greater than 65° 
absorption of y radiation was appreciable. The correction factor 
used for these larger angles was essentially empirical. The ‘dish 
ing” of the tantalum, a result of the heating described in the 
caption of (a) does reverse in direction as shown in (b) because 
of the subsequent application of external pressure—i.e., the 
magnesium is on the inside of the curved surface in (a), and on 
the outside in (b) 8 


(b) 



































Calculation of this function requires a knowledge of 
the proton-recoil nucleus and recoil nucleus-photon 
correlations. However, in the present case, the meas- 
urements of Sec. IIB showed that there was appreciable 
scattering and/or slowing down of the excited nuclei 
within the level lifetime. A knowledge of the angular 
correlations is then of questionable value? 
such measurements were made. 


and no 


For the 1.83-Mev y ray from Mg**, the optimum 
proton energy was found to be 4.4 Mev. It turned out 
in this case that slowing-down was virtually completed 
during the radiation lifetime, so that again no angular 
correlation measurements were made. 


B. Scattering and Self-Absorption of 
the 1.61-Mev y Ray 


The experimental arrangement used for the scattering 
and self-absorption measurements is shown in Fig. 2. 
The magnesium (Dow metal) and comparison alumi- 
num scatterers have been described previously... The 
magnesium absorber (made from 99% pure magnesium) 
was 3-in. 0.d. by 1}-in. i.d. and the comparison alumi- 
num absorber was 3-in. o.d. by 2-in. i.d., the inner 
diameter being made larger to match the electronic 
absorption of the magnesium absorber. The data 
obtained are shown in Fig. 3. From examination of 
Fig. 10 of reference 2 and consideration of the large 
change in the Mg™*/Mg** ratio (~500) between those 
data and the present data, it is clear that no inter- 
ference by the 1.37-Mev radiation from Mg" is ex- 


pected. As to higher-energy y radiation, a small (1% of 
that at 1.61-Mev) Mg scatterer—Al scatterer difference 
is found at 1.96-Mev, the location of the next higher 
energy y ray from Mg**. Some difference is also seen 
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Fic. 3. Resonant scattering of the 1.61-Mev 7 ray from Mg”. 
The upper curves give the original data for the scatterer-absorber 

ymbinations noted. Statistical errors can be estimated from the 
left-hand scale which gives the total number of counts for each 
point. Magnesium scatterer-aluminum scatterer differences are 
shown in the lower plot, where the solid curve drawn is the shape 
found for an isolated 1.61-Mev y ray from a radioactive source 
and is normalized to the aluminum absorber data. The sum of the 


counts for pulse heights 34 to 37 was taken to represent the 
resonance effect 


for pulse heights greater than those plotted in Fig. Ss 
neutron effects. It is felt that 
any contribution of these higher-energy y rays to the 


possibly as a result of 
counting it 1.61 Mev should be small compared 
to other errors. 

When the ¥ 
results from inelastic proton s attering, as is the case 
here, the source distribution function, V(/,.8). is, in 
principle, zero in a forward and a backward cone since 
photons of the correct energy are emitted only at 

90° to the direction of motion of the excited re« oiling 
nuclei, and these nuclei are confined to a forward cone. 


radiation for a resonance experiment 


Observation of resonant-energy y rays in the forbidden 
region is then an indication that there has been scatter- 
ing and/or slowing down of the nuclei within the level 

\ measurement to obtain 


lifetime. a relative value of 
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N(Ep,8), where 8 is here the angle the scatterer makes 
with the incident proton beam, was made using an 
arrangement similar to that of Fig. 2, with scatterers 
of the same diameters, but only 1 in. long rather than 
4 in. long. The results, expressed as relative values of 
the source distribution function, are shown in Fig. 4. 
The horizontal bar indicates the region over which 
resonant radiation is expected. Slowing-down effects 
are clearly indicated. 


C. Angular Distribution for Scattering from 
the 1.61-Mev Mg” Level 


The angular distribution for the resonant scattering 
of the 1.61-Mev radiation was measured using an 
arrangement similar to that of Fig. 2 except that the 
small value of V (4,8) at forward angles with the beam, 
where the scatterer would normally be placed to reach 
large scattering angles, suggested that the attenuator- 
scatterer-detector assembly be rotated around the 
target until its axis was at ~90° to the beam direction 


(see also Fig. 7 of reference 2). Measurements were 
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Fic. 4. Relative number of 1.61-Mev photons of the resonance 
energy as a function of the angle with the incident proton beam, 
measured as described in Sec. IIB. The angular resolution at 30 
is about equal to the separation of the experimental points. The 
shaded horizontal bar indicates the angular range (for the angles 
covered in the figure) to which resonant photons would be limited 
by the kinematics of the Mg?®(p,p’) reaction at E,=4.0 Mev and 
the Doppler shift necessary to compensate for the recoil energy in 
photon emission and absorption. The points at 29° and 33° ar 
definitely outside this range 
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Fic. 5. “Point” geometry used in investigation of possible 
polarization efiects. The orientation shown is for the measurement 
of J text), with the detector in the plane defined by the 
beam and the scatterer. 


(see 


made for scattering angles of 95°, 125°, and 142°. To 
evaluate the data it was also necessary to know how 
the relative intensity of the incident, resonant-energy 
radiation varied over the scatterer. This was determined 
by placing the 1-in. long scatterer in successive positions 
that scanned out the longer scatterer. The detector was 
also moved by amounts sufficient to keep the scattering 
angle constant. 

As has been previously pointed out,’ there exists a 


possibility that the resonant-energy radiation from the 
nuclear reaction is partially linearly polarized. This is 
of considerable concern, since it would add some of the 


(different) polarization-direction correlation to the 
direction-direction correlation of interest. Some pre- 
liminary measurements were made using the resonance 
scattering as a polarimeter whose calibration is not 
known but where the readings obtained are directly 
related to possible distortions of the desired direction- 
direction correlation. The “point” geometry shown in 
Fig. 5, with a disk scatterer at 65° to the proton beam, 
was used. For a resonance scattering angle of 90°, the 
change in counting rate as the counter was rotated 
around the target-scatterer axis was measured. The 
ratio (Jo—Joo)/(Jo+Jo0) was found to be less than 
t-().03.7 It is felt that although this does not completely 
rule out the possibility of polarization effects, it does 
indicate that they will not be large. Further measure- 
ments of this type are not planned because it has since 
been realized that if the angular distribution of the 
scattering is measured with the proper ‘point’? geom 
etry any polarization of the incident radiation can be 
corrected for. It is intended to make measurements of 
this latter type for both the 1.61-Mev Mg*® and the 
2.21-Mev Al’? levels. 


AP". 


Similar results were obtained for the 2.21-Mev level in 
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D. Scattering and Self-Absorption— 1.83-Mev 
Level in Mg”’ 


Scattering and self-absorption measurements for the 
1.83-Mev y ray from a Mg*® target were performed 
with the arrangement of Fig. 2, and the data obtained 
are shown in Fig. 6. Relative values of V(/pr,8) were 
obtained by scanning with the 1 in. scatterer the 
volume occupied by the 4-in. scatterer. 

Since this level is taken* as the usual 2* first excited 
state of an even-even nucleus, the transition is pure /:2 
with no possibility of mixing so that there is no par- 
ticular interest in the angular distribution, and none 
was measured. Future measurements are planned, 
however, in connection with using the calculable 
polarization in the scattering to calibrate a polarimeter. 

III. RESULTS—1.61-Mev LEVEL IN Mg* 


The self-absorption of the resonance radiation in the 
Mg absorber was found to be (7.7+1.6)%, where the 
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Fic. 6. Resonant scattering of the 1.83-Mev 7 ray from Mg”*. 
The upper curves give the original data for the scatterer-absorber 
combinations noted. Statistical errors can be estimated from the 
left-hand scale which gives the total number of counts for each 
point. Mg scatterer-Ai scatterer differences are shown in the 
lower plots, where the solid curve is that obtained when the 
counter is exposed to direct radiation from the target. The sum 
of counts for pulse heights 39 to 42 was taken to represent the 
resonance effect 
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PaBe I. Quadrupole enhancements for lower-lying levels in Mg** and AP’. The data for the first two excited states are from Gove’s 
review in reference 1. Values of the spin previously considered unlikely are enclosed in parentheses. Values of the E2/\/1 amplitude 
ratio, , and the reduced quadrupole matrix element for Coulomb excitation, B( £2), follow from the angular distributions and lifetimes 
from the present work and from Metzger et al. [Nuclear Phys. 16, 568 (1960)]. The last column gives B(/2)/B(£2),, as obtained 


from Coulomb excitation, the values for Mg*® being from I. Kh. Lemberg in a private communication to H. E. Gove, and those for 


AF? being from Gove’s review 


Level 
energy 


Mev 


~~ 


Nuc leus 
Mg* 0 

0.58 

0.98 

1.61 


LO Roi nope 


+ 


+ 


+ 


nape espnaion | 


Values 


rather large statistical error reflects the low abundance 
of the mass 25 isotope in natural magnesium. Using 
the favored value'* of the spin and parity, 3*, a Debye 
temperature of 318°, and assuming that the decay 
is entirely to the ground state (Gove ef al.® find <4% 
branching), we calculate a mean life for the level of 
(za xn in 
preliminary value of reference 2. 

Che apparent scattering cross section, on the other 
hand, corresponds to the somewhat smaller value of 
r=1.7X10-" However, it known that some 
slowing-down correction is required, and it is probable 
that a correction for angular correlations in the inelastic 
scattering reaction is necessary, so that the uncertainties 
in the scattering lifetime are large. 


T= 04 sec, with the 


agreement 


is 


sec. 


The angular distribution for the resonance scattering 
was fitted by 14+A2P2(cos@)+A4Ps(cos@), giving A» 
=(0.42+0.03 and A4y=0.034-0.003. Fitting to 1+A2P2 
gives A,=0.4140.02. The errors given are purely 
statistical and do not reilect the full uncertainty in the 
values. In particular, appreciably more experimental 
work would be required to establish definitely that A, 
is not zero. It might also be mentioned that the nonzero 
A, could be a spurious effiect of polarization of the 


resonant-energy radiation as it is produced in the 
nuclear reaction—i.e., it mig] 
function to fit the present data is 1+A.P.4+A,.’P, 
where the associated Legend 
ization term. 


be that the appropriate 
re polynomial is a polar- 


® Nuclear Data Sheets, edited by K. Way, F. Everling, G. H 
Fuller, N. B. Gove, C. L. McGinnis, and R. Nakasima ( Printing 
and Publishing Office, National Academy of Sciences —National 
Research Council, Washington, D. C., 1960 

°H. E. Gove, E. B. Paul, G. A. Bartholomew, and A. E 
Litherland, Nuclear Phys. 2, 132 (1956/57). 

1 Jules deLaunay, in Solid-State Physics, 
and D. Turnbull (Academic Press, 


p. 233 


edited by F. Seitz 
Inc., New York, 1956), Vol. 2, 


+0.64 +0.03* 
—0.19 +0.02 
+0.29 +0.05 
+0.93 +0.08" 
+0.53 +0.03 


+0.47 +0.03 
0.083+0.017 

+0.053+0.03 

+0.33 +0.03 


the 


B(E2 
&X 107 cm! 


(from lifetime) 


B(E2)/B(E2)., 
from Coulomb 
excitation 


B(E2)/B(E2)s, 


0.025 
0.13 
0.117 53 5 
0.013 
0.030 
0.19 
0.088 


0.010 
0.00039 0.16 
0.00016 0.065 
0.0056 2.3 


4.3 


angular distribut 


The distribution obtained is in agreement with the 
conclusion of Gove ef al.’ from the Na®® decay that the 
spin of the level is <7/2, since spin 9 2 would require 
the distribution 1+0.19P?.+0.07P, transition 
would also be very fast for an £2). On the other hand, 
spin } and 3, which previous work has not definitely 
ruled out, are consistent with the observed distribution 
(except for the Ps term ixing ratios 
and quadrupole enhancements IV 
and listed in Table I. 


(the 


rhe resultant m 


are discussed in Sec. 


IV. DISCUSSION— LOWER-LYING LEVELS 
OF Mg® AND Al” 


Table I gives some pertinent information about the 
1.61-Mev level of Mg", 2.21-Mev level of Al’, and 
the lower-lying levels of these two nuclei. Values of K, 


the 


the rotational quantum number, are given where they 
might be appropriate, and several possible values of 
the spin are given where there still is some doubt as to 
the correct value. All values of 6, the £2, M1 amplitude 
ratio, allowed by our experimental angular distributions 
1<6: 
the resulting quadrupole matrix elements are sometimes 
rather large. 


and also within the range 1 are given, although 


In discussing certain regions of the periodic table, 
published information 
yn probabilities are given 


comparison with 
seems to be simpler if transiti 
in terms of B(£2), the reduced transition probability 
for Coulomb excitation, rather than as a level width, 
decay rate, etc. In obtaining values of B(42) from our 
measured lifetimes we use Eq. (IV.3) of Alder, Bohr, 
Huus, Mottelson, Winther.'' For single-particle 
values we use B(£:2),,= 3X 10-°A* %e® K 10 cm‘, which 
is Eq. (V.1) of the same article, and where it should 


previously 


in 


and 


K. Alder, A. Bohr, T. Huus, B Winther, 


Revs. Modern Phys. 28, 432 (1956). 


Mottelsor , and A 
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TaBLe II. Mg*®® 1.61-Mev and Al? 2.21-Mev transitions 
interpreted on the rotational model with K=§. The intrinsic 
quadrupole moment obtained from the £2 transition probability 
is given in column 3, and that from the ground-state quadrupole 
moment is given in column 4. 


0 Oo 
6 (barns) (barns) B 


0.54 +0.42 
0.52 .+0.42 


~0.19 
+0.47 


+0.48 
+0.41 


be noted that the statistical factor used is, to quote 
Alder et al. “*. somewhat arbitrary—it is the factor 
appropriate to a two-proton excitation of the type 
(7?) s—0 — (7?) y=2 in the limit of large 7.” 

The application of the rotational model to the mirror 

pair Al’>— Mg® has been discussed by the Chalk River 
group, especially Litherland ef al. From Table I, it is 
seen that the present work supports this—the quadru- 
pole part of the ground state-1.61-Mev state transition 
is strongly enhanced, especially when compared to 
transitions to the lower-lying levels, which implies, in 
the first instance, collective effects and, in the second, 
a lack of such effects. Also, for the model-indicated 
spin of } (and 6=—0.19) the measured enhancement 
is the same as that found in Coulomb excitation. For 
other values of the spin and mixing ratio the disagree- 
ment is marked. 
& For AP’, the applicability of the model is not as well 
established, although it is regarded as an attractive 
possibility.!"* The evidence as to the spin and parity 
of the level at 2.21 Mev has been discussed previously 
by Metzger ef al.2 To summarize briefly: Work on the 
Mg’*(p,y)AP? reaction seems to require spin } or 3, 
but the small branching (<4°7) then poses a problem 
most easily solved by assuming spin 3. The possibility 
of negative parity we somewhat arbitrarily ignore. 
From Table I it is seen that the spin } assumption does 
lead to an £2 enhancement consistent with a collective 
model, although there is as yet no compelling reason to 
rule out the other spins. 

It is of interest to consider further examples of the 
internal consistency found when these nuclei are 
treated as rotational. Table II gives certain quantities 
defined" in the framework of the rotational model as 
calculated under the assumption that the 1.61-Mev 
Mg®> and 2.21-Mev Al?’ levels are the J= 3+ second 
member of a K= $+ band based on the ground state. 
The intrinsic quadrupole moment of the band, Qo, is 
related by constants and angular momentum-dependent 
factors (see Sec. V.B.2 of reference 11) to both the 
quadrupole matrix element for transitions within the 
band and to the static quadrupole moment of the 
ground state of these odd-A nuclei. The deformation 
parameter 8 follows directly from the quadrupole 


2A. E. Litherland, H. McManus, F. B. Paul, D. A. Bromley, 
and H. E. Gove, Can. J. Phys. 36, 378 (1958). 

8 FE. Almqvist, D. A. Bromley, H. FE. Gove, and A. E 
land, Nuclear Phys. 19, 1 (1960) 
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moment and the assumption of a spheroidal nuclear 
deformation. The gyromagnetic ratios gx and ge refer, 
respectively, to the intrinsic and rotational motion, 
and determine both the static magnetic moment and 
the M1 matrix element for transitions within a band. 
In addition, the sign of the amplitude ratio, 6, is the 
same as the sign of Qo/ (gx—gr). Values of 6 which are 
considered are limited to those consistent with the 
model. The Nuclear Data Sheets*:'* give +0.15X 10~-*4 
cm? for the ground-state quadrupole moments of both 
Mg”> and Al?’, —0.855 and +3.64 nm for the 
magnetic moments. 

The calculated values in Table II are all quite 
reasonable. The values of 68 are similar to those for 
neighboring nuclei,! the values of gr are close to the 
expected value Z/ A =0.48, and the change in both the 
sign and magnitude of gx is expected since the odd 
particle in Mg*® is a neutron, that in Al? a proton. 
Also, Eqs. (13) and (14) of Gove’s review! yield for 
Me’ a theoretical value of gx 0.77 in agreement 
with the experimental value of —0.71. Comparison of 
the theoretical gx for Al’ of 1.92 with our experimental 
value for Al’? of 1.82 supports Gove’s subsequent 
assumption that the magnetic moments of Al® and 
Al? are equal. 

In conclusion, we note that the agreement with the 
predictions of the rotational model for these two levels 
is quite expected in view of previous evidence, especially 
strong for Mg*, that the model describes many other 
features of these nuclei quite well. It would seem to be 
difficult to doubt that the Mg* level is correctly 
described as 3*, particularly since any other value 
gives disagreement by a factor of 3 or more between 
B(E2) from the lifetime measurement and that from 
Coulomb excitation. For the Al’ level one might 
perhaps say that it would be surprising if it were not 
3*. In both cases, a definitive spin measurement is 
desirable. 


and 


V. RESULTS AND DISCUSSION 
LEVEL IN Mg* 


1.83-Mev 


The measured self-absorption of the resonance radi- 
ation is —(1.6+4.7)°%. The nominal maximum value 
allowed, 3.1%, corresponds to a mean life r= 1.9 10-8 
sec. The apparent scattering cross section—i.e., one 
calculated without any attempt to correct for slowing 
down of the excited nuclei—corresponds to 7r=4.1 
X10-" sec, with a negligible statistical error. The 
problem of correcting for slowing-down effects has been 
discussed previously by Metzger ef al. for cases closely 
related to the present one, except that the lifetimes were 
somewhat longer, both being greater than 10-® sec. 
For these cases it was shown that a simple calculation 
based on a rudimentary range-velocity curve could 
give a reasonable value for F/ Fo, where F is the number 

4 See also A. Lurio, Bull. Am. Phys. Soc. 4, 419 (1959) and 


D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. Modern 
Phys. 30, 585 (1958). 
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Fic. 7. Calculated “slowing down” curves from Metzger et ai., 
Nuclear Phys. 16, 568 (1960). F is the number of photons per 
ev at the resonance energy divided by the total number of photons, 
and Fy is the same quantity assuming no slowing down. The 
urves labeled “‘Al(p,a)” and “Mg(?,p’)” are for excitation of 
the 1.37-Mev Mg*™ level, and that labeled ‘‘Al(»,p’)”’ for the 
1.01-Mev AF’ level. 


of photons per unit energy interval at the resonant 
energy divided by the total number of photons, and 
Fy is the same quantity when there is no slowing down. 
Metzger’s curves for F,) Fo vs Theyer are redrawn in 
Fig. 7. The curve labeled Mg(p,p’) was drawn for the 
1.37-Mev level in Mg*, but that for the 1.83-Mev level 
in Mg®* would differ only slightly. Our uncorrected 
value for 7 falls at the peak of the curve. The only 
evidence as to the validity of the curves in this region 
is from measurements’ on the first excited state of 
Na**, where the experimental value of F/ Fo is 6.5, 
which is somewhat larger than can be obtained from 


the simple calculation.'® Noting also that r= 10~” sec, 


he slowir g down vari Ss inve rsel 


Note that the time scale for t 


vith the density 
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AND SWANN 

where one feels that these curves should be reasonably 
valid, corresponds to an enhancement of only 1.3, 
suitable limits would seem to be 4X 10-8 <7< 10" sec. 
We give (7+3)X10~" sec as our value for this mean 
life. 

Collective effects are also indicated for Mg**, since 
our value of the mean life corresponds to B(:2)/ B(E2)., 
of 12. This may be compared to 30 and 19 for the same 
transition in the nearby nuclei Mg*™ and Si®.!® The 
intrinsic quadrupole moment is Qo=0.53 barns, to be 
compared to 0.81 and 0.68 for Mg” and Si?’. One should 
note also, as pointed out by Gove,! that the 2* spin of 
the second excited state of Mg’® and its pure £2 decay 
to the first excited state suggest a vibrational model 
for this nucleus, whereas Mg*™* and Si** are probably 
rotational. 


VI. SUMMARY 


The mean life of the 1.61-Mev level of Mg > has been 
measured as (2.5_9 47" *)K10™™ sec, 
and that for the 1.83-Mev level of 
measured as (7+3)X 107" sec. 

Further evidence as to the collective nature of these 
nuclei and Al’ is discussed. As pointed out by the 
Chalk River group, a rotational description of Mg*® 
and Al*? seems to be particularly appropriate. The 
1.61-Mev Mg” and the 2.21-Mev Al’? levels are then 
3*. Our results support this spin assignment although 
a direct measurement of the spin would be desirable. 


assuming spin 
Meg?* has 


been 
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Measurements of the cross-section d’a/(dQ.dF,') for the in 
elastic electron-deuteron scattering process e+d — e+n+> p have 
been used to determine the electromagnetic structure of the 
neutron. The effects on the theoretical cross section of interactions 
between the outgoing nucleons are examined in detail using the 
methods of a previous paper. The transition matrix elements con- 
necting the initial state of the two-nucleon system (the deuteron) 
to a final state with specified total, orbital, and spin angular 
momenta are calculated using approximate wave functions which 
are matched to the experimentally determined neutron-proton 
scattering phase shifts. While individual matrix elements may be 
drastically changed by the distortion of the final-state wave fun 
tions by the neutron-proton interaction, the over-all corrections 
to the peak value of the cross section are found to be small 

1 to —2%) for electron momentum transfers in the range 
q=3.4—2.6f". The precise magnitude of the corrections is some 
what uncertain because of the approximate nature of the wave 
functions, but it is unlikely either that they are large, or that the 
corrections could become positive. The effects of final-state inter- 
actions on the cross-section d’a/(dQ,.dE,') are also examined for 
final electron energies near the upper limit of the inelastic con- 
tinuum. In this region, the nucleons emerge with low relative 
momenta, and, in agreement of the predictions of Jankus, the 
cross section is found to be drastically changed by the strong 
interactions in the final S states. However, it is shown that the 
presence in the neutron-proton interaction of a strongly repulsive 


INTRODUCTION 


NONSIDERABLE effort has been devoted in recent 

4 years to the determination of the structure of the 
neutron and the proton as reflected in the electromag- 
netic interactions of those particles. In particular, the 
high-energy electron-proton scattering experiments of 
Hofstadter! and Wilson? and their co-workers provide 
a direct measurement of the charge and anomalous mag- 
netic moment form factors F,,(g) and F»2,(q*) which 
appear in the matrix element of the proton electromag- 
netic current operator,’ 


ica(p') Fin, 
+ (Kp 2m) F 2p0u»(p’— p)s Ju(p). 


' 


(Pp julP 


[ Here x, is the anomalous part of the proton magnetic 
moment, m is the proton mass, and g=p’—p is the 
}-momentum transferred to the proton. ] Information 
on the corresponding form factors F),(g?) and F.2,(g*) 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission 

+ Now at Yale University, New Haven, Connecticut. 

'—. E. Chambers and R. Hofstadter, Phys. Rev. 103, 1454 
(1956). 

2 F. Bumiller, N. Croissiaux, and R. Hofstadter, Phys. Rev 
Letters, 5, 261 (1960); R. Hofstadter, F. Bumiller, and M. Crois 
siaux, tbid. 5, 263 (1960); R. R. Wilson, K. Berkelman, J. M 
Cassels, and D. N. Olson, Nature 188, 94 (1960). 

3 See, for example, the discussion of the nucleon form factors 
given by D. R. Yennie, M. M. Lévy, and D. G. Ravenhall, Revs 
Modern Phys. 29, 144 (1957). 
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core results in a considerable diminution of the cross section rela 
tive to the predictions of Jankus for large values of g. This lowering 
of the cross section has been observed by Kendall ef al. Results 
obtained with approximate repulsive core wave functions provide 
a reasonable fit both to the inelastic cross section near the end 
point, and to the deuteron electromagnetic form factor obtained 
from elastic electron-deuteron scattering. Finally, the relativistic 
theory of inelastic electron-deuteron scattering is examined using 
the methods of dispersion relations. It is found that in the region 
of the large peak, the cross-section @o/(dQdF,’) is given essen- 
tially correctly by a nonrelativistic calculation using a modified 
Hamiltonian, provided the results are interpreted correctly with 
respect to the kinematics. The approximations inherent in the 
calculation are examined in detail. The resulting cross section 
differs significantly from the modified Jankus cross section which 
has been used in the analysis of the high-energy electron-deuteron 
scattering data obtained by the Stanford group. It is found that 
the apparent values of the neutron charge form factor Fi, are 
reduced essentially to zero for gin the range 5 f*<q?< 20 f-? when 
relativistic corrections, the effects of the deuteron D-states catter 
ing, and the effects of final-state interactions are taken into 
account. Corresponding reductions in the value of the neutron 
anomalous magnetic moment form factor Fs, range up to about 
30%, and bring Fo, with F \ complete 
re-analysis of the experimental data will be necessary. 


into closer agreement 


for the neutron charge and anomalous magnetic 
moment distributions has been obtained by using the 
deuteron as a source of “‘quasi-free” neutrons. However, 
the interpretation in terms of free-particle form factors 
of the high-energy inelastic electron-deuteron scattering 
cross sections measured by the Stanford* and Cornell? 
groups, and of the elastic scattering cross sections meas- 
ured at Stanford,®? is considerably complicated by the 
presence of the extra nucleon in the deuteron. Thus the 
determination of the nucleon form factors at large 
values of g? using the measured elastic scattering cross 
sections requires detailed knowledge about the behavior 


of the deuteron wave function for small separations 


between the nucleons. Friedman ef al.7 have suggested 
that this difficulty may be circumvented by considering 
the ratio of the cross sections for large and small electron 
scattering angles at a fixed value of g*. On the basis of 
the nonrelativistic theory of Jankus,® this ratio should 


4M. R. Yearian and R. Hofstadter, Phys. Rev. 110, 552 (1958); 
111, 934, (1958). S. Sobottka, ibid. 118, 831 (1960). R. Hofstadter, 
C. deVries, and R. Herman, Phys. Rev. Letters 6, 290 (1961 
R. Hofstadter and R. Herman, ibid. 6, 293 (1961 

5D. N. Olson, H. F. Schopper, and R. R. Wilson, Phys. Rev. 
Letters 6, 286 (1961). 

6 J. Mcintyre and R. Hofstadter, Phys. Rev. 98, 158 (1956) 
J. McIntyre, ibid. 103, 1464 (1956). J. McIntyre and S. Dhar, 
ibid. 106, 1074 (1957 J McIntyre and G. Burleson, 7bid. 112, 
2077 (1958). 

7J. I. Friedman, H. W. Kendall, and P. A. M 
Phys. Rev. 120, 992 (1960). 

SV. Z. Jankus, Phys. Rev. 102, 1586 


Gram, IIT, 
1956 


? 
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depend only on the form factors for free nucleons.’ It 
is not clear that this would be the case in the relativistic 
theory, since for large values of g*, the contributions to 
the scattering of mesonic currents within the deuteron 
are expected to be large. It should furthermore be noted 
that the nucleons are in this case considerably off the 
mass shell, so that the measured form factors may differ 
significantly from those for free nucleons. The theoreti- 
cal situation is considerably more favorable for inelastic 
electron-deuteron scattering if the final electron energies 
are restricted to the region of the large peak which 
corresponds to quasi-elastic scattering from a single 
nucleon. Less detailed knowledge about the deuteron 
wave function is required than in the case of elastic 
scattering, the nucleons being on the average rather far 
apart. Mesonic corrections to the cross section are there- 
fore expected to be rather small, and the nucleons are 
nearly on the mass shell. A number of relativisitic cor- 
rections can furthermore be calculated quite easily. The 
major new complication is the presence of strong inter- 
actions between the outgoing nucleons. 

The basic nonrelativisitic theory of inelastic electron- 
deuteron scattering was given by Jankus,* who calcu- 
tion d°c/(dQa@E,’) using a Hulthén 
S-state model for the deuteron wave function, and plane 
waves for the wave functions of the outgoing nucleons. 


lated the cross-sec 


The effect on the cross section of interactions between 
the outgoing nucleons was considered approximately, 
using a central force model for the two-nucleon inter- 
action, and treating its effect 
functions in first Born approximation. The change in 


 ™ {IQ 
a“o (dQ a 


on the final nucleon wave 


in the region of the quasi-elastic peak was 
found to be negligible. However, very large final state 
} 


effects were shown to exist for final electron energies 


ind scattering angles such that the neutron and proton 
emerged predominantly in the *S So states with 
low relative momenta. A more complete formulation of 
the problem of calculating final state effects was given 
by the present author in a paper in which relativisti 
corrections to the work of Jankus and the influence of 
the D-state component of the deuteron wave function 
on the scattering were also considered.? Rough estimates 
made at that time indicated that the corrections to the 
cross section resulting from final-state interactions could 
be much larger than estimated by Jankus,* decreasing 
the theoretical value of the cross section at the quasi- 
elastic peak by perhaps 5° or more. Because electron 
scattering from the neutron contributes only a small 


for most of the 


and 


part of the pe ak value of do, (dQ 4E,’ 


values of g so far studied, an error of a few percent in 


the theoretical value of the cross section may alter 
appreciably the value of the neutron form factors ob- 
tained by matching the theoretical to the experimental 
cross section. It is, 


therefore, of some interest to con- 


sider these effects more thoroughly. In addition, recent 
1020 
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experimental results of Kendall ef a/.!° on the cross- 
section da/(dQ2a@E,’) do not agree well with the simple 
Jankus theory in the region in which large effects re- 
sulting from interactions in the *S; and ‘Sp final states 
are present, suggesting that previous calculations of 
these effects be re-examined. 

In Sec. I of the present paper the principal results of 
(1)* concerning the treatment of final state interactions 
will be reviewed, and the final results for the cross- 
section d*0/(dQ2aE,’) in the presence of such inter- 
actions will be recast in a form more amenable to nu- 
merical calculations. A set of approximate calculations 
of the effects of final state interactions on the peak 
cross section will be discussed in Sec. II. Despite the 
changes in the contributions of individual final states of 
the neutron-proton system to the cross section con- 
siderably larger than previously estimated,’ the over-all 
change in the peak value of the cross section is found to 
be small. The theoretical value of d’a/ (dQd@E,’) is de- 
creased by ~ 2.2% for an initial electron energy of 500 
Mev, a scattering angle @= 75° in the laboratory system, 
and a momentum transfer g= 2.6 f“'. For E,=500 Mev, 
6= 135°, and g=3.4 f-', the cross section is again de- 
creased, but by only ~0.9°%. These calculations are 
based on approximate wave functions for the final state 
of the two-nucleon system, but wave functions which 
are matched to the experimental values of the neutron- 
proton scattering phase shifts. It is therefore believed 
that the present results are at least indicative of those 
which would be found using wave functions calculated 
from one of the semi-phenomenological potentials which 
fit the scattering data. In Sec. III, the effects of final 
state interactions on the cross-section d@o/(dQdE/’) 
near the threshold for breakup will be 
examined. It will be that the discrepancies 
between the Jankus theory’ and the experiments of 
Kendall ef al. 
hard core in the neutron-proton 
and 'S» states. Repulsive-core wave functions matched 
scattering data and 
are found to give a 


deuteron 


shown 


can be attributed to the presence of a 
interaction in the *S; 


to the low-energy neutron-protor 

the measured deuteron form factor 
reasonable fit to the data, but the calculations presented 
are again primarily exploratory in character. It is 
nevertheless evident that a careful study of the in- 
elastic scattering cross section near threshold can yield 
important information about the structure of the *S; 
and 1S; 
for small internucleon separations. 


wave functions of the neutron-proton system 
Calculation of the 


ob- 


two-nut leon 


necessary matrix elements using wave functions 


tained from the semiphenomenological] 


high-energy 


potentials which fit the neutron-proton 


scattering data would therefore be of considerable 


interest. 


H. W Kendall, J. I. Friedman, and P. A. M. Gran, III, 
Bull. Am. Phys. Soc. 5, 270 (1960). The author would like to thank 
Professor Kendall for sending him details of the measurements of 
the inelastic cross sections near threshold 
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The calculations of the preceding sections are based 
on a semirelativistic Hamiltonian for the interaction of 
the nucleons with the electromagnetic field of the scat- 
tered electron, but the wave functions for the initial and 
final states of the two-nucleon system are treated non- 
relativistically. Relativistic corrections are considered 
in Sec. IV using the methods of dispersion relations ; 
this discussion of relativistic effects extends considera- 
bly that given in (1). In particular, it is shown that, in 
the absence of final-state interactions, the semirelativis- 
tic results for the peak cross section agree with those of 
the relativistic theory except for a kinematical factor 
and other relatively small corrections when the electron 
3-momentum transfer in the laboratory system is re- 
placed by the 3-momentum transfer in the center-of- 
mass system of the outgoing nucleons. Calculation of the 
effects of final state interactions would require an exami- 
nation of the double spectral function in the Mandelstam 
representation for the matrix element. 
Anomalous thresholds are present in the double dis- 
persion relations, and it appears likely that the spectral 
function in the anomalous region can be related to the 


transition 


nonrelativistic wave functions. However, no detailed 
calculations have undertaken the 
smallness of the effects of final-state interactions indi- 
cated by the semirelativistic calculations of Sec. II. The 
situation is more complicated for the cross section near 
the threshold for deuteron breakup. Final-state inter- 
actions are very important, as was noted by Jankus,* 


been because of 


and one may also expect relativistic and mesonic cor- 


rections to the simple theory to be large. A detailed 


calculation of these effects would be of considerable 
interest, but is not undertaken here. 

The present situation with respect to the theory of 
inelastic electron-deuteron scattering is summarized in 
Sec. V, and the effects of the known corrections to the 
cross section on the determination of the neutron form 
factors are examined. It is found that relativistic cor- 
rection to the cross section, the effects of final-state 
interactions, and the corrections for scattering involving 
the deuteron D state, lead to large systematic changes 
in the values of the neutron form factors obtained from 
the experimental cross-sections d*e/(dQaE,’) on the 
the modified Jankus theory.4’ The neutron 
charge form factor F;, is greatly reduced in value for 
¢g in the range 5 f"<qg<20 f-*; it is consistent with 
the present results to have F;,,=0 in this range, contrary 
to the conclusions based on the Jankus cross section.‘ 
The corresponding reductions in the value of the 


basis of 


anomalous magnetic moment form factor are somewhat 
smaller, ranging up to 30%, and bring Fs, into closer 
agreement with F2,: A complete reanalysis of the ex- 
perimental data will be necessary, but has not yet been 
completed. The results of the exploratory calculations 
are summarized in Table VI. 


DEUTERON 


SCATTERING 


I. THEORY OF FINAL-STATE EFFECTS 


The theory of the inelastic electron-deuteron scatter- 
ing process e+d—e+n+p including the effects of 
interactions between the outgoing nucleons was de- 
veloped in detail in a previous paper (I).° We will here 
be concerned with the cross-section d’s/(dQa4E,’) for 
the scattering of an electron of initial energy FE, through 
an angle @ into the element of solid angle dQ,, the elec- 
tron having finally an energy in the interval dE,’ about 
the energy £,’. All the foregoing quantities are to be 
measured in the deuteron rest system (laboratory 
system). The desired cross section is obtained by 
integrating over the direction of emission of the nu- 
cleons in their center-of-mass system the cross-section 
d'a/(dQ,dQ2a4E,’), and depends, therefore, on the final 
center-of-mass momentum of the nucleons, but not on 
their angular distribution. The necessary kinematic 
relations are easily derived. The 4-momentum q trans- 
ferred from the electron to the neutron-proton system in 
the scattering is given in units with #=c=1 by 


@=4E,E? sin?(}8), (1) 


while the momentum p=' p| of either of the nucleons 
in their final center-of-mass system is connected to the 
electron energies and the scattering angle by 


p=m(E.—E/—«)—i¢. (2) 


Here m is the nucleon mass, and e=2.226 Mev is 
the deuteron binding energy. The cross-section 
@o/ (dQ2aE,’) has a threshold for a fixed incident energy 
FE, and a scattering angle @ at the value of £,’ for which 
the emerging nucleons are free, but have zero relative 
momentum, p=0. Combining Eqs. (1) and (2), the 
threshold value E» of E,’ is seen to be 


Eo= (E.— 0) {1+ (E./m) sin? (36) J". (3) 


For comparison, the electron can scatter elastically 
from the deuteron at an energy 


(Ea=E[1+(E./m) sin? (36) -, (4) 


separated from EF, by slightly less than the deuteron 
binding energy. The inelastic scattering continuum cor- 
responds to values of £,’ less than the end-point energy 
Eo (the threshold for deuteron breakup with respect to 
p). Finally the large inelastic peak corresponding mainly 
to scattering in which the entire momentum transfer q 
is absorbed by a single nucleon occurs at a final electron 


energy for which p’= }q’, 
(Ee) peak = (E.— e) [1+ (2E./m) sin?(30@)}"'. (5) 


The calculation of d°c/ (dQ2a@E,’) including the effects 
of the strong interactions present between the outgoing 
nucleons was considered in Sec. I of (I).° The electron 
was treated as an ultrarelativistic particle, and its inter- 
action with the two-nucleon system was calculated in 
the first Born approximation. However, it was noted 
that the standard nonrelativistic Hamiltonian used by 
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Jankus* to describe the interaction of the nucleons with 
the field of the scattered electron contains only terms 
through O(m-') in an expansion of the relativistic inter- 
action in inverse powers of the nucleon mass (powers 
of the nucleon velocity). Since the magnetic moment 
terms which dominate in the cross section at large mo- 
mentum transfers appear there multiplied by m~, it is 
necessary for consistency to retain in the Hamiltonian 
terms of this order. The necessary modifications of the 
interaction Hamiltonian are easily derived by using 
wave functions of the Breit type to describe the initial 
and final states of the two-nucleon system, and approxi- 
mating the current operator for a bound nucleon by the 
free nucleon operator.’ Form factors for the nucleons 
appear naturally in this procedure. An alternative 
derivation of an effective interaction to be used with 
nonrelativistic wave functions for the nucleons is given 
in Sec. IV of the paper. Contributions to the 


cross section involving 


present 
he D-state component of the 
deuteron wave function were neglected in the main 
body of (1), but were considered separately in an 
Appendix. The nonrelativistic deuteron wave function 
was therefore chosen to correspond to a pure *S; state, 


va" =(40)-'v 


va ‘u(r X1™(51,S2), (0) 


with u(r) satisfying the normalization condition 


[ u*(r)dr=1. 
- 


of the ne 


The final state 
scribed by wave functions distorted by the two-nucleon 


tron-proton system was de- 
interactions, but coupling between states of the same 
gular momentum 
il angular momenta JL, 
ictions for a final state were 


7 
' | 
lotal 


J and the same parity, but 


having different orbit was 
negle ted. Thi tne wave fur 
terms of th usual orthonormal angular 


elgenfuncti S ‘U;yy for definite 


expressed in 
momentum 5 (751,82 
J, L, and spin angular momentum S as 


F yrs br)Uyarrs PS1,8¢ 


with the radial wave functions Fyrs pr subject tot 
asymptotic condition 


> sin pr 


Fyrs(pr 
A straightforward Caiculation foregoing 


wave functions and the semi-relativisti¢ interaction 
Hamiltonian led to the 
scattering cross-section d°¢/(dQUE,’ 


and (10) of UJ 


result for the inelastic electron 


given in Eqs. (7) 


um 'mp(m/E\)I(6,E.'), (10) 


section for the scattering 
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of a relativistic electron by an external Coulomb field, 


(11) 


OMott = toe ES 2 sin-*( 56) cos" ( 50). 
We have here nelgected the electron mass energy rela- 
tive to FE, and £,’, and have used units with #=c=1 
and a= 1/137. E is the energy of either of the outgoing 
nucleons in their center-of-mass system. The angular 
distribution function /(6,F,’) is given in the neighbor- 
hood of the quasi-elastic peak by 
1(6,E.)=3§ Yoon (2IF1W (Ka, 
X(Fipt(—1)4F in P 
X LF ipt (—1)"F in Ik pF 2p 
(—1)4enF on) +4(g 
H. GLP yt (- DF: +6, F 
(—1)"KaFon PL(3L+4)(Ki41 
+ (2L+1)(K P+ (3L+1)(K; 
+(Fi, 1)’F; 


)*{L1—(q/ 2m)? ] 


2(g/ 2m) 


2m)*[.2 tan?(36)+1 


Here «x, and x, are the anomalous parts of the proton 
and neutron magnetic moments expressed in units of 
the nuclear magneton. The proton and neutron charge 
from factors F,, and F;, and the anomalous magnet 
moment form factors F:, and F,, are functions of the 
square of the invariant . 4-momentum J transfer 
g=4E_.E; sin*(36), and are normalized to unity for 
g’ =0, with the exception of F;,, which vanishes at that 
point. Finally, the radial matrix elements Ay; s labeled 
by the total, orbital, and spin angular momenta of the 
final state of the neutron-proton system are defined by 
the relation 


Kyts=p f Fyis(pr)7r(Gaqr)u(r)dr, 


where u(r) and Fy; s(pr) are defined in Eqs. (6) and (8), 
and jz(z) is the spherical Bessel function of order L, 
jx(z)= (w/22)8J 14;(z). 

The formula for /(6,£,’) given in Eq. (12) is too 
cumbersome to be used for practical calculations, since 
for the energies and momentum transfers characteristic 
of the Stanford scattering experiments,‘ the number of 
states contributing significantly to the sum is very 


large. It is therefore more convenient to work with the 
difference between /(6,£,’) and the function /9(0,E 
which is obtained by neglecting the effects of final state 
interactions between the nucleons. In the absence of 
such interactions, the radial wave-functions Fy; s(pr)/ pr 
reduce to the spherical Bessel functions j,(pr). The 
matrix elements defined in Eq. (13) are then independ- 
ent of J and S, and Ky;s— A, for all J and S, where 


£ 


substituted for 


(14 


The expression for 1(0,£,') with K, 


"WW. Heitler, Quantum Theor 
Oxford, 1954 i ition, p. 241 


third ec 
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Ky rs can be written in the form 


10(0,E.’)=M (p,q) (Fig? + F 12+ (q/ 2m)? 
X Lk PoP +K 2k 2,2 }+2(g/ 2m)? tan*(36) 
XCF iptk pF op)? + (Fintknk en)? }} 
+N (p,q){3(q/ m)? tan?(36) 
XCF iptk pF ep) (Fin tk en) | 
+[2—3(g/m)* Fi pf in—4(qg/m) 
Mal igl sate F olin) 

+4 (g/m)%pknFopFon}, (15.1) 
where 
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? 


23 (2L+1 )P 1 (cosé A 
Introducing next a quantity Ayzs, 


(A, LS )"- (Ay, >, 


(15.4) 


joLGg+ p?— py cos6)'r ju(r)rdr. 


AsLs (16) 


and a set of coefficients Cy; s, 
useful form 


I Af vf 


we write 1(0,E,’) in the 
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Phe coefficients Cy; are as follows: 
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The Cyrs are precisely the coefficients with which 
each possible final state of the neutron-proton system 
contributes to the cross section; we can obviously write 
1(6,F:.’) in the form 


1(6,E.) > s Cy s(A sis (12’) 
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which is useful in cases in which only a few matrix 
elements differ from zero (see Sec. III). 

In the following sections we will be concerned with 
calculations of J(0,E.’) and of the difference between 
1(6,E.') and I,(0,E.’) caused by the presence of sig- 
nificant interactions between the outgoing nucleons. It 
will be necessary to consider only a limited number of 
final states for the neutron-proton system, since the 
quantities Ay;s vanish unless the radial wave-function 
Fy.s(pr)/ pr ditiers appreciably from j,(pr); this will 
only occur if the corresponding neutron-proton scatter- 
ing phase shift 6,75 is large. 


II. EFFECTS OF FINAL-STATE INTERACTIONS AT THE 
PEAK IN d’e/(dQQ.dE,’) 


The main difficulty in calculating the effects of inter- 
actions between the outgoing nucleons on d°a/ (dQ.dE,’) 
is in the evaluation of the radial matrix elements A ys, 
Eq. (13). This requires knowledge of both the deuteron 
wave function and the free state wave functions for 
given J, L, S and nucleon center-of-mass momentum Pp. 
While calculations numerical functions 
computed from one of the phenomenological neutron- 


using vave 


proton potential models~ would appear to be de- 
sirable, it was felt that the fundamental features of the 
corrections could be understood using a very simple 
model. The 4S; component of the deuteron wave func- 
tion was represented by a Hulthén wave function 
matched to the observed low-energy parameters of the 
neutron-proton system. In treating the wave-functions 
F7,s(pr) for the final states, it was noted that outside 
the range of the internucleon force, Fyzs(pr) has the 
form 


F yis(pr) — cos6,, sk (pr)+sinéy sG; (pr), (20) 


where 6;,s is the asymptotic phase shift appearing in 
Eq. (9), and F,(pr) and G;(pr) are the regular and 
irregular solutions of the Schrédinger equation in the 
absence of nuclear forces, Fy (x)= (mx/2)*J144(4), 
G(x) = (—1)L (4x 2)4J x). The phase shifts 6775s 
are known with certainty in the range 
0-300 Mev from the results of recent analyses of the 
For the 
electron energies and scattering angles typical of the 
Stanford electron-deuteron scattering experiments, the 


reasonable 


nucleon-nucleon scattering experiments. 
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TABLE I. The phase shifts (in degrees) of the Bryan-Signell- 
Marshak fit to the neutron-proton scatteing data at laboratory 
energies for the incident nucleon of 150 and 240 Mev. The 4S;, 
8D, 'P;, and 'F; phase shifts are those calculated by Signell and 
Marshak*; the remainder are those given by Bryan.> The com 
bined set gives a reasonably good fit to the relevant scattering 
data.» The center-of-mass wave numbers are p=1.34 f for 
2=150 Mev, p=1.7 f-' for E=240 Mev. The coupling between 
states of the same J and L=J+1 represented by the coupling 
parameters ey was omitted in the calculations described in Sec. II 


E(Mev) L ézan2n1 4x1 , e 
150 ee 
3.9 
— 13.5 


values of the momentum Pp of the nucleons in their 
center-of-mass system are in fact equivalent to those 
obtained in neutron-proton scattering experiments in 
this energy range. For example, the quasi-elastic peak 
occurs for incident electrons of 500 Mev scattered 
through 135° at an energy E,’= 261 Mev, corresponding 
to a value of p of 1.69 f'; this relative momentum for 
the nucleons is attained in a neutron-proton scattering 
experiment for an energy of 237 Mev for the incident 
nucleon. Similarly, for E,=500 Mev, 6=75°, the quasi- 
elastic peak is at 357 Mev, p= 1.30 f-', and the equiva- 
lent scattering energy is 141 Mev. The n-p phase shifts 
at 150 and 240 Mev given by the Bryan-Signell- 
Marshak fit'*"* to the nucleon-nucleon scattering data 
are listed in Table I. For both energies, a number of the 
phase shifts for the states with L<2 are quite large. The 
corresponding wave-functions Fy; s(pr) therefore differ 
significantly from the F,(pr), and it may in general be 
expected that the matrix elements Ay 5 will be poorly 
approximated by the matrix elements K, 
with the neglect of interact 
nucleons.'? 


calculated 


ions between the outgoing 


7 The fact that for those values of 
center-of-mass energy 
which the scattering phase shifts are kr 
sufficient to cast considerable 


g of the most interest, the 
of the emerging nucleons lies in a region in 
own to be large is in itself 

t upon the validity either of 
neglecting entirely the effects of final-state interactions, or of 
treating these effects in Born approximation. The argument may 
be made somewhat more precise as follows. Contributions to the 
cross section fron with high orbital angular momenta are 
small, the largest value of L which can appear being given roughly 
by the requirement that the classical turning point in the scatter 
ing process lie inside the deuteron, L, where a is the 
deuteron “‘radius.”’ Similarly, the largest value of L for which there 
can be important effects of final-state interactions is determined 
by the requirement that the classical turning point lie within the 
range of the neutron-proton interaction, Lin.=p/y. Thus, the 
ratio of the number of final states in which interactions are strong 
to the total number which contribute significantly to the cross 
section d’a/(dQdE,’) is roughly a/u~4, independent of p and g 
Detailed calculations give a slightly larger fraction, on the order 
of 0.4-0.5. Thus, while the large separation of the nucleons in the 
deuteron reduces the over-all effect of final state interactions, the 


reduction is only by a factor of 2 


states 


, 
nak V/s, 


3, and significant corrections to 


DURAND, 


IT! 


Investigations by Bryan" using a semiphenomeno- 
logical potential model of the nucleon-nucleon inter- 
action indicate that at 300 Mev, the greater part of the 
phase shift for states with L=0, 1 and 2 originates in 
the region of internucleon separations 0-1, 0.4-1.4, and 
0.8-1.8 f, respectively. For the lower scattering energies 
of interest here, these regions will be shifted to larger 
values of r, but it is likely that the wave functions with 
L<2 will in any case attain the asymptotic form given 
in Eq. (20) for r>ro=2 f. Moreover, the region r> 2.0 f 
contributes 28%, 54%, and 87% of the matrix elements 
Ko, Ki, and K» for p=1.3 f-', and 35%, 37%, and 68% 
of the same matrix elements for p= 1.7 f-'. Considering 
the magnitude of the phase shifts 6;:s for L<2, it is 
evident that the contributions of this exterior region 
will be changed significantly if PF (pr) is replaced by 
the correct asymptotic form of F yrs pr Eq. (20). The 
exact wave-functions Fy, s(pr) which enter the defini- 
tion of Kzz5 will, of course, differ appreciably from the 
free-particle wave functions F;,(pr) for r<ro as well. In 
this region our knowledge of the wave functions is 
quite limited unless a specific potential model is used, 
but it would appear to be a reasonable approximation 
to replace the correct wave functions by those corre- 
sponding to a constant potential, 


Fy.s(pr) - ae f sF.(Xsrsr), (71) 


requiring, however, that yyzs and Ayz;s be so chosen 
that this interior wave function join properly at the 
radius ro to the external wave function of Eq. (20) with 
the experimentally known phase shift 6y;s. This re- 
quirement is expressed in the well-known equations 


(A, p)F 1’ (Aro) Fr (Are) =F 1’ (pr 
XLFi(pr 


+tanédG ‘(pri 
+tandG,(pr 
and 
(23 


¥=[cos6F 1 (pr 


+sinéG . (pr (F.(ar 


where F;’ (x) derivatives of F; and 


G,, and we have for simplicity suppressed the sub- 


and G,'(x) are the 


scripts on y, A, and 6. Since the phase shifts are known, 
square well 


6, ~s and calculating the associated 


we are in effect matching a potential to 


wave function; this 
“equivalent square well potential” will in general vary 
with J, L, and S, and with the momentum 9, and is not 
to be regarded as physically significant. 

Some justification for the foregoing model may be 
Ky S in- 
vanishes for L>0 
> (0. Since u(r 


found by observing that the matrix element 
volves a factor Fy >g”) \ Sqr) which 
as (3gr)"/(2L+1)!! forr and the wave- 
the cross section may be present We ren also that the 
ment of final-state interactions given in reference 8 uses 
potential to describe the interactions, neg ing e1 
strong noncentral forces which lead to the large variations in sign 
and magnitude of the phase shifts listed in Table I. It should also 
be noted that the apparent smallness of the effects of final-state 
interactions near the threshold for the dissociation of the deu 
teron,” p=0, is irrelevant to of such effects at the 
quasi-elastic peak, p~ 4g; some confusion on this point has existed 
in the past. The effects near threshold are discussed in 


Sec. ITI 


treat 


a central 


tirely the very 


cuscussior 


detail in 
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functions Fy,s(pr) for L>0 also vanish for r— 0, the 
integrand in Eq. (13) is weighted toward large values 
of r. This may be seen in Fig. 1, which shows the inte- 
grand obtained for L=1, p=}3q=1.3 f' and 6=+21°, 
0°, and — 22° using the foregoing approximation for the 
final-state wave function and a Hulthén model for the 
deuteron ground-state wave function. The integrand in 
each case has its first maximum at a value of r very 
close to the matching radius ro, taken here as 2.0 f. 
However, for r near ro, the possible variation in the true 
interior wave function from the form assumed in 
Eq. (21) is small for reasonable potentials, being limited 
by the necessity that the wave function join properly 
r) to its known asymptotic form. Since the asymp- 
totic phase shifts are known, the major uncertainty is 
probably in the proper choice of ro. It is furthermore 
evident from Fig. 1 that the approximations which have 
been made should be somewhat better for small than 
for large values of p ($qg=p at the quasi-elastic peak), 
and for negative than for positive phase shifts, either a 
small p or a negative phase shift tending to reduce the 
importance of the interior as compared to the exterior 
region. Similar (and stronger) arguments apply to the 
states with L=2. For the states with L=O, the argu- 
ment is less convincing, but it is fortunately not neces- 
sary to know very accurately the changes in the matrix 
elements associated with final state interactions, the 
S states contributing only 10% and 5% of the peak 
cross section at p=1.3 f-' and p=1.7 f-' compared to 
22% and 18% for the P states, and 16% and 11% for 
the D states. 

The matrix elements A yrs were calculated using the 
final-state wave functions of Eqs. (20) and (21), and 
Hulthén model for the deuteron 


atr 


assuming a wave 


func tion, 


(24) 


Nie org? 


(39r)"Fi.(3qr), we have from 


u(r) 


Noting that 
Eq. ( 13) 


ju(3qr)= 


) 


A JLS\ P.q) Fy LS\ pr \fk 


(Sgr)u(r)r dr 
pq 


» L 
f [coséy l sF (pr) 
pq 


+sindy,sGr(pr) |Fi(3qr)u(r)r dr 


? ro 
* J [ysrsF i (Ascsr) 
Pq ( 


—cosdyrsF; (pr)— sindy,sG, (pr) 
KF r(gqru(r)r dr. (25 


The integral over the finite segment 0<r<ro is most 
simply evaluated numerically, while that over the infi- 


8 L. Hulthén and M. Sugawara, Handbuch der Physik, edited 
by S. Fliigge, (Springer-Verlag, Berlin, 1957), Vol. 39. 
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X=pr,pzu3e-' 


Fic. 1. The integrand for the matrix elements Ayzs(p,g) for 
p=}q=1.3 f-! as computed using the approximate initial and final 
state wave function given in Eqs. (20), (21), and (24), with 
Kyis(p,q) = (4N/q) fi* Ki(x,6srs)dx. The interior and exterior 
wave functions were matched at a radius ro=2.0 f, x» =2.6. The 
matrix element for 6=—22° is 13°% smaller than that computed 
in the absence of final-state P-wave interactions between the 
nucleons [6=0], while that for 5=+21° is 0.5% larger. Complete 
curves of the fractional change in the matrix elements versus 6 are 
given in Figs. 2 and 3. 


nite interval 0<r< «x may easily be expressed in closed 
form when u(r) consists of a sum of exponentials as in 
Eq. (24). The necessary relations, specialized to the 
condition }q= p corresponding to the quasi-elastic peak 
in the cross-section d°a/ (dQdE,’), are 


(26) 


f [Fy (x) Pe styl y= 501 (1+ 5a’), 


and 


[ Fi (x)Gy(x)e~*7x"'dx 


(—yef 


Here Q, is the Legendre function of the second kind. 
The remaining integral in Eq. (27) is easily reduced to 
a collection of inverse tangents and polynomials. The 


2 cos(2L+1)dd¢ 
- . (27) 
[ (a?/4)+cos*¢ |}! 


resulting expressions for the infinite integrals in Eq. (25) 
are rather lengthy, but are straightforward to derive. 
We note also that the matrix element A,, Eq. (14), 
which enters the definition of Ay:s, Eq. (16), is given 
for arbitrary p, g by: 

K 1(p,q) (28) 


(N/ pa) Or(x)-Ox(y)] 
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where [compare Eqs. (83) ] 
x= (a? + p+ tq°)/ Pa, 


y= (P+ P+i¢")/ 9. 


Finally, one obtains for the functions M (p,q) and .\V (p,q) 
defined in Eqs. (15) 


x+1 y+1 
In 
rt+y tz—ly-—1 


Those terms in the function /)(6,F.’), Eq. (15.1), which 
involve (p,q) arise from interference between elec- 
trons scattered off the proton and those scattered off 
the neutron. These interference effects are entirely 
negligible at the peak of the inelastic electron spectrum, 
and will be omitted. As shown in the Appendix, the 
function M(p,g) may be approximated at the peak by 


M(p,q)=13(N*, p*)[a?+87°—2(8?—a? 
2.962 10 cm p a 4q= p. (31) 


The foregoing expression for M(p,2p) is accurate to 
within 1.4% for p=3q=1.0f 


as p-* for larger values of p. 


' In (3? /a*) | 


, and the errors decrease 








) 0.4 
8 ( radians) 


Fic. 2. The fractional change R(4) in the matrix elements 
Kyxis(p,g) relative to the matrix elements K, p,q) defined for 
vanishing final-state interactions, calculated for p=}g=1.3 f-! 


using the approximation given in Eq. (25). 
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Numerical results for the change in the peak value of 
the cross-section @o/(dQa@E,’) caused by interactions 
between the outgoing nucleons were obtained as follows. 
The matrix elements Ky,s and AK, and the quantities 
Ajyrs which enter in Eq. (17) for the corrected cross 
section were calculated using the approximate wave 
functions given in Eqs. (20), (21), and (24). The phase 
shifts 67,5 were taken from the Bryan-Signell-Marshak 
fit to the nucleon-nucleon scattering data below 300 
Mev [see Table I],'** but the coupling between states 
of the same J and S with L=/+1 was ignored. This 
should introduce little error in the resuits. Lacking at 
those values of p which were of interest here detailed 
information about the radius ro of which the wave- 
function Fy;s(pr) attains substantially its asymptotic 
form, we have used in our calculations the value ro= 2.0 
f. This is undoubtedly too large for the S states, but 
appears to be a reasonable value for the P states and 
probably the D states as well. As a practical matter, it 
was simplest in using the matching condition of Eq. (22) 
to assume a set of values for the parameter A and to cal- 
culate the corresponding values of 6y,s and Ayzs. The 
value of the matrix element corresponding to the experi- 
mentally determined phase shift was then obtained 
graphically. The quantity R; which gives the fractional 
change in the matrix elements of order L caused by final- 
state interactions, 


R,=(Kyis—K1]/K 
is plotted in Fig. 2 for p=1.3 f' and L=0, 1, 2; the 
same quantities are shown in Fig. 3 for p=1.7 f—'. It is 


seen that the changes in the matrix element associated 
with phase shifts on the order of those in Table I are 





8 (radians) 


Fic. 3. The fractional change R(6) in the matrix elements 
Kysis(p,q) relative to the matrix elements Kz(/,g) defined for 
vanishing final-state interactions, calculated for p=}q=1.7 | 
using the approximation given in Eq. (25) 
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in some cases remarkably large. In Tables I] and II 
we give the values of the quantities Dy,;s=Ayzs/(K1) 
and CyisK17/1)(0,E.) for the parameters 
corresponding to the quasi-elastic peak for momentum 
transfers g= 2.6, 3.4 f", and scattering angles 6=75°, 
135°. The numbers Dj; are the fractional changes in 
the squares of the matrix elements associated with final 
state interactions, while the coefficients cyzs are the 
fractional weights of each state in the cross section 
without final-state interactions. The over-all change in 
the peak cross section, [/(0,£.')—I0(0,E.’) ]/10(0,E.’), 
is obtained by multiplying the numbers in the same 
locations in the two tables and summing. In calculating 
1,(0,/,") and the coefficients cys, we have assumed that 
F\,~Fop=Fo,, and that Fy,~0, in accord with the 
results of the Stanford experiments.‘ Our results are in- 
sensitive to small deviations from these conditions. 
The dependence of R,(6) on 6 shown in Figs. 2 and 3 
is easily understood. As may be seen from Fig. 1, the 
value of the integral giving the matrix elements Ay; 
is largely determined by the first peak in the integrand. 
It is convenient to consider separately the dependence 
of this peak on the deuteron wave-function u(r) and 
on the function Fy,s(pr)Fi(3qr)/ (Sqr). We shall take 
p=3q and x=4gr. If interactions between the outgoing 
nucleons are neglected, Fy,s(x) is replaced by Fx(x), 
and the second factor in the integrand becomes simply 
v "CF ,(x) ?. This function has its first maximum at 
v=1.17, 2.46, and 3.64 for L=0, 1, and 2, while, for 
p=3qg=1.3 f"', u(r) reaches its maximum value at 
v= 1.98. Thus a small positive phase shift in Fyzs(.x), 
by shifting the first maximum in x!Fyzs(x)F i (x) 
away from that in a~'[F,(x) ? and in the direction of 
smaller x will bring the peaks in the two factors of the 
integrand more nearly into coincidence for L=1 and 2, 
and will decrease the overlap of the peaks for L=0. 
Consequently, for small positive phase shifts, Ay,s will 
be larger than K,, hence, R,>0O, for L=1 and 2, while 
for L=0, K yos will be smaller than Ko, and Ro<0. We 
remark however, that the function x Fy;s(x)F 1 (x) 
assumes negative as well as positive values for non- 
vanishing phase shifts 6,5. In fact, for sufficiently large 
positive L=1 and L=2 phase shifts, the increase in the 
integrands in the region of the first peak will be offset 


CJLS= 


rasieE Il. The quantities Dyps=Ayis/(K1)? which give the 
fractional changes in the radial matrix elements Ars associated 
with the effects of interactions between the outgoing nucleons 
Che matrix elements are calculated for parameters }g=) corre 
sponding to the peak in the spectrum of inelastically scattered 
electrons 


Drs, 


—0,219 
0.036 
0.071 


—0.053 
—0.075 
0.096 


Di.1.1 Di L,1 Di.1 


—0.174 
—0.252 


—().044 


— 0.037 
—0.212 
0.077 


0.024 
0.328 


—0.176 
0.073 
— 0.004 
0.513 


-0.144 
0.016 
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TasBLe III. Representative values of the coefficients cys 
=CyisK12/1)(6,E,’) giving the fractional contribution of the final 
state of the neutron-proton system labelled by angular momenta 
J, L, S to the peak cross section in the absence of final-state inter- 
actions between the nucleons. The coefficients were calculated in 
the approximation F,,=0, Fs, ~F 


CL+i1,L,1 CL-1,L,1 CL, L,o 


0.054 
0.004 
0.085 


0.069 
0.005 
0.108 


0.039 
0.003 
0.083 


0.043 
0.003 
0.092 


0.046 
0.120 
0.034 


0.015 
0.141 
0.011 


0.020 
0.089 
0.020 


0.034 
0.015 


0.055 
0.024 
0.040 
0.005 


0.061 
0.007 
0.026 
0.009 


0.038 
0.014 


0.006 
0.100 
0.006 


0.029 
0.003 


0.043 
0.004 


by decreased and negative contributions from other 
ranges of x, and Ay ,s will become smaller than K,_. 
For negative phase shifts in the L=1 and L=2 states, 
the situation is reversed, and Ay;s decreases rapidly 
with increasing (671s 
minished overlap of the peaks of the two factors, and 
of the presence of the oscillating components in the 
integrand. The integrands for L=1, p=}q=1.3 f"', 
and 6 2 and —21° are plotted in Fig. 1, and 


as a consequence both of di- 


‘ees 
the effects of the phase shifts may easily be seen. The 
roles played by positive and negative phase shifts in the 
0 states, but the 
analysis is otherwise unchanged. The expected behavior 
of R,(6) clearly reflected by the curves of Fig. 2. The 
situation is similar for p=}g=1.7 f", and will not be 
discussed in detail. However, it is interesting to note 
2.58, 


foregoing are interchanged for the L 


that the maximum in u(r) now corresponds to x 

a point very close to the first maximum in x" [Fi (x) F 
at x= 2.46. As would be expected, R,(6) is nearly sym- 
metric about 6=0. 

The effects of final-state interaction on the peak value 
of d®a/ (dQ.aE,’) are summarized in Table IV for g= 2.6, 
3.4 f—, and various scattering angles. In every case, the 
peak cross section is decreased, the correction varying 
only slightly with 6. These results are based on the phase 
shifts given by the Bryan-Signell-Marshak fit to the 


TABLE IV. Corrections to the function /(@,£,") at the quasi 
elastic peak resulting from interactions between the outgoing 
neutron and proton. 


Al/I 


0.0245 
0.0221 
—0.0191 
0.0165 


—0).0120 
0.0113 
0.0106 
0.0101 


sO w=! - 
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nucleon-nucleon scattering data at 150 and 240 Mev." 
A separate calculation for g=2.6 f-! and @=75° using 
the Gammel-Thaler phase shifts’ led to a 14% de- 
crease in the peak cross section instead of the 2.2% 
decrease listed in Table IV. The difference in the results 
for the two fits is associated mainly with differences in 
the 'So, ‘De, *S1, 3D, and *D; phase shifts. Breit et al.'® 
have remarked that neither value of the 'D, phase shift 
agrees well with that determined from their complete 
phase shift analysis of the proton-proton scattering data 
between 10 Mev and 345 Mev and that the Bryan- 
Signell-Marshak value of the 'So phase shift is definitely 
too large. The corresponding analysis of the neutron- 
proton scattering data undertaken by Hull ef al.'® indi- 
cates that both the Gammel-Thaler and the Bryan- 
Signell-Marshak values of the *S, phase shift are too 
small, and the values of the *D, and *D, phase shifts, 
too large, in magnitude. The “best” value for change in 
the peak cross section for p=}g=1.3 f' and 6=75° 
would appear to be about —2%. The corrections at 
other angles would also be changed somewhat. The 
discrepancies between the Bryan-Signell-Marshak and 
the Gammel-Thaler results are illustrative of the un- 
certainties introduced into the present calculations by 
errors in the assumed phase shifts. In addition the 
analyses of Breit ef al.!® and Hull ef al.'® lead to rather 
large phase shifts in the F and G states at the higher 
equivalent scattering energy 240 Mev (q=3.4 f), and 
it is probable that changes in the associated partial wave 
matrix elements should be taken into account. 

As may be seen from Tables II and III, the un- 
expected smallness of the final state corrections results 
primarily from the small weights corresponding to those 
states with the largest values of Ay, s [e.g., the 'So, *S), 
P;, *P,, and *D, states for the case g=2.6 f', and the 
P,, *P,, and *D, states for g=3.4 f"' ]. The final values 
are also reduced by factors of roughly 1.5 and 2 for 
g=2.6 f' and g=3.4 f"' by cancellations between posi- 
tive and negative terms associated with phase shifts of 
different signs. It is interesting in this context to note 
that the sign of the over-all correction to the peak cross 
section is not obvious a priori. The weights Cys with 
which a given final state contributes to the cross sec- 
tions, Eq. (12’), are positive [compare (1),® Eq. (7.3) ], 


and we have seen that it is possible either to increase 
or decrease the 


matrix elements Ayzs by choosing a 
final state phase shift of the appropriate sign. Thus, 
with some choice of phase shifts, the peak value of the 
tion could be made to increase; the phase shifts 
determined vucleon-nucleon scattering experi- 
ments lead instead to a small decrease in that quantity. 
It should, in remarked that, had we 
written the cross section as in Eq. (15.1), that is, as a 
sum of an interference cross section and a “‘direct”’ cross 


CTOSS S€¢ 


from 


addition, be 


section corresponding to scattering off of a single 
nucleon, the interference cross section would no longer 
be negligible as was the case in the absence of final state 
In fact, 2.6 f', and 6=75° the 


interactions. for g= 
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interference terms contribute 2.3% of the peak cross 
section, while for g=3.4 f', and 6=135° their contri- 
bution has increased sharply to 4.9%. The interference 
terms are positive in each case. Conversely, the con- 
tributions to the peak cross section which correspond 
to the scattering of the electron by a single nucleon are 
decreased by 4.5% for g=2.6 f"', and by 5.8% for 
qg=3.4 f-', to give the small over-all corrections quoted 
above. The foregoing numbers would be changed some- 
what by an alteration in the radius re at which the 
interior and exterior final state wave functions are 
joined, or, indeed, by changing the entire model for the 
deuteron and the final-state wave functions. It never- 
theless seems probable that the over-all corrections to 
the peak cross section would remain negative and about 
the same magnitude as calculated here, our results being 
in large part determined by the phase shifts derived 
from experimental studies of neutron-proton scattering. 
However, more precise calculations using wave func- 
tions derived from one of the two-nucleon potentials 
which fit the high-energy neutron-proton scattering 
data would be of great interest either in substantiating 
or modifying the present, largely exploratory, results, 
and should certainly be undertaken. It is apparent also 
from the large changes in individual matrix elements 
associated with the effects of final state interactions, 
that the results given in (I) for the angular distribution 
of the emergent nucleons may be significantly altered, 
but the proposed backward-to-forward ratio method for 
determining the ratios of the neutron to the proton 
form factors should remain valid for the reasons noted 
there. 


Ill. EFFECTS OF FINAL-STATE INTERACTIONS NEAR 

THE THRESHOLD FOR DEUTERON BREAKUP 

For a fixed energy of the incident electron and a 
given scattering angle, the range of possible final 
energies for an electron scattered inelastically from the 
deuteron is bounded above by /y, Eq. (13). This energy 
represents the threshold for the the 
deuteron, the nucleons emerging with vanishing mo- 
menta p in their center-of-mass system: 


dissociation of 


P=m(ho— E)1+(E,/m) sin? (36) }. (32) 


Kendall et al." have recently made an extensive study 
of the cross-section d’¢/(dQ.dF,’) for final electron 
energies within a few Mev of the threshold. In this 
region p is small, and the cross section is dominated by 
the contributions of final S states for the nucleons. 
Moreover, Jankus® has shown that the S-state matrix 
elements Ayos are greatly increased by the strong 
attractive interactions of the nucleons in the final state, 
causing the cross section to peak sharply near p=0. 
The results of Kendall ef a/."° confirm that the peak is 
present, but the measured cross sections, averaged over 
a 1-Mev range of energies just below threshold, are 
generally smaller than predicted by the Jankus theory. 
This may be seen in Fig. 4. 
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Fic. 4. The ratio of the cross-section d’a/(dQ,dE,') integrated 
over the interval 0<E)—E,’<1 Mev, to the corresponding 
quantity calculated from the Jankus theory® using the Bargmann 
wave functions for the initial and final states of the neutron 
proton system. The function /(@,£,,AE) describing the integrated 
cross section is defined in Eq. (50). The parameters are E,=500 
Mev, AE=1 Mev. The experimental data are those of Kendall 
et al.,° while the solid curves are calculated for the models con 
sidered in Sec. III 


In both the original calculations of Jankus and sub- 
sequent calculations performed at Stanford, the S-state 
matrix elements Ayos were evaluated using deuteron 
and final state wave functions corresponding to an 
Eckart (Bargmann) potential.'’ This choice has the 
attractive feature that the wave functions are known 
in closed form. The scattering phase shifts furthermore 
satisfy exactly the shape-independent effective range 
expansion. On the other hand, the integral which de- 
termines the matrix elements contains a factor jo(}gr) 
in addition to the product of the wave functions 
[Eq. (13) ]. This factor weights most strongly small 
values of the internucleon separation r when gq is large, 
and it is precisely for small separations that the 
Bargmann wave functions may be expected to be least 
accurate. The facts that the experimental cross sections 
are smaller than predicted, and that the discrepancy 
increases with increasing g, suggest strongly that the 
discrepancy is associated with the neglect of the re- 
pulsive core which is present in the two-nucleon inter- 
action.”~" The core was shown by McIntyre ef al.® to 
decrease markedly the value of the deuteron form factor 
Fa observed in elastic electron-deuteron scattering. 
Since the low-energy S-state scattering wave functions 
behave for small r roughly like the deuteron wave 
function, one may similarly expect the core effects to 
be important in the inelastic scattering near threshold. 


' V. Bargmann, Revs. Modern Phys. 21, 488 (1949). 
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The results of the present calculations substantiate this 
view. 

For the remainder of this section, we will be con- 
cerned with the calculation of the angular distribution 
function /(6,E,"), Eq. (12), for Eo—E.’S1 Mev. For 
the 500-Mev incident electron energy used in the bulk 
of the Stanford experiments,” the corresponding values 
of p lie in the interval 0S p<0.19 f-!, and the equiva- 
lent neutron-proton scattering energies in the range 
O< Fin 3.1 Mev. There is no evidence of any signifi- 
cant interaction of the nucleons in states with L>1 for 
energies in this range. Thus the matrix elements Ayzs 
may be replaced for L>1 by the matrix elements Ky, 
for noninteracting particles. The corresponding con- 
tributions to /(6,/,’) are negligible for the energies of 
interest, the free wave functions fF; (pr) for small p 
being strongly suppressed by the angular momentum 
barrier in the region in which the function j»(3gr)u(r) 
is large. Retaining only the contributions of the final 
S states, and making modifications in the effective inter- 
action Hamiltonian’ appropriate to the discussion of 
the cross section near threshold, one then obtains for 


T(6,F.’) 


1(0,E.) > [(FiptF1,.)?—2(q/2m)?(Fipt Fin) 
X (kpF op tk nl on) +3 (g/2m)[2 tan?($0)+1 | 
X (Pip tF intkpP ap thn on)? |Kr° 
+3 (g/2m)[2 tan?(36)+1 ] 
X (Fip—FintKpFop—KknFon)’Ks%. (33) 
This expression may be further simplified if one uses 
the relations F,,~F2,~F,, and F,,,~0 which are found 
experimentally to be valid over the range of g of present 
interest.* The #8, and |S) matrix elements K jo; and K ooo 
will henceforth be denoted by K7 and Ks as above. 
The matrix elements Ay and Kx have been calculated 
for the following two models of the deuteron and final 
S-state wave functions in addition to the Bargmann 
model: 


Hulthén: u(r)= Ne" (1—e (34.1) 


Fs r(pr)=(1-e (34.2) 


As. TT) sin(pr+6s,7). 


ar(j]—e-7") 


xX (i—e rt, 


Repulsive core: u(r)= Ne 


(35.1) 
(1—e-*5. 7") (1—e—#")? 


Xsin(pr+ss,r). 


Fs7 ( pr) 
(35.2) 


The Hulthén model corresponds to a potential which 
is attractive and singular at the origin; the wave func- 
tions u(r) and Fs .7(pr) satisfy the usual boundary 
conditions at infinity, «(r)— Ve", Fs 7r(pr) 

>sin(pr+é6s.7), and vanish linearly for r—0. The 
wave functions for the repulsive core model, on the 
other hand, vanish as r* for r— 0, simulating thereby 
the effects of a strong repulsion between the nucleons 
with a range given roughly by (2u)~'. When the re- 
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maining parameters are properly chosen, the wave 
functions also satisfy the conditions imposed by the 
low-energy neutron-proton scattering data. Thus, each 
of the wave functions should reproduce the appropriate 
effective range. In addition, the functions u(r) and 
cotérF r(pr) are expected to have essentially the same 
shape inside the range of the neutron-proton forces. 
Within this range, the small positive or negative 
energies represented by p and a may be neglected rela- 
tive to the potential energy, and the shape of the wave 
functions for small r is determined predominantly by 
the latter. The foregoing model wave functions have 
this property. For example, using the effective-range 
expansion for the cotangent of the phase shift, 


p— 0, 


one obtains for the Hulthén wave functions for small r 


cotés r= — (pas,r) + 3pro.s.rt:*:, (36) 


>[l—ar+--- ](l-e-v” 


and 


cotérF 7 pr) l1—e*T" 


+ [1—(r/ar)] 


Since the triplet scattering length ar is given approxi- 
mately by a7 '~a, it is evident that the adjustment of 
y and Ar to reproduce the triplet effective range ro,7 
will require y~A7, and the bound and free wave func- 
tions will indeed be similar in shape for r small. The 
same form has been used for the singlet and triplet free 
state wave functions, since the corresponding potentials 
are thought to be rather similar in character.” We 
have in particular used the same repulsive core parame- 
ter uw in each. 

In the calculations which have been performed using 
the model wave functions, the parameter y was deter- 
mined by matching the deuteron wave function u(r) 
to the triplet effective range. The extra parameter yu in 
the repulsive core wave functions was evaluated simul- 
taneously by requiring that the calculated deuteron 
form factor F4a( q° ), 


Fal f 1y(Sqr)u?(r)dr, 


give a reasonable fit to the recent data of Friedman ef al.’ 
on elastic electron-deuteron scattering. The value of u 


(38) 


so obtained was used in the free state wave functions 
Fs 7(pr), and the remaining parameters As.7 were 
matched to the appropriate effective ranges. In practice, 
it was found that a reasonable fit to F, could be obtained 
with the repulsive core wave functions, but the precise 
value of uw depended rather sensitively on the experi- 
mental value taken for Fz and on the value of g at which 
the form factors were matched.”” However, satisfactory 

© In the course of the calculations, we attempted to fit the 
deuteron form factor Fz using for the deuteron wave function 
u(r) = Ne" (1—e-)(1—e-*"). The fit obtained with this wave 
function was not satisfactory, and it was necessary to add the 


extra factor of (1—e~*") which appears in the wave function given 


in Eq. (35.1) 


DURAND, 


II] 


solutions of the combined matching problem (form 
factor and effective range) were found in the region 
y~u. It was consequently assumed in the final calcu- 
lations with the repulsive core wave functions that 
y=n, and the single remaining parameter yw was de- 
termined from the triplet effective range. The resulting 
parameters in the two cases were as follows; Hulthén: 
y=1.202 f, As=1.215 f', Av=1.246 f"'; repulsive 
core: y=p=2.13 f°, As=1./2 fF, Av=2.62 Ff’; 
a=0.232 f-!, V°=0.766 f-'. The Hulthén and hard-core 
deuteron wave functions are shown in Fig. 5, while the 
deuteron form factors Ff? calculated for the two models 
are shown in Fig. 6 along with the data of Friedman 
et al.’ The theoretical form factor corresponding to the 
Hulthén wave function fails completely to fit the data, 
while that corresponding to the repulsive core wave 
function provides a reasonable fit. That the agreement 
of the theoretical and experimental results is not precise 
is to be expected, considering the crudity of the one 
parameter model for u(r). The fit could undoubtedly 
be improved by going to a larger radius for the repulsive 
core. As may be seen from Fig. 5, the radius of an 
equivalent hard [infinitely repulsive | core is about 0.2 { 
in the present model. This is somewhat smaller than the 
radius 0.26-0.30 f indicated by the Gartenhaus wave 
function”! which was found by McIntyre ef al.‘ 
a good fit to F.7. The curvature of F,? could probably 
be corrected as well if the contributions of the deuteron 
D state were included, since these tend to increase F 


to give 
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Fic. 5. Model wave functions for the deuteron. It is apparent 
that the repulsive-core and Hulthén wave functions differ in 
significantly from the asymptotic wave function e-” for r24 ft 

"1S. Gartenhaus, Phys. Rev. 100, 900 (1955). The Signell 
Marshak analysis of the nucleon-nucleon scattering data below 
150 Mev" is based on the Gartenhaus potential, with additional 
phenomenological spin-orbit potentials 
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Fic. 6. Theoretical values of the square of the deuteron form 
factor Fy’ calculated from the Hulthén and repulsive-core wave 
functions for the deuteron given in Eqs. (34) and (35). The ex 
perimental data are those of Friedman et al.? 


for large values of g.° It is in any case evident that the 
effects of the repulsive core cannot be neglected, and 
convenient to investigate these effects initially using 
relatively simple wave functions. 

Calculation of the matrix elements Ay and Avr is 
straightforward and can be performed analytically 
using the simple wave functions discussed above. Some 
simplifications are nevertheless possible for the small 
values of p with which we are concerned. The typical 
integrals which enter A s.7 for the model wave functions 
are of the form 


f ] (Sqr) sin pre "ap = (2q) 
) < {Inl(3qg+p)?+ ]—Inl(Gq— p+? }} 
— pligt+r}, p—0, 


(39) 


and 


f jo(4qr) cospre "dr=q ; 
X{tan"[ (q+ p)/v]+tan'L(bq—p)/v}} 


— (2/q) tan“'(q/2v), p—0. (40) 


In the present calculations, we have used the indicated 
limiting forms of the integrals for p— 0; these are 
sufficiently accurate for the range of p which has been 
considered, 0< p<0.19, f~! the errors in each case being 
of relative order p?.” It is convenient to introduce 


2 For p=0.10 f', g=2.50 f", and the Hulthén-type wave 
functions of Eqs. (34), the approximate values of k; and ky were 
found to be respectively 0.997 and 0.3°% smaller than the exact 
values for both the singlet and the triplet parameters. For the 
hard core wave functions, the approximate values were 1.6°7 and 
0.39 small. The corresponding errors in d’a/(dQ.dE,’) were 

0.60, for both the Hulthén and hard-core wave functions. The 
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functions g;,i(r) and ge.(r) which approach unity for 


r— x, and write Fs 7(pr) in the form 


F (pr) =cos6,g1,;(r) sinpr 


+siné,g2,,(r) cospr, i=S,T. (41) 


The matrix elements A 5.7 are then given for small p by 


K (p,q) — 2.V (pq) {2 (p/q) coséi(p)hki,i(q) 
+sind,(p)ke,i(g)}, (42) 


where 


a 


ki i= N f Jo(x)u(x)gy,, (x)xdx 


z 
\-! [ Jo(x)u(x) go, (x)dx. 
a ) 


We have expressed the integrals in terms of the dimen- 
sionless quantity «= 3gr and have removed also the 
deuteron normalization factor V=[2a/(1—ary,r) }} to 
make &;,; and ky, dimensionless. These functions depend 
ong alone; the entire dependence of the matrix elements 
on p is contained in the phase shifts and the factors of p 
which appear explicitly. The functions k,,; and ke,; were 
calculated for g in the range 1.5 f-' <q <5.0 f"! for both 
the Hulthén and the repulsive core wave functions. 
The results are shown in Figs. 7 and 8 for the singlet 


(44) 


0.6 
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Fic. 7. Values of the dimensionless, parameters &:,s(qg) and 
ko s(q) entering the definition of the singlet matrix element Ks, 
Eq. (42). The curves labeled by &;,s correspond to the Hulthén- 
type wave functions of Eqs. (34), those labeled by &;, s*, to the 
repulsive-core wave functions of Eqs. (35). 


errors increase quadratically with p, reaching 2.5% for p=0.20 f-. 
However, the approximate cross sections integrated over the 
interval 0< p<0.20 f? are only 0.8% too small, and the errors 
cancel out essentially completely in the ratio of the hard core to 
the Hulthén results. The e-rors increase slightly with increasing g, 
but remain small in the cross section and negligible in the ratio. 
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Fic. 8. Values of the dimensionless parameters &),7r(g) and 
ke r(g) entering the definition of the triplet matrix element Kr, 
Eq. (42). The curves labeled by &; r correspond to the Hulthén 
type wave functions of Eqs 34), those labeled by ki, 7*, to the 
repulsive-core wave functions of Eqs. (35 


and triplet final states of the neutron-proton system. 
The A’s are considerably different for the two models, 
and it is apparent that the theoretical values of the cross 
section will also differ significantly, especially for large 
values of 7. The complete integrand for As in the two 
models is shown in Fig. 9 for p=0.10 f-! and g= 2.50f 
The effects of the suppression of the repulsive core 
wave function for small values of r are clearly seen. 
Similar using the 
Bargmann wave functions” in order that a comparison 
with the work of Jankus could be made. In this model, 


the deuteron wave function is given by 


calculations were carried out 


ulr = Ve 1—é 1+<re (45) 


while the free S-state wave functions are given by 
cosé,(1—3,e~""") (1+ Be 

l1—e A r (1+8« » 
+83.¢P[(4p+ v2 


F (pr ' sinpr 
cospr 
$p°+X7) [-2e7*” 
K (1+ 8,e°*”) 


+ sind 


'sinpr, (46) 


where 1=S,7, and \s=1.57 f-!, Av = 1.96 f", Bs =0.90, 
8r=1.62, and \,(8;—1)(8;4+-1) The Bargmann 
wave functions are reduced in magnitude for small r 
relative to the Hulthén-type wave functions of 
Eqs. (34), but not as much as the repulsive core wave 
functions of Eqs. (35). They therefore represent an 
intermediate case in the study of core effects. The last 
term in the expression for F;(pr) is very small for the 
range of p of present interest, and was neglected. The 
functions &;,, and ky, were calculated by subtracting 
from the integrands their asymptotic forms for large r. 
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These terms could be integrated analytically, while the 
remainders, which vanished rapidly with increasing r, 
were integrated numerically. The resulting values 
of k,,; and ke; were found to lie as expected between 
the values obtained for the other models. 

Calculation of the angular distribution function 
1(0,E.’), Eq. (33), in terms of the singlet and triplet 
phase shifts and the functions 4;,; and ky», is straight- 
forward. We have assumed that F,,=F2,=F.,, and 
that F,,=0,* the nucleon structure then affecting the 
results only through an over-all factor (F,)?. The 
quantity p/(6,£.’)/(F,)* is shown in Fig. 10 for the 
following parameters: /.=500 Mev, /y=393 Mev, 
6=90°, and £y—F,’<1.2 Mev. The variation in g over 
this small range in /,’ is negligible, and g has therefore 
been given its value for /,’= /», g=3.20 f-'. The con- 
tribution of the ‘\S» final state for the nucleons is seen 
to be much larger than that of the °S, final state for 
values of £,’ very close to /y. The sharp peak in the 
singlet contributions is easily understood. For p suffi- 
ciently small, cotés may be represented by the first 
term in the effective range expansion, Eq. (36), 
cotés ~— (pas), and Kx is given approximately by 


Ks— 2N(pq)"(1+p'as?) 
X{2(p q)ky g-T | pas' ke s}, 


>(pro.s)(pas)<<1. (47) 


As a consequence of the large magnitude of the singlet 
— 23.8 f,'* the quantity 2(p/q)ki,s 


scattering length, as 
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Fic. 9. Integrand for the singlet matrix element Ks calculated 
for the Hulthén-type and the repulsive-core wave functions of 
Eqs. (34) and (35) for g=3.0 f-' and p=0.1 f *. The singlet scat- 
tering phase shift for this value of p is 58°. The marked difference 
between the two wave functions for small r is clearly seen 
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Fic. 10. The variation with £,’ of the function p/(0,E,’)/F,? 
which determines the effects of the structure of the deuteron and 
final-state wave functions on d’o/(dQ.dE,’). The parameters are 
FE. =500 Mev, @=90°, Ey=393 Mev, and the nominal value of ¢ 
over this energy range is g~3.20 f'. The sharp peaking in the 
contribution of the final Sp state of the neutron-proton system is 
clearly seen. The repulsive-core wave functions of Eq. (35) were 
used in the calculation. 


is always much smaller than | pas ke, for g in the range 
considered, 1.5 f'<q<4.5 f-! [see Fig. 7], and one 
obtains as a rough but useful approximation 


Ks~2N \as|q°'(1+ pas”) he, s. (48) 
The square of this matrix element appears in the func- 
tion p/(@,F.’) and in the cross-section d’a/(dQadFk,’) 
multiplied by an extra factor of p. The resulting func- 
tion p as (1+ fas")! vanishes for p=O, attains its 
maximum value for p= /as ~'=0.042 f", and drops 
again to one half of its maximum value for p=0.16 f 

Since k»—E,’ is proportional to p’, the region of rapid 
variation of the singlet contributions to p/(6,-,’) is 
compressed in the energy variable into a small range of 
final energies near ££», and the function p/(6,-,’) 
appears sharply peaked in this energy range in Fig. 10. 
Similar considerations apply to the triplet contributions 
to pl(6,£."), but since the triplet scattering length is 
relatively small, a7=5.38 f,'* the peaking is less promi- 
nent, and is not apparent for the limited range of 
energies shown in Fig. 10. From the considerations 
which lead to the approximation of Eq. (42) for the 
matrix elements Ks,7, it is evident both that the ap- 
pearance of a peak in the cross section for /,’* Ey is 
essentially independent of the model used for the 
deuteron and free state wave functions, and that its 
shape is determined mainly by the known neutron- 
proton S-wave scattering phase shifts. Considerable 
information about the details of the wave functions is 
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nevertheless. reflected in the magnitude and the finer 
details of the shape of the cross section. 

The predicted peak in the cross-section d°¢/ (dQ.aE,") 
was clearly observed in the experiments of Kendall ef al.!° 
However, the measured values of do/(dQ.dF,’) were 
found to be smaller for large g than was expected on the 
basis of the Jankus theory.® The ratio of the. measured 
to the predicted cross section, each integrated over the 
interval Ay)—/,/<1 Mev, is shown in Fig. 4. The extent 
to which the neglect in the Jankus calculations of the 
effects of the repulsive core in the neutron-proton inter- 
action accounts for the discrepancy may be determined 
by calculating the ratio of the integrated cross sections 
for the repulsive core to the Bargmann (Jankus) model. 
The integrated cross section is given by 


Eo 
J do (dQ.dE,’) oMott (2 r)1(0,E.,AE) 

Eq-AE 
XL1+(E, 


m) sin®(30) |, (49) 


where 


(50) 


10,.,4)= f 1(0,F.’)p'dp, 


and p,, is the maximum included value of the momen- 
tum p, corresponding to the minimum value of 
E, E’=Ev—-AE* The ratio of the cross 
sections is given by the ratio of the functions J for the 
two models. Since g does not vary significantly for 
AES.1 Mev, the functions k, ; and k» ; as well as the 
factors of g which appear in Eq. (33) may be regarded 


desired 


as far as the above integration is con- 
cerned. The entire dependence of /(@,/:.’) on p then 
arises from the phase shifts and kinematical factors 
which appear in the definition of the matrix elements 
K s.r, Eq. (42). The required integrals are easily per- 
formed analytically using the effective range expansion 
given in Eq. (36) to determine the phase shifts. 

The calculated values of the dimensionless quantity 
1 (0,E.,AE) cos?(40), F,2 are shown in Fig. 11 for £.= 500 
Mev and Ak=1 Mev. The predictions of the three 
different models differ drastically for large values of 6 
[large values of g], the repulsive core wave functions 
leading as expected to the smallest results. The ratios 


as constants 


of the repulsive core values of J to the values for the 
Hulthén and Bargmann (Jankus) models are shown in 
Fig. 4 along with the experimental-to-Jankus ratios 
determined by Kendall e/ a/."" It is seen that the general 
trend of the experimental-to-Jankus ratio is reproduced 
by the repulsive core model, even though the wave 
functions are somewhat inaccurate as indicated by the 
lack of precision in the fit to Fy [see Fig. 6]. It in any 
case seems clear that the discrepancy with the Jankus 
theory found by Kendall e¢ a/.'° can be accounted for 


*3 Note that for fixed values of £, and 6, the quantities g, p, and 
E,' are all determined if the value of any one is given. It is con 
venient for the present purposes to take the minimum value of 
E,’, or AE, as the independent variable 
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Fic. 11. Values of the function [/(0,E,,\E) cos?(46) ]/F;? de 
fined in Eq. (50). This function contains the effects on the inte 
grated cross section of the structure of the deuteron and final-state 
wave functions. The parameters used were E,=500 Mev and 
AE=1 Mev. The Bargmann wave functions were used in the cal 
culations of Jankus.* The Hulthén-type and repulsive-core wave 


functions of the present paper are defined in Eqs. (34) and (35 


by using in the calculation of the matrix elements As 7 
wave functions which take adequate account of the 
repulsive core in the neutron-proton interaction. 

From the foregoing results, it is evident that the 
study of the inelastic electron-deuteron scattering cross 
sections near the threshold can, in principle, provide 
important new information concerning the structure at 
small distances of the *S,; and ‘Sp free state wave func- 
tions of the neutron-proton system. Analogous informa- 
tion about the deuteron wave function has already been 
obtained from measurements of the elastic scattering 
cross sections.® It should nevertheless be recognized 
that the semirelativistic theory is open to question in 
both cases for the large momentum transfers which are 
of interest. The important configurations for the scat- 
tering near threshold are those in which the nucleons 
are close together, and one may correspondingly expect 
the contributions of meson currents to the scattering 
to be important. The nucleons are furthermore con- 
siderably off the mass shell, with the consequence that 
the measured form factors could in any case differ sig- 
nificantly from the free nucleon form factors. These 
questions can probably be best examined using the 
methods of relativistic dispersion theory, as sketched 
in the next Section. It is perhaps a hopeful sign that, in 
the case of elastic scattering, the relevant dispersion re- 


RAND, P11 

lation has an anomalous threshold, with a weight 
function in the anomalous region which is closely related 
to the nonrelativistic deuteron wave function.** Anomal- 
ous threshold are again present in the case of inelastic 
scattering, and it is likely that the Mandelstam spectral 
function in the anomalous region can again be related 
to the nonrelativistic wave functions; but this has not 
yet been verified. In the absence of a detailed relativistic 
calculation, including mesonic effects, it is not certain 
that the effects here attributed to a repulsive core in the 
two-nucleon interaction cannot be ascribed to other 
sources, but we shall retain this interpretation in the 
remainder of the discussion. The approximations which 
led to Eq. (42) for small values of p are expected to be 
valid for any reasonable wave functions, the detailed 
structure of which is implicit in the functions &;,;(g) and 
ko i(q). Since g does not vary significantly over a small 
range of energies, the k’s may be considered as constants 
in any given experiment with fixed /, and 6, and with 
ky-E small. While it is in prin iple possible to deter- 
mine these constants by a detailed study of the shape 
of the cross section d°a/(dQ.dE,’) near threshold, the 
scattering phase shifts being known, such an analysis is 
complicated by the smearing out of the cross section 
associated with the finite energy resolutions encountered 
experimentally, and appears to be very difficult to 
carry out. We remark, however, that the cross section 
depends primarily on the functions &»,,. It may therefore 
be possible to determine from the experiments of 
Kendall ef al.” the variation with g of these functions 
by assuming the less important functions k;,, to be 
known. Separate evaluation of kes and ks, would 
provide directly information on the difference between 
the singlet and triplet wave functions, hence, between 
the corresponding potentials, for small internucleon 
separations. This information cannot at present be ob- 
tained with any certainty from other sources. Alter- 
natively, the experiments of Kendall e¢ al. 
as a test of present ideas regarding the two-nucleon 
interaction.“-" It would be desirable from this point 
of view to calculate the matrix elements As.7 using 


can be used 


wave functions corresponding to the present semi- 
phenomenological potentials, preferably including the 


effects of the D-state components of the deuteron and 
the free (35,;+°D,) wave functions which have here 
been omitted. The work of McIntyre and Dhar® on the 


deuteron form factor F, indicates that these effects will 
be significant for large values of g. Finally, it is interest- 
ing to note that the inelastic electron-deuteron scatter- 
ing process considered here represents an extension to 
virtual photon momenta of the photodisintegration of 
the deuteron. Detailed calculations of the latter process 
using wave functions from the semi-phenomenological 
potentials have been markedly successful for photon 


S05 


“uR 
1960) 
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energies up to 150 Mev;*° it will be interesting to see if 
the same agreement between theory and experiment 
can be obtained in the present case, where the im- 
portant matrix elements are quite different. 


IV. REMARKS ON THE RELATIVISTIC THEORY OF 
INELASTIC ELECTRON-DEUTERON SCATTERING 
Relativistic corrections to the cross sections for in- 

elastic electron-deuteron scattering were considered in 

Appendix I of (I). However, that treatment of rela- 

tivistic effects was not completely satisfactory, since 

the description of the deuteron wave function used in 

(I) was inherently noncovariant. We wish in this section 

to examine more thoroughly the relativistic theory of 

inelastic electron-deuteron scattering using the tech- 
niques of dispersion relations. Since the two-nucleon 
system is assumed to interact only once with the elec- 
tron, the basic problem is the calculation of the transi- 
tion amplitude (27)'5'(p+n—d—gq)(np| jy d), where jy 
is the electromagnetic current operator, g is the electron 
+-momentum transfer g=e—e’, and the nucleon and 
deuteron +-momenta are denoted by the particle labels. 

On the basis of the singularitities found in perturbation 

theory, this amplitude is expected to satisfy a 

Mandelstam representation with a normal threshold in 

in the center-of-mass energy variable s=—(d+q)" 
—(p+n)*, and with anomalous thresholds in both 

the momentum transfer variables ‘= —(d—n)? and 
u=—(d—p)*. The representation consists of single dis- 
persion integrals and pole terms in each of the variables 

s, f, and « separately, and double dispersion integrals 

in the three pairs of variables. The existence of such a 

representation provides in principle a powerful tool for 

the study of relativistic and mesonic corrections to the 
simple theory of inelastic electron-deuteron scattering 
considered in the preceding sections; but as a practical 
matter, it is the importance of the pole terms and the 
possibility of connecting the spectral functions in the 
anomalous regions with the nonrelativistic wave func- 
tions which make a detailed calculation relatively 
simple. We shall consequently devote most of the fol- 
lowing discussion to these simple connections between 
the relativisitic and nonrelativistic theories. A number 
of corrections to the latter will be estimated, and the 

general outline of a complete calculation of (up j, d 

will be sketched, but detailed calculations will be re- 

served for a later paper. 


a. Pole Terms in the Single Dispersion Relations 


For momenta corresponding to the quasi-elastic peak 
in the cross-section d’¢/(dQdE,’), the dominant con- 


25 J. J. deSwart and R. E. Marshak, Phys. Rev. 111, 272 (1958), 
W. Zernik, M. L. Rustgi, and G. Breit, ibid. 114, 1358 (1959), 
M. L. Rustgi, W. Zernik, G. Breit, and D. J. Andrews, ibid. 120, 
1881 (1960). 

26 R. Karplus, C. M. Sommerfield, and E. M. Wichmann, Phys 
Rev. 111, 1187 (1958) ; 114, 376 (1959). S. Mandelstam, 7bid. 115, 
1741 (1959). J. Tarski, J. Math. Phys. 1, 149 (1960). 
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Fic. 12. Diagrams corresponding to the pole terms in the dis 
persion relations for the transition amplitude (7p | j,/d). 


tributions to (np jy.d) are associated with the proton 
and neutron pole terms in the single dispersion relations 
in ¢ and w#, respectively. It is, therefore, of interest to 
study these terms in detail before considering more 
complicated contributions. The corresponding diagrams 
for the absorptive parts are shown in Figs. 12(a) and 
12(b). The nucleon-photon vertex in Figs. 12(a) and 
12(b) involves just the nucleon form factors for particles 
on the mass shell. For example, in Fig. 12(a), the 
proton vertex function is given by 


, 


(p Du(O) p —ite(4+p p 
x Drak i(g?)+ (x, 


u(p) 

2m)ayurqrl’2(q?) ju(p’), (51) 
where g=p’—p, and the spinors are normalized as 
U(p)yutt(p)= 2ip,. The neutron-proton-deuteron vertex 
has been studed by Blankenbecler ef al.,27 who show 


that for all particles on the mass shell, it has the form 


u(p)(n! f,(0O)) d)= (Sponudo)*a(p) 


XL F Om )iy-E+G(m?)n-Ejue(n). (52) 


Here f,(0) is the proton current operator, € is a com- 
plex spacelike polarization vector describing the deu- 
teron spin, &-d=0, u°(n)=[a(n)C]", and C is the 
charge conjugation matrix. Ff and G are form factors 
for the deuteron vertex, and are functions of 
{= —(d—n)* for the proton off the mass shell. However, 
only the values of these functions for ‘= m? are involved 
in the contributions to the pole diagram of Fig. 12(a). 


The values of F(m*) and G(m?) were determined by 


Blankenbecler ef a/.2” by considering the nonrelativistic 
limit of Eq. (52). For the standard normalization of the 
deuteron wave function, 


x 
f W@temu zy 


F(m?) and G(m?) were found to be 
F (m?) 


(54.1) 


(54.2) 


(8r/m)'[1+ (1/v2)p JV (14 


G(m?) = (367/me)}pN (1+ p?) 


27 R. Blankenbecler, M. L. Goldberger, and F. R. 
Nuclear Phys. 12, 629 (1959). M. L. Goldb 
R. Oehme, Ann. Phys. 2, 226 (1957 


Halpern, 
rger, Y. Nambu, and 
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where 
[ 2a 


L 


(1—aro) }}, (55) 
and p is the ratio of the asymptotic D to S-state radial 
wave functions, p~0.03.'* Combining the foregoing 
results, one obtains immediately for the contribution 
to the transition matrix element of the proton pole term 
e(Sponody) 


x [ (d—n)?+ m? ] 


(np In d 


TP (pn), (56.1) 


where 


J? (pn) = a(p) Ly uF i(¢) 
+ (kp/ 2m)o,g,F 2(g*) | —iy: (d—n)+m | 


X[F (m*)iy-&+G(m*)n-Ejuce(n). (56.2) 


A term of similar structure is obtained for the neutron 
pole diagram, Fig. 12(b), but the dispersion variable is 
now u=— (d—p)* rather than ¢. 

The significance of the nucleon pole terms is easily 
seen. In the nonrelativistic theory of inelastic electron- 
deuteron scattering without final state interactions, the 
deuteron wave function enters that part of the transition 
matrix element corresponding to the interaction of the 
electron with the proton, through the Fourier-Bessel 
transform 


x 
Fo=f iy( n r)u(r)rdr, (57 


where nis the final laboratory momentum of the neutron 
If the deuteron wave function is re- 
‘one obtains the 


[see Eqs. (15 
placed by its asymptoti form .Ve 
approximate result 


F(a 


- Vie+r | (58) 
This factor in the transition matrix element is repro- 
duced, along with relativistic corrections, by the de- 
nominator in the proton pole term, Eq. (56.1). Extract- 
ing the corresponding normalization factors from F(m*), 
and .evaluating the quantity [(d—n)*+m?}" in the 
deuteron rest frame, one obtains 

VU Mno—}M?] 

\ a >—n 
d= (0,M), 


2N[ (d—n)?+m? | 
1—n’ 4m?-+ 


(59) 


where we have used the relation a@=me, with e the 
binding energy of the deuteron. It is interesting to note 
that the extra terms in the denominator in Eq. (59), 
representing relativistic corrections to the result of 
Eq. (58), can be obtained to the order shown by cal- 
culating the asymptotic deuteron wave function from 


a semi-relativistl equation of the Breit type.“ In the 


1929). An ap 


deuteron 


yroach to the rela 
scatterir Zg 


24 (; 
tivistic 
Breit-type wave fi 
Appendix I of reference 9. However, the extra terms n?— n? 
* (1—n*/4m?+ noted in Eq. (57) were unfortunately omitted 
in the definition of the function F,(@ 


Breit, Phys. Rev. 34, 353 
theory of inelastic electron 


using 
inctions tor ne n 


deuteron was discussed i 
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III 


, 


calculation of the d’a/(dQadk,'), it is 
necessary to integrate over the angular distribution of 
the emerging nucleons. Re-expressing the quantity 
2\[(d—n)?+m? }" in the center-of-mass system of the 
outgoing nucleons, p+n=d+q 


2N[(d—n)?+ m? | 


cross-section 


0, we obtain 


V[Uie+pP+ig—p-q] (60.1) 
where g’ is the square of the electron 4-momentum 
transfer, p= |p. is the momentum of the proton in the 
center-of-mass system, and q is the electron 3-momen- 
tum transfer in that system, 


q?=F+Lig—p—ae P) (me+ pF 60.2 
The expression of Eq. (60.1) enters the cross-section 
da / (d2.a4E,’) squared and integrated over the direction 
of p. The resulting function evidently attains its maxi- 
mum value, which corresponds to the quasi-elastic peak 
in the cross section, for p?>= }q*. It should be noted that 
the timelike component of g is then essentially zero in 
the center-of-mass system of the nucleons, g— (q,0), 
q — ¢. The nonrelativistic analog of Eq. (60.1) is ob 
tained by replacing the laboratory momentum of the 
neutron n in Eq. (58) by the nonrelativistic expression 
n= sq'—p, where q’ is the electron 
transfer in the laboratory system: 


3-momentum 


Viet p+iy"— pq]! (61 


While this result is similar in form to that given in 
Eq. (60.1), the predicted position of the quasi elastic 
peak is determined by the condition p= jq’ 
than p’= }q’, the predicted peak energy being too low 
whether or not p is calculated relativistically. We may 
remark, however, that the ad hoc replacement of q” 
by g° used by Yearian and Hofstadter! to bring the 
Jankus theory* into better agreement with experiment 
leads according to Eqs. (60) to the correct result at the 


rather 


peak. However, the replacement is not valid for other 
values of F,’. 

The contribution to the cross-section da, (dQak, 
of the pole terms could in principle be calculated in full 
detail (Bose® has in fact calculated the contribution of 


%S. K. Bose, Nuovo cimento (to be published Jose has pro 
posed that the neutron magnetic termined by a 
Chew-Low type of extrapolation to the neutron The pole 
terms in fact dominate the cross section d’¢/(dQdE,') at the quasi 
elastic peak ; the use of the complete deuteron wave function in the 
calculation of the function M(p,q), Eqs. (29) and (31), leads to 
results about 16°; smaller than w obtained from the pol 
terms (asymptotic deuteron wave function) alone. On the other 
hand, the advantage of the small extrapolation distance is off set 
by the necessity of detecting one of the eme rgir g nucleons in co 
incidence with the scattered electron. The subsequent possibilities 
are as follows: (1) measurement of the yn angular distribu 
tion and extrapolation in the angle relating its direction in the 
center-of-mass system to the direction 9; (2) measurement of the 
energy of the emerging 
p’ to the pole at P= ar: (3 
with sufficient accuracy that 
2) and (3 
remarking that the extrapolation can be considerably simplified 
if the influence of the nearby anomalous branch cuts are taken 
partially into account i 


form factor | le 


nole 


ould be 


neutre 


ind extrapolation in 
nt of the neutron ene rg\ 
Possibilities 
ay be worth 


low energy ) proton 
measureme 
p| can be calculated 


are remote, but (1) may be feasible. It 1 


This may be done fairly effectively by re 
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the neutron magnetic moment scattering), but the cal- 
culations are lengthy, and the significance of various 
terms in the results is not especially clear. It is instead 
convenient to make a simplifying approximation before 
proceeding further. We note that at the quasi-elastic 
peak in the cross section, essentially the entire electron 
momentum transfer is absorbed by a single nucleon, the 
second nucleon emerging with a very small momentum 
in the laboratory system [deuteron rest system ]. In 
fact, on the basis of the nonrelativistic theory with a 
Hulthén wave function for the deuteron, the average 
kinetic energy of the spectator nucleon is on the order 
of 5 Mev for the momentum transfers of present 
interest. It is therefore reasonable as a first approxima- 
tion to evaluate the spin-dependent factors J, in the nu- 
merators of the pole terms on the assumption that the 
spectator nucleon is rigorously at rest in the laboratory 
system. Since the “scattered”? nucleon is then initially 
at rest also, it is evident that the kinematical factors 
in the cross section which arise from these factors should 
be identical with those which occur in the cross sections 
for elastic electron-nucleon scattering. That this is true 
is easily verified. 
The spin-dependent J,?(pyn) in Eq. 

simplifies considerably when one uses the relations 


factor (56) 


(—iy-n+m)u°(n)=0 


and &-d=0, (O,m), 


p=(4,po), d 


J? (pn) 


and specializes to the case n 


(0,.M)~(0,2m); then 


> ZimF (m*)ii(q, pu) Lyul?i(q") 
+ (kp/2m)ouql2(q?) ly: Eue(Om). (62) 
The contribution of the proton pole term to the cross- 
section d’a/(dQ.dk,’) involves the absolute square of 
J,”, summed and averaged over the final and initial 
spins. However, when the average over the deuteron 
spin & is performed, the quantity which remains is 
identical from an factor to that en- 
countered in the calculation of the scattering of elec- 


aside overall 


trons from protons initially at rest, the dependen e of 
the transition matrix element on the proton spin being 
given in that case by a factor 


a(q,pu)Lyul'i(q?)+ (Kp/ 2m)oy.qel’2(q") (On). 
The expression for J,” in Eq. (62) may be further 
simplified, and the connection of the relativistic with 


the nonrelativistic theory examined, by introducing 


two-component spinors for the nucleons through the 
placing the single denominator [(d—n)?+-n?]" in Eq. (56) by 
the combination (v?—m?)[(d—n)?+m?}* [(d—n)*?+7}", where 
y?— m?=2(8*—a?), and a,8 are the parameters of a Hulthén model 
for the deuteron wave function. The extrapolation using this 
modified function should be linear for all practical purposes 
(see Sec. IVb). The approach of the present paper is to exploit the 
dominance of the pole terms to obtain a reliable theoretical cal 
culation of the cross section in order that information on the 
neutron form factors may be extracted from the much less difficult 


dQd FE,’ 


easurements of do 


DEU 


TERON SCATTERING 


relations 


u(q,po)= (potm)! x,, (654) 


a-q/ (pom) 


Q 
u°(O,m) = (2m)! i 
—109 


(63.2) 


where the y matrices are used in the Dirac representa- 
tion with C=yey4= tae. Omitting in the results terms 
involving powers of m~! higher than the second, one 
then obtains 
J P= —Am*iF (m*)F 1 ,)— (g?/ 8m") 

x 2k ph ep— F 1p) |x, *e- EooX,*7, (64.1) 


and 


J? = —2miF (m*)xX,*0 (Pip tk pl 2))eXq—igk 1p jo: & 
XK 7X att. (64.2) 


The results assume a more familiar form when the 
deuteron and the final spin states are represented by 
two-particle spin functions xs"(Sp,5,), 


JP = —4meN2F (m?)X 5 
X[Fip— (g?/8m?) (2k pF ep—F ip) JX1™ =~ (65.1) 


and 
J? = —2mv2F (m?)x 3” 


x Fintkol 2p on XQ— iqh 1p 1x; . (65.2) 


The two terms in J” correspond to the interaction of the 
proton total magnetic moment and convection current 
with the field of the scattered electron, and appear in 
the present form in the non-relativistic Hamiltonian 
used by Jankus.* On the other hand, the extra term 
— (q?/ 8m?) (2kpf2,—F ip) in Js” represents a relativistic 
correction to the effective charge, as was noted in (J).” 
The foregoing effective current, generalized to include 
the neutron contributions, was used in the calculations 
discussed in Secs. I and II. On the other hand, such a 
reduction is not necessary when the effects of final state 
interactions between the nucleons are neglected. The 
kinematical factors which appear in Eq. (15.1) multi- 
plying the functions M(p,g) and (p,q) were obtained 
using J,? as given in Eq. (62). The error incurred at the 
quasi-elastic peak by neglecting in J, the momentum 
and kinetic energy of the spectator nucleon has been 
investigated, and was found to be entirely negligible. 
We have so far ne gle ted the deuteron pole term, 
Fig. 12(c) which appears in the single dispersion relation 
in the variable s —(p+n)*. The absorptive 
part for this term involves, in addition to the proton- 


—(d+q)? 


80 The effective interaction Hamiltonian given in (1), Eqs. (2) 
and (6), involves the combination (g?/8m?)(2«kpF2)+F 1p) in the 
effective charge rather than the combination given above where 
F\» appears with the opposite sign. However, as noted in (I), 
the convection current term which appears in Eq. (65.2) was also 
omitted; the results obtained from the two, seemingly in- 
equivalent, currents are in fact identical to order m™*. The form 
given in Eq. (65.2) is correct; that used in (I) is a convenient 
approximation 
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neutron-deuteron vertex factor of Eq. (52), the deuteron 
electromagnetic vertex function 
(d’ } d)=e(4d ody’) TF ia(g*)t’*-&(d+d’), 


« sik & 
wo°q) 


+ Foa(g) (Et “e"< 
+F i(’*-gé-g m?)(d+d’), |. 


(06) 


The form factors Fg are normalized for g — 0 accord- 
ing to the relations F}g— 1, Fea—pa, and F3a—>Q 
+3(us—1), where wa is the deuteron magnetic moment 
in units of the nuclear magneton, and Q is the quad- 
rupole moment in units of m~*. We will consider only 
the deuteron charge scattering, since this illustrates 
adequately the significance of the deuteron pole term. 
The corresponding contribution to the transition matrix 
element is then 


np Sy d , ‘ 
KL d+q 2+ Vf 2d+ ul’ 1a(g")u(p) 


X [F (m*)y-&—43G(m*) (n— p)-& Jue(n). 


e Sp i dd 
(67) 


is evident from the observation that the deuteron in 


I 


T 
the intermediate state in Fig. 12(c) is at rest in the 


center-of-mass p+n=0, that the transition 
matrix element of Eq. (67) leads only to final states of 
the two nucleon system with J=1 and even parity, 
that is, to final 48, and *D, configurations. Comparison 
of Eqs. (15b) and (67) shows the contribution of the 
deuteron pole term to the total transition matrix ele- 
ment (np d) to be relatively unimportant at the 
quasi-elastic peak. It nevertheless represents a sig- 
lificant addition to the partial wave transition matrix 
elements leading to the *S; and *D, states, and is in fact 
associated in part with the correction to those matrix 
elements for the effect of interactions between the out- 
going nucleons. [ Additional corrections arise from the 
double dispersion relation in the Mandelstam represen- 
tation for (np j, d).] On the other hand, the deuteron 
pole term gives the contribution to the 
matrix element near the threshold for deuteron breakup. 
The appearance in the numerator in Eq. (67) of the 
deuteron form factor Fy, is not unexpected in this region 
on the basis of the remarks which follow Eqs. (35) con- 
cerning the shapes of the deuteron and free *S; wave 
functions for p— 0. However, we will not at this time 
undertake a detailed calculation within the context of 


system 


dominant 


dispersion theory of the effects of final- state inter- 
actions in the scattering, but will instead rely on the 
wave function calculations discussed in Secs. I-III. The 
deuteron pole term will therefore be neglected in the 
ensuing discussion. 


b. Single Dispersion Relations 


lan the simple pole terms lead 
to the appearance of single dispersion integrals in the 
variables s, f, and «. We will consider in detail only the 


{ channel; essentially the same analysis holds for the 
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channel, while the extra contributions in the s channel 
are of interest only for those transitions which lead to 
final 48, or *D, configurations for the nucleons. The 
one-particle singularities of (np! j,\d) in the ¢ channel 
arise in perturbation theory [treating the deuteron as 
an elementary vector particle] from those Feynman 
graphs which may be separated into two parts by 
cutting a single proton line. The total contribution to 
(np jy d) of all such graphs may be expressed in terms 
of the complete proton propagator Sp’, and truncated 
vertex functions T,'”’ and Ty describing. the proton 
electromagnetic vertex and the neutron-proton-deuteron 
vertex for the proton off the mass shell, 


(Sponody) a ( pT, 
XK Sp’ (d—n)Pal(d—n)uc(n). 


(np Je d single pro (g,d— n) 


(68) 


The truncated vertex functions, which are equivalent 
to the vertex functions of Lehmann ef al.*' when the 
latter are evaluated with two particles on the mass 
shell, may be obtained from the functions (pj, d—n 
and (n| f,/d) by removing all components which are 
single-particle reducible with respect to the off-shell 
proton, 
(P| Ju d—n u(p)T,'”’' (q, d—n 
XSp(d—n)S p'(d—n), 


(2p, ) 
(69.1 
and 

(420d 0) 
«Sp (d— nN Sx 


(n Fe d 


'(d—n)Tald—n)uc(n). (69.2 


These relations will be useful later. Aside from spin 
dependent factors, the vertex functions T,'”) and ly 
are expected to be analytic in the entire complex ¢ plane 
except for cuts along the real axis for (> (m+)? and 
{> m+ 2u(ut+ 2a), respectively. The propagator Sp’ has 
a pole at /=m?*, and a cut real axis for 
{> (m+y)*. After the spin dependence is extracted, the 
function (m?—/P,(?Se’T 
the (plane cut from / 
value at the point ‘=m? is furthermore known, being 
just the residue at the proton pole, Eq. (56.2). Assum- 
ing proper behavior for ¢ — x, we may 
write a subtracted dispersion relation in 
symbolically 


along the 


is accordingly analytic in 


m-+ 2u(ut 2a) to f ©. Hts 


therefore 
obtaining 


lr, 'Sp'Tg 
(70) 


where R, is given in Eq. (56.2), and o, is the absorptive 
part of the function (m’?—41,'”Sp’Ta. This expression 
has precisely the form expected for the single dispersion 
relations in the Mandelstam representation for 
(nd\j,.d), namely, a proton pole term plus a single 
integral. 


“H. Lehmann, K. Symanzi nd it rmann, Nuovo 


cimento 2, 425 (1955 
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It is instructive before considering separately the 


various factors in Eq. (68) to examine somewhat more 
closely the representation of this function given in 
Eq. (70). When the absorptive part of the transition 
amplitude (7p) j,\d) is expressed in the usual manner 
as a sum over intermediate states of bilinear products 
of matrix elements, the lightest possible intermediate 
state in the channel in which / is the square of the total 
energy is that of a single proton, Fig. 12(a). This inter- 
mediate state leads to the proton pole term, Eq. (56). 
The next most massive state involves a pion and a 
nucleon, Fig. 13(a), and the corresponding contribution 
to the absorptive part is determined by the matrix 
elements (p jy p'r) and (p’r f,!/d). If these matrix 
elements are themselves approximated by pole terms, 
they may be represented by the diagrams shown in 
Figs. 13(b)(c)(d) and 13(e)(f), respectively. The re- 
sultant diagrams obtained from the combinations 
(bf), (cf, (de), and (df) each contain a single proton as 
an intermediate state, and contribute to the absorptive 
part for the single dispersion relation in ¢. The combina- 
tions (be) and (ce), on the other hand, are not single 
particle reducible, and contribute only to the 
Mandelstam double spectral functions. We shall return 
to these contrubitons in Sec. IVc. The diagrams (bf) 
and (cf) evidently represent off-mass-shell corrections 
to the proton electromagnetic vertex function, while 
(de) and (df) represent corrections to the neutron- 
proton-deuteron vertex function and to the proton 


~“ 


pe — 


(e) 


Fic. 13. (a): Diagram for the contribution of the pion-nucleon in 
termediate state to the absorptive part of (mp! j,!d). (b), (c), (d): 
The lowest order diagrams for the matrix element (/| j,| / 
(e) (f The order diagrams for the matrix element 
p'x\ f, d). The lowest order diagrams for the contribution of the 
pion-nucleon intermediate state to the absorptive part of 
np| j,\d) are obtained by combining (b), (c), (d) with (e), (f) 


b'r 
low est 
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(a) (b) 


Fic. 14. The lowest order diagrams for the absorptive parts of 
the matrix elements (| f,|d) and (p|j,|d—m) are obtained by 
combining respectively diagrams (a) and (b) representing the 
pion-nucleon vertex function with the sets of diagrams (e), (f), 
and (b » a d) of Figs 13 


propagator. This interpretation is easily substantiated. 
For example, the lowest order contribution to the ab- 
sorptive part in a dispersion-relation calculation® of 
['a(d—n) is obtained from Figs. 14(a) and 13(e). 

It is immediately apparent that this contribution is 
identical to that obtained for the absorptive part of 
(np ju. d) from the combination (de) of Figs. 13, 
except for the presence in the latter of an extra factor 
containing the proton electromagnetic vertex function 
on the mass shell and the propagator for the internal 
proton line. The vertex function 
depends only on g and does not affect the dispersion 
integral on ¢, but the factor (m?—1?)~ introduced into 
the integrand by the propagator supplies the extra 
denominator present in the subtracted form of the dis- 
persion relation given in Eq. (70). The remaining terms 
in the absorptive part constructed from the diagrams 
of Figs. 13 have a similar structure, and it is clear over- 
all that the same result could be obtained by calculating 
directly the lowest order terms in the function gy, 
Eq. (70), given the absorptive parts of the individual 
factors in Eq. (68). We therefore turn to an examination 
of those functions. 


electromagnet ic 


Using the relations of Eqs. (69), the result for the 
single proton contributions to (up jy'd 
Eq. (68) may be re-expressed in the form 


NP| 7u\ d)single 


given in 


proton = (P| Jy|@—2)S r(d—2) 

XSpr’"(d—n)Sr(d—n)(n fyid). (71) 
Alternatively, that (n fp d)=Sr(d—n) 
X(n w,'d), where ¥, is the proton field operator, we 
may write 


(np In d). 


noting 


(2p )~204(p) 


XV,” (g,d—n (72) 


n Vp d). 
The form given in Eq. (71) is convenient for actual 
calculations the untruncated vertex functions 
(p|ju.d—n) and (nf, d) are more readily studied 
using the techniques of dispersion theory than are the 
truncated functions. On the other hand, the result 
given in Eq. (72) is particularly simple to interpret. 
The matrix element (7)¥, d) is just the momentum 
space representation of the wave function of the proton 
in the deuteron. Thus the matrix element of Eq. (72) 
is a simple product of the proton electromagnetic 


since 


2R Blankenbec let 
(1960) 


and L. F. Cook, Phys 119, 1745 
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vertex function and the proton momentum space wave 
function, precisely as would be found in the nonrela- 
tivistic theory neglecting final-state interactions. We 
shall return later to this connection. 

Blankenbecler and Cook™ have recently made a de- 
tailed dispersion theoretic study of the neutron-proton- 
deuteron vertex function (n f/f, d). The most general 
form of this function for the proton off the mass shell 
is given by® 


(n\ fpid *€+G(t)n-& 


(4nody) 3 F (tty 
+[iy:-(d—n)+m][H(tiy-E+1(t)n-E}}uc(n), (73) 
where ‘= —(d—n)°. It is expected on the basis of per- 
turbation theory that the functions F, will 
satisfy dispersion relations in / 
olds.2° The values of F(?) and G(t) for ‘=m? are de- 
termined by the neutron-proton effective range and the 
asymptotic D- to S-state ratio p by the relations given 
in Eqs. (54). It is convenient to utilize this knowledge 
by writing for F(‘) and G(¢) dispersion relations sub- 
subtracted at ‘= m*. [On the other hand, Blankenbecler 
and Cook have shown that, if the dispersion relation 
for G(t) is left unsubtracted, it is possible to calculate 
p, hence, G(m*), in terms of F(m?), the deuteron binding 
energy ¢, and the pion-nucleon coupling constant.™ } 


with anomalous thresh- 


No subtractions are necessary in the dispersion relations 
for H(t) and /(t). We therefore write 


© 2 ImF (?’) 
i’ 
J,, (t’—1)(t'—m?) 


4.2 


nd similar relations for G(t) and J(¢). The absorptive 
part of (2 f, d) is obtained in the usual fashion by con- 
neutron, and expressing the imaginary 
the resulting expression as a sum over inter- 
The least massive state is that of a 
and a single pion; approximation of the matrix 
elements (0 and (Vx f,,d@) in accordance with 
13(e) and 14(a) yields, after an 
analytic continuation necessary to reach the physical 


} 


| 


tracting the 
part otf 
mediate states. 
nucleon 
}; Vr 
the graphs of Figs. 


eet,” ® the lowest lying contribution to the absorptive 
part with the anomalous threshold ¢ 
rhe next threshold, again anomalous, occurs at [=m 


2u+ 2a ‘ and « orresponds 10 a two meson ex¢ hange 


m--+ 2ulu + 2a). 


a OY 
process ; this is followed by the normal threshold for 


the nucleon-single pion intermediate state at (= (m+y)?. 
of physical interest for in- 
scattering are close to the 
lowest anomalous threshold is itself 


sufficiently close to this value that the contributions to 


Although tne values of 
electron-deuteron 
value /=m?, the 


elasti 


the various functions of the integrals in Eq. (72) are 


not ne gligible. 


1, 84 (1960 
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Recalling that the vertex function (7 7,|d) may be 
written as Spr '(d—n)(n ~,\d), where the matrix 
element (n y,|d) represents the wave function of the 
proton in the deuteron, it is evident that the function 
Sp(d—n)(n| fp, d) which appears in Eq. (71) should be 
closely related in an appropriate limit to the non- 
relativistic deuteron wave function in momentum space. 
IVa for the 
leading terms in F(t) and G(‘) [proton pole terms ], has 
been further explored by Blankenbecler and Cook® and 
by Bertocchi ef a/.** Ignoring the spins of the nucleons 
and the deuteron, those authors show that 
relativistic deuteron wave function corresponding to a 
superposition of Yukawa potentials may be written in 
momentum space in the form 


This connection, already noted in Sec. 


the non- 


1 


(Pp) (42r.\ 


where 


p is the center-of-mass 3-momentum of the nucleons, 
and A\=yu-+a, with » the minimum decay constant which 
appears in the potential. Changing to the variables 
t=m’?—2(p+a’), '=2p"+ m?— 2a’, it 
function (p?+a")¢(p) has 

structure as F(t), Eq. (74.1 
of ImF(?t’)/ (t’/—m?). It may in fact be 
function ImF(/’), (/’—m 
of Figs. 13(e) and 14(a) is equa in t 
the anomalous threshold to the fun 
for a simple Yukawa potential.” 

t= —(d—n)* in Eq. (74.1 
ment of p*? in Eq. (75) by the 
value P(1—p 4m*--- 


which 
potential theory by including the lowest 


is seen that the 


precisely the same analyti 
, with ¢ playing the role 
j shown that the 
obtained from the diagrams 
he neighborhood of 
tion o calculated 


} 
The 


corre sponds 1O the replace- 


appearance of 
relativistically corrected 
would be obtained in 
order rela- 
tivistic corrections to the Schrédinger equation. 


The relation of the functions F to the non- 
relativistic deuteron wave function is more complicated 
in the case of particles with spin. It is convenient in this 


case to examine the function 
d)=t(p)Sr(d 


in the deuteron rest frame, p+n=0, 


and to neglect 
relativistic corrections which 
to the leading terms. We then obtain from Eq 
F(t) and H 


are of order n°) m 


those terms involving 
(4nydy) 3 a(—n, po) Sr (d—n 
XLF(O+S re (d—n)H (t) jy 


> —1V2mF (m?)D(t)x,*o 


fu 


where 


D(t)=(F (m?) }LF (0)/ (ni? -—04+-H 


L 
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The two-component proton and neutron spinors appear 
in the combination which corresponds to a 4S, state, 
the function D(f) playing the role of the S-state radial 
wave function in momentum According to 
Eqs. (74), D(t) may be expressed in the form 


1 * n(t')dl’ 
D(t) — é 
m— | '—1 


0 


space. 


m+2u(u+t2a), (80.1 


with 


[rk (mm?) |! 
XL — mm?) ImF (') — (2m) Im (’) J. 


nl’) 
(80.2) 


Estimates based on the diagrams of Figs. 13(e) and 
14(a) indicate that the (t'—m?)— ImF (?’) 
and (2m)'ImH(t’) are comparable in magnitude. A 
similar reduction of the terms in #(p){n|W»\d) which 
depend on G(¢) and /(¢) is easily carried through. These 
terms yield in the non-relativistic limit the D-state 
component of the deuteron wave function, as well as 
small corrections to the S-state wave function. 

The transition matrix element (up| j,,d) may be 
expressed according to Eq. (72) in terms of the vertex 
function (n W,'d). Since the cross section d?a/(dQ.dF,’) 
depends in the neighborhood of the quasi-elastic peak 
primarily on the low-momentum components of this 
function, the spin dependence of the matrix element 
may be approximated as discussed in Sec. IVa. The 
resulting form of (zp j,'d) involves the invariant 
functions (4), .. only in the combination D(t) and 
a similar combination which corresponds to the deuteron 
D-state wave function. It is found in the nonrelativistic 
theory that the use of the asymptotic form of the 


functions 


deuteron wave function u(r) instead of the complete 
function in the calculation of the peak value of the 
cross-section d’¢ d2dEk,’) changes this quantity by 
roughly 16°% for the values of the electron momentum 
transfer of current interest. Use of the asymptotic wave 
function is equivalent to retaining only the nucleon pole 
np! jy d) IVa). The short-range 
structure of the deuteron wave function is given in the 


terms in Ksee Sec. 
nonrelativist4 theory by the integral in Eq. (75), and, 
as we have seen, by the integral in Eq. (80) in the rela- 
tivistic theory. It is therefore evident that the functions 
[F(t)—F(m?)], H(b), .. be known 
great accuracy in order to obtain an accurate peak value 
of Pa (dQ.dk."). There are several possibilities with 
regard to The most sophisticated 
approach would involve a fundamental calculation of 
the absorptive parts Im/(‘), . . . . However, this does 
not appear to be necessary for those values of ¢ which 
are of interest; the integrals depend most strongly on 


need not with 


these functions. 


the values of the absorptive parts in the anomalous 
region, where they may be identified with the nonrela- 
tivistic weight functions o(/’). For example, the 
Hulthén function used in the calculations of 
Secs. IT and III corresponds to the use in Eq. (75) of a 


Wave 


DEU 
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weight function 
a(p’ 6(p’ 


v= m?+2(6 


For the usual parameter 6= 1.434 f-', the singularity 
lies in the anomalous region just below the two pion 
threshold ¢(=m?+4yu(2u+2a). The use of the corre- 
sponding weight function n(t!)=6(t/—v*) in Eq. (80) 
a covariant generalization of the Hulthén 
model,” but may be regarded alternatively as the ap- 
proximation of the spec tral function for 
(> m?+-2u(u+ 2a) by a single pole. More realistic models 


leads to 
entire 


may of course be obtained using weight functions cal- 
culated interaction. 
Another reasonable procedure in the present case would 
be the direct calculation of ImF (t’), 


from a_ specific two-nucleon 
, in the lowest 
anomalous region, and the replacement of the re- 
mainder of the cuts by poles. The positions and residues 
of the poles may be fixed by requiring that the wave 
function vanish for /—>—*, and that it reproduce 
correctly the deuteron effective range and quadrupole 
moment.*® The the peak values of 
do/ (dQdF,’) associated with different models for the 
short range structure of the deuteron wave function 


differences in 


are in any case small; such a drastic change as from a 
Hulthén model to the hard core model given in Sec. I] 
changes the peak value of the cross section by only 
1.3%: 

It is clear that 
equally well to the contributions to the transition 
amplitude (ip jyid 
in w= —(d—p)*, and a similar type of discussion is 
easily carried through for the dispersion relation is 

—(d+g)*. The latter, which affects only transitions 
to final 48; and *), states for the nucleons, is not im- 


the foregoing discussion applies 


of the single dispersion relation 


portant for momenta in the region of the quasi-elastic 
peak but is dominant near the threshold for deuteron 
breakup. A careful consideration of this dispersion 
integral is therefore essential to the relativistic general- 
discussion of Sec. III, but will not be 
undertaken in the present paper. 


ization of the 


This section will be concluded with a brief discussion 
of the truncated proton vertex function T,‘?)(d—1) 
which appears in Eq. (72). For the present purposes, 
we are less interested in calculating this function than 
in estimating the difference between its values for the 
internal proton on and off the mass shell; the on-shell 
value depends only on the measurable proton form 
factors as defined in Eq. (51). [Were we considering 
instead the single neutron contributions to the transi- 
tion amplitude (np) j,'d), the on-shell value of the 
corresponding vertex function I,“ would depend only 
on the neutron form factors which are to be determined 


Tt may be remarked that the repulsive core deuteron wave 
function used in Sec. III corres] onds to a set of poles with fixed 
residues; the parameter uw determined the location of all poles 
\ more flexible model may be obtained by ad 


simultaneously 
justing independently the location and residue of each pole. 
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from the electron-deuteron scattering experiments. | On 
the basis of the singularities found in perturbation 
theory, it is expected that, when T,‘” is resolved into 
an appropriate set of spin-dependent factors multiplied 
by invariant functions, the latter will satisfy dispersion 
relations in the variable /= — (d—n)*. The known values 
of the invariant functions for ‘=m may be utilized to 
make a subtraction in the dispersion relations, these 
then being of the form 


(m?—1 ' ImP (/’) 
dt’. 
T a —t1)((—m 


The threshold at /= corresponds to the least 
massive intermediate which can contribute to 
ImI(¢’), that of a nucleon and a single pion. The lowest 
order diagrams for the absorptive part are obtained by 
combining Figs. 13(b),(c) with Fig. 14(b). Because of 
the subtraction, the integral in Eq. (81) should converge 
rapidly, and it may in fact be reasonable to estimate its 
value using only these diagrams. However, the requisite 
analysis will be deferred to a future paper. We will 
confine our present remarks to the observation that it is 
plausible from the form of Eq. (81) that the off-mass- 
shell I(t) will be on the order of 
— (m?—t relative to I(t) itself for ‘~m?. The 
average value of is roughly Ome at the 
quasi-elastic peak in the cross-section d*¢ (dQ2.4E,’) for 
any reasonable model of the deuteron and values of g 
in the range of present interest. Thus, one might expect 
individual functions ['(¢) to differ from their values on 
the mass shell by about —3e w=—5%, but this is 
probably an overestimate. The over-all effect on the 
cross section d°¢, (dQ.dE,’) is less evident. Careful study 
of this effect is obviously required. We remark finally 
that an alternative approach to the study of the trun- 
cated vertex function T,'”’ is afforded by the identity 
given in Eq. (69.1). The structure of the complete 
proton vertex function (p j, d—m) which appears 
there was examined by Bincer,*® who proved rigorously 
that it satisfies dispersion relations in the variables ¢ and 
vt. The modified proton propagator Sp’ (d—n) is known 
also to satisfy dispersion relations in ¢.%7 One could 
therefore hope in principle to obtain the off-mass-shell 
corrections to T,'”’ by computing separately the cor- 
rections to Pl ds d—n) and Sp’(d—n), However, cal- 
culation of the absorptive parts for the dispersion rela- 
tions is itself a formidable task, even for the pion- 


ria=f (S81) 


m=) — 


m+ )° 


state 


corrections to 
2mu 


m-—t) 


and a diagrammatic analy- 
itself. 


nucleon intermediate state, 
sis is simpler for the function I," 
c. Double Dispersion Relations 


We turn finally to a brief discussion of the double 
spectral functions which enter the Mandelstam repre- 


118, 855 (1960 
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( 
" (b) 


Fic. 15. The lowest order diagrams which give contributions to 
the double spectral functions in s and ¢ (a), and u (b), in 
Mandelstam representation for tl transition amplitt 
np| juld 


and f 


sentation for the transition matrix element (7p j, d). 
The lowest order diagram which contributes to the 
spectral function in s and ¢ is shown in Fig. 15(a); a 
similar diagram with the neutron and proton inter- 
changed gives the lowest order contribution in s and uw. 
These diagrams represent a modification of the transi- 
tion amplitude by interactions between the outgoing 
nucleons. It is easily verified that both diagrams lead 
to normal thresholds in s at s=4m°. However, the 
thresholds in ¢ and w# occur at the anomalous values*' 
(t,4)=m?+2u(ut+2a) encountered previously in the 
discussion of the single dispersion relations in those 
variables; higher anomalous thresholds are also present. 
The occurrence of the anomalous thresholds is again 
indicative of the composite structure of the deuteron. 
One may accordingly expect the double spectral func- 
tions to be closely related in the anomalous regions to 
the nonrelativistic wave functions for the neutron 
proton system. DeAlfaro and have 
partial investigation of this connection for the case of 
deuteron photodisintegration (g?=0),** demonstrating 
in particular that the singularities of the partial wave 
transition amplitudes as functions of s and (/,4) deduced 
inter- 


ieOns 


Rossetti made a 


from a potential model with spinless nu 

acting through a Yukawa potential, coincide with those 
displayed by the Mandelstam representation with the 
indicated anomalous thresholds. Although this 
was somewhat incomplete from the present point of 


} 
WOrTK 


view, since the pres ise conne tion between the double 


ave func- 


spectral functions and the nonrelativistic w 


tions was not determined, it is clear that such a connec 
tion exists. . 

The foregoing results are immediately applicable in 
the present case, g?>0. The values of ¢ and uw of primary 
interest in the calculation of the pe ak vah 
section d?a/ (dQ.dE,’) 
to the anomalous thresholds in thos 
may therefore expect the main contributions to 
(up ra d) from the double dispersion relations to aris 
from the m--+ Qu ut2a)< (tu 
<(m+uy)?, thus, to be describable using nonrelativistic 


ie of the cross 
hence, 
On 


are close to the value mt, 


variables. 


anomalous regions, 


wave functions for the initial and final states of the two 
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nucleon system. Examination of the results of DeAlfaro 
and Rossetti** then indicates that the matrix elements 
Ky s defined in Eq. (13) will be correct relativistically 
at the quasi-elastic peak if the g which appears in the 
definition is interpreted as the magnitude of the electron 
3-momentum transfer in the center-of-mass system of 
the outgoing nucleons; as noted previously, this is equal 
at the peak to (g?)?. Wave function calculations of the 
type discussed in Secs. I and II should therefore be 
fairly reliable. It may nevertheless be advantageous in 
some respects to use an alternative procedure. It is 
probable that soluble integral equations of the Omnés 
type® can be derived for the partial wave transition 
amplitudes using the fact that the amplitude leading to 
a given final state of the two-nucleon system has the 
phase characteristic of neutron-proton scattering in that 
state, at least up to s= (2m+ yu). If this is the case, the 
changes in the partial wave amplitudes caused by final 
state interactions can be expressed in terms of integrals 
involving the experimentally determined scattering 
phase shifts. We hope to investigate this procedure in 
more detail in the future. 

The lowest order term in the double spectral function 
in ¢ and uw is obtained from the diagram of Fig. 15(b), 
which represents a contribution to the transition current 
operator associated with meson exchange currents. This 
is perhaps the most interesting of those contributions 
to (np jy d) which have yet to be calculated, but the 
effect on the peak cross section is difficult to estimate. 
We note only that configurations in which the nucleons 
are sufficiently close together that exchange of a meson 
is likely, yield only a relatively small fraction of the 
cross section d?a/(dQ.dE,’). This suggests that exchange 
current effects may not be too important. The same 
conclusion may be drawn from the dispersion relation, 
if it is assumed, as seems probable, that the double 
spectral function is large only for and # simultaneously 
close to the anomalous thresholds, say m?+2u(u+ 2a) 

: (m+y)*. The physical values of ¢ and w are 


S(uw)S 


given in the center-of-mass system for the outgoing 
nucleons, p+n=0, by 


(=m’—2[a’?+ p?+}¢—p-q], 
m’— 2[o?+ p’+i¢°+ pq]. 


Since p=}g= 3q at the quasi-elastic peak in 


Po (dQ.dE,’) the double dispersion integral is weighted 
toward large values of at least one of the variables, and 
the corresponding contribution to the transition ampli- 
tude may reasonably be expected to be small. The 
author hopes to make a detailed study of this matter in 
the near future. 

We remark finally that the situation is much more 
complicated with respect to the calculations given in 
Sec. IIL; the values of ¢ and « of importance near the 
threshold for deuteron breakup differ sufficiently from 
the value m* that contributions to both the single and 
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the double dispersion integrals from nonanomalous 
regions in the spectral functions may be important. 
Furthermore, the nucleons are on the average con- 
siderably off the mass shell, and the use of free-particle 
form factors in the nucleon electromagnetic vertex 
functions is unlikely to be a good approximation. The 
results of Sec. II based on a wave function type of 
analysis and free-particle form factors are accordingly 
less well grounded theoretically than those of the pre- 


ceding sections. 


d. Summary of Sec. IV 


The present section has been devoted to the study of 
the main features of a dispersion-theoretic calculation 
of the cross section da, (dQ.dE,’) for inelastic electron- 
deuteron scattering. The principal emphasis has been 
on those conditions which prevail in the neighborhood 
may 
readily be broadened to include other situations as well. 
The transition amplitude (7p j, d) was assumed to 
satisfy a Mandelstam representation, with single dis- 


os the quasi-elastic peak, but the discussion 


persion relations and pole terms in each of the variables 
—(d—n)*, and u=—(d—p)*, and 
double dispersion relations in the three pairs of varia- 
bles. The dominant contributions to (7p j, d) in the 
region of the quasi-elastic peak arise from the pole terms 
and single dispersion relations in / and uw. The pole terms 
were shown in Sec. [Va to reproduce with some rela- 
element 
which would be obtained in the nonrelativistic theory 
by approximating the deuteron wave function by its 
asymptoti 
cleons on the mass shell appear in the resulting expres- 


s=—(d+gq)?, t 


tivistic modifications the transition matrix 


form; the nucleon form factors for the nu- 


sions. Modifications of these simple results connected 
with the single dispersion relations in ¢ and wu were 
studied: in Sec. 
relations were in each case anomalous, but the spectral 
functions in the anomalous regions were found to be 
closely related to the nonrelativistic deuteron wave 
function. This relationship, and the relative insensi- 
tivity of the peak cross section to the short-range struc- 
ture of the deuteron wave function, permit a reliable, 
albeit approximate, evaluation of the spectral functions 
in the region in which they are needed. Inclusion of the 
single dispersion relations results also in the modifica- 
tion of the nucleon form factors for the effects of bind- 
ing. However, rough estimates indicate that the differ- 
between the free-nucleon form factors which 
appear in Eq. (56) (and its analog for the neutron pole 
term) and the form factors for a nucleon off the mass 
shell which appear in Eq. (72), are quite small, probably 
1.6°%. Section IVc was 
devoted to the discussion of the double dispersion rela- 


IVb. The thresholds in the dispersion 


ences 


on the order of the ratio € u 


tions. These express, among other effects, the modifica- 
tion of the transition amplitude by interactions between 
the outgoing nucleons. However, anomalous thresholds 
are again present, and it is evident on the basis of the 
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work of DeAlfaro and Rossetti,®* that a wave function 
analysis of the effects of final-state interactions on the 
scattering should be vatid in the neighborhood of the 
quasi-elastic peak. The contribution to the scattering 
of meson exchange currents is also given by the double 
dispersion relations, but this effect has yet to be 
evaluated. 

Calculations of the cross-section d°¢/(dQdE,’) for 
inelastic electron-deuteron scattering have been carried 
out using the approximate form of the transition 
amplitude 


=e(Spyrtyud ($2) 


[DJ .?+D(u)J,"), 


where D(f) is the relativistic S-state wave function for 
the deuteron defined in Eqs. (79) and (80). The spin- 
dependent factors J,” and J,” were used in the approxi- 
mation of Eq. (62) and the contribution to the scatter- 
ing of the D-state component of the deuteron wave 
function was neglected. The results of this calculation 
are given formally in Eqs. (10, (11), and (15). The 
functions M(p,g) and \(p,g) which correspond to the 
Hulthén model for D(t) are given in 
30). The parameters x and y which enter 
these functions should strictly be written as 


lor+p+ig lpia 


covariant 
Eqs. (28 


83.1) 
ind 


y=LP+P+ie lea, (80.q 


is the square of the electron 4+-momentum 
transfer, while q is the 3-momentum transfer in the 
center-of-mass system of the outgoing nucleons. The 
definitions of x and y given in Eq. (28) are correct at 
the quasi-elastic peak, but are only approximate else- 
where. The values of M(p,g) and (p,q) arising from 
more refined wave functions of the type indicated in 
“q. (80) are easily derived using the methods outlined 
he Appendix. The results given in Eqs. (10), (11), 
15) neglect: (1) the effect of final-state interactions 
the nucleons, (2) the effects of meson exchange 
currents, and (3) off-mass-shell corrections to the 
nucleon form factors; and are of course approximate in 
the treatment of the deuteron wave function. They 
an excellent approximation to 
the exact cross section in the region of the quasi-elastic 
peak. We would like to call particular attention to the 
factor (m FE) which enters the 
as given in Eq. 


where 


between 


nevertheless constitute 


kinemati cross section 

10). This factor, which arises from the 
he final three-body phase space, would 
the nonrelativistic theory. It was 
the results given in the Appendix to (I),® 
lected thus far in those 


calculation of t 
reduce to unity in 


included in 


but has apparently been neg 


analyses of the experimental data based on the modified 
Jankus cross section.* * Since p Sq at the peak, the 
mf: peak cross section by 
492? a factor equal to 0.95, 0.92, 0.88, and 


factor reduces tk e 


[1 - g 


ter, High-Energy Electron Scatter 


1 R. Hofsta 
1 Uni 1, California, 1960 


rsity Press, Stanfors 


_ Rev. 112, 618 (1958 
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0.85 for g=3, 4, 5, 6 f-'. The correct factor appears in 
the results obtained by Goldberg! from a calculation 
based on the impulse approximation. It should in addi- 
tion be remarked that the factor which multiplies 
M (p,q) in Eq. (15.1) is given incorrectly by the modified 
Jankus theory, as was pointed out in (1).° These changes 
account for the discrepancy between the values of the 
peak cross section calculated using Eqs. (10), (15), and 
(31), and the results obtained from the modified Jankus 
theory by Herman and Hofstadter, and lead to im- 
portant differences between the values of the neutron 
form factors obtained using the two theories. This will 
be discussed in detail in the next section. 


V. DISCUSSION 


We wish in the present section to summarize the 
main results of this paper, and to review brietly the 
status of the theory of inelastic electron-deuteron scat- 
tering. We have been concerned primarily with the 
influence on the cross section d’a/(dQ.dE,’) of the inter- 
actions between the outgoing nucleons, and with the 
relation of the relativistic to the non-relativistic theories 
of the scattering. We will consider first the results ob- 
tained for final electron energies in the region of the 
large peak which corresponds to quasi-elastic S¢ attering 
of the electron from a single nucleon. The dominant 
terms in the transition amplitude (7p j, d) for the 
neutron-proton system arise in the relativistic theory 
from nucleon pole terms and single dispersion relations 
which appear in a Mandelstam representation for this 
quantity. The pole terms are completely specified by 
the known asymptotic normalization of the deuteron 
wave function and the electromagnetic form factors for 
free nucleons. This fact is basic to the Chew-Low type 
of extrapolation procedure suggested by Bose® for the 
determination of the neutron magnetic form factor.The 
single dispersion relations correct the pole terms by 
taking into account the short-range structure of the 
deuteron wave function, and effects on the nucleon 
electromagnetic vertex with the 
binding of the particles. The latter effects are probably 
quite small. The cross section is rather insensitive to 


functions associated 


the short-range structure of the wave function; transi- 
tion from a Hulthén to a more realistic repulsive-core 
wave function leads only to a 1.3% increase in the peak 
value. It is therefore possible to reformulate the theory 
in terms of the nonrelativistic deuteron wave function 
IV without incurring any serious 
semi- 


as discussed in Sec. 
errors. The resulting theory differs from the 
relativistic approximation discussed in (1) only in minor 
details. However, it establishes clearly for the first time 
the proper dependence of the transition matrix element 
on the various kinematical quantities, and the limits 
within which it is possible to analyze the cross section 
da / (dQ. dE,’) in terms of a deuteron wave function and 
free-nucleon form factors. The effects on the peak cross 
section of interactions between the outgoing nucleons 
tie approximation. 


were considered in the semirelativis 
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The changes in individual partial wave matrix elements 
calculated using approximate wave functions matched 
to the experimentally determined phase shifts were 
found to be quite large. The over-all change in the peak 
cross section was nevertheless small, probably for- 
tuitously, for the two situations considered, p= }q= 1.3, 
1.7 f-'. The situation has not been studied in detail for 
the much larger values of g which are now of interest, 
but it appears improbable that the changes in the peak 
cross section caused by final state interactions will 
become large. 

We have thus far ignored entirely the effect on the 
scattering of the D-state component of the deuteron 
wave function. This was treated formally in Appendix I 
of (1),° and estimates of the over-all corrections to the 
cross section were made at that time. The results of a 
more detailed examination of the errors in the peak 
cross section incurred for p= 4q= 1.3 f' by using a pure 
S-state wave function are summarized in Table IV. The 
calculations were based on a Hulthén-type wave 
function with a 5% D-state probability.*"* It is evident 
from Table V that the D-state component of the wave 
function scatters much less efficiently than the S-state 
component. Thus, the pure D-state scattering is only 
1.6% of the S-state scattering, despite the 5% D-state 
probability. The over-all effect is further reduced by 
interference terms involving both the S- and D-state 
wave functions, the contribution to the cross section of 
all terms involving the D-state component amounting 
to only 0.72% of the total. Since the S-state component 
of the wave function is now normalized to 0.95 instead 
of unity, the peak cross section calculated with the 
complete wave function is 4.39% smaller than that cal- 
culated using the same S-state wave function, but 
normalized to unity. It should be noted, however, that 
the S-state component of the complete wave function 
is not matched to the neutron-proton effective range, 
as was assumed in the preceding sections; both the S- 
and D-state components enter the calculation of that 
quantity.'® If the peak cross section calculated for the 
complete wave function is compared to that calculated 
for an S-state wave function matched to the effective 
range, the 4.3% discrepancy noted above is reduced to 
2.9%. Scattering involving the D-state component of 
the wave function should become somewhat more im- 
portant at larger values of the momentum transfer g. 

Combining the foregoing results, we obtain as a 
“best” result for the peak cross section for the range of 
momentum transfers of current interest 


da /(dQ.dE,’)= OMott (4.57 XK 10~*) 
X (140.05) (m?/pE)(Gp+G,), p= q, 
where 
G,= F \7°+ (¢?/4m")«k?F 2? 
+ 2(q?/4m*) tan? (50) (Fi +6,F2,) 


This approximate result is based on the expression of 
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TABLE V. The relative contributions of various terms to the 
cross section d’a/(dQ,dE,’), calculated for p=$qg=1.3f" and a 
Hulthén-type model for the deuteron wave function. The D-state 
probability for this wave function is 5%. It was assumed in the 
calculations that Fip+ Fe, Fe, and F;,~0. The labeling accord 
ing to S and D states refers to the part of the wave function which 
contributes to each term. The auxiliary designations pp, mn, and 
np refer to terms in the cross section which arise, respectively, 
from scattering by the proton alone, by the neutron alone, and 
from interference between the neutron and proton scattering 
amplitudes. 


l'erms in cross section Relative contribution 
1.00 
0.21 107 
1.56 10°? 
~0.87X 107 
0.03107 


1+-0.51X10? 


S-state, pp plus nn 
S-state, mp interference 
D-state, pp plus nn 
S-D, np interference 
D-state, np interference 


Total 


Eqs. (10), (11), and 
evaluated for Pp 
wave function of Sec. 


(15). The function M(p,g) was 
xg and the repulsive-core deuteron 
Il using the method discussed in 
the Appendix. The following corrections to the cross 
section were then incorporated in the result : (1), a —3Q% 
correction arising from the neglect of the D-state com- 
2), a —2% 


of the deuteron wave function; 


correction for the effects of final state interactions. The 


ponent 


latter is strictly valid only for the range of momentum 
II, 2.6f y<3.4i 
a reasonable estimate of the effects of final state inter- 
as well. The 
which appears in 
was evaluated using for the triplet effective 
1.69+0.03 f appropriate for the 
parameter Pr=0.03 
which seems necessary to fit the low-energy neutron- 


considered in Sec. , but is probably 


actions for somewhat larger values of g 
deuteron normalization constant .\ 
M PY 
range the value ry.7 
small positive shape-dependent 
proton scattering data.'* The indicated uncertainty in 
the result encompasses the experimental uncertainty 
in ro,7, an estimated 2% uncertainty in the cross section 
associated with final-state interactions, and a possible 
C7) error associated with uncertainties in the deuteron 
wave function and with the D-state scattering. Negli- 
gible errors were introduced by neglecting the inter- 
ference terms in Eq. (15). We have also neglected in 
the calculations contributions to the transition matrix 
element which arise from the nonzero momentum of the 
spectator particle in factor J,, 
[Eqs. (56.2) and (62 
again negligible at the quasi-elastic peak. 


the spin-dependent 


the error incurred thereby is 


The modifications the peak cross section which arise 
nucleon form 
factors and, more important, from scattering by meson 
currents within the deuteron, have not yet been calcu- 
lated, but the changes are probably no more than a few 
percent of the peak value. The cross section is also 
modified to some extent by radiative corrections to the 


from off-mass-shell corrections to the 


electron current operator and the photon propagator, 
and by the emission of bremsstrahlung in the course of 
the scattering. These corrections have been discussed 
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y that, to the extent to 
which radiation by the nucleons can be neglected, these 
corrections alter only the external factor in Eq. (84), 
and do not affect the functions G, and G,. 

The form for the peak cross section given in Eq. (84) 
is identical to that given by Goldberg" in an approxi- 
mation to his impulse type calculations; the relation of 
the function M(p,g) for p= 3g to Goldberg’s matrix 
element (1p) is discussed in the Appendix. However, 
the present approach allows an unambiguous study of 
the approximations leading to Eq. 85). The result 
appears, in fact, to be more accurate than was supposed 


elsewhere.” We remark only 


by Goldberg. 

Most analyses of the inelastic electron-deuteron scat- 
tering experiments' have been based on the modified 
Jankus cross section.” The factor O? which appears in 
that result may be considerably simplified at the quasi- 
elastic peak if the very small terms arising from the 
contribution of nonzero initial momenta of the target 
nucleon to the nucleon convéction current, and from 
interference scattering involving both the neutron and 
the proton, are omitted. The resulting function may be 
expressed in terms of M(p,g) [Eq. (29) ]. When M (p,q) 
is treated as in Eq. (31), the resulting peak cross section 
differs from that given in Eq. (84) in the following 
respects. First, the kinematic (mE) and the 
corrections for D-state effects and final state inter- 
h have been incorporated in Eq. (84) are 
absent. Second, the functions G, and G,, are replaced by 


factor 
actions whi 


functions G,’ and G,’ given by 


2m? )F 


—OL(g? 4m 


This change is quite important for small scattering 
angles and large values of g°. The origin of the extra 
terms is easily traced. Those terms involving (q*/ 4m)? 
which cannot consistently be retained in the non- 
[ represent partial 
corrections which lead to the appearance of the 4- 
momentum transfer rather than the 3-momentum 
transfer in the relativistic theory. These terms should 
The extra (and more important ) term 
—(q° 2m*)F,? should also be omitted. The transition 
from the Jankus* to the modified Jankus cross section” 
may be accomplished essentially by replacing the 
effective charge eF, in the non-relativistic 
Hamiltonian by eLF,,— (q@?/ 4m) (F ,,+2«,F,,) |. As noted 
in reference 30, 


lativict , ( 
relativistic theory [see reference 9 


be omitted. 


interaction 


the correct effective 


charge is 


118, 831 


122, 1898 


1960 
1961 
nditions of the Sta 
vhich indicate that radiative cor 
rections involving the proton will become important for large-angle 
scattering at energies F, near 1 Bev. However, corresponding 
corrections for the neutron will be absent to the accuracy to which 
the calculations were performed. The radiative corrections are 
associated primarily with bremsstrahlung and the exchange of 
virtual photons with low momenta; in either case, the vanishing 
of F;, for g=0 causes the relevant portions of the matrix elements 
to vanish also. The magnetic moments do not contribute signifi 
cantly to the radiative corrections 


*S. Sobottka, Phys. Rev 
Y. S. Tsai, Phys. Rev 


umerical examples for the « 


Isai gives detailed 
ford electror 


proton scatte y experiments, 
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eLFiv— (¢?/4m?)(—Fi,4-2«F2,) |. However, the first 
form leads to results correct to O(m-~*) if one simul- 
taneously omits the convection current terms in the 
interaction.?° These were incorrectly included in the 
modified Jankus cross section. [The extra terms were 
correctly omitted in (I).° | 

The possible effect of the foregoing results on the 
values of the neutron form factors F;, and Fo», deter- 
mined from the Stanford electron scattering experi- 
ments, has been investigated by reanalyzing the ex- 
perimental data of Hofstadter, deVries, and Herman‘ 
for representative values of g*. The calculations were 
based on the theoretical expression for the peak value 
of the inelastic deuteron cross section d’¢/(dQdE,’) 
given in Eq. (84). The function G, which appears there 
was evaluated using the Rosenbluth cross section for 
elastic electron-proton scattering, 


OMortt 1 t 2h m (SO 


(da dQ.) sin 50 G, 
in conjunction with experimental values of the elastic 
scattering cross sections.” The value of the Rosenbluth 
factor G,, for the neutron was then determined from the 
experimental deuteron cross section using Eq. (84). 
Where properly matched values of da (dQ.dE,’) and 
(do dQ,), were not available in the published data, we 
have constructed ‘‘experimental” cross sections using 
the modified Jankus theory and the smoothed values 
of the form factors taken from Fig. 1 of reference 4. 
A corrected value of G 
cross section of Eq. (84). Separate values of F; 


was then determined using the 


and 
F,, were obtained by combining values of G, obtained 
at a fixed value of g°, but with different scattering angles 
and energies, using the method of intersecting eHipses.”” 
We note finally that the ellipses failed in three cases 
[qg?=10, 11.5, and 15 f-*] to intersect unless allowance 
was made for possible errors in the cross sections.*® In 


Hofstadter, 


aiscussions con 


’rotess« k 
Sivé¢ 


‘The author is greatly indebted to I] 
Dr. C. deVries, and Dr. R. Herman for exter 
cerning the Stanford electron scattering experiments 

% For g=11.5, 18.0, and 21.0 f, we have used the experimental 
peak values of d’a/(dQ.dE,’) given by Hofstadter, deVries, and 
Herman‘ in conjunction with the experimental proton cross 
sections (do/dQ,), for the same scattering angles and energies 
given by Hofstadter, Bumiller, and Croissiaux.? For g?=5.1 f°, 
the values of d’a /(dQ.dFE,’) interpolated from the data of Sobottka‘ 
by Hofstadter, deVries, and Herman‘ were combined with proton 
cross sections calculated from the exponential proton model of 
Chambers and Hofstadter.! This model was used by Sobottka to 
normalize his deuteron cross sections.* The deuteron cross sections 
used in the analysis for g=10 f-? and 15 f* were calculated from 
the modified Jankus cross section using smoothed values of the 
nucleon form factors taken from Fig. 1 of Hofstadter and Herman.* 
The values assumed for the neutron form factors / and F2,” 
corresponding to the Jankus theory are given in Table VI. The 
values assumed for the proton form factors are as follows: g?=10 
f*, F\p,=0.48, F2,>=0.39; @=15 f?, Fi, =0.43, F2,=0.21 

The failure of the ellipses to intersect indicates that the input 
data are inconsistent with the theoretical cross section of Eq. (84 
However, intersections could be obtained by changing either the 
large angle or the small angle deuteron cross section @oa/(dQ,dE,’ 
by 10° or less. Errors in the cross sections of this magnitude ar« 
with the estimated accuracy of the experiments.’ 
Furthermore, such errors are undoubtedly present, as indicated 
hy the deviation of the experimental values of G, from the values 


consistent 
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these cases, we have determined rough values of Fi, 
and F», by choosing as the “intersection” the midpoint 
of the region of closest approach. It is expected from 
an examination of the effects of possible experimental 
errors that the value of F2, so determined is slightly too 
small, and that of F,, considerably too negative. 
F,,=0 would be consistent with the data within the 
possible errors. 

The results of this analysis are quite striking, as may 
from Table VI. The original 


be seen resulis of 


Hofstadter ef al.,4 based on the modified Jankus cross 
section, suggested that F;, was a positive increasing 


function of g*, with a value F),=0.2 for g@=20 f 
Preliminary results obtained using the present theory 
favor very small or zero values of F;, over the entire 
range of g? which was considered. In addition, the new 
values of F2, are somewhat smaller than those based on 
the Jankus theory, bringing this form factor more 
nearly into coincidence with /2,. However, these con- 
clusions must be regarded as tentative pending a com- 
plete analysis of more recent Stanford and Cornell 
data.” 

The theoretical situation is much 
respect to the cross-section d’¢/ (dQ.dFk,’) 
threshold for the dissociation of the deuteron. For large 
values of g, the cross section depends critically on the 
structure of the deuteron and the free *S; and 15S, 
neutron-proton wave functions at small distances. The 


less clear with 


near the 


nucleons are then considerably off the mass shell, and 
it is not clear either that the effective form factors do 
not differ significantly from the free-nucleon form 
factors, or that the effects on the scattering of meson 
exchange currents are negligible. It does not, therefore, 
appear likely that reliable information about the struc 

ture of the nucleons can be obtained from experiments 
of the type performed by Kendall ef al." (This state- 
ment is equally true of the elastic electron-deuteron 
scattering experiments of McIntyre and 
workers.*) The purely phenomenological analysis of 
Sec. II] may nevertheless have some merit as a check 
on the possible short-range structure of the free-state 


his CcO- 


calculated for the same gq? and @ using neutron form factors taken 
from smooth curves drawn through the points by Hofstadter and 
Herman.‘ The deviations range up to 50°, but are generally much 
smaller. Since scattering by the proton contributes }—j of the peak 
deuteron cross section, depending on g and @, the corresponding 
errors in @o/(dQ,dF,') are reduced by factors of 2-3, and lic 
within the expected range. Conversely, it is clear that the values 
obtained for G,, hence, for the neutron form factors, can he 
changed significantly by rather small changes in the experimental 
values of da /(dQ.dE,’) and (do/d®,) ». 

“ The Stanford group has recently extended its measurements 
of the inelastic electron-deuteron, and the elastic electron-proton, 
scattering cross sections to a number of energies and scattering 
angles not previously considered, with a largest value of g? now 
25 f. Preliminary analyses at several of the new points suggest 
that F,, may indeed be greater than zero, but somewhat smaller 
in magnitude than indicated in reference 4. [R. Hofstadter 

private communication). The author is greatly indebted to 
Professor Hofstadter for a number of communications concerning 
the Stanford experiments. ] The Cornell group has also extended 
considerably its measurements at larger values of g®. [R. R. Wilson 
private communication). ] 


DEUTE 


RON SCATTERING 1421 

TABLE VI. Changes in the neutron form factors F;, and Fo, 
which result from changes in the theoretical peak value of 
@o/(d2.dE,'). The form factors with the superscript J result from 
an analysis of the experimental cross sections* based on the modi- 
fied Jankus theory.” The form factors without superscripts are 
obtained when the data are reanalyzed using the present theory. 
The calculations were based on the method of intersecting ellipses.» 
The tabulated values of the form factors denoted by asterisks 
correspond to the point of closest approach in those cases in which 
the ellipse s failed to intersect.‘ 


F,,,/ 


5.1 0.16 
10.0 0.12 
1.5 0.03 
15.0 0.18 
18.0 0.25 
21.0 0.17 


* See reference 4 and reference 45 
See reference 40 
See reterence 46 


deuteron wave functions, especially in the sense of a 
comparison of the inelastic scattering cross section near 
threshold with the elastic scattering cross section. It 
was in fact demonstrated in Sec. III that the use of 
wave functions corresponding to a repulsive-core inter- 
action between the neutron and proton for both the free 
and the bound states permitted one to fit both cross 
sections simultaneously, thereby removing the dis- 
crepancy between the simple Jankus theory* and experi- 
ment noted by Kendall e/ a/."" 
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APPENDIX 


indicate the 
obvious origin of the approximate expressions for the 
function M (p,q), Eq. (15.2), used in Secs. I and V. We 
will assume, in accord with the work of Bertocchi e¢ al.,** 
that the deuteron S-state 
written in the form 


u(r vf p(s)e~*"dz, 


where for a superposition of Yukawa potentials with a 


In this Appendix, we will none-too- 


wave function u(r) can be 


(A.1) 


minimum decay parameter J, 


(A.2) 


p\(z (2 - 230 (s)0(s—a—NA), 
and o(s) is the weight function which appears in 
Eq. (75). The function F(@), Eq. (15.4), which corre- 
sponds to such a wave function is given by 


P+ig—p-q] "ds. (A.3) 


This function has precisely the same structure as the 


relativistic momentum space wave function D(d), 





142? LOYAL 
Eq. (80). In accordance with the discussion of Sec. IVb, 
g is to be equated to the square of the electron 4- 
momentum transfer, q is the 3-momentum transfer in 
the center-of-mass system of the outgoing nucleons, 
and p is the momentum of the proton in that system. 
Specializing to the case p sq\, @=@’, which is 
characteristic of the quasi-elastic peak in the cross- 
d2.dE,’), and calculating M (p,q) using the 
formula of Eq. (15.2), we obtain 


section d?o 


\ 7 f du f 


x ([2?(1+u)+2’ 


—[2(1+u)+2"7(1—u)+2¢ ] 


1 (A.5) 


1, 
P 21° 


The first term in 
factor (.V* g 


A.5) involves g only in the external 
, while the second term involves an extra 
factor of g in the denominator and consequently 
vanishes more rapidly for g?— ~«. In fact, when ¢ is 
larger than the maximum value of 2? for which p(z) is 
appreciable in magnitude, the term 

expanded in powers of [27(1+m)+2"(1—w) ]/ (2¢°). 


Sec ond may be 


Using the condition 


f » 


(A.6) 


which corresponds to u(0)=0, one obtains for the 


leading contribution to the second term 


f inf p(z | p(z’ dz’ 


X(z 


1 L 
- - le 
md p\z)z-az 
“ 
sq°Le 


For a Hulthén wave function, this becomes essentially 
3*, (3g®), a number which is 


i+u)+2’ 


(A.7) 


to be compared with the 
estimate 1/a* for the first term in (A.5). Thus even for 
g=B8=1.43 f", the to M(p,q) of the 


contribution 
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second term in (A.5) is small, being roughly —1% of 
the first term. The approximate value of M(p,q) used 
in Secs. II and V is obtained by dropping the second 
term in (A.5) altogether, 


1 
M (p,q) > (V? af auf 
; ' 


xf p(2')ds'[22(1+)+2"(1—) | 
p= 29; 


a 


p(s)dz 


g— 2, (A.8) 


The result given for M(p,g) in Eq. (31) is obtained 
immediately by taking the p(s) appropriate for a 
Hulthén wave function, p(z)=[6(z—a)—4(z—8) |. The 
approximation is excellent for g>2 for both the Hulthén 
and repulsive core wave functions discussed in the text. 
Thus, for the Hulthén wave function, and g=1, 2, 3, 
2 {-', we obtain for (y?/.V*)M(p,q) the values 15.262, 
15.464, 15.473, and 15.475 f*; the 
numbers for the repulsive core wave 
15.503, 15.668, and 15.669 and 15.671 f°. 

Approximations for M(p,qg) for p#}q may be con- 
structed by similar methods. The most useful result, 
that which describes the shape of the central region of 
the quasi-elastic peak, p= }q, is obtained simply by re- 
placing the denominator in (A.8) by 


corresponding 
function are 


[2?(1+4)+2"(1—u)+2p?+3¢—2p'q 


factor V2 ¢ 
(2p q ). This approximation is valid for 
(p—4q)*<K)?, where \ is the minimum decay parameter 
for the Yukawa potentials. 

We remark finally that the 1 p 
defined by Goldberg® in the last paragraph of his paper 


the external 
changed to .V? 


must simultaneously be 


matrix element 
on the impulse approximation for inelastic electron- 


deuteron scattering is given to within trivial factors by 
the integrals in (A.8): 


\/p -f o(p) *p'd°p 
NX? ! : 
= f du f p(z)dz 
T 1 “0 


ne 


xf p(2’)d2'[ 2? (1+u)+2"2(1—u) F, 


f: P-tu(r)d'r, (A.10) 


(A.9) 
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The photoproduction of charged + mesons by a 1000-Mev bremsstrahlung beam has been studied for 
the elements Be, C, Al, Cu, and Pb. Mesons with energies in the range 100 to 400 Mev emerging from the 
targets at angles of 58° and 115° were detected, and absolute measurements for the cross section are given. 
An optical model for the nucleus was employed to predict absolute upper and lower limits for the nuclear 
cross section, and reasonable agreement with the data was obtained. The measured cross sections had a 
dependence on the target atomic weight of A! and this result lay between the limits predicted by the model 


The experimental nuclear 7~/x* 


ratio exhibited the general behavior of this quantity for deuterium, but 


the model could make no prediction here. The results seem to be consistent with an optical model treatment 
of an assumed initial production of mesons throughout the nuclear volume, and no recourse to a surface 


production mechanism was found to be necessary. 


I. INTRODUCTION 


HE photoproduction of + mesons from complex 

nuclei can be used to investigate the interaction 
of these mesons in nuclear matter. Previous studies'~* 
have indicated that the meson yield varies with the 
atomic weight of the target nuclei approximately as A‘. 
This result seems to hold true for both charged and 
neutral mesons with energies from essentially zero to 
150 Mev and for a wide range of target materials. 

Two models have been proposed to explain this ob- 
served behavior of the yield. The first employs the im- 
pulse approximation®-” and assumes that the produc- 
tion of mesons occurs throughout the nuclear volume. 
The escape of the mesons from the nucleus can then be 
calculated using an optical model and the dependence 
of the yield on the target atomic weight obtained in this 
way agrees with the observed results. The second sug- 
gestion’’* assumes that some mechanism actually 

* Supported by the joint program of the Office of Naval Re 
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suppresses photoproduction on interior nucleons, leaving 
only the surface nucleons to serve as targets. The yield 
would thus depend on the relative number of nucleons 
comprising the nuclear surface. Actually the success of 
the optical-model approach to the volume-production 
scheme relies on the fact that the meson interaction 
mean free path in nuclear matter is smaller than the 
nuclear size. For all but very low meson energies this 
seems to be the case and the model has been applied 
with varying degrees of success by many authors. 

The present experiment was undertaken with the 
object of extending such measurements to mesons of 
still higher energy. Absolute values of the nuclear cross 
section were obtained for several meson energies and 
target materials. In addition, the dependence of the 
cross section on the atomic weight was determined to be 
approximately A*. Furthermore, when the relative 
numbers of neutrons and protons were taken into ac- 
count, the ratio of the negative to positive meson yields 
was found to vary essentially as does the same quantity 
for deuterium. The experimental results will be pre- 
sented first and these will be followed by a possible 
interpretation based on the ideas of the volume-produc- 
tion model. It will be found that no recourse to a surface- 
production mechanism is necessary, and if such a process 
does occur, its effect is indistinguishable from the un- 
certainties in the volume-production model which was 
employed. 


II. EQUIPMENT AND PROCEDURE 


The Cornell 1.2-Bev electron synchrotron was used 
to accelerate electrons to a peak energy of 1000 Mev 
and this beam was allowed to strike an internal tungsten 
target. The resulting bremsstrahlung beam passed 
through the wall of the donut and on through a lead 
collimator. This collimated gamma-ray beam was passed 
through the gap of a permanent magnet to sweep out 
charged particles and was then monitored by a thin 
ionization chamber located on the downstream side of 
a lead-lined channel in the main concrete wall used to 
shield the experimental area from the background radia- 
tion of the machine. The various targets were placed 
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in this monitored beam and a strong-focusing magnet 
was used to focus the emergent charged particles on a 
counter telescope. The spectrometer thus selected parti- 
cles having the desired charge, momentum, and direc- 
tion upon leaving the target material. All of the elec- 
tronic equipment associated with the telescope was 
located in another room, where the information from 
the counters was recorded. 

The peak energy of the bremsstrahlung beam is 
determined by the energy of the electrons at the time 
of their impact with the tungsten target. The actual 
time of impact, and hence the energy of the electrons, 
was determined by shaping the rf cavity voltage. In 
practice, the cavity voltage is programed to result in a 
spread of electron energies incident on the tungsten 
target. Throughout the experiment the mean electron 
energy was kept at 1000 Mev with a beam spread of 
about 1 msec or +20 Mev at most. The energy of the 
electrons at impact was measured by integrating the 
magnet voltage from injection time to the time of im- 
pact, the integral being proportional to the magnetic 
field at this particular time. This system was calibrated 
against actual magnetic field measurements made with 
a rotating-coil probe and a further calibration was 
carried out by measuring the end point of the brems- 
strahlung spectrum with a pair spectrometer. 

‘The standard beam monitor at this laboratory is an 
ionization chamber designed by Wilson.'® The charge 
collected on the plates is proportional to the total energy 
in the incident photon beam and this proportionality 
constant has been calculated and experimentally verified 
to +5. The output current from the quantameter is 
integrated electronically'* and the local unit of absorbed 
beam is called a “sweep.” It is convenient to give count- 
ing rates in the units of ‘‘counts per sweep.” 

Actually, for this experiment the quantameter de- 
scribed above was not used as the primary beam moni- 
tor. Being essentially a total absorption chamber, it 
must located downstream from the experimental 
area. But in the present work various target materials 
were introduced to the photon beam and hence the 
monitoring would depend upon the particular target 
used. To avoid this situation a thin ionization chamber 
was located ahead of the experimental target position 
and frequent calibration against the quantameter was 
carried out. With this scheme a collimated monitored 
gamma-ray beam could be directed on any target inde- 
pendent of the target material or length. 

The magnet used in this experiment to focus charged 
particles on the counter telescope was of the 


be 


strong- 
focusing variety. The two-lens arrangement, a 
lens followed by a negative one, bent particles 


positive 
through 
an angle of 35°. The value was +30 and the average 
radius of curvature was 200 cm. This system resulted 
in a vertical magnification of approximately 5 and a 


corresponding radial one of 3. 
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The excitation of the magnet is measured with a 
standard shunt and potentiometer. The calibration curve 
for the magnet was determined by measuring a series of 
range curves for protons using copper absorbers and the 
usual counter telescope. Saturation effects become 
noticeable above a momentum of 500 Mev/c. A con- 
firmation of the calibration from the range curves was 
obtained from measurements made using the technique 
of a current-carrying wire. Rotating coil measurements 
showed that for momenta below 550 Mev/c a value of 
30 for n is a good approximation over most of the magnet 
channel width. The solid angle subtended by the detec- 
tion system at the target was measured by calibration 
against another counter telescope of calculable solid 
angle. Measurements of the counting rate from a thin 
target as a function of its position along the beam line 
indicate that the aperture of the magnet is quite uniform 
over a target length of 3 in. or more. This is in agreement 
with orbit calculations and it indicates the consequences 
of the radial magnification value given above. 

The basic counter system associated with the detec- 
tion magnet consisted of four scintillation counters 
arranged to form: two three-counter telescopes. This 
arrangement was used for the measurements made at 
115°, but modifications were necessary at 58°. Each 
counter consisted of a sensitive detecting material con- 
nected optically to a photomultiplier tube by means of a 
Lucite light pipe. NE 102 plastic scintillator made by 
Nuclear Enterprises Ltd. was used for the detector and 
the tubes were RCA 6342’s. Each counter was } in. 
thick, resulting in a resolution of 40%. Counters No. 3 
and 4 were 3 in. high and 2 cm wide; they were located 
at the focal point of the magnet and served to define 
two adjacent momentum channels. Counter No. 1 
placed ahead of these and counter No. 2 the same dis- 
tance behind completed the dual three-counter telescope 
system, 1-3-2 and 1-4-2. Each phototube was wrapped 
in magnetic shielding and mounted in a box of magnet 
iron attached to a horizontal platform rigidly fixed to 
the magnet. 

Because of the possible presence of electrons at 58 
the telescope was altered in several respects. Most 
important of these was the addition of a 6-in. diameter, 
9-in. long lead-glass Cerenkov counter placed behind 
the telescope with a different No. 2 counter used as a 
defining counter for it. The index of refraction of the 
lead glass was 1.65 with a radiation length of 2.8 cm 

Standard counting techniques were used, although 
the arrangements were somewhat different for the two 
angles. Amplified pulses were fed to two discriminator 
circuits, D and D’, which had variable biases. The 
shaped 
which had a resolving time of about 0.3 usec. 


output pulses were used in coincidence circuits 
In general, 
minimum 
particles and those in D’ high to miss them. Because of 


biases in D were set low to count ionizing 
general background radiation in the synchrotron room 
the discriminators were gated on toward the end of each 


cycle for an interval of 2 msec, which covered the dura- 
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tion of the photon beam. The singles rate of each counter 
was recorded on a separate scaler and in addition six 
other scalers recorded various coincidence outputs. Any 
pulse large enough to get through D’ would veto the 
final output. A 28-channel pulse-height analyzer was 
used to monitor some counter during each run. All biases 
were set on the basis of such pulse-height distributions, 
the analyzer being triggered by any of the six coin- 
cidence outputs. Counting rates were sufficiently low so 
that accidental coincidences were negligible. 

By several means it was established that electrons 
constituted at most a neglibigle fraction of the total 
counts detected at 115°. At 58°, however, there was 
evidence of electron contamination in the meson yields, 
so the telescope was modified. The two angles will thus 
be treated separately here. 

At 115° it was necessary to discriminate against only 
protons. Copper absorbers placed between counters in 
the telescope stopped protons for the lower momentum 
runs. At higher energies enough absorber was added to 
stop most of the protons and to retard appreciably any 
which did not stop. The D biases for all four counters 
were set just low enough to pass all minimum ionizing 
particles as well as slower ones. Threefold coincidences 
of such pulses could be due to either a meson or a proton. 
To distinguish between the two the D’ discriminator 
utilized the fact that protons having the same momen- 
tum as the mesons will yield a much larger pulse, 
particularly in counter No. 2 located after the copper 
absorber. In addition, it was helpful to reject immedi- 
ately any particle which made a large pulse in counter 
No. 1. The veto scheme thus operated by using counters 
No. 1 and 2 with the D’ biases; a large pulse in either 
counter or in both would reject the threefold coin- 
cidence. Any coincidence not vetoed should be due to 
the passage of a meson through the telescope. 

Because one object of this experiment was to measure 
mt ratio, it was essential that no property of the 
detection system change upon reversal of the magnet 
polarity. To this end the pulse-height distribution in 
each counter was recorded using carbon as a target for 
each meson momentum studied, and for both the #~ and 
m* runs. A comparison of these pulse-height distribu- 
tions served as a check on the effectiveness of the proton 
rejection scheme. 


the z 


At 58° both electrons and protons had to be rejected. 
The protons were dealt with as before, but the electrons 
proved difficult to distinguish from the mesons of the 
same momentum. While the protons contaminated only 
m* runs, so that m runs could be used to check tne re- 
jection scheme, no such advantage existed for electrons 
and positrons. 

The Cerenkov counter was not included in the main 
telescope ; it was used solely as an electron veto counter 
on the two threefold coincidences. The relative number 
of electrons present at 58° was reasonably small, even 
from the lead target, so the lead-glass counter could 
be used to reject these with some confidence. A high 
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bias was used to ignore all mesons and any resulting 
pulses were considered to be electrons, which then 
vetoed the coincidence. Actually, » mesons from 
decays in flight would probably make large pulses also, 
but the correction for this was negligible. Also the effect 
of the electrons from 2-u-e decays in the lead glass was 
of no importance because of the time delay. The elec- 
trons could also shower in the copper absorbers between 
counters and thus give a pulse greater than minimum 
ionizing. Anv large pulse, then, in No. 1, 2, 3, or 4 was 
undesirable, whether it be a proton or an electron, and 
all four were used as veto counters. Any threefold 
coincidence (which required that each pulse be above 
its D bias) which was not vetoed by a characteristically 
large proton or electron pulse was considered to be a 
™ meson. 

The target materials studied in this work were Be, 
C, Al, Cu, and Pb. The beryllium target was a cylinder 
2 in. in diameter and the other four targets were 3 in. 
square. Each of the latter four targets was about 0.3 
radiation length long while the beryllium was 0.1 radia- 
tion length. All of the targets were placed normal to 
the gamma-ray beam. 


III. EVALUATION OF THE CROSS SECTION 


First a general expression for the photoproduction 
cross section of m mesons from a nuclear target will be 
given. The case of a hydrogen target is a particular 
example of this expression. The measured counting rates 
ef mesons must be corrected for various experimental 
effects before they can be used in such an expression for 
the cross section. The corrections will be discussed here 


IV. 


and the results will be presented in Sec. 


A. Expression for the Cross Section 


Let .V equal the number of mesons per sweep pro- 
duced in a target of atomic weight A by a bremsstrah- 
lung beam of peak energy ky and having momenta 
between p and p+Ap and directions between Q and 
Q+AQ. Then V is given by an expression of the form 


d?a(T,Q,k) 
\ Jf facaravee.p) fr n(k)dk. 
dTdQ 


Here 7 is the number of target nuclei per cm’, 7(&) is the 
bremsstrahlung distribution function, T is the kinetic 
energy of the meson, and a(@,¢,p) defines the AQ and 
Ap accepted by the detector. Furthermore, a quantity 
Q, the number of equivalent quanta per sweep, may be 
defined by the relation 


ki f kn(k)dk, 


where ky is the maximum energy of the bremsstrahlung 
beam. ki(k) is practically constant, however, and may 
be written as kn(k)=Qf(k), where f(k) simply gives 
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the deviation of kn(k) from a constant value. Then 


one obtains 
ke da (TQ) A k) 
f dk 
dTdQ k 


where m=AQAp p. The cross section / defined in this 
way will thus have the dimensions of cm*, Mev-sr-equiv. 
quantum, and in Sec. IV the experimental results will 
be presented in the form of this quantity J. This ex- 
pression simplifies considerably when the target is hy- 
drogen because in this case T, 2, and k are not inde- 
pendent. The process is a two-body one and at a fixed 


nOmp(dT /dp) 


angle & is uniquely related to T. 


B. Corrections to the Counting Rates 


The remainder of this section will be devoted to a 
discussion of the various corrections which were applied 
o the measured counting rates to obtain the values of .V. 
rhe corrections most carefully considered were those 
which affected either the r~ 27 ratio or the dependence 
of the yield on the atomic weight of the target material. 
Less well known is the ratio of the yields at the two 
angles and in fact the absolut 
t either angle are subject to some systematic error also. 
(1) The background counting rate was measured for 
each polarity of the magnet at each meson momentum 
studied. The highest relative background rates were 
observed with the lead target at the highest meson 
energies, namely, 25% for 310 Mev x* at 115° and 10% 
for 410 Mev wr at 58°. The lowest was a small fraction 
of 1% for 110 Mev 2* from beryllium and carbon at 58 
2) The thin chamber was frequently calibrated 
against the standard quantameter during the course of 


e magnitudes of the yields 


the determination of this 
error in the absolute 
ratio and 


the experiment. Any error i 


ratio would lead to 


a sy stemat 
values of the yields, but its effect on the r~/2* 
1 de pel dence of the yields should be negligible. 
+} 


\ calculation of the particle orbits in the detec- 


licated that 


agnet ine a correction was necessary 
for the size of the gamma-ray beam at the experimental 
This reflected in the 


the solid angles of the two telescope 


target location. difficulty was 
determination of 
The values which were used resulted from 


both measured intercalibration ratios and magnet calcu- 


geometries. 


lations. Several assumptions were made and it is this 
correction which creates the greatest uncertainty in the 
I\, probably about 


uncert 1inty applies only to the 


absolute values presented in Sec. 


+10°).. However, this 
values of the cross section and to a considera- 

he angular distribution of meson production. It 
the A dependence of the cross sec tions, 


rr the cross-section dependence on 


chamber measured the photon flux 
But 


the number of mesons 
observed was a function of some mean distribution of 


whi } was incident on 


photons throughout the target. Accordingly, a correc- 
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tion was applied to the observed rates to account for 
this gamma-ray beam attenuation. The expression used 
was checked empirically. The primary relative effect of 
this correction falls on the beryllium because it was 
much shorter in radiation lengths than the other targets. 
The variations among the other four are quite negligible 
in affecting the observed A dependenc S. 

(5) The absorption of mesons in the detection system 
was considered in detail. Such absorption processes 
(either actual or effective) occur in the bulk target and 
also in the air path through the magnet, in the counters 
themselves, and in the absorbers situated in the tele- 
scope. In the bulk target it was assumed that elastic 
scattering of the mesons did not represent any loss and 
that of all the inelastic processes only stops and the 
formation of stars contributed significantly to the dis- 
appearance of mesons. Throughout the remainder of 
the system the effect of elastic scattering was also 
considered. 

(6) The decay in flight of mesons as they traversed 
the detection system resulted in an additional reduction 
in observed counting rates. The flight path was divided 
into two regions, one measured from the target to the 
downstream end of the magnet, the other covering just 
the region of the telescope. Not all of the mesons which 
decayed in flight were missed by the detectors because 
some of the » mesons which resulted continued in the 
forward direction. The telescope absorbers in all cases 
were such that any decay » meson which was directed 
into the necessary forward cone was counted, as would 
have its parent 7 had the decay not 
occurred. 

(7) The detection magnet focused mesons of a definite 


been meson 


momentum (with an associated spread) on the counter 
telescope. However, mesons of the same momentum in 
the magnet channel necessarily had been produced at 
somewhat different energies in the various targets be- 
cause of the different mean distances traveled in the 
bulk targets. The average energy lost in the 

ranged from 2 to 14 Mev and was a function of meson 


targets 


energy. In order to be able to compare all the yields at a 
particular meson energy the corrected yields for each 
target and angle were plotted as a function of meson 
energy and the final results were taken to be the extra- 
polated values at five different energies. Thus, although 
the data were measured for magnet excitations corre- 
sponding to T=100, 150, etc., the results will be pre- 
sented at T= 110, 160, etc., the additior al 10 Mev being 
chosen to lie within the spread of the 2-14 Mev mean 
energy loss. Any error which resulted from this operatic n 
is completely negligible compared to the statistical 
errors of the individual points. ' 


IV. EXPERIMENTAL RESULTS 


The results will be presented in three different forms: 
(A) the values of the differential cross sections for posi- 
tive and negative mesons separately, (B) the sum of 


these cross sections divided by A‘, and (C) the values 
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TABLE I. Cross sections for x* 
by 1000-Mev bremsstrahlung. 
the units are cm? 


and z~ photoproduction at 58 
The quantity 7x10” is given and 
Mev-sr-equiv. quantum. 


Meson 
energy 
(Mev) 


Target 
element 


4 
4 


110 Be 
Cc 
\l 
Cu 
Pb 


He He HE HE HE 
“TN WwW OI 
Nem 


Be 
C 
Al 
Cu 
Pb 
Be 
Cc 
\l 


HEE HE HEHE HE HE Hb 


Sm ivic in : 
HR ROE eH Es 


Although the data were measured 
using separately the two momentum channels described 
in Sec. 


of the r~/z* ratio. 
II, the results have been presented as the sum 
of the yields from the The two angles at which 
the spectrometer located °+0.2° 
115.0°+0.2°. 


two. 


was were 57.7 and 


A. Differential Cross Sections 

The measured values of the quantity 7X10" wer 
used to obtain the interpolated values as discussed in 
the previous section. These interpolated values are given 
1 Tables I and II and the 58° results also are plotted 

TABLE II. Cross sections for * 
115° by 1000-Mev bremsstrahlung 
and the units are cm? 


and x photoproduction at 
The quantity 7X 10* is given 
Mev-sr-equiv. quantum. 


Meson 
energy 
Mev) 


Target 
element 


110 Be 
Cc 
\l 
Cu 
Pb 


Be 
© 10.1 
Pb 95.8 


Be 2.98 

( 3.97 + 

Pb 33.0 + . 

Be 0.610+ 0.029 
> 0.84 + 0.03 
Pb 84 + 18 


, 0.1114 0.019 
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Fic. 1. r+ and x cross section at 58°. The 


in the text. The longer lines indicate the z 
negative yield from Be is evident 


quantity J’is defined 
data, and the high 


in Fig. 1 
points. 
The quantity 7 was defined in Sec. III to be an inte- 
grated differential cross section which can be evaluated 
from experimental quantities. Figure 1 demonstrates the 
relative production of positive and neg 


The lines there are simply a visual fit to the 


fative mesons, and 
also the high yield of negative mesons from beryllium is 
clearly in evidence here. Only statistical errors are 
shown. 


B. A Dependence of the Cross Sections 


lo illustrate the observed dependence of the produc- 
the inter- 
A‘ were plotted 


tion on the atomic weight of target material 
polated values of the quantity (J*++J—-) 
using the measured values from above. These results 
appear plotted against A in Figs. 2 and 3 for the two 
angles. The lines are simply a visual fit. It is clear from 


these that the cross section varies with A more rapidly 


than A‘. The data with the single line in Fig. 3 are 





T = 110 Mev 











Fic. 2. A dependence of the cross section at 58°. The —— 
and negative data are added together and divided by The 
slope of the lines indicates that the dependence is steeper aaa 14, 
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Fic. 3. A dependence of the cross section at 115°. The solid 
line shows the 110-Mev data from Fig. 2 for comparison. The 
310-Mev results are not shown 


simply the 110-Mev data from 58° reproduced here for 
comparison with the 115° results. The 310-Mev data 
are not shown in Fig. 3. 

It is of interest to characterize results such as these 
by their dependence on A. To this end, a linear depend- 
ence of log(J*+J—) on logA has been assumed and the 
constant has been determined by a least-squares fit to 
the data of each run. However, the beryllium point has 
been excluded from the analysis in each case because 
of the high r~ contribution, which clearly deviates from 
the assumed dependence. The results are given in 


Table ITI. 


C. = /=x* Ratio 


The observed x~, #* ratios are shown in Table 1V and 
plotted in Fig. 4. Because these values are plotted 
against meson energy it was not necessary to interpolate 
here. The ratios presented thus apply for each meson 
energy shown and any possible error from an interpola- 
tion is avoided. The horizontal line in each graph indi- 
cates the value of \,/Z, the ratio of the number of 
neutrons to the number of protons in each nucleus. Here, 
as in the previous figures, only the statistical errors 
are shown. 


TABLE III. Dependence of the sum /*+/J~ on the atomic 
weight of the target. Let this sum of the cross sections be propor 
tional to A*. Then values of & obtained by a least-squares fit to 
the C, Al, Cu, and Pb data are given. The Be data were not 
considered because of the high x~ yield 


Me son eT ergy Values of b 


Mev 115 
110 
160 
210 
310 


Pb point 


nd Cu: the 
} 


- least-squares fit here 


not the Be), 
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TABLE IV. The 2~/z* ratio at 58° and at 115 
Meson 
energy 


Meson 
energy 


Mev 


Target 


Ratio at 58 Ratio at 115 


element (Mev) 


109 
114 
114 
109 
103 


32 +0.04 
0.922+0.028 
1.04 +0.04 
1.08 +0.04 
1.34 +0.08 


+0.05 
+0.04 
+0.04 
+0.05 
+0.07 


Be 109 
Cc 114 
Al 112 
Cu 107 
Pb 102 


+-0.06 
+0.04 


Be 158 
¢ : 
5+0.147 


162 
Pb 153 


207 


212 


1.20 +0.04 
0.955+0.028 
1.02 +0.04 
0.984+0.039 
1.24 +0.07 


+0.06 
+004 


203 £0.15 
1.08 +0.04 307 
0.841+0.028 311 
0.909+0.033 
0.884+0.036 
1.30 +0.10 


+01 
£0.05 


0.836+0.046 
0.615+0.033 
0.633+0.034 
0.640+0.053 
0.676+0.097 


V. INTERPRETATION OF THE RESULTS 


The experimental results have been presented in the 
previous section. It is now of interest to determine to 
what extent these measurements can be understood on 
the basis of existing information concerning photo- 
production processes. A survey of previous approaches 
to this problem shows that two alternatives have been 
proposed. 

The first mechanism which was suggested assumed 
that the photoproduction cross section was the same 
for all the nucleons in a nucleus. Mesons were thus 
created throughout the nuclear volume and then any 
discussion of the observed yields of mesons necessarily 
dealt with the escape of these particles from the interior 
of the nucleus. 

However, the production cross section might not be 
the same for all nucleons; instead the cross section could 
conceivably be different for nucleons in the interior of 
nuclei and for ones on the surface. Thus, for example, the 
mechanism of meson reabsorption at the point of crea- 
tion could result in such an effect, and for sufficiently 
strong suppression of the cross section inside nuclei the 
photoproduction of mesons would be effectively a sur- 
face phenomenon. 

In the present work only the application of the former 
(volume production) alternative will be investigated. It 
will be shown that the results are consistent with the 
predictions of such a model and for this reason no re- 
course to the surface production model will be necessary. 

The complications brought about by the use of 
heavier nuclei as targets necessitate the development of 
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a model in which the basic cross sections can be in- 
corporated together with some consideration of the 
pertinent nuclear features. The cross sections for the 
photoproduction of mesons on hydrogen and on deu- 
terium are useful in such a program and the model to 
be employed here will utilize this information to deter- 
mine the initial production of mesons throughout the 
nuclear volume. The escape of the mesons will then be 
treated by considering nuclear matter as an optical 
medium characterized by an absorption coefficient and 
an index of refraction.!? The results of meson-nuclear 
scattering experiments can be analyzed by assuming the 
existence of a complex potential within a nucleus.'* In 
analogy to optics, the complex index of refraction can 
then be expressed in terms of Vp, V7, and the energy of 
the meson, and an interaction mean free path is in turn 
related to the imaginary part of this index of refraction."” 
In the present work Vz will be taken to be the change in 
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Fic. 4. x~/x* ratio at 58° and at 115° as a function of meson 
energy. The data for five elements are shown. The solid line in 
each case indicates the value of V/Z. 


energy experienced by a meson as it leaves the nucleus 
and the mean free path will be used to calculate the 
expected transmission of mesons through nuclear 
matter. Both reflection and refraction at the nuclear 
surface will be ignored. This should not cause much 
difficulty. The effects of refraction should be small com- 
pared to the angular variations resulting from the initia] 
photoproduction process and the subsequent inelastic 
scatterings. Reflection at the nuclear surface should 
become negligible for sufficiently high meson energies. 
In the case of the lowest energy studied the energy 
inside the nucleus is 150 Mev with a well depth of 
40 Mev and this situation would exhibit reflection 


17S. Fernbach, R. Serber, and T. B. Taylor, Phys. Rev. 75, 
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properties small enough to be ignored in the model 
which will be used. 


A. Development of the Model 


It is instructive to begin with a consideration of the 
kinematics involved at the two angles. The middle curve 
in Fig. 5 shows the photon energy required to produce 
from a stationary target nucleon a meson of kinetic 
energy T; at 58° in the laboratory system. Figure 6 
shows the same information for a laboratory angle of 
115°. These would be the pertinent kinematic curves 
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Fic. 6. Kinematics at 115°. P is the momentum 
of the target nucleon. 
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for a target of hydrogen. But for any heavier nuclear 
target, the nucleons are not likely to be stationary, but 
in fact can have their motion characterized by some 
particular momentum distribution. The other curves in 
the two figures are intended to demonstrate the effect 
of such target motion on the kinematics. The top curve 
in each figure applies to the case of a target nucleon 
which moves in the direction as the incident 
photon with a momentum of 195 Mev, c (kinetic energy 
of 20 Mev), while the bottom curve applies to a nucleon 
of the same energy which moves toward the photon. 
It should be emphasized that these curves refer to free 
nucleons, either moving or stationary, and as such are 
not directly related to the case of moving nucleons in a 
nucleus. In the latter instance the presence of nuclear 
potentials has the effect of lowering the necessary 
photon energy somewhat. 


samc 


For the present experiment with a peak photon energy 
of 1000 Mev, Fig. 6 indicates that it would be impossible 
to produce, for example, a 300-Mev meson at 115° from 
a hydrogen target; this would require a 1250-Mev 
photon. But the internal momentum distribution of the 
nucleons in a nucleus relaxes this condition to the extent 
that some of the nucleons can serve as targets for such 
a process. This assumes that the photon interacts with 
a single nucleon in the nucleus and this assumption will 
be used throughout the analysis. 

The higher energy data at 115° were measured specifi- 
cally for the purpose of investigating this nuclear effect 
on the kinematics. According to the discussion above, 
the number of target nucleons will not necessarily be Z 
or V, but in fact will depend on the photon energy 
available, the meson energy and direction, and the 
momentum distribution of the nucleons. Brueckner, 
Serber, and Watson’ approximated the cross section for 
positive meson photoproduction by the expression 


oA Zno1 = 


where Z is the number of target protons, gp is the 
photoproduction cross section for a free proton, and 7 
represents the effects of nuclear binding. The factor f, 
represents the fraction of mesons produced in the 
nucleus which are not absorbed before escaping. 

The model to be used here represents several modifi- 
cations of this expression, but the basic idea remains the 
same. The similarities and variations will be listed here. 

(1) The model applies only to the photoproduction of 
single mesons. The effect of meson pairs will be discussed 
later. Thus the Z protons will act as targets for 2* 
production and the .V neutrons for 

(2) However, the momentum distribution of these 
target nucleons can render some of them ineffective in 
any particular process. Thus this distribution function 
must have an effect on the measured yields. 

(3) Asin the model of Brueckner et al., the free proton 
cross section will be used in the expression for the 2* 
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nuclear cross section. The hydrogen data of Turkot'® at 
laboratory angles of 58° and 115° can be used directly 
here. No such free neutron cross sections exist ; instead 
it will be assumed that the neutron cross section for the 
photoproduction of #~ mesons will be given by the 
product of the appropriate free proton cross section and 
the w~/x* ratio for deuterium. This ratio has been 
measured by Neugebauer, Wales, and Walker”? and 
values interpolated from their data will be used. 

(4) Because of the existence of a meson-nucleus inter- 
action the kinetic energy of the meson at creation inside 
the nucleus 7; is different from its detected kinetic 
energy T outside the nucleus. This interaction consists 
of two parts; the Coulomb potential depends on the 
atomic weight of the target nucleus, while the r-nuclear 
potential does not. In general the (non-Coulomb) inter- 
action between a meson and a nucleus can be character- 
ized by a complex potential, the real part of which de- 
scribes the elastic scattering of the meson, and the 
imaginary part characterizes the inelastic processes. 
Values of Vr can be determined from the results of 
m-nucleus scattering experiments, and Frank, Gammel, 
and Watson'* have calculated V» from pion-nucleon 
scattering cross sections. Several experimental deter- 
minations appear in the literature.*!~* With this total 
m-nucleus potential the kinetic energy of a meson inside 
a nucleus can be related to its energy outside. The 
change in kinetic energy experienced by a meson in 
escaping from a nucleus thus depends on the charge 
of the meson, the atomic number of the nucleus, and 
the energy of the meson. 

(5) The recoil nucleon similarly experiences a change 
in kinetic energy upon leaving the nucleus, and this 
change (except for Coulomb effects) is given by the 
real part of the nucleon-nucleus optical model potential. 
Values of this nucleon potential, derived from the results 
of various scattering experiments, are given by Riesen- 
feld and Watson. There appears to be some difference 
in this potential for neutrons and protons below 50 
Mev.”> The energy change of the nucleon thus depends 
on the charge of the meson being produced, the atomic 
number of the target nucleus, and the energy of the 
recoil nucleon. 

In Sec. III the cross section for the photoproduction 
of charged mesons from nuclei was related to the 
measurable quantities of this experiment. To express 
this nuclear cross section in terms of the known free- 
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nucleon cross sections is the goal of the present section. 
In spite of the many approximations employed the 
over-all result of this attempt seems to lend further 
support to the twofold scheme of treating the nucleons 
as separate targets and then of using the notion of the 
optical model to characterize the subsequent interac- 
tions of the mesons in nuclear matter. 

Following the prescription outlined above, the total 
number of mesons produced in nuclei can be approxi- 
mated by an expression involving integrations over both 
the bremsstrahlung spectrum and the momentum dis- 
tribution of the nucleons. In the case of hydrogen, the 
nucleon momentum is taken to be zero and a photon of 
specific energy is defined by the energy and direction of 
the produced meson. For heavier targets the nucleons 
are moving and in fact it is possible to choose the meson 
energy and direction to represent so stringent a condi- 
tion that the nucleons can serve as targets only by 
virtue of their motion. In general, a range of photon 
energies will contribute to the nuclear production of 
mesons, subject at one extreme to the maximum energy 
of the bremsstrahlung beam and at the other to the 
details of the threshold for the process. For this model, 
in which individual nucleons are considered, the energy 
and momentum of the photon-struck nucleon system 
are taken to be conserved. These conservation condi- 
tions relate the photon energy, the target nucleon 
motion, and the resulting meson energy and direction. 
The nucleon momentum distribution is generally taken 
to be Gaussian*® and this permits the evaluation of the 
integral over the nucleon momenta. The result is ex- 
pressed finally as one integral over the photon energy 
and this can be evaluated numerically for each case of 
interest. Starting from the expression for the number 
produced inside nuclei, the quantity 
N/nQmp(dT/dp) can be formed and this will be desig- 
nated by the symbol I’ to be distinguished from the 
experimental quantity of Sec. IV. .V refers to the number 
of mesons actually detected and therefore the expression 
for J’ contains a factor f which represents the fraction 
of produced mesons which manage to escape from the 
parent nuclei. 


of mesons 


B. Energy Dependence of the Cross Section 


Because the extent of the nuclear effects on the 
kinematics depends on the meson energy, it is interesting 
to investigate the predictions of the model in this respect 
first. J’ was calculated for various meson energies at the 
two angles. Wattenberg ef al° give the following results 
from their experiment for #,: Li, 9.01.0 Mev; C, 
19.741.5 Mev; and O, 19.742.5 Mev. Most of the 
calculations were done for with the 
I, = 20 Mev; a few values were obtained for lead using 
the same value for ,. The numbers /’/ f thus give the 
predicted production of mesons inside the nuclei, 


carbon choice, 


26 A. Wattenberg, A. C. Odian, P. C. Stein, H. Wilson, and 
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whereas the J’ to be determined are expected "to¥give 
the actual measured yields. 

It remains to calculate the appropriate values of f, 
the transmission factor for mesons in nuclear matter. 
The fact relies on the concept of a mean free path based 
on the optical model. In general for a nucleus of radius 
R and a particle of mean free path A, the probability 
P(n) that a particle, produced at random inside a 
nucleus, makes exactly » collisions before escaping can 
be calculated. For the present application only P(0) is 
required, This is the probability that the particle escapes 
without experiencing any collision. This is the quantity 
fa mentioned above. It is given by the equation 


1 1 1 (1 + y) 
P(O) f- D)Madz = 3 + t 
V4 Dx og r 


where the integration is taken over the nuclear volume, 
D is the distance the meson travels before escaping, and 
x is defined by the relation x=2R/\,, where R is the 
nuclear radius. Here A, is the mean free path for the 
absorption of mesons, and thus f, gives the probability 
that a meson escapes without being absorbed. 
However, this factor f is calculated on geometrical 
grounds and depends only on R and \; thus any A may 
be used with a corresponding interpretation of f. In 
particular for the present analysis the total mean free 
path will also be used. This is defined by the relation®* 


where A, is the mean free path for either an inelastic 
scattering or an absorption of the pion by the nucleus. 
\, is the mean free path for an inelastic process. 

\, and A, can be related to z-nucleon scattering cross 
sections if it is assumed that the mesons interact in the 
nucleus with the individual nucleons. Ignatenko*’ gives 
evidence that this is the case for mesons in the range 
30-350 Mev; above 140 Mev, it is claimed that Pauli 
principle effects can probably be neglected safely. The 
determination of Aq has been discussed by several 
authors.'’'5*5 Meson absorption is assumed to occur in 
a two-nucleon process in which one nucleon absorbs 
the meson and then scatters from a second nucleon. 
Because of the conservation of charge, the absorbing 
nucleon must 


be a neutron for w* absorption and a 


proton for m~ absorption. 

Thus a knowledge of these various cross sections 
permits the determination of both A, and Ay. Each may 
be used in the quantity 2R,\ and the resulting f, and 
f, will have appropriate meanings. f. gives the fraction 
of produced mesons which are not absorbed before 
escaping from the nucleus; f; similarly gives the fraction 


27 A. E. Ignatenko, Proceedings of the CERN Symposium on 
High-Energy Accelerators and Pion Physics, Geneva, 1956 (Euro 
pean Organization of Nuclear Research, Geneva, 1956) Vol. II, 
p. 313 

28 N. Metropolis, R. Bivins, M. Storm, J. M. Miller, G. Fried 
lander, and A, Turkevich, Phys. Rev. 110, 204 (1958), 
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Fic. 7. Measured and computed results for carbon at 115 
The x* and x~ data are shown separately. The solid curve connects 
the experimental points. The vertical lines indicate the range 
predicted by the model, but at 410 Mev only one such value is 

given 


of mesons which do not interact at all (a scattering or 
an absorption) before escaping. 

It is assumed that a number of mesons are produced 
in the nucleus and that these then make their way to 
the surface. Each meson has a “choice” whether to 
interact or not. The factor f; gives the fraction which 
does not interact at all, i.e., the probability that a meson 
makes zero collisions in escaping. Certainly these mesons 
should. be detected, as they experience no difficulty in 
leaving the nucleus. Because many of the mesons which 
do interact will also escape, application of f; in the 
expresion for J’ should give a lower limit to the experi- 
mental results. 

Furthermore, if the fraction /; of the initially created 
mesons experience no interaction, then the remaining 
fraction (1—/.) of them do interact. This may be either 
an absorption or a scattering. If a gives the fraction of 
interactions which results in an absorption, then 
(1—f,)(1—a) of the initial number of mesons scatter 
and are available to make a second “choice.” Again 
there are three alternatives, namely, escape with no 
further interaction, absorption, or scattering with the 
option of making a third “choice.” The extent to which 
this process repeats is governed by the size of the nucleus 
compared to the length of the particular total mean 
free path being considered. 

Each time a “choice” is made, some mesons are ab- 
sorbed. f, will give the fraction which are not absorbed, 
so (1—/f,) must be the fraction which do experience 
absorption and this latter quantity must be just the 
sum of all the separate contributions resulting from the 
succession of ‘“‘choices.”’ In order to calculate f, it is 
assumed that the mean free path of interest is Aq, not A», 
and thus inelastic scatterings are ignored; although a 
meson changes energy and direction in such a process, 
it does not disappear. It is then expected that (1—f,) of 
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the initial meson number cannot be detected and, just 
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TABLE V. Comparison of the computed and measured cross 
sections. The quantities 7,’ and J,’ are the computed cross-section 
limits discussed in the text (in cm?/Mev-sr-equiv. quantum). The 
last column shows the measured results for comparison. 





Meson 
energy 
(Mev) Charge 


Element Angle Te’ K 1082 Ta’ X108 


Cc 115° 110 oo 6.04 32.1 
110 ~ 6.89 38.6 +0.8 
210 + 1.30 : 3.97 +0.09 
210 -- 8. 4.60 +0.12 
410 _— 0.111+0.019 


ZI X108 


+0.8 


210 7 33.0 
210 ) 36.0 
210 2 24.9 
210 37 ; 23.8 +0.5 
410 + .28 2 6.31 +0.21 
410 - 5 3.93 +0.16 


as f; should set a lower limit on the predicted yields, 
fa should set an upper one. 

It thus remains to calculate the values of f; and /, for 
the various cases. Charge symmetry may be assumed 
and then the experimental scattering cross sections serve 
to determine the mean free paths. The final results are 
given in Table V, where for each computed value of J’ 
two entries appear, one using f, and labeled with a 
subscript /, the other using f, with a corresponding 
subscript. In the last column the appropriate measured 
results of Sec. IV are shown for comparison. Finally 
Figs. 7, 8, and 9 show complete sets of data for carbon 
and lead together with the computed 7,’ and J,’ values 
for the cases considered. The curve in each figure goes 
through the experimental data, and the vertical lines 
extend from /,’ to J,’. 

Several comments can be made in general before the 
particular cases are considered individually. 

(1) In the model used here the hydrogen cross sec- 
tions measured at 58° and 115° were used directly and 
nowhere in the model has any attempt been made to 
account for any angular dependence effects due to the 
inelastic processes. The model assumed the creation of 
a flux of mesons leaving the nucleus at either 58° or 
115° to the photon beam and it was to this idealized 
flux that the transmission factor was applied. 

(2) The detailed effects of the inelastic processes have 
not been considered. The possibility of x production by 
the mesons as they scatter from nucleons is slight, but 
charge exchange scattering should be common. Metrop- 
olis et al.* give the probabilities for the various inelastic 
processes as functions of the meson energy. In each 
inelastic encounter the meson loses energy and this 
degradation has the effect of removing particles from the 
energy channel in which they were produced. Thus, for 
all but the highest energy data, it is likely that some of 
the mesons detected actually had higher energy at 
creation. It is for this reason that the f,; and f, were 
used in the analysis. The fraction f; did not interact 
and hence they should be detected at the T correspond- 
ing to the 7; they had at production. In contrast those 
of the remaining (1— /,) which were not absorbed can 
emerge with any energy below T. 


‘ 
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(3) The experimental data are given as absolute 
measurements and as such are subject to the systematic 
uncertainties associated with the experimental tech- 
nique. In like manner absolute predictions of the cross 
sections were obtained from the model. The extent of 
the agreement between the predictions and the data 
thus rests directly, for example, on the choice of E, used 
in the model. As a value for /, was found only for 
carbon, the application of the model to other elements 
suffers from this uncertainty. 

(4) The situation in the vicinity of threshold was 
treated by a rough approximation which resulted in a 
low-energy cutoff in the integration over the brems- 
strahlung spectrum. For successively lower meson 
energies such a procedure introduces relatively larger 
uncertainties in the results. A similar increase in un- 
certainty with decreasing meson energy results from the 
degradation effects of inelastic processes. Mesons de- 
tected at 110 Mev are likely to have a greater variety 
in their histories than ones at 410 Mev. 

With this preface the individual cases can now be 
discussed briefly. 


1. Carbon at 115 


419 Mev. Here production from hydrogen would be 
impossible, so the extent of the agreement is interesting. 
At this energy absorption of the mesons is unlikely; 
however, any inelastic event would have the effect of 
removing the meson from that energy channel inside 
the nucleus which results in 410 Mev outside. In fact, 
the measured value is even below /,’. No attempt will be 
made to explain the discrepancy because at least four 
effects could combine to render such an attempt futile. 
First, the choice for the value of /, and the systematic 
uncertainty in the data would have to be re-examined. 
Second, because such mesons were produced by the 
highest energy photons available, the exact way in which 
the photon beam was spread in energy would possibly 
affect the data, but this was ignored in the model. Third, 
the results from the two counter channels in the tele- 
scope were combined, but at this high meson energy the 
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centers of the channels were more than 50 Mev apart 
and the data must represent some average yield over 
this broad interval of meson energy, while the computed 
yield was calculated at 410 Mev. Finally the uncertainty 
in the threshold location, although not severe here, 
might have an effect. 

210 Mev. Here the measurements lie within the pre- 
dicted range. The gain and loss resulting from inelastic 
processes are likely to cancel partially and the threshold 
effect should not be too significant here. 

110 Mev. The predictions fall short of the measure- 
ments for at least two reasons. Degradation due to in- 
elastic processes would be expected to enhance the 
number of detected lower-energy mesons. Also the 
threshold location now becomes important and it is 
possible that the cutoff, being in a sensitive region, 
resulted in something less than the full value of the 
integral. Both effects would improve the agreement 
between the measured and predicted values. 


Pit Lead alt 5° 


210 Mev. The value of E, for carbon was used for 
this one case with lead. This particular choice was made 
because of the good agreement in the carbon data at 
this energy and angle. 


3. Carbon at 58° 


410 Mev. As for 410 Mev at 115°, J,’ is the more 
reasonable prediction here. At 410 Mev absorption is 
negligible so f,=1, and thus J,’ is just the total number 
of mesons initially created. 

210 Mev. This case is similar to the 110-Mev, 115° 
situation. However, in addition to the effects discussed 
there, it is important to realize that around 200 Mev, 
the total mean free path is at a minimum and, because 
of the likelihood of multiple collisions, the data must 
represent the effects of considerable mixing both in 
angle and in energy. 

110 Mev. No prediction was made here for two reasons. 
First, the threshold effect,'already likely to be important 
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mesons at 58°. The general itity (7/A4)K10™ is plotted 
vertically for e* and x~. The solid lines labeled v indicate the 
behavior of a cross section linear in A, while a horizontal line 
not shown) would apply to a cross section proportional to A 
The dashed lines labeled nd ¢ define the limits given by the 
model, and the experiment ts are shown with their statistical 
rors. The a steeper dependence on A for 
t ehavior is shown clearly in Fig. 1 
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at 210 Mev, would cause an even greater uncertainty 
here. However, even more important is the contribution 
to the measured meson yields from meson pair photo- 
production. Bloch and Sands*® give the negative meson 
yield from hydrogen at 60° as a function of bremsstrah- 
lung cutoff energy for several meson energies. In particu- 
lar the yield for a meson energy of 148 Mev at 60° for 
kyo>=1000 Mev is given to be 1.110-" cm?/Mev-sr- 
equiv. quantum. Taking T;= 148, these conditions are 
ideal for comparison with the T= 110 data at 58° of the 
present experiment. For example, with a carbon target 
the six protons would be expected to contribute 
6.6X 10- to J’, f, the initial number of negative mesons. 
These are in addition to those produc ed in both single 
and pair production on the neutrons. The measured 
result of the present experiment for 110 Mev negative 
mesons from carbon at 58° is 55.2+1.210-®, so it is 
clear that the effect of pair photoproduction is not 
negligible. A similar situation exists for positive mesons. 
The meson pair data indicate that the effect of pairs is 
likely to be significant only for the 110-Mev, 58° data 
of the present experiment. 


C. Ratio of the =~ to x* Cross Sections 


The measured ratios presented in Table IV and in 
Fig. 4 exhibit the same general behavior as the r~/x* 
ratios for deuterium,” with the exception of the lead 
data at 115°. The similarity is particularly striking at 


58°, where the observed ratios drop appreciably below 
\ 


Z values in the same way that the deuterium data 
drop below unity. The changing numbers of effective 


* M. Bloch and M. Sands, Phys. Rev. 113, 305 (1959). 
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proton and neutron targets at 115° would make detailed 
analysis of the ratios at that angle especially difficult. 

However, because the model does not give unique 
predictions for the cross sections, no definite ratios are 
obtained either. The model was not intended to predict 
ratios; the r~/m* ratio depends too sensitively on many 
features of the actual process which have been neglected. 


D. Dependence of the Cross Section on 
the Atomic Weight of the Target 


The last particular feature of the data to be considered 
is the A dependence of the cross sections. It was men- 
tioned in the Introduction that a dependence on the 
atomic weight of A! was the common result obtained by 
workers using bremsstrahlung beams of peak energies 
up to 550 Mev. The highest meson energy reported was 
152 Mev in reference 4. 

However, Waters® and the present experiment have 
measured meson yields from bremsstrahlung beams of 
1000-Mev peak energy, the former for mesons of energies 
40 and 80 Mev, the latter for 110 to 410 Mev. The 
present experiment finds evidence for an A? dependence, 
so it is interesting to examine the results of Waters. In 
particular the production of 80-Mev * was 
measured by him for both an 800-Mev bremsstrahlung 
beam and a 1000-Mev one at a laboratory angle of 35 

A least-squares fit to the C, Al, Cu, and Pb data (the 
same elements discussed in Table III) yields an A de- 
pendence of A°-” for both the ko=800-Mev and the 
ko= 1000-Mev data. Waters tried to improve upon the 
optical model results by considering the effect of an 


mesons 


inelastic scattering process. In this way he succeeded in 
obtaining somewhat better agreement between his re- 
sults and the calculated A dependence, but the latter 
still did not vary rapidly enough with A to fit the data. 

The model used in the present analysis cannot be 
applied to such an investigation, however, unless £, is 
known for each element. But a knowledge of /, should 
be necessary only when the effect of the nucleon mo- 
mentum distribution is important. In the case of 210- 
Mev data at 58°, for example, it seems clear that all of 
the nucleons can contribute, and so an integration over 
the momentum distribution would give unity, inde- 
pendent of E,. This scheme should be acceptable when- 
ever all of the nucleons can act 
details of the kinematics are not important. 


as targets and when 


Using this idea, an expression can be derived from the 
original model which should be suitable for calculating 
the relative A dependence. As this now is an attempt to 
investigate only the A de] endence of the cross sections, 


will be 


normalized at carbon. Values of f, and f, can be calcu- 


the calculated and measured values of J) A$ 


lated for aluminum and copper just as these quantities 
were determined for carbon and lead. The results of the 
calculation and the experimental for 210 Mev, 


58° are plotted in Vig. 10. 


data 
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A horizontal line in this figure would correspond to an 
A‘ dependence and the solid lines shown there indicate 
a dependence linear in A. It is apparent that the experi- 
mental points do lie between the limits defined by f; and 
fa. Furthermore the difference in A dependence for the 
a* and w~ cross sections, which is demonstrated in 
Fig. 1, is clearly predicted by the modified model em- 
ployed here. Thus, although the particular A 
pendence of the data has not been calculated, the origin 
of the 


de- 


essential features has been shown. 
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Investigations with small unshielded scintillation crystals carried 
show large fluxes of photons in the energy region 30 to 300 kev in « 


At 90 g cm? depth the flux is about 22 


determined from a Geiger tube of 1.9 cm~ 
be the 


n 
cm 


beam 


sec 


sec’! greater than 30 kev 


INTRODUCTION AND DESCRIPTION 
OF APPARATUS 


N a number of occasions during 1958 and 1959 

scintillation spectrometers have been included in 
balloon borne payloads designed to study cosmic rays 
and auroral zone x-ray effects. Results from flights in 
the auroral zone, where frequent but sporadic influxes of 
x rays are occurring, have been published previously.' 
The purpose of the present discu 
results concerning photons in the energy region 30 to 


ion is to present some 


300 kev in equilibrium with the primary cosmic-ray 
beam and therefore always present in the atmosphere. 

The experimental apparatus pertinent to the dis- 
Scintillation counter 
data from only one balloon flight will be presented here, 
but several other flights have also led to the same results 
within experimental uncertainties involved in deter- 
mining the atmospheric depth, the setting and stability 
of the discriminator edges, and the statistical fluctua- 


cussion is described in Table I. 


tions in the counting rates. 


RESULTS 


atio of the Geiger-Miiller tube, 
counting rate to its geometry factor as a function of 
atmospheric depth. The detection effic iency of this tube 


for photons is less than 3% at all energies, so that the 


Figure 1 shows the 


* 


This work supported by the Office of Naval Research. It was 
a part of the U.S. participation in IGC 1959. 

1K. A. Anderson, Ss Geophys. Research 65, 551 (1960). 

2K. A. Anderson and D. C. Enemark, J. Geophys. Research 65, 
3521 (1960). 


photons cm ? sec 


albedo of this secondary cosmic-ray component, 


through the atmosphere by balloons, 
juilibrium with the primary cosmic ray 


compared with a charged particle flux 


' at this same depth. The photon flux at zero depth, taken to 


has been estimated by extrapolation to be 8 photons 


ordinate of this plot represents very nearly the charged 
particle flux inside the cosmic-ray gondola assuming 
this tlux to be isotropic over the upper hemisphere. 

Figure 2 shows the counting rates in the four integral 
channels of the pulse-height analyzer divided by the 
geometry factor of the sodium iodide crystal determined 
from the same formula as the Geiger-Miiller tube. The 
counting rate to geometry-factor ratio in the 34-kev 
channel of the scintillation counter is seen to be very 
much greater than that for the Geiger-Miiller tube 
despite the fact that the crystal has a slightly thicker 
shielding. The crystal has an efficiency between 1 and 
0.5 for detecting photons in the energy region 30 to 300 
kev and unit efficiency for detecting charged particles 
entering its active region. From this it is concluded that 
the flux of photons must be much higher than the flux of 
charged particles at all depths in the atmosphere. This 
result is emphasized by Fig. 3. 

To obtain the flux of photons present 
phere (using the hemispherical geometry factor), two 


in the atmos- 


corrections have been applied to the scintillation counter 
data of Fig. 2. First, the charged particle flux as meas- 
ured by the Geiger-Miiller tube has been subtracted 
from all channels of the scintillation counter. This may 
be the Geiger tube has a 
somewhat smaller wall thickness than the crystal. The 
analysis here uses results from a Geiger-Miiller tube 
different day from the scintillation counter 
flown on 


a slight overcorrection since 


flown on a 
measurements. The Geiger-Miiller tube was 
August 4, while the scintillation counter measurements 
were taken om August 8, 1959. The Deep River neutron 
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TaBLe I. Description of the apparatus used to measure photons in the energy region 30 to 300 kev through the atmosphere. 


Detector Dimensions 


Geiger-Miiller tube Right cylinder 0.86 in. 
diam X3.7 in. high 
Right cylinder 0.75 in. 

diam X0.75 in. high 
Tray dimensions: 1.72 

in. X3.7 in. tray 

spacing: 4 in 


Scintillation crystal 


Twofold counter 
telescope 


* In addition to the wall of t 
> Calculated from }ral (i 


lid angle 


7au+a 
over the upper hemisphere 


monitor changes were less than 1% over this period and 
it is believed that comparison of counting rates on these 
two days leads to little or no error. The second correc- 
tion is the efficiency for photoconversion of quanta 
incident on the crystal. Unit efficiency was used from 34 
to 150 kev, e=0.8 from 150 to 300 kev, and e=0.3 for 
the > 300-kev channel. Figure + shows the photon fluxes 
obtained in this manner. 

The method used to obtain these efficiencies proceeds 
as follows. The integral photon spectrum cannot be 
unfolded with great reliability from the present meas- 
urements alone since the efficiency correction in the last 
integral channel is large and dependent on the spectral 
shape itself. Recent rocket measurements’ carried out 


24 





FUGHT 989C 
4 AUGUST, 1959 
FORT CHURCHILL 


SINGLE COUNTER 


Hemispherical flux, cm™* sec 


' sterad™' 


-2 
sec 


COUNTER TELESCOPE 








Directional flux, cm 





100 so 20 
2 


200 
Atmospheric depth, g cm™ 

Fic. 1. The cosmic-ray flux through the atmosphere as measured 
by a thin-wall Geiger counter and a thin-wall counter telescope 


August 4, 1959, was a quiet day during a time of high sunspot 
number 


+J. A. Northrop and R. L. Hostetler, Bull. Am. Phys. Soc. 6, 52 
1961). 


inters the apparatus is surrounded by an insulating gondola about 0.4 g cm 
re a is the diameter and / the height of the detector. This expression weights the counte 


Depth of maximum 
rate in atmosphere 


Wall thickness* 


Geometry factor 


0.035 g em? 17.9 cm? > 50 g/cm? 


0.13 g cm? 4.25 cm? ! 100 g/cm? 

Particle range of 0.12 
g cm”? required for 
coincidence 


12 cm? sr 90 g/cm? 


2 thick 


r area uniformly with respect 


over Nevada, however, provide information on the 
photon spectrum in and above the atmosphere over the 
energy region 300 to 1000 kev. Using the spectral shape 
implied by these measurements of Northrop and 
Hostetler, a weighted efficiency for the crystal used in 
the present experiment is obtained for the 300-kev 
channel. This value is 0.3 giving a flux of 7.7 photons 
cm~ sec! above 300 kev at the intensity maximum. 
This compares very well with the rocket measurement 
of 7.9 photons cm~ sec~! at the same depth and above 
the same energy threshold. This good agreement results 
despite the great difference in geomagnetic latitude be- 
tween the rocket and balloon experiments because of the 
small latitude effect which existed at the 
measurements were made. 


time the 


The ratio of crystal counting rate to geometry factor, 
corrected in the manner just described, is taken to be the 
flux of photons above the energies corresponding to the 
various discriminator settings. It is not certain how well 





FLIGHT 990C 
8 AUGUST, 1959 
FORT CHURCHILL 


SCINTILLATION 
COUNTER 


-2 


Counts cm 


>150 kev 


>300 kev 





L 
100 so 20 


Atmospheric depth, g/cm’ 








200 


Fic. 2. The counting rate of a small scintillation crystal 
divided by its geometry factor. A transistorized pulse-height 
analyzer sorts the photomultiplier output into four integral 
channels. 
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FORT CHURCHILL 


-1 
sec 


2 


SCINTILLATION COUNTER 
ENERGY LOSSES >34 kev 


Counts cm 


GEIGER TUBE 


1000 500 200 50 20 10 
Atmospheric depth, g/cm? 











Fic. 3. The great abundance of low-energy photons in the 
atmosphere is seen by comparison of the scintillation counter and 
Geiger tube fluxes. 


this ratio represents the true photon flux since the 
angular distribution of photons is unknown. One expects 
that from about 100 g/cm* upward, the peak of the 
angular distribution would be at a rather large zenith 
angle, with a considerable flux at 0° and a substantial 
contribution from the lower hemisphere due to the fact 
that these photons scatter readily. It is expected, how- 
ever, that the spectral shapes to be derived here should 
not be far in error. The curves of Fig. 4 might be ex- 
pected to include a spurious effect due to the fact that 
the high density of the crystal will induce a few nuclear 
interactions from incident neutrons. This effect would 
not be removed by the Geiger tube subtraction. Since 
the thickness of the crystal is about 6% of a nuclear free 
path this effect is probably not very large. 

From the curves of Fig. 4, integral energy spectra can 
be obtained at any given atmospheric depth. Integral 
spectra are given in Fig. 5 for four different depths. The 
integral spectra are fitted fairly well by straight lines on 
a semilog plot and the best fits at the various depths are 
given in Table II. The general form of the integral 
This expression, where 6 and m are functions only of 
atmospheric depth, implies the following differential 
spectrum: 


n(k)=m/ FE. (2) 


One expects the neutron contribution to disappear from 
the differential spectra since energy losses in these 
interactions should be the order of 1 Mev and therefore 
not appear in the differential energy spectra from 30 to 


BELOW 


CASCADE ENERGY 1437 


TABLE II. The integral photon flux can be fit rather well by an 
expression of the form N(>£)=b—m logwk. The quantities m 
and b, which are functions of atmospheric depth, are given above. 


Atmospheric depth 
(g/cm?) 

100 

200 

7 

0 


spectra is 


N(>E)=b—mlogyk, 30<E<300 kev. (1) 


300 kev. From Table II it can be seen that the spectrum 
falls most rapidly at 90 g/cm?. The spectral form given 
above cannot hold much above 300 Mev since Northrop 
and Hostetler have shown a flux of photons having 
energies over 1000 kev. 

It will be noticed in Fig. 5 that a spectrum has been 
plotted for zero atmospheric depth. This was derived by 
extrapolating the scintillation counter data to zero 
depth as shown in Fig. 6. Since the balloon reached a 
depth of 6.5 g cm™ the extrapolation must be regarded 
as a quite reliable one. The main result of this extrapo- 
lation is that the flux of photons at zero depth is very 
large—about 8 cm~™ sec™! above 30 kev. 


DISCUSSION 


(1) Figures 1 and 3 show that the intensity maximum 
for the low energy photons is much deeper in the 


24 





>60 kev 


-1 
sec 


2 


Counts cm 


>300 kev 











200 100 $0 


Atmospheric depth, g cm”? 


Fic. 4. The counting rate to geometry factor ratio in the four 
integral channels after corrections for photoelectric conversion and 
the charged-particle flux. The ordinate is thus interpreted as being 
the photon flux in the atmosphere averaged over the area of the 
scintillation crystal. 





1438 





FLIGHT 990C 
8 AUGUST, 1959 
FORT CHURCHILL 


2? 


Fic. 5. 
photon 
four 
depths. 


Integral 
spectra at 
atmospheric 


nn 





Integral photon flux, cm 
ow roy 








20 50 100 200 
Photon energy, kev 


atmosphere than for the charged particles as measured 
by the Geiger tube. Interpreting the observed photons 
in the energy region 30 to 300 kev as degraded cascade 
shower photons, the location of their maximum at 
greater depth than the Geiger tube, which is responding 
strongly to the nucleonic cascade, follows from the fact 


that the electromagnetic cascade must “wait” for the 
nuclear interactions to provide the initiating 7° mesons 
cascade development. Furthermore, 
the soft photons would be near the end of the average 
them even deeper 


and the subsequent 


shower’s development and this puts 
into the atmosphere. 

It is of interest to estimate the optimum thickness for 
the soft cascade photons. This can be done in an ap- 
proximate way by comparison of the counter telescope, 
single counter and The 


counter telescope maximum is at 100 g cm~? depth while 


scintillation counter data. 
the single counter transition occurs at 50 g cm”. This 

} p 
n ns that a 


contribution to the omnidirectional flux of charged 
particles is due to primaries that had a zenith angle of 


0 g cm 


* atmospheric depth the main 


tional flux of x rays from 0° zenith angle is not measured 
here but the same situation probably applies to the soft 
photons, namely that the original direction of the pri- 
maries responsible for the soft cascade photons is about 
60° from the zenith. Since the single scintillation crystal 
shows a maximum at 100 g cm * the optimum thickness 
for the 30- to 300-kev photons is about 200 g cm™. 

(2) The flux of photons in the energy region 30 to 300 
kev in equilibrium with each high-energy photon in the 
cascade is very large. This can best be seen from Fig. 7 
where the present data are combined with the rocket 
results of Northrop and Hostetler. The great abundance 
of soft photons is probably explained by the fact that 
when a photon has dropped below the pair threshold, 


the dominant means of interaction is the Compton 
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process which scatters the photon many times before its 
energy is very much reduced. Below about 20 kev the 
photons should rather quickly disappear as photoelectric 
absorption becomes strong. 

(3) The extrapolation to zero atmospheric depth 
shown in Fig. 6 gives the flux of the soft cascade photons 
at the top of the atmosphere. These must be interpreted 
as photons which are escaping from the earth. The 
photon albedo of the earth is seen from Fig. 6 to be 
large, being about 8 cm sec! above 30 kev. Thus it is 
many times larger than the flux of charged particles 
entering the atmosphere as primary radiation. The 
Geiger tube flux extrapolated to zero depth 1.5 cm™ sec 
and includes the charged particle albedo as well as the 
primary contribution. Although the photon flux is high 
they represent a rather small energy flux. Evaluation of 


f n(E)EdI 


shows the total energy radiated away from the earth as 
photons of energy between 30 and 300 kev to be about 
1700 kev/cm? sec. This is the order of 3X10~* of the 
incoming primary cosmic-ray energy. 

(4) The data presented here were obtained from 
balloon flights in the auroral zone but are not a unique 
feature of those latitudes. During 1959 there was little 
or no latitude effect at high altitude from Minneapolis 
up to the north dip pole. Therefore the fluxes and 
spectra obtained here apply over that range of latitude 
and possibly as far south as \=50°N. Below this lati- 
tude the soft photon flux at all atmospheric depths 
would be expected to slowly decrease. The sporadic 
x-ray fluxes that frequently occur in the auroral zone do 
not contribute to the counting rates shown here. The 
auroral zone x rays have a much steeper spectrum and 
few photons above 150 kev are encountered. The aurora! 
zone x-ray differential spectra vary about as / 
the soft cascade photons have a very fl 
as E 

(5) The experimental apparatus used was de 
primarily to study the sporadically occurring aurora] 
zone x rays which have intensities as high as 100 photons 


at spectrum going 


signed 
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Counts em™’*sec™ 








20 30 
Atmospheric depth, g cm™* 
rate 


The balloor 


hic. 6. Extrapolation of the count 
ratio to zero atmospheric depth. ’ 
6.5 g cm, 
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cm * sec ' above 25 kev. Their average energy is also 
somewhat lower than the subcascade photons discussed 
here thus making a small crystal a desirable choice. The 
experimental results concerning the cascade photons 
could be improved by making the size of the scintillation 
crystal larger. A reduction in the size and uncertainty of 
the photoconversion efficiency correction and improve- 
ment in the statistical accuracy would improve knowl- 
edge of the flux versus depth curve including a better 
determination of the intensity maximum. Knowledge of 
the angular distribution of the photons would provide 
more accurate absolute flux values than those reported 
here. That measurement, however, would require a 
much more refined experiment than the present one 
which involves only a single unshielded crystal. 

(6) Omnidirectional particle fluxes as determined 
from a thin-wall Geiger tube and the vertical directional 
fluxes from a thin-wall counter telescope have been re- 
ported here. These were determined during August of 
1959, a time when solar activity was still generally hig] 
and the primary cosmic-ray flux depressed. The last 
Forbush decrease before the measurements occurred on 
July 18, and for about 5 days before the observation the 
Deep River neutron monitor was quite level. The flux 
values determined from the two counters as a function 
of atmospheric depth appear in Fig. 1. 

(7) Although the results here are in general agreement 
with the rocket observations of Northrop and Hostetler, 


they do not seem to bear out results also obtained in 
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Fic. 7. Comparison of the present bal results with 


other workers 
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observations obtained by 

rockets by Kuperian and Friedman‘ during 1955 at a 
geomagnetic latitude of 41°. In particular these workers 
find a well defined maximum in the differential photon 
energy spectrum at 100 kev when the rockoon system is 
floating at a depth of 35 g cm™*. At this depth the 
present results do not reflect a corresponding marked 
flattening of the integral spectrum. 
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\ detailed analysis is made of the possible conversion of muoniun 
ments. An assumed fefle weak interaction of the ust 


in vacuum, even in the presence of reasonable extern 


least 10, and probably f magnitude 


muon 


at 20, orders a) 


by. the numbers of collisions during a 
temperature is less than about 10 


is suggested 


I. INTRODUCTION 


T has been suggested'? that muonium may be able 
to turn into antimuonium spontaneously. A specifi 
example’ of an interaction with this effect is 


* This work was supported in part by the U. S. Atomic Energy 
Commission and by the United States Air Force under a contract 
monitored by the Air Force Office of Scientific Research of the 
Air Research and Development Command and the Office of 
Naval Research. 
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3S, L. Glashow [ Phys. Rev. Letters 6, 196 (1961) ] has remarke 
that only the charge-conjugation-invariant part of // can cor 
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! form and strength gives a probability of 2.5 1 


al electric fields. Ina solid the probability is less by 


In an inert gas the probability is roughly to be divided 
lifetime, 


and her ce i 


juite small unless the pressure at room 


Ire does not help \ possible ¢ 


H=Chyr(1 +73) vba (1+y5)¥e, 


(1) 


1 a matrix element for conversion of 


) into M(=u equal to (M!H|M)=8. 2, 
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where 
6= 16C /wa?= 2.1X10-™ ev. (2) 


[ This applies in both the F=1 and F=0 1S hyperfine 
states. Here a is the Bohr radius (m,e?)—!, and C is 
taken equal to the usual 8-decay coupling constant 
Cy.] We shall discuss the M— M charge-exchange 
process in detail, with emphasis on effects due to the 
environment of the muonium; these effects are im- 
portant because 6 is so small. 


II. MUONIUM IN VACUUM 


First we consider the case of muonium in a vacuum, 
in the presence of static external electromagnetic fields 
which break the original M—M degeneracy by an 
amount A. The true energy eigenstates are then not 
M,M but instead: 


M,)=[2W(W—A)}*@| M)+ (W—A)|M)), 
M:)=(2W(W+4)}-(—8| M)+(W+a)|), 


(3) 


with energies differing by an amount 
hk, — F.=W=( 6 27+ A*)!. (4) 


If at /=0 the system is pure muonium, then at time / 
it will have developed an antimuonium component 
equal to 


(MW W(t) =(M M,XM, M)e-iEit 
+(M|M:M-! M)e~ ‘#2 
je Mei B2)+(5%/2W) sin We (5) 


and the probability that the muon decays as w rather 
than p* is 


° 


= ° ™ 6 
pi)= f he! | (M | W(t)) P= — : . © 
' 2( 6 |?7-+- A*+A?) 


where A=3X10~-" ev is the muon decay rate. 
In the absence of external fields, 


P(M)~((6\2/2d2) =2.5X 10-5, (7) 


a probability that does not seem too low for experi- 
mental observation. The signature of an M—>M 
charge exchange is the emission of a fast e~ with an e* 
left behind, instead of the reverse. The probability that 
the e* emitted when the u* decays in ordinary muonium 
should give up > 10 Mev of its energy to the bound e 
may be estimated semiclassically by folding the Bhabha 
cross section into the Michel spectrum shape, and 
comes out ~10~"; hence a fast e~ is a sure sign that 
M was formed. 
Clearly external fields will quench the M—M 
conversion unless 
AKW~dA=3X10-™ ev. (8) 
It may be surprising that charge exchange is un- 
quenched for A> 6 as long as AX); the reason is that 
as A increases beyond 6, M, approaches M and M, 
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approaches M, but also the interference “beat” between 
M, and M2 speeds up. 

In estimating A it is important to note that a constant 
electric field gives no contribution. This is because the 
only scalars that the energy may depend upon in a 
state with angular momentum J are E? and (E-J)? 
(since E-J is pseudoscalar) ; both scalars are even in E 
so that they are the same for M and M. In the presence 
of an additional constant magnetic field H, A will still 
be zero for states with H- J=0, since the energy can at 
most depend upon E*, (E-J)?, (E-H)*, H’, and 
[J-(EXH) }, all of which are even in E and H. The 
1S M and M states with F=1, F.=+1 are split by a 
constant field in the z direction by an amount |A 
~eH/2m_.; thus, in order to avoid quenching in these 
states, H, must be kept below about 0.01 gauss. 

In an inhomogeneous electric field, A will contain 
only odd powers of E, and since M and M are neutral 
the lowest term will be of order /*; to lowest order in 
gradients this term is* 


A= (213/8)e—*a®E- 9 (E?). (9) 


For fields varying in distances of order 1 mm, this gives 
A<) for E<10* v/cm, and so we may safely ignore A 
for any reasonable external field. 


III. MUONIUM IN CRYSTALS 


If muonium is trapped in an ionic crystal, A [as 
given by (9) ] will be of the order of several ev, lowering 
P(M) by a factor ~10-*’. However, in substances 
composed of neutral atoms, such as molecular crystals 
of the inert gases, this term in A will be many orders 
of magnitude smaller. In such substances the main 
contribution to A will arise from the overlap of the 
muonium and crystal atom wave functions, in the same 
way that the repulsive force between crystal atoms 
arises from the overlap of their wave functions. If we 
write the energy of M in a crystal as +E£y=—Fy 
—Ke+kx, where the three terms represent energies 
due to Van der Waals forces, ordinary electrostatic 
forces (due to overlap), and exchange forces, then the 
energy of M is —Ey+ Ez, so A is —2Eg+Exy. If for 
illustration we assume that these energies have the 
same ratios as for the neon-neon interaction,® then 
Ex~™4tke and Ex—ke~jFy so AX} Ey. In any 
case it seems reasonable to estimate A as being not less 
than the crystal binding energy per electron, which for 
neon (where it is particularly low) is 0.40 kcal/mole 
=1.7X10-* ev, electron. Even here the M — M con- 
version is quenched by a factor <10 

Several new features enter for muonium trapped in 
other materials. For example, in semiconductors’ the 


*The numerical factor here was computed together with C 
Schwartz, using a method developed by him in Ann. Phys. 2, 
156 (1959). 

®V. Deitz, J. Franklin Inst. 219, 459 (1935 
J. E. Mayer, J. Chem. Phys. 2, 252 (1934 

°G. Feher, R. Prepost, and A. M. Sachs, Phys. Rev. Letters 
5, 515 (1960). 
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M-+M conversion is stopped more often by p—e 
system being broken up than by muon decay. A 
generalization of the argument leading to (6) gives in 
this case 


P(M) < |6| /4AA=2.5X 10-5(4/2A), (10) 


which is larger than before but still much too small. 
(This upper bound is attained only if every M breakup 
leads to an observed ~~ decay or absorption, and if 
every M breakup leads to M being formed again, and 
if the average breakup rate of M and M is equal to A.) 
Another effect which slows down the M— M process 
arises in materials with a large dielectric constant €; 
a is increased’ by a factor e, decreasing 6 by «* and 
also increasing A. An effect which could, in principle, 
increase the chance of seeing antimuonium is the direct 
decay of M into M or free u~, e+. Since the energy, A, 
available is so tiny, this process is extremely slow 
compared to ordinary muon decay, for any coupling C 
comparable to the weak interactions. In fact, it will 
also be slow compared to M — ».+%, whose rate is 
~10~° that of w decay. The reason we are so much 
better off looking for a “*Gell-Mann—Pais”’ effect is that 
6 goes as Cy? while \? goes as Cy‘, as pointed out by 
Pontecorvo.! 

One may also ask what happens if we try to drive 
muonium into antimuonium by adding a time-varying 
external contribution to A. It can easily be shown that 
we can never do better in this way than with A=0. 
If A has a constant part Ao which we try to counteract 
with a varying part A; sinw/, and if | Ap—nw|<<w for 
some integer n, then 
6° 


P(M)~ J ,7(Ai/@). (11) 


2Dr2-+ (Ao— nw)? 


It is probably impossible to find any practicable values 
of m, w, and A; with which we could eliminate the 
quenching due to a Ao of order 10°*— 10 ev. 

Evidently it is hopeless to look for M — M conver- 
sion in a solid or liquid, if 6 is as small as estimated in 
(1). Since 6 could conceivably be much larger, it might 
be worthwhile to check whether M— M is actually 
absent in a molecular crystal. 


IV. MUONIUM IN GASES 


In treating the M—M process in a gas we shall 
assume that the muonium system is scattered inco- 
herently by the gas molecules, except of course for the 
coherent forward scattering responsible for the index 
of refraction. However, we do not want to assume that 
in general the muonium simply moves classically from 
molecule to molecule. In this situation it seems essential 
to use a statistical matrix treatment. 

Suppose that we refer to the sequence of elastic 
scatterings up to time ¢ as a “history” H, with proba- 
bility P(H). [The sum of the P(#) is the probability 


7G. Feher, Phys. Rev. 114, 1219 (1959) 
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that a decay or inelastic collision has not yet occurred, 
and hence vanishes as t—> «.] Each history gives rise 
to a 2-dimensional state vector «(H) with components 
u,=(M |W) and u,.=(M |W), normalized in the sense that 
\|ae||2= | 2012+ | #2|2= 1. (12) 

The statistical matrix p(t) is defined as 
p(t)= don P(A)u(A)ut (ff). 
At time /’=/+d1, the history H’ might consist of either: 
(i) A history H followed by elastic scattering through 

an angle @, giving 


u(H’)=F(0)u(H)/\|\F (0)u(A)\\, 
P(M')=\||F (0@)u(H)||?P (A) nrdt, 


where F'(@) is the matrix 


f(@) =O 
ro=( ; ), 
0 f(0) 


and m is the number density of gas molecules, v is the 
muonium velocity (assumed fixed), and f and f are 
the M and M elastic scattering amplitudes. 

(ii) A history H followed by no decay or collisions, 
except for the unavoidable coherent forward scattering. 
This gives 

u(H’)= (1+ Adt)u(H)/||\(1+Adt)u(H)|\, 
P(H’)=1—u(H)'Bu(A)dt, 


(13) 


(14) 
(15) 


(16) 


(17) 
(18) 


where 


2rini 
k 
A= | 
| 
} 
| 
L 


2rinv 


; 
4(0)—i2,— -| 
) 


(20) 


Ww, +} 0 
-| | 
Q @-+Xr 


Here £y and Ey are the M and M energies between 
collisions, k=m,v, and w, and @, are the total (elastic 
plus inelastic) M and M collision rates. It follows from 


the optical theorem that 4-+A'=—B, so that 


P(H')=)|\ (1+ Adt)u(H)|\. (21) 
Now at time /’ the statistical matrix is 
p(t’) =o PCN’ )u(A’)u(’) 
You Pu | nedt f F(@)u(H)u(H)'F'(@)ae 


| 


+ (1-4+Adiu(H)u(H)*(1+-Aat)* | 


heat fF @p(OF'(6)ae 
+(1+Adt)p(t)(1+Adt)t, (22) 
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and hence, finally, 


(23) 


dp/dt= Ap+pA tno fF (O)pF' (@)dQ. 


We have derived here four coupled linear differential 
equations for the four components of p(¢). It might be 
necessary to go through the straightforward but tedious 
task of solving them if (as in an experiment with gated 
counters) it were necessary to know the time depend- 
ence of p(t). We shall only solve for P(M). 

It will be assumed that an M—M conversion is 
registered if either the muon decays as a uw or an 
inelastic collision breaks up the we system into a u 
and e*, the u subsequently decaying or being absorbed. 
The rate for either occurrence is @=@,;+A, where @, 
is the rate for inelastic M collisions. (The corresponding 
rates for M are w; and w=w;+ A.) Hence 


P(M)=aM'\1 M), 24 


r= f o(odt 


lf we integrate (23) from 0 to x 


where 


, and use the fact that 


| ne f FOIE (A)dQ2, (26 


inear algebraic equations 


0, we obtain 


1 O 
( ) p\0 (J+J A 
oO O 


and solving thes« 


p(x) 


tour 


M 


where now 
A=Ap— Re, 


A= Ao— (2401 ( f(0)— f(O) |—Imé. 
Also 


Ap=ky—-E 


is the M-—M energy split between collisions, 
Ao=A3(@- + @-) (, 


is the average rate of collisions or decay for M and ! 


and 
& -no f f(0) (Ode 


The parameter & represents the degree of coherence 
between the phase of the elastically scattered M and 
M. We always have 


& <4 (w; T D < Ao, 4) 


> 


AND S. 
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we and @,» are the elastic collision rates: 


w= wf (0) 7dQ 
Or= wf f(0) 2dQ 


The terms in A involving {(0) and f(0) represent the 
fact that a difference in index of refraction can act like 
a mass splitting. 

We will examine the behavior of P(M) in both the 
high- and low-temperature regions, defined by the 
conditions that kR>1 and kR<1, respectively, where 
R is an interaction range of the order of 10-5 cm. At 
room temperature kR™1 for thermalized muonium. 

For kR>1, many partial waves contribute to /(@) 
and f(@). Since these may partially cancel in & but not 
in we OF @g, We expect that inequality (34) becomes 

&|<Ao, so that A~ Ap. Furthermore, 


W here 


WetA—w, 


arnt 7Nt 


Re f(0) » (2/+-1) Im[e . 
If every term in the sum had its maximum value (up 
to ~kR), this sum would be of order ruvR?~w,. Since 
there will be many cancellations, we expect that 


(2rnv/k) | Ref(0) 


and likewise for 
(see below) we 


f(O). Assuming also that | Ay) <A 


have now A Ap, and (28) becomes 


P( M I~ 6 JwAo. (37) 


(This result may also be obtained by assuming that 
after each elastic collision the we system is an incoherent 
mixture of M and M.) 

At all reasonable temperatures in a dilute inert gas, 
wy will probably be small compared to \. It is known 
experimentally® that a good fraction of the muonium 
formed in argon at room temperature and 50 atm 
lasts long enough for the u* to decay. (The same is 
probably not true for M.) Hence w™), so that 


P(M)~|6\2/2XAp= 2.5XK10-9/.N, (38) 


where .V = Ao,/A is (for large .V) the mean of the number 
of collisions suffered during a muon lifetime for M and 
M. It makes no difference whether the M collisions are 
elastic or inelastic, providing that an M breakup is 
detectable through » decay or absorption. We may 
estimate .V roughly (for V>1) as 


No~anvR?/\—~2 (RR) Rn/m,d 
~n(kR)/ (3X10 


cm™~*), (39) 


3X10" cm to 
(In the 


need n< 
»>M process. 
K. Ziock, and 


so at room temperature we 
avoid quenching of the M 
*V. W. Hughes, D. W. McColn 


Phys. Rey 1960 


Letters 5, 63 
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experiment quoted,’ V was roughly 10° and hence C 
would have to be 10° times larger than Cy to have 
produced one M per 105 M.) Raising the temperature 
improves our approximations but worsens the situation. 

For kR<1 the scattering amplitudes f(@) and f(@) 
approach constants a, d. In this limit 


A—A4+3(@.+0,)+2rnv|a—4a 


>A+4a), (40) 


A —> Ay— (2rnv, k) Re(a— a) —4an0 Im[aa* ] 


> Ay— (2rn/m,) Re(a—@). (41) 


In deriving (41) we are using the fact that there are 
exothermic inelastic channels open to M (transfer of 
to a low Bohr orbit about a nucleus) so a, 
becomes constant as 12 


the be 
>Q, while we, wy, and @» all 
tend to zero. Unless Rea and Red happen to be equal 
(which seems highly unlikely), A—Ao will be of order 
mR/m,, or roughly as large as w, or @, would be for 
kR=1. We are assuming that Ap is less than this, and 
it seems reasonable that A-+3q@, is not much greater 
than this, so 


6 2(\+3a,) 25X10 


P(M)= = ; 
(rnR/m,)° rv" 
where 


arRn/m,\~n/ (3X 10'° cm’), (43) 


Hence the index of refraction effect prevents the 
lowering of the temperature (with # fixed) from being 
of any help in preventing quenching. 

We have been making the assumption that the M@—M 
energy split between collisions Ay is less than Ag, which 
in turn must, to avoid quenching, be not much greater 
than A=3X10-" ev. This condition applies not only 
to the part of A» arising from external fields, but also 
to the part due to the “tail” of the interactions between 
Vor M and the gas molecules, and is needed to ensure 
that the scattering is actually incoherent. 

In order to see whether Ap<A in an inert gas, we 
must take account of two types of interaction between 
we and the gas atoms. One is a “‘dispersion’’ force, 
arising as a term of second order in the dipole-dipole 
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interaction (~r*) and of first order in the quadrupole- 
quadrupole interaction (~7r~®), and hence varying as 
r-'!. (There are no terms of total order 1 since the 
systems are neutral and none of total order 2 since 
they would not contribute to Ao. There are no terms 
of third order in the dipole-dipole interaction because 
they would not conserve parity.) If we assume that in 
atomic units (a.u.) Ager" then Ag™A for r-~10 a.u., 
or about 10~7 cm. 

A second kind of interaction arises from overlap of 
ue and gas atom wave functions. Such terms vary 
exponentially with r. If we assume that in atomic units 
Aye", then Ayp™A for r-~25 a.u., or again about 10-7 
cm. This sets an upper bound on w of about 107! cm~, 
which is much less stringent than the limit set by 
collisional quenching. 


V. CONCLUSION AND PROSPECTS 


It is clear that we can only hope to see muonium 
become antimuonium in a very dilute inert gas, with 
n<3X10 cm (At room temperature this would 
mean p<10-4 atm.) Since there seems little hope of 
forming muonium in such a medium, we must look for 
some way of forming it in a solid and getting it out 
into the gas in a short time. The best chance seems to 
be to pass a w* beam through a series of many thin plates 
with dilute argon or vacuum in between, and hope that 
a sufficient fraction of the muonium formed in the 
plates can diffuse out and not be adsorbed. The energy 
of the u* beam, plate spacing, plate thickness, and plate 
material should be chosen to maximize this probability. 

For a discussion of the implications of observing 

Mf, see reference 2. 


M—M, 


ACKNOWLEDGMENTS 


We should like to thank many of our colleagues for 
their comments and suggestions. In particular we 
would like to thank Mr. J. B. Adams, Professor F. J. 
Dyson, Professor R. Gomer, Professor M. A. Ruderman, 
and Professor C. Schwartz for enlightening discussions. 
We are also grateful to Professor V. Hughes, Professor 
L. M. Lederman, and Professor V. I. Telegdi for 
comments on possible experiments. 





PHYSICAL REVIEW VOLUME 1 


? 


,. 


NUMBER 4 


Angular Distribution of Protons from = — >) Scattering at 900 Mev* 


Bocpan C. Macuic,t Bernarp T. FELp,t AND Carot A. Dirrey 
Physics Department and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received April 10, 1961) 


The shape of the x~— p differential scattering cross section in the backward hemisphere should be sensitive 
to the nature of the ‘‘resonances” assumed to be responsible for the peaks in the total cross section at 600 
and 900 Mev. The angular distribution of protons scattered in the forward hemisphere by pions of kinetic 
energy around 925 Mev, corresponding to pion c.m. angles from 65 deg to 150 deg, was obtained by placing 
nuclear emulsions close to liquid hydrogen and by measuring the direction angle and the grain count of every 
proton track. It is shown that the sensitivity of emulsions in the temperature region 22°K < T<90°K does 
not drop below 85° % of the sensitivity at 300°K. The resulting distribution is consistent with the assignment 
of Dy and Fy}, respectively, for the 600- and 900-Mev levels. 


I. INTRODUCTION 
K )LLOWING the experiment by Frisch ef a/. on the 


m—p cross section,’ which first resolved the broad 
maximum near 900 Mev into two clearly separated 
peaks,? the question of the properties of the states re- 
sponsible for these peaks has been the subject of con- 
siderable speculation. From the absence of the peaks in 
x*—p cross section,’ it may be concluded that both 
states have isotopic spin ¢= 3. On the basis of the pion 
photoproduction measurements, Wilson suggested that 
the peak at 600 Mev corresponds to an excited state of 
the nucleon characterized by the angular momentum 3.+ 
The 900-Mev level apparently corresponds to the ¢= 4, 
J > excited state originally postulated by Cool et al.* 
but not resolved by them from the ‘=}, J=} peak. 
However, the assignment of pion orbital angular mo- 
mentum for both of these levels is ambigious: The 600- 
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+ Now at Lawrence Radiation Laboratory, Berkeley, California. 

t On leave of absence at CERN, Geneva. 

1H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. M. Ritson, 
D. O. Hill, R. A. Schluter, and M. A. Wahlig, Phys. Rev. Letters 2, 
119 (1959). 

27R. Cool, O 
(1956). 

3 See, however, P 
Letters 4, 536 (1960). 

* Robert R. Wilson 


the auspices of the U. S. Atomic Energy 


Piccioni, and D. Clark, Phys. Rev. 103, 1082 


Carruthers and H. A. Bethe, Phys. Rev 


Phys. Rev. 110, 1212 (1958). 


Mev level could be either Py) or D,},> while the higher 
one could be D;', or Fy}, or could have J > $. The cross- 
section data are shown in Fig. 1, in which are plotted the 
results of recent measurements on m—p and r*—p 
cross sections.® 

Information on the parity of the 600-Mev level comes 
from measurements of the polarization of the recoil 
protons in the reaction y+ p — p+”. Stein,’ confirmed 
by Connolly and Weill,’ presents strong evidence that 
the parity of the 600-Mev level is opposite to that of the 
300-Mev level (well known to be P;'), thereby identi- 
fying the 600-Mev level as D;). However, interpretation 
of the measurements by Stein is not completely un- 
ambigious,’ and the possibility still remains that the 
level may be P;'. The interpretation of the 900-Mev 
level is still more uncertain; in the absence of definite 
evidence (either pro or con) we adopt the prevailing 
hypothesis that this level may be F;}.° 

If the nature of one of the levels were established, 
the different possible interpretations of the other could 
be checked by observation on the angular distribution 
of pions elastically scattered in the energy region in 
which the two levels interfere. This possibility is illus- 
trated by the curves in Fig. 2, in which we show the 
angular distributions which would result from pure 
resonant scattering (Sec. III. B) under the two assump- 
tions discussed above. When the diffraction-scattering 
contribution is added to these curves, it will completely 
dominate the scattering in the forward hemisphere. 
Only the angular distribution of + mesons in the back- 
ward hemisphere will be relatively unaffected by the 
diffraction scattering, and thus useful for making a clear 
distinction between the two hypotheses. In making this 
comparison, it does not seem necessary to know the 
absolute differential cross section but only the relative 
values (the shape) between 90 deg and 180 deg (c.m.) 
Since the backward pion angles correspond to forward 

5 In this notation the superscript stands for isotopic spin ft, and 
the subscript for total angular momentum J. 

* T. J. Devlin, B. C. Barish, W. H. Hess, V. Perez-Mendez, and 
J. Solomon, Phys. Rev. Letters 4, 242 (1960). 

7P. C. Stein, Phys. Rev. Letters 2, 473 (1959). 

§ P. L. Connolly and R. Weill, Bull. Am. Phys. Soc. 4, 23 (1959 

9G. Bernardini, summary report at the Ninth Annual Inter 
national Conference on High-Energy Physics, Kiev, 1959 
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angles of the recoil protons, an alternative approach is 
to measure the proton angular distribution in the for- 
ward hemisphere. 


II. EXPERIMENTAL METHOD 


A. Use of Nuclear Emulsions at 
Low Temperatures 


The most accurate proton angular distribution meas- 
urements at low energies have been performed with 
nuclear emulsions. However, comparable accuracy has 
in general not been achieved in experiments at high 
energies, owing mainly to the very high general back- 
ground at accelerators and the low intensity of the in- 
vestigated beams; hence, the nuclear emulsion-—an 
instrument incapable of time discrimination—has been 
used mainly as a qualitative tool. But the measurement 
of grain density allows for momentum determination 
over a relatively wide range of proton momenta; this 
suggests that, with the help of the kinematics of the 
(two-body) proton-emitting reaction in question, one 
should be able to discriminate the relevant proton tracks 
from the general background by accepting only a certain 
grain count at a given angle of proton emission. With 
this idea in mind we have made a set of measurements! 
with nuclear emulsions, referred to both angular and 
time distributions of the background, at the Brookhaven 
Cosmotron (Fig. 4). We found that (a) the angular 
distribution of the background is nearly isotropic; (b) 
the intensity of the background is proportional to the 
time of exposure, almost independent of the fluctuations 
of the machine-beam intensity; and (c) it is peaked at 
the ionization minimum but has a broad velocity dis- 
tribution. From these studies we concluded that emul 
sions could be used as an angular-distribution and 


1B. T. Feld and B. C. Magli€, Massachusetts Institute of 
Technology, Cambridge, Massachusetts, Laboratory for Nuclear 
Science Progress Report, August 31, 1956 (unpublished), p. 69 
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polarization detector in reactions such as r—p scat- 
tering, provided that the true track-to-background ratio 
could be increased by a factor of 10 to 100 over its 
normal value, thus allowing short exposures. This could 
be achieved either by increasing the z-beam intensity by 
the same factor—an unrealistic objective at the time 
we were planning our experiment—or by placing the 
emulsions so close to the target (into the liquid hydrogen 
or in between it and the liquid nitrogen cooling agent) 
that the same factor is gained in the solid angle. 

The behavior of emulsions at low temperatures has 
been studied by Waniek et al."' Their results indicated 
that large variations of the emulsion sensitivity are ex- 
pected in the temperature region between liquid nitro- 
gen and He; e.g., the liquid nitrogen sensitivity was 
reported to be about 75% of the 20°C sensitivity, while 
at the temperature of liquid He it returned to 88% of 
the value at 20°C. Since such variations, if real, would 
make any energy measurement based on the grain count 
unreliable, we decided to remeasure the emulsion sensi- 
tivity in the temperature region from 22 to 90°K, with 
no special precautions taken for accuracy, but only to 
see if the sudden drops of sensitivity occurred anywhere 
in this temperature region. The temperature was meas- 
ured with a copper-constantan thermocouple; linearity 
of emf vs temperature was assumed between the boiling 
points of hydrogen and nitrogen. For none of the 30 G.5 
pellicles did the grain count of the minimum-ionizing 
particles drop below 85% of the sensitivity at 20°C; 
most plates showed 87% of the grain count at 20°C. 
Typical grain-count values obtained are plotted in 
Fig. 3, together with the measurements by other 
authors. We did not find any sensitivity drops larger 
than those shown in the figure, in the emulsions used 
later in the actual experiment. However, since it is 
possible that sensitivity varies from batch to batch, and 
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Fic. 3. Relative sensitivity of nuclear emulsions as a function of 
temperature. The triangles are our points; all other points are 
those of Waniek (reference 11). 
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depends on the warming-up and the development pro- 
cedure as well, we do not claim any quantitative accu- 
racy for the results shown in Fig. 3."* Nevertheless, we 
conclude that emulsions can be used in grain-count 
measurements between 22° and 90°K. This has enabled 
us to subtend a solid angle about 50 times as large, in the 
experiments with liquid H2 as target, as would have been 
possible if we had had to place the emulsions outside the 


target. 


B. Experimental Arrangement and Procedure 


Figure 4 shows the beam geometry and the target- 
detector array at the Brookhaven Cosmotron. Negative 
7 mesons, produced in an internal copper target, passed 
through a pair of strong-focusing magnets and a de- 
flecting magnet. The median pion energy was 925450 
Mev; but taking into account the large energy spread 
and the shape of the resonance peak (Fig. 1), our 
“effective” pion energy was 892 Mev. 

The target was placed behind a 12-ft Cosmotron 
with a 6-ft-thick wall and 
’ with a 


shield in a concrete ‘‘house”’ 
with a 1.5-ft steel roof. In a previous run" 
dummy target this shielding was found sufficient to re- 
duce the background to 10% of its intensity without the 
house. The standard liquid hydrogen target used, with 
liquid nitrogen as a cooling agent, was originally de- 
signed by Lindenbaum. In order to avoid uncertainties 
due to the presence of material between the liquid 
hydrogen and the emulsions, we eliminated the usual 
metallic container (bronze foil), and poured the hydro- 
gen straight into the Styrofoam container. The liquid 
hydrogen volume was 20X 4X15 inches. The emulsions 
were placed in long slots in the Styrofoam walls, both 


2 We used Ilford G.5, 400 and serial Nos. 236, 9779, and 
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left and right of the beam center, } in. from the liquid. 


Two such identical target assemblies were used alter- 


nately, with a number of spare Styrofoam containers. 
(The relatively thin Styrofoam walls between He and 
the emulsions were likely to break owing to low- 
temperature stresses; two such breaks actually occurred 
during the experiment.) The temperature at the center 
of the batch of pellicles was about 55°K. The plates 
(3X5 in.) in one position (forward) covered an angular 
range from 5 to 80 deg (12 to 164 deg c.m.), while the 
other (middle of the Styrofoam container) covered the 
region from 15 to 90 deg (35 to 180 deg c.m.). Two 
Victoreen ionization chambers were placed on each side, 
2.5 in. from the beam center, against the target box, to 
monitor the radiation received by the emulsions. The 
ratio of the irradiation inside the target to the Victoreen 
reading outside the chamber was determined prior to 
the main run. The Victoreen readings were taken every 
15 minutes during the exposures. A maximum irradia- 
tion dose of 25 mr to the plates was allowed. 

A x-meson counter telescope was used to monitor the 
pion beam behind the target. An average intensity of 
about 10° x/cm? per 10" primary protons was obtained 
during each run. The beam was collimated to 3X3 in. 
The lateral intensity distribution, measured by the 
counter telescope, is shown in Fig. 5. The angular spread 
of the beam was estimated to be + { deg. 

We made four exposures with the x” beam. In each of 
the four exposures an integrated flux of 3X 10° 7 mesons 
was incident on the target in about 3 to 4 hours. The 
exposures were: (a) target completely empty ; (b) nitro- 
gen in the cooling system, hydrogen container empty; 
(c) and (d) actual runs with liquid hydrogen. The 
emulsions were brought to room temperature slowly and 
developed by a standard technique. The minimum grain 
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count was determined from observing the m—yu—e 
decays. 

The true-to-background ratio was determined to be 
26:1 by counting the number of tracks per unit area of 
the 600 pellicles in runs (c) and (d) and comparing it 
with the same number from run (b). Typical numbers 
obtained at three different positions from the beam 


center are shown in Fig. 6. 


C. Analysis of the Plates 


The front region of each pellicle was scanned parallel 
to the front edge, from the middle of the pellicle out- 
wards. The grain count and the direction angle of every 
track were measured. A 330- field of view was used to 
measure the angle; a magnification about two times as 
large was used to measure the grain count. The resulting 
distribution was plotted on a diagram of grain count 
g vs angle ©, in which each track was represented by a 
dot. A typical experimental distribution for three plates 
is shown in Fig. 7. The solid lines represent the upper 
and the lower limits to the acceptable grain count. The 
width is due mainly to fluctuations in the grain count 
for cool emulsions and the energy spread of the initial 
beam, but other factors (target and the emulsion thick- 
ness traversed) were taken into account as well. 


D. Corrections and the Result 


Po the angular distribution of proton tracks, as ob- 
tained from each plot like the one in Fig. 7, two geo- 
metrical corrections were applied, (a) target geometry 
correction, and (b) detector geometry correction, so 
that the angular distribution at every angular interval 
is multiplied by the geometrical correction factor 
dQ 


L(©) A(@) 


(1) 


(45 deg) A(45 deg) dw 


where L(@)/L(45 deg) and 4(@)/A (45 deg) are nor- 
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malized target length and detector area, respectively, 
and dQ/dw is the conversion from lab to c.m. solid angle. 

Apart from the geometrical corrections (a) and (b), a 
correction (c) was first made for total background due to 
both the inelastic processes in x + / interaction and th« 
general background. The number of dots per unit area 
was determined in that part of the g—© diagram ad 
jacent to the region of acceptable grain counts. We as- 
sumed that this gave also the approximate number of 
background particles in the region of the acceptable 
grain count, and subtracted it from the number obtained 
in each angular interval. This amounted to a correction 
of 2% to 8%, depending on the angular interval. From 
the known data™ on the cross section, and angular and 
momentum distributions of the inelastic process at 1 


cor ee 
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7. Direction angle vs grain count distribution; typical 
experimental data obtained from four pellicles 
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Fic. 8. Differential cross section for +~+) scattering vs cosé. 
where @ is the pion scattering angle in the center-of-mass system 
Typical numbers of protons are given next to some of our points 
The data on Erwin and Kopp (histogram) are obtained at 950 
Mev pion energy. The curves are discussed in Sec. III. A 


Bev, we estimated the expected background and found 
it to be in rough agreement with the observed 
background. 

At small angles, less than 8 deg in the laboratory 
system, the proton tracks cannot be easily discriminated 
from those of x mesons. The ratio of specific ionizations 
is 1.06 to 1.1, and it rises rapidly with increase of the 
angle. Thus the point at cosO= — 0.9 is less reliable than 
the other points. 

In all, about 1600 tracks were measured. After all the 
corrections were applied to the observed distribution, 
the points were plotted against cos@,, the pion scat- 
tering angle in the center-of-mass system shown in 
Figs. 8 and 9. Typical numbers of protons are given next 
to some of the points in Fig. 8. About 7/10 of the indi 
cated errors are statistical in origin. The rest arise from 
uncertainty in normalizing our points to the absolute 
values of the differential cross section. 


Ill. INTERPRETATION 


A. Comparison with the Results of 
Erwin and Kopp 


In Fig. 8, our results are compared with those of 
Erwin and Kopp," who observed elastic r~—p scat- 
terings in a hydrogen bubble chamber. The main differ- 
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Fic. 9. Differential cross section for *~+>) scattering vs cos@, 
where @ is the pion center-of-mass angle. The experimental points 
are the same as those in Fig. 8. The curves are calculated in 
Sec. IIT. B. 


ence between their data and ours is in the angular 
dependence in the region of cosO,~ —0.5. 

This difference, although not far outside the statistical] 
accuracy of their results and ours, serves to emphasiz« 
the difficulty of drawing firm conclusions, even of a 
qualitative nature, on the implications of such ob- 
servations. Thus Erwin and Kopp had concluded, on the 
basis of the curves shown in Fig. 8, that the cross section 
at 950 Mev contains little “‘spin-flip” scattering, a 
conclusion which could not be drawn from a comparison 
of the same curves with our data. 

The three curves drawn in Fig. 8 were computed on 
the following basis: 

The curve labeled P; assumes pure spin-independent 
scattering (see Appendix I); it is a least-squares fit of 
the data of Erwin and Kopp to the formula 


da 


4 
X- 7. (2/1 +-] la, P (cos@)) 


dQ 


e*! siné;. The curves labeled P+D and D+F 
f(0)'=0 


with a, 
assume pure spin-flip scattering, i.e., 
Appendix I) with the main contributions to g(@) arising 
from scattering in, respectively, the P;) and D;} state 
and D;! and F;! states. Our data, in contrast with those 
of Erwin and Kopp, favor their D—F spin-flip curve. 
However, as discussed in the following section, the 


(see 


analysis cannot be made on so simple a basis. Scattering 
in two resonant states which would lead to appreciable 





ANGULAR DISTRIBUTION OF 
spin-flip, would also have an appreciable influence on 
the non-spin-flip scattering, in particular through inter- 
ference with the nonresonant “diffraction” scattering 
which would arise from pion absorption and inelastic 
scattering, expected to be important at the energies of 
these experiments. It is also important to note that the 
rapid variation of phase shifts with incident pion 
energy, a characteristic of the resonant nature of the 
scattering, could lead to appreciable variation of the 
shape of the angular distribution with incident pion 
energy. Thus, the relatively small difference in the 
effective pion energy between our experiment and that 
of Erwin and Kopp might account for the difference, if 
real, in the observed angular distributions at large pion 
scattering angles. However, the data of the Bologna 
group'® (obtained at a pion energy halfway between 
that of our experiment and the experiment of Erwin and 
Kopp, as well as the very recent data of Moyer, Perez- 
Mendez, ef al.'®*) show features more similar to ours. 


B. Phase-Shift Analysis 


When the scattering depends on the total angular 
momentum (j=/+}) as well as on /, the expression for 
the differential elastic scattering cross section becomes 
more complicated than Eq. (2): 


do/dQ= | (0) |?+ | g(6)|*. (3) 


Expressions for f(@) and g(@), the non-spin-flip and the 
spin-flip amplitudes, respectively, are given in terms of 
the phase shifts 6;,:4; in Appendix I. In the case of a 
resonance in a given state (/,7), the corresponding phase 
shift goes through 90 deg at the resonance energy. 

The resonant phase shift may be obtained in terms of 
the parameters conventionally used to describe the 
resonance through the expression" 


TP.) 


= : 
(E—E,)+i(1/2) 


e? 5 = geria (4) 


where F, is the resonance energy, and ’,; and I are the 
resonance widths for the elastic and total cross sections 
respectively. In general, for ',,<I’, 6 is complex, and it 
is convenient to express the amplitude 7 in terms of the 
real constants a and a. 

The resonance constants may be evaluated from the 
observed cross-section curves. In particular, at resonance 


27+1 ry 
Cig te r= tnn( ) ‘ (5) 
? T 


“~ 


'8S. Bergia, L. Bertocchi, V. Borelli, G. Brautti, L. Chersovani, _ 


L.. Lavatelli, A. Minguzi-Ranzi, R. Tosi, P. Waloschek, and V. 
Zoboli, Nuovo cimento 15, 551 (1960). See also John I. Shonle, 
Phys. Rev. Letters 5, 156 (1960). 

58 B. Moyer, talk at Berkeley Conference on Strong Inter 
actions, Berkeley, California, December, 1960 [Lawrence Radia 
tion Laboratory Report UCRL-9622 (to be published) ]. 

6 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), Chap. 8 
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/ ATTERING 
However, in the case of the observed pion-nucleon 
cross-section curves, it is necessary first to separate the 
isotopic spin 4 and 3 components, 


a(mt+p)=0(3/2), (6a) 
and 


a(m~ p)= 3a (1/2)+40(3/ 2), (6b) 


and also to subtract the background of nonresonant 
scattering before the resonant cross sections are ob- 
tained. Since there is a certain arbitrariness in this 
subtraction procedure, there is some ambiguity in the 
resonance parameters obtained by this procedure, 
especially in the energy region of interest to us. 


1. Simple Interpretation 


A number of investigators have attempted to obtain 
the resonance parameters for the 600- and 900-Mev 
resonances by the procedure outlined above.’ We have 
used the following values of the resonant phase shifts!’ 
evaluated at the pion energy 900 Mev: 


a;=0.9, a;=161.2 deg; (7a) 


as=0.7, as= 90 deg. (7b) 


We have then evaluated the differential scattering cross 
section under two assumptions: 


(a) D;—Fy combination 


All the rest of the 6;,:4; are equal to 0: 


(b) Ps;—Fs combination 


(8b) 


All the rest of the 6;,:4; are equal to 0. 
The resulting differential elastic scattering cross 


sections are plotted vs cos@ (c.m.) in Fig. 2. 


2. Resonant plus Hard-Sphere Scattering 


The above interpretation has neglected the elastic 
scattering in all states other than those of the assumed 
resonances. Clearly, a reasonable analysis must take 
into account the “potential” elastic scattering in all 
states, including those in which there is a resonance. In 
order to obtain some qualitative idea of the effects of 
such potential scattering, we have computed the differ- 
ential scattering cross section according to a crude (and 
admittedly inadequate) model, in which we have super- 
imposed the diffraction scattering that would result 
from a hard sphere of radius R= 1 fermi on the resonant 
scattering discussed in the preceding section. The (spin- 
independent) hard-sphere scattering phase shifts, as 


‘7 We are beholden to W. M. Layson at CERN for the results of 
his analysis of the pion-nucleon resonance parameters 
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obtained from the standard formula 


tand;= — Ji(RR)/ (RR), (9) 


are then combined with the resonant scattering phase 
shifts according to the prescription" 


71,,= m1 (pot)nz, ;(res), 
where 


ni(pot)=exp(276, 


and n;,, (res) is given by Eq. (4). We have included only 
terms with /<3, for which Eq. (9) gives 695= — 168 deg, 
6:=—97 deg, 62=—45 deg, and 6;=—15 deg. Using 
these values of 6; together with the resonance scattering 
phase shifts given in the preceding section, we obtain the 


cross sections plotted in Fig. 9. 
IV. DISCUSSION 


Our experimental results are compared with the com- 
puted cross-section curves in Fig. 9. The most distine- 
the strong maxi- 


tive feature of the computed curves, 


mum at cos@=~0, is clearly absent in the observations 
both by Erwin and Kopp (Fig. 
we are not inclined to regard this as a significant dis- 


be ascribed to our as- 


8) and by us. However, 


crepancy, since this peak can 
sumption of hard-sphere scattering, which is certainly 
not appropriate to the actual situation. A more reason- 
able model for the potential scattering would consider 


(gray 


in ompl te opacity 
i 7 


an absorbing sphere, wit! 


varying with position in the 
sphere, and probably with a “fuzzy” boundary. Such a 
poorly approximated by our “hard” 


rather than black), possibly 
h 
model is quite 
sphere; it would undoubtedly result in an appreciable 
reduction in the strength of the peak at approx O deg, as 
well as in diminution of the relative effects of 
potential scattering at backward angles (the differences 
between our Fig. 3 and Fig. 9). 

Nevertheless, a comparison of I igs. 3 and 9 serves to 
emphasize thé possibility of relatively important effects 
of the nonresonant scattering on the angular distribu- 
tions, even at the backward angles, and warns us of the 
necessity of taking such effects 
preting such experiments. 

Beyond this, we note espec ially irom Fig. 3 that the 
angular distributions for resonant 
markedly different in the sumptions concerning 
the nature of the second (600-Mev) resonance.'> Al- 
though our observations seem to weigh somewhat in 
favor of the D;—F, combination, in confirmation of the 
conclusions of Stein,’ we cannot presume to draw any 
firm conclusions from our data. Nor have we explored 


the 


into account in inter- 


scattering are not 


tWo- as 


the consequences of other assumptions on the nature of 
the resonances (e.g., Py—G),), or the consequences of 


varying the absorption radius R or of introducing a finit2 


* This conclusion is somewhat at variance with predictions that 
disregard the absorption in the resonances (i.e., that take a=1 
This again emphasizes the necessity of further observations to 
remove ambiguities from the interpretation of the experimenta 
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transparency in an absorbing sphere. Also, we have 
tacitly assumed that the 1.35-Bev level(s) has (have) no 
influence on the angular distribution at 0.9 Bev. 

We believe that some of the ambiguity of our con- 
clusions could be resolved by measurements of the 
polarization of the elastically scattered recoil protons. 
Although it was not possible to obtain such a measure- 
ment in our experiment, owing to the high density of the 
tracks in our plates, we believe that using nuclear 
emulsions in conditions similar to those employed by us'* 
(but with only 3 
mm?) will allow this type of measurement when using 
our result on polarization analysis by scattering in 
emulsions and an along-the-track method of scanning. 


or } of the number of protons per 
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APPENDIX I 
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The scattering amplitudes of Eq. (3) ; 
following expressions : 


re given by 


(Non-spin-flip 
1 


(cos@#) 


> Pp 


1(@)= 
2ik- 


(Spin-tlip) 


g(A,p) 


with 


N1,;= exp (2761;) 


lor a=1 (6 real), 


sno. 


1—1= 2ie 


Furthermore, for attering 6 
6;,.-;, and Eq. (A.1) reduces to Eq. (2), 
0. 

Finally, in the case of absorpt iona< lit 
to write 


spin-independent 
while g(U.p 


Is convenient 


1—n= (1—ae*'*)=)(1—¢ 


Equating the real and imaginary parts gives 


tan8= (1—a+ 2a sin’a)/a si 


and 


a 
1958 


Feld 


and | 





ANGULAR DISTRIBUTION OF PROTONS FROM - 


The use of the form of (1—7) given in (A.5) enables us to 
use all of the formulas conventionally developed for 
pure elastic scattering, with one simple substitution: 


sin6é;,; — 6 sing ,,;, (A.8a) 


cos (67, ;—-4y i*)} — cos(B, ;—Br,;-). (A.8b) 


APPENDIX II 
Using Eqs. (A.1) and (A.2) with terms including /< 3, 
the differential elastic scattering cross section may be 
expanded in a series of Legendre Polynomials 


kde /dQ= AP)» + BP \+---+GP)(cosé). (A.9) 


The coefficients .4—G are given by sums of the form (Q 


representing, successively, .1—G) = ; 
ras.e IV. D 


Q=>. } OQi;b.b; sin8; sinB; cos(B;—B;), (A.10) 
i<j 


with the Q,;; as given in Tables I-VII below. For ex- 
ample, from Table II 


B= 2b, iby a sing i sing, 1 COS(Bo,4—8 1,1) 


+4 1b1,3 sinBo,4 sin3;,; cos(B8o,3—81,3) 


+ (72 7 )be 3b 7/2 singe § sinBs 7 2 COS(B2.3—93,7 2). 


All terms not included in the tables”? have value 0. 
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70 A corresponding expansion in a series of cosn@ has been 
tabulated by John I. Shonle, (Ph.D. thesis), Lawrence Radiation 
Laboratory Report UCRL-9362, 1960 (unpublished). See also 
John I. Shonle, Phys. Rev. Letters 5, 156 (1960). 
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Experimental cross sections are reported for the formation of Nin the bombardment of Zn, In, Pb, and 
U with protons of 1.0, 1.9, and 2.9 Bev energy. These values are compared with theoretical N' emission 
cross sections for protons energies of 0.84 and 1.84 Bev. The calculations are based on the evaporation 
model. The previously described Monte Carlo procedure was modified in order to obtain better statistical 
accuracy for the calculated N"™ cross sections. Previously computed emission cross sections for He®, Li’, 
and Be’? were also recomputed using the modified Monte Carlo procedure. The cross sections were computed 
for three different formulations of the interaction radius. Good fit with the experimental He®, Li’, and Be? 
cross sections is obtained when the smaller values for the interaction radius are used. However, the fit with 
the experimental N™ values is not good enough to exclude processes other than evaporation as contributing 


to the experimentally observed cross sections. 


I. INTRODUCTION 


HE formation cross sections of N™ resulting from 
the interaction of high-energy protons and various 
targets have been determined. Although similar experi- 
mental results have been reported on the yields of 
other light nuclides in this mass region'~ it was thought 
desirable to investigate the specific case of N™ in order 
to shed further light on the mechanism of light-nuclide 
production in high-energy nuclear reactions. 

It has been suggested that the yields of light 
nuclides such as He®, Be’, and Li* may be explained by 
an evaporation mechanism in which not only neutrons, 
protons, alpha particles, but also these heavy particles 
are boiled out of the highly excited nuclei resulting from 
the interaction of high-energy protons with heavy target 
atoms. Detailed evaporation calculations®:® have shown 
this approach to be surprisingly successful. In order to 
see just how far it may be extended it is obviously 
necessary to compare observed formation cross sections 
with theoretical predictions for the yields of heavier 
evaporated particles. One difficulty with the calculation 
is that it must be performed not only for the emission 
of each particle in its ground state but also for the possi- 
bility of its emission in any of its bound excited states, 
with appropriate statistical weights given to each state. 
Therefore, if one wishes to calculate the evaporation 
probability of a particular heavy particle, all of its 


* Research supported in 
Commission. 
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* J. Hudis and J. M. Miller, Phys. Rev. 112, 1322 (1958). 
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bound excited states and their spins must be known. 
For nuclei with 1>10, complete data of this type are 
generally not available, and calculated evaporation 
probabilities are therefore subject to large uncertainties. 
In this respect, N", with no particle-stable excited 
states is unique, and is the obvious choice for com- 
parison between experiment and theory. The formation 
cross section of N'* from Zn, In, Pb, and U targets were 
determined at incident proton energies of 1.0, 1.9, and 
2.9 Bev. The calculated emission probabilities of N™ 
from the same targets at incident proton energy of 940 
and 1840 Mev have been obtained using the Monte 
Carlo procedure described previously.’ It was found, 
however, that in order to obtain reasonable statistical 
accuracy of the calculated cross sections the calculation 
had to be modified to handle very rare events. The 
modified calculation is described in Sec. VII. With the 
availability of a computer program which yields im- 
proved statistical results in the emission probabilities 
of heavy particles, the calculated cross sections for the 
evaporation of He®, Li*, and Be’ were redetermined and 
are discussed in Sec. VIII. 


II. TARGETS AND IRRADIATIONS 


Pure foils of zinc (~70 indium (~36 
mg/cm?), lead (~100 mg/cm’), and uranium (~100 
mg/cm?) were irradiated in the circulating beam of the 
Cosmotron. Each target consisted of a one-mil alu- 
minum monitor foil, a guard foil to prevent recoiling 
N® atoms produced in the monitor foil from entering 
the target foil, and the target foil itself. For zinc targets 
an additional 70-mg/cm? zinc foil was used as the guard 
foil. One-mil silver was used as the guard foil in 


mg cm°), 


the indium targets and }-mil gold was used with 
lead and uranium targets. 
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The irradiations were of 
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10-min duration at a beam intensity of between 10° 
and 10" protons/sec. The details of the irradiation 
procedure have been described previously.” Absolute 
cross sections were based on the value of 10.8 mb for 
the Al’’(p,3pn)Na™* monitor reaction between 1 and 
3 Bev. 


Ill. CHEMICAL PROCEDURE 


Since N* has a 10-min half-life, the chemical sepa- 
ration had to be fast; in addition, of course, it had to 
meet the usual requirements of good yield and good 
decontamination from other activities and it had to 
ensure complete isotopic mixing between the radio- 
active nitrogen aroms formed during the irradiation 
and the inactive carrier atoms added during the sepa- 
ration procedure. The possibility existed that after the 
targets were dissolved the nitrogen atoms formed could 
be in any or all of the possible oxidation states ranging 
from 3— to 5+. A separation procedure was devised to 
recover nitrogen quickly regardless of its initial oxi- 
dation state. Figure 1 is a diagram of the apparatus used 
for this purpose. 

After irradiation the target foils were dissolved in 
flask A (see Appendix for details of target solution) by 
addition of the appropriate acid plus NH,* ion carrier, 
and any gases liberated were swept through the line 
with a mixture of He and CH, bypassing collection 
flask C. The function of furnaces F1 and F2 was to 
convert any gaseous carbon compound to COs, which 
was then removed from the gas stream by trap 72. 
Any H, evolved during the dissolution of the target 
was converted to HO in F1 and frozen out in 71. 
Only No, N2O, and rare gases should come through the 
line. The molten Li trap then effectively stripped Ne 
and N,O away from the rare gases. Any rare-gas 
activity produced in the irradiation was then trapped 
on charcoal at — 190°C. 

The individual components of the system were 
checked in separate experiments using N"™ tracer pro- 
duced by fast-neutron irradiation of NH4NO; to ascer- 
tain that each part of the apparatus functioned as 
expected. Special precautions were taken in checking 
the efficiency of the molten Li trap for removing the 
nitrogen gases from a helium stream, and efficiencies 
of >90% were observed. 

After the target was completely dissolved, He and 
CH, sweeping was continued for about one minute. 
10N NaOH was added to flask A through a hypodermic 
syringe, and the basic target solution was then boiled 
to distill NH; through flask B, containing 1N NaOH 
and KMn0O,, into collection flask C in which saturated 
boric acid was present to trap NH;. The KMnQ, was 
present to oxidize any volatile impurities such as AsHs;, 
SbH3, etc. Flask C also contained an amount of HC! 


7G. Friedlander, J. Hudis, and R. L. Wolfgang, Phys. Rev. 99, 
263 (1955). 

8 J. B. Cumming, G. Friedlander, and C. Swartz, Phys. Rev. 
111, 1386 (1958). 
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Fic. 1. Experimental apparatus. 


which was equivalent to ~85% yield of NHs, plus 
brom cresol purple indicator. The NH; distillation was 
continued until the indicator changed color and then 
perhaps for an additional minute. 

After the original NH; fraction had been collected, 
nitrate ion carrier was added to the target solution and 
reduced to NH; by the addition of aluminum granules. 
The reaction rate was controlled initially by cooling and 
later by heating to maintain a very vigorous but con- 
trollable reaction, which was essential to obtain high 
yields. The NH; formed was distilled and collected in 
a fresh collection flask C' in the manner previously 
discussed. 

The three nitrogen fractions, Ne and N,O in the Li 
trap, NH,* in flask C, and NO;~ in flask C' were all 
counted. For all target materials studied, when dis- 
solved as described in the Appendix, all of the N® 
activity was found to be in the original NH,* fraction. 
This fortunate circumstance, once proven for each 
target material, allowed the use of a much faster 
separation process. Targets were dissolved in centrifuge 
tubes containing the appropriate acid plus NH¢ 
carrier, boiled to expel gases, and then transferred to 
flask A. NaOH was added and NH; distilled to flask B 
containing 1.V NaOH and KMnQ, at 0°C, where the 
NH; was trapped. The trapping was shown to be quite 
effective since during this operation, flask C contained 
saturated boric acid plus indicator and in no run was 
any color change observed. After a few minutes distil- 
lation, flask C was replaced by boric acid plus HCl 
equivalent to ~85% chemical yield and flask B was 
heated to boil out the NH;. This NH; fraction in H;BO3; 
was transferred to a clean distillation flask, made basic 
with 10.V NaOH and NH; redistilled and collected in 
the same fashion. The product from the third NH; dis- 
tillation was then counted. Chemical yields were ~ 85% 
and the entire separation required only about 10 min. 


IV. ACTIVITY MEASUREMENTS 


The N*® activity was detected by placing the flasks 
containing the purified nitrogen as NH; trapped in 
saturated boric acid directly on top of a 2-in.X2-in. 
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TABLE I. Experimental and calculated cross sections (in mb) for the formation of He®, Li’, Be? and N 
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Experi 
mental q. 7 
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NE 
He®° 
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Li® 4 
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Cu 3.29 1.83 3.56 
2.80 3.66 


0.029 


6.06 
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0.056 0.064 0.020 
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Nal crystal and the decay of the annihilation radiation 
was followed. In general the decay curves showed only 
the 10-min N® activity and background. In some of the 
earlier runs on zinc, indium, and in almost all runs on 
lead a small amount of longer-lived activity was also 
present. The detection efficiency of the counter was 
determined by means of aliquots of a Sr* solution 
calibrated by the National Bureau of Standards which 
were measured under conditions identical to those used 
in the actual runs. The efficiency of the counter was 
assumed identical for the 513-kev gamma ray of the 
Sr® he 511-kev radiation of N"™. 


and the 


V. EXPERIMENTAL RESULTS 


The formation sections for N* from zinc, 
indium, lead, and uranium are given in Table I. Each 
entry is the average of at least 2 runs unless otherwise 
indicated. Checks between identical runs at 1.9 and 
2.9 Bev were usually within +10% and at 1 Bev were 
usually within +25%. It was necessary to prove that 
the observed N™ activity resulted from the interaction 
of high-energy protons with the target material and not 
with a possible impurity. Oxide contamination of the 
target foils is the most probable contaminant which 
could lead to spurious experimental results. Oxygen 
analyses were performed on the zinc and indium foils 
The oxygen contamination was low enough and the N"™ 
cross sections high enough that no correction had to 
be made to the observed results. No accurate estimate 
of the oxygen content could be made for the lead and 
uranium foils and although the foils were pickled just 
prior to irradiation it was thought that at least in the 
1-Bev irradiations a large fraction of the observed N™ 
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activity might be due to the oxygen impurity. However, 
the formation of N™ from targets as heavy as lead and 
uranium is definitely a high energy phenomenon as can 
from 
formation cross sections rise by a factor of 10 to 20 
between 1 and 3 Bev. One would expect therefore that 
at still lower energies the N™ yields would be too small 
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be seen Table I, where the experimental N™ 


to measure. Lead and uranium were both irradiated 
with 400-Mev protons and apparent N" formation 
cross sections of 0.007 mb for Pb and 0.015 mb for U 
were observed. It is believed that these cross sections 
are due almost entirely to oxygen. Since the cross 
section for the production of N" from O'* is essentially 
constant between 400 and 5700 Mev,°”® since the foils 
were from the same stock of lead and uranium that was 
irradiated at the higher energies, and since the foils 
were treated in exactly the same way before the irra- 
diation, the N"™ cross section at 400 Mev was subtracted 
from the results at 1.0, 1.9, and 2.9 Bev. The resulting 
N® formation cross sections at 1.0, 1.9, and 2.9 Bev 
are plotted as a function of target mass in Fig. 2 and 
are shown together with the calculated values in Table I. 


VI. CALCULATION 


The Monte Carlo procedure for heavy particles 
described previously'' was used in calculating the 
emission cross section of N'*. The probability of emitting 
a heavy particle relative to that of emitting a neutron 


9 J. L. Symonds, J. Warren, and J. D. Young, Proc. Phys. Soc. 
London), A70, 824 (1957). 

°P. A. Benioff, Phys. Rev. 119, 316 (1960). 

J. Dostrovsky, P. Rabinowitz, and R. Bivins, Phys. Rev. 111, 
1659 (1958). 
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is given by 


P; g, (Aj+A,))? A,A,a, R; 


P, gn (A—1)§ A-14;R, 
Xexp[2(a,R,)'—2(a,Rn)$], (1) 


where g,=2/;+1 is the number of spin states of the 
emitted particle. 4, A,, and A, are the mass numbers 
of the compound nucleus, the residual nucleus, and the 
emitted particle, respectively, and 


R,;=E-0,—V,. (2) 


Here £ is the excitation energy of the compound 
nucleus, (; is the binding energy of particle 7, and V; 
the Coulomb barrier corrected for penetration. The 
atomic mass data used in computing the Q values were 
taken from the compilation of Ashly and Etron.!” 

In Eq. (1), a; and a, are the level density parameters 
which, apart from small corrections [see Eq. (6) of 
reference 11], are given by 

a;=cA, and @a,=c(A—1), 
where ¢ is a constant. This constant was taken in this 
paper to be c=0.1. 

Hence Eq. (1) reduces to 


1+ A,})? R; 


Xexp[2(a,R;)'—2(a,R,)']. (la) 

This equation differs from Eq. (3) of reference 11 in 
that it takes into account the differences in the geo- 
metrical capture cross sections of the heavy particle 
and the neutron. The geometrical capture cross section 
is assumed to be ¢,=27ro?A‘ for nucleons bombarding 
the target nucleus A, rry°(A'+A,')? for 
heavier particles. Equation (1a) was used rather than 
the more accurate equations of Dostrovsky et al." since 
for the excitation energies which are of interest in this 
paper the additional terms of these equations are 
negligible. 


and a, 


The competition of fission with the evaporation 
process was allowed in all calculations but of course is 
of importance only for U. The expression for the fission 
width used is that given by Eq. (3) of Dostrovsky ef al.'! 
with the parameters ys and (Z°,A)., of the fission 
barrier [ Eqs. (4) and (5) of reference 14] taken as 18.5 
Mev and 47.2, respectively. Evaporation of heavy 

-V. J. Ashly and. H. C. Etron, University of California 
Lawrence Radiation Laboratory Report UCRL-5419, 1959 (un 
published). 

I. Dostrov sky, Z 
116, 683 (1959 

‘I. Dostrovsky, Z. Fraenkel and P. Rabinowitz, Proceedings 

the Second United Nations International Conference on thie 
Peaceful Uses of Atomic Energy, Geneva, 1958 (United Nations, 
New York, 1958), Vol. 15, p. 301. 


Fraenkel, and G. Friedlander, Phys. Rev 
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ic, 2. Experimental N* cross sections as a function of 
' target mass number. 


particles from the fission fragments was neglected since 
fission of highly excited nuclei occurs towards the end 
of the evaporation cascade for the above formulation 
of the fission process. The emission of heavy particles 
on the other hand is bound to occur at the early stages 
of the evaporation cascade, when the excitation energy 
is still very high. Support for the assumption that 
heavy particle emission from fission fragments might 
be neglected comes from the work of Katcoff* on the 
spectra of Li particles emitted from various elements. 
This author found that the Coulomb barrier associated 
with the spectrum of Li’ particles emitted from U 
targets when bombarded with high-energy protons cor- 
responds to residual nuclei in the mass range of U 
rather than to the mass range of fission fragmenis. (If 
it is assumed!® that high-energy fission occurs early in 
the evaporation cascade, the reduced probability of 
heavy-particle emission due to fission competition is 
probably compensated by heavy-particle evaporation 
from the highly excited fission fragments, which must 
then be postulated.) 

The calculations were applied to the distribution in 
A, Z, and E of the residual nuclei of the prompt nuclear 
cascades computed by Metropolis ef al.'® Since the 
targets used in the present work (Zn, In, Pb, U) differ, 
except for U, from those used in the calculations of 
Metropolis ef al. (Cu, Ru, Ce, Bi, U), certain corrections 
had to be made to the Metropolis 4, Z, / distributions. 
These corrections were applied by shifting A’s and Z’s 
of the prompt-cascade distributions as described 


18. Marquez, Nuovo cimento 2, 288 (1954); 5, 6 (1957); 5 
1646 (1957); Proc. Phys. Soc. (London) A70, 546 (1957). 

16 N. Metropolis, R. Bivins, M. Storm, J. M. Miller, G, Fried 
lander, and A. Turkevich, Phys. Rev. 110, 204 (1958). 
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previously.® In addition the excitation energies - were 
adjusted by multiplying each value by a factor (constant 
for each target and bombarding energy) chosen so as 
to bring the average excitation energy of the prompt- 
cascade products to the value estimated for the actual 
target nucleus. This factor was obtained by a linear 
interpolation between the average excitation energies 
of the nearest target nuclei given by Metropolis et al. 
Thus, for example, in calculating the cross section from 
In'*bombarded by 1.84-Bev protons, all the excitation 
energies of the A, Z, E distribution of Ru'” bombarded 
by 1.84-Bev protons as calculated by Metropolis e/ al. 
were multiplied by 1.080 so as to bring the average 
excitation energy of the shifted distribution to 270 Mev. 
This value was obtained by linear interpolation of the 
average excitation calculated for the prompt cascade 
products of Ru’ and Ce' at 1.84-Bev proton energy. 
The reliability of this procedure was tested by com- 
puting the He® and N"™ emission cross sections of In'® 
bombarded with 1.84-Bev protons using a shifted Ce! 
distribution and comparing the results with those 
obtained using the shifted Ru" distribution. The dif- 
ferences for both He® and N® were within the statistical 
errors. 


VII. STATISTICS 


The small section for the emission of N® 
particles would require inordinately long computer 
time in order to accumulate reasonable statistics if the 
regular Monte Carlo procedure was followed. Therefore, 
an adaptation of the method described by Hudis and 
Miller® was used in calculating the N™ emission cross 
section. 


cTOss 


The N® emission cross section from a starting nucleus 
1, with excitation energy /y is given by 
o(N")=a0(.10,40)>, p(Ai,£,)P(N"; AE), (4) 


ij 


where go(Ao,£o) is the formation cross section of the 
starting nucleus A» with excitation energy Eo, p(A;,E;) 
is the probability of formation, somewhere along the 
evaporation path, of the nucleus A, with the excitation 
energy E,. (For sake of simplicity we assume that 4 
has a finite number of possible excitation states, i.e., a 
discrete rather than a continuous excitation energy 
spectrum.) P(N"; 4,,£;) is the probability of emitting 
a N" particle from the state (4,,£,). The sum is taken 
over all excitation energy states F, and over all possible 
Aj. 

It is, however, the basic assumption underlying the 
Monte Carlo procedure that on the average the number 
m(A,,E;) of cascades leading from (A9,Eo) to the state 
(A,,E,) is given by 


m(A,,E,)=np(A,,E)), (5) 


where n is the fotal number of cascades calculated from 
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the starting nucleus (49,£o). Hence, 


a (N) 1 
—__——=-—)}° m(A,,E;)P(N®; Aj,E;). (6) 
o0(Ai,E;) n ii 


The right-hand expression is equivalent to summing 
the partial N™ emission probabilities over all stages of 
the ” evaporation cascades and dividing by ». Ob- 
viously similar expressions hold for all other particles 
emitted. 

The regular Monte Carlo procedure as described 
previously" was followed. However the N™ emission 
cross section was not obtained from the number of N™ 
particles emitted in the cascades, but by summing the 
N® emission probabilities over all steps of the cascade 
and over all cascades. 

Ten evaporation cascades were computed for each 
member of the A, Z, £ distribution of Metropolis ef al.'* 
The accuracy of the emission probability computed by 
the above procedure is limited only by the statistical 
variations of the evaporation path and not by the 
magnitude of the probability itself. The standard devi- 
ations of the emission probabilities of N'* and Be’ due 
to the path variations were estimated by computing 20 
means of groups of 10 cascades, all starting from the 
same excited nucleus. Means of 10 cascades were taken 
rather than individual cascades since in the actual 
calculation 10 cascades are computed for each starting 
nucleus. This procedure was therefore adopted as the 
more appropriate one. This calculation was performed 
on two representative starting nuclei, Rh' at 135-Mev 
excitation energy and Te®* excited to 330 Mev. The 
standard deviations for N™ were 12.0% and 7.6%, 
respectively, while for Be’ the equivalent numbers were 
8.5% and 4.2%. The larger standard deviation of the 
N* emission probability is due to the greater excitation 
energy dependence of its evaporation probability. Only 
the first few steps in the evaporation cascade contribute 
substantially to its emission probability and the smaller 
number of these steps as compared to Be’ leads to a 
higher variance. On this basis we estimate that the 
standard deviation of the computed N" cross sections 
is approximately 10% and for the other more abundant 
heavy particles, He®, Li*, and Be’, it is approximately 
5%. 


VIII. CALCULATED RESULTS AND DISCUSSION 


The calculated cross sections for N™ using three dif- 
ferent formulations for the interaction radius are shown 
together with the experimental results in Table I. Also 
shown in this table are calculated and experimental 
results for the emission cross sections of He®, Li’, and 
Be’. The calculated values were recomputed using the 
modified Monte Carlo procedure described in this paper. 
The experimental cross sections were measured for 
proton bombarding energies of 1.0, 1.9, and 2.9 Bev. 
Since calculated prompt cascade results'*® are available 
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for proton bombarding energies of 0.94 and 1.84 Bev 
but not for ~2.9 Bev, the theoretical cross section 
could be calculated for the former two bombarding 
energies only. 

In studying the A dependence of heavy-particle 
emission, two factors must be taken into account. As 
has been shown by Metropolis ef al.,'° the average 
energy deposition for a given proton energy increases 
with the mass number of the target, this effect becoming 
more pronounced as the bombarding energy is increased. 
This would tend to increase the emission cross section 
of heavy particles with increasing A of the target. On 
the other hand, the increase in Z and the resulting 
increase in the Coulomb barrier will obviously tend to 
decrease the heavy-particle emission width. Looking at 
the experimental results one observed that for Z<3 
the first effect seems to predominate whereas for Z >4 
the Coulomb barrier effect is the stronger one and the 
cross sections decrease with increasing mass number. 

The change in the A dependence for Be’ was not 
reproduced in the calculated results of reference 6. 
Furthermore the calculated values for the He®, Li’, and 
Be’ cross sections were generally larger than the experi- 
mental cross sections and this discrepancy increased 
with increasing mass of the target. Both these effects 
might be due to an overestimate of the interaction 
radius (and hence an underestimate of the Coulomb 
barrier). In reference 6 the interaction radius 
taken to be 


Was 


R=1.5(A,'+4.')X10-" cm. (7) 

The examination of the N™ cross sections in Table I 
shows that although the agreement between experi- 
mental and calculated values using Eq. (7) is within a 
factor of approximately 2 (except for U), here again 
seems to be a systematic difference in the A dependence 
of the cross sections. Thus the calculated cross sections 
from Zn are too low by a factor of approximately 2 
while those from Pb are too high and for U the dis- 
crepancy is a factor of 5. The discrepancy for Be’, 
already discussed, is again seen in Table I. 

Assuming a nuclear radius of 1.5 4!X10-" cm, the 
formulation of the interaction radius as given by Eq. 
(7) ignores the penetration of the diffuse edge of the 
nuclei and their distortion at the point of interaction. 
We have tried to allow for these effects, (a) by sub- 
tracting from the above expression of the interaction 
radius a constant amount (1.2 107" cm) to give 


R=(1.5(Ay'+-A42!)—1.2]X 10-8 cm; (8 


or alternatively, (b) by taking a nuclear radius param- 
eter close to that obtained by electron scattering experi- 
ments and adding a constant distance of 2.010 
for each nucleus, viz. 


3 cm 


cm. 


R=[1.1(4,3+A.2')4+2.0]X 10 
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Equation (8) has previously been used by other authors 
in computing the compound nucleus formation cross 
sections for a particles!’ and deuterons.'® 

The calculated emission cross sections for He®, Li, 
Be’, and N' using the above formulations of the inter- 
action radius are shown together with those obtained 
using Eq. (7) in Table I. It is seen that the expressions 
of Eqs. (8) and (9) lead to definite improvement in the 
agreement between experimental and calculated cross 
sections for He®, Li’, and Be? for all targets. However, 
the agreement of the N" values while improved for U 
results, is poorer for the other targets. Evidently, if the 
discrepancy is really due to the inaccurate formulation 
of the interaction radius, the correct value is given by 
a more complicated expression. 

The calculated results for Zn and Cu targets are open 
to some doubt due to the fact that the statistical model 
cannot be assumed to be strictly applicable in the light- 
element region. However, for these target elements the 
light-element region is reached only towards the end of 
the cascade where heavy-particle emission is unlikely. 
The uncertainty of the results due to the above con- 
siderations is hence probably quite small. 

Another factor which should be taken into account 
in comparing the experimental N" cross sections from 
Zn with the calculated values, is the possibility that at 
least a part of the experimental N" cross section is due 
to the formation of this nuclide as the residual nucleus 
of the cascade rather than through evaporation. (Due 
to the much higher emission cross sections of He®, Li’, 
and Be’ and also due to the somewhat longer evapora- 
tion cascade necessary to form these nuclides as residual 
nuclei, this effect is negligible for these lighter particles. ) 
In view of the inherent inaccuracy of calculations based 
on the statistical model in the light-element region, no 
effort was made to obtain an accurate calculated value 
for the formation cross section of N"™ as a residual 
nucleus. Such a calculation would also have taken an 
inordinately large amount of computer time since the 
statistical accuracy would not have been improved by 
following the modified Monte Carlo procedure, which 
was used for the computation of the emission prob- 
ability. However a rough estimate suggests that the 
residual N' nuclei may account for the bulk of the 
experimental cross sections at 1.9 Bev for the Zn target. 

The heavy particle emission cross sections are very 
sensitive to relatively small changes of a, the level 
density parameter. Calculations have shown that 
changing a from a=,10 to a=A/12.5 affect the 
cross sections in a way similar to changing the inter- 
action radius from Eq. (8) to Eq. (7). It follows that 
in the absence of a more precise knowledge of the level 
density parameter and its dependence on A and pos- 
sibly on £, it is impossible to determine the interaction 

17 J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
John Wiley & Sons, Inc., New York, 1952), Chap. 8. 

‘8M. M. Shapiro, Phys. Rev. 90, 171 (1953). 





1458 DOSTROVSKY, 
radius in heavy-particle interactions to a greater pre- 
cision from experiments such as those discussed here. 
Our results can thus not be interpreted as a definite 
proof that the experimentally observed N"™ cross 
sections are due to an evaporation mechanism. Other 
mechanisms, such as fragmentation, cannot be excluded 
on the basis of our results. It is, however, clear that the 
statistical model may well be able to explain all the 
experimentally observed cross sections of heavy-particle 
formation, though a more accurate formulation of some 
of the parameters of the model is obviously required 
for obtaining a better fit with experimental results. 
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APPENDIX 


Details of target solutions: 


Zn dissolved in 6V HCl(Fe**) plus PtCl, solution; 

In dissolved in 12.V HCl(Fe**) plus PtCl, solution; 
Pb dissolved in HBr, 48% (Fe**) plus PtCl, solution; 
U dissolved in 6.V HCl. 


The HCl and HBr were treated with iron wire just 
prior to use to insure the presence of Fe**, 
considered helpful in preventing oxidation of reduced 
forms of nitrogen. 

The addition of PtCl, to the acid is very helpful in 
reducing the time required to dissolve the target foils. 


which was 


It was observed that the presence of water greatly 


reduced the speed with which the lead foils could be 
dissolved. In this case the desired amount of NH,OH 
carrier solution was added to a few ml of HBr and the 
solution was boiled until HBr fumes were observed. 
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The Mandelstam relations for pion-nucleon scattering are used to obtain equations for the s-wave partial 
wave amplitudes in the two isotopic spin states. The solutions of these equations are investigated in the 
approximation where only the one-nucleon contributions and the unitarity integral are kept. It is found 
that there are no solutions of the form N/D without complex zeros, and that this is a consequence of the 
large size of the one-nucleon terms. A comparison with experiment is made which suggests that the dominant 
contribution to the T=} s-wave amplitude (other than the one-nucleon contribution) comes from a region 


of the complex energy plane that is outside the physical region for the related processes (x 


r into NN and 


“crossed” +—WN scattering). An Appendix is devoted to discussing the available experimental data and 
they are found to be consistent with a scattering length (6/2 at threshold) of 0.098+0.004 in the T= state. 


I. INTRODUCTION 


HIS paper may be considered as an extension of 
work by Frautschi and Walecka' 

>) pion-nucleon scattering 
the viewpoint of the 


the 
investigating p-wave (J 


recent 
from relations. 
show that the simplest 
possible equations for phase-shifts deduced from the 
Mandelstam relations implied the qualitative results 
of the static model.? In particular it was shown that a 
3, 2 resonance could be obtained without the benefit of 
an empirical cutoff, although the position of this 
resonance was not in agreement with experiment. 

It seems remarkable that the qualitative features of 
the experimental results are the 
simplest possible version of the theory. The p-wave 


Mandelstam 
These authors were able to 


consequences of 


solutions take their essential features from the state- 
ment that the partial scattering amplitudes are analytic 
functions of the total center-of-mass energy except for 
certain cuts whose discontinuities are known. One set 
of cuts is derived from the “‘one-nucleon term,” * and 
the discontinuities merely incorporate the knowledge 
of the spins, masses, and parities of the interacting 
The discontinuity across the other cut 
(the “physical” cut) is prescribed by unitarity. The 
inclusion of other features implied by the Mandelstam 
relations (e.g., crossing symmetry) affects the details 
but not the gross features of Frautschi and Walecka’s 
results. 


part icles. 


We shall now proceed to carry out an investigation 
of the s-wave scattering to see whether a similar 
situation holds. To put it differently, we shall calculate 
the s-wave scattering in the approximation where only 
the one-nucleon term and unitarity are kept in order 
to obtain a measure of the importance of the processes 
that are ignored. These are: ‘‘crossed”’ pion-nucleon 
scattering, two pions annhilating to make a nucleon 
anti-nucleon pair, and all processes involving more 

* Supported in part by the National Science Foundation, the 
U.S. Atomic Energy Commission, and the U. S. Air Force. 

'S. C. Frautschi and J. D. Walecka, Phys. Rev. 120, 1486 

F. Chew and F. E 
>This is modern 
approximation 


Low, Phys. Rev. 101, 1570 (1956) 


parlance for the field-theoretic Born 


than two simultaneous particles (so-called ‘‘anelastic”’ 
processes*). 
Analysis of pion-nucleon scattering experiments 
suggests that the s-wave phase shifts are small over a 
considerable energy threshold. The 
phase shifts for the two isotopic spin states are of 
opposite sign with the isotopic spin } phase shift being 
negative (see Appendix II). Lowest-order relativistic 
perturbation theory, or, to use a different language, 
calculations using only the one-nucleon contribution 
to the scattering, predict very strong s-wave scattering 
with negative phase shifts for both isotopic spin states. 
The one nucleon contribution to the s-wave scattering 
amplitude is, in fact, much larger than is permitted by 
unitarity of the scattering matrix and there seems to 
be little sense in attaching any significance to an 


range of above 


estimate made in this way. 

The Frautschi and Walecka analysis of p-wave 
scattering suggests that the disagreement may be a 
consequence of the particular way in which the one- 
nucleon contribution has been identified with experi- 
ment. The suggestion is that this contribution may, in 
fact, dominate the s-wave scattering, but it is necessary 
to take unitarity into account also when calculating 
the partial-wave scattering amplitude. The manner in 
which this is to be done is outlined in Sec. II, where it 
is shown that the inclusion of the unitarity requirement 
leads to an integral equation for the partial wave 
amplitude. 

At this point we seem to be on the verge of having a 
well-defined theory for the scattering amplitude. The 
theory is made unique by imposing the formal require- 
ment that the amplitude not 
(otherwise the solution 


have complex zeros 
would contain undetermined 
parameters), and it becomes possible to formulate a 
procedure for obtaining numerical solutions. Section II 
is devoted to a description of this procedure. 

We now discover that we have so overdetermined 
the system that it has no solutions. The one-nucleon 
contribution turns out to be too large to be consistent 
with unitarity 


and the aforementioned uniqueness 


‘This term was introduced by M. Cini and S. Fubini, Ann. 


Phys. 3, 352 (1960 
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requirement, and we are led to the suspicion that the 
processes that were ignored must be equally important 
as the one nucleon terms. It would seem desirable to 
seek confirmation of this suspicion by making a 
numerical deduction from experimental data. Section 
IV is devoted to establishing a basis for performing 
such a deduction, and the comparison with experiment 
is discussed in Sec. V. Section VI contains the 
conclusions. 

The notation follows that of reference one and is 
summarized in Appendix I. Appendix IT is an analysis 
of the s-wave scattering data. 


Il. s-WAVE EQUATIONS 


Following MacDowell® we shall work with the 
“helicity’”’ amplitudes® ¢ ¢,' defined in terms of the 
partial-wave amplitudes fi, by 


(la) 


(1b) 


These amplitudes depend only upon the square of the 
center-of-mass energy, S. It will be convenient to 
define a new, dimensionless, energy variable, x, by 


x+1=S(M+4pz) (2) 
It is clear that x ranges over all positive values for 
physical pion-nucleon scattering and is proportional 
to g° for small g°. 

Neglecting for the moment the ‘‘one-nucleon” terms, 
which may be treated exactly, we know that ¢, and ¢/ 
are analytic functions of the complex variable, S (and, 
it follows, x) except for the following cuts! 
x>0O, the unitarity cut; 


x<—4Myu(M+u 


x+1=(M—p)(M+u °, O- 


, the “crossing” cut; 


o< lr (3) 
rthe rrm—.V.N cut. 


r<—1. 


It follows immediately that if 
“unitarity” cut we may write 


we keep only the 


Im¢; (x 


r—1 


where B; is the appropriate projection of the one- 
nucleon terms.® A similar equation may be written for 
¢:' in terms of the projection B/’. 

We may now combine the ¢; and ¢;' expressions and 
set / equal to zero in order to obtain an equation for 
the s-wave amplitude in terms of the imaginary parts 
of the sy and p, partial amplitudes. This is easily seen 


®W. W. MacDowell, Phys. Rev. 116, 774 (1959). 
6M. Jacob and G. C. Wick, Ann. Phys. (N. Y.) 7, 404 (1959 
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to be 


1 i a’+1\! 
f(x) =@,(x)+ f 1+( ) Im f, (x) 
: 2dr ¥y | x+1 , 
x’+1\! dx’ 
+ 1-( ; ) Imf,x(x)| 
x+1 24 


®,=3({S'B,+B,']. 


5) 
—x—le 
where 
(6) 


The contribution of the p; amplitude to the s-wave 
amplitude is readily bounded by setting Im/p; equal 
to its ‘‘resonance”’ value, 1/g(«). The result is negligible 
when compared with ®,, and the p-wave contribution 
will, accordingly, be ignored in the remainder of this 
work. This is actually a minor convenience; if the 
p wave were important it could be retained in the 
following formulation and Eq. (5) solved to obtain 
both the s-wave and p-wave amplitudes. 

To simplify the writing of equations in the remainder 
of this work we will also set 


4(14+[(x+1)/(x’+1)}}}, 


equal to unity. Explicit numerical calculation shows 
that this approximation has very small influence upon 
the results. 

To conclude this section we record the reduced form 
of (5) which we propose to solve, and the explicit forms 
of @, for the two possible isotopic spins. These are 
(using unitarity) 


1 ” q' ry’ dx’ 
f (x)= @.(x)+ f 
wv, x'—x—Te 


—g°(M+uyz) 


3f1—B/a 1 Ba 
x| or (:- ) 
4t x+1 = (x+1)! a+(x+1)! 


— X(a,8)Io(x)— X(—a, —8)1,(x) 
®,J= —2g2(M+y) 
X LX (a,8)lo(x) +X(—a, —8)1,(x) | 
with the definitions 
X(a,8)=[(x+1)'—a 


X {LE (++) ta P—B*}/4x(x+4a8), (10a 


X +8(2a—8 


(10b) 


1o(s)=In| (x+1) 


a'x+8(2a—8) 


(= = 8(2a—B)- 
2 
Cs r+4daZ 


a=M/(M + ph) 


Ty(a 


I\(x)=2- 





s-WAVE 


The coupling constant g’ is the rationalized (and 
renormalized) pseudo-scalar coupling constant which 
we take to have the value 14.5. 


III. SOLUTION OF THE INTEGRAL EQUATIONS 


It shall now be shown that a particular solution of 
the nonlinear integral equation (7) may be obtained 
in terms of the solution of a linear integral equation 
that will be derived. The following discussion applies 
explicitly to the amplitude for isotopic spin equal to 
one-half. 

It is clear from Eq. (8) that @,! has poles in the 
variable x at points (—1) and (—1—a), as well as 
certain cuts on the negative real x axis. We suppose 
that all of these cuts are to the left of the point (—.») 
and that the total discontinuity across the left-hand 
cuts is &(x)/(x+1)(x+1+a). These quantities need 
not be further specified. Next we dispose of the poles 
by multiplying through by (x+1)(*+1+a) and 


defining a new function, 
h(x) = (x+1)(a+1+a)fi=n(x)/D(x). (11) 


In the last equation we have introduced the Chew- 
Mandelstam ansatz’ that h(x) may be written as a 
ratio of two functions with specified analytical proper- 
ties. The conventional assumptions then lead to the 
relations (the reader is referred to reference 1 for the 
detailed argument) 


Imn(x)=&(x)D(x) for «<x, (12a) 


ImD (x) q(x)n(x)/(*+1)(x+1+e) for x>0. (12b) 


It is an obvious consequence of unitarity and the 
definition of /#, that in the limit of large x the asymptotic 
behavior of # is not stronger than x°. We shall then 
write “dispersion” relations for m and D under the 
assumption that » has the same behavior as /, and 
that D approaches a constant for large x. The two 
functions are further defined by their values at the 
poles. At each of these points we require that m equals 
the residue of the pole and D is equal to unity. 
The result is (the —7e in the singular integrand is 
understood) 


1 zo 
n(x)= (x+1)(x+a D| poo)+ [ dx’ 


7 L 


a(x’) D(x’) 


x | (13a) 
(x’— x) (x’' +1) (x’+a4+1) 


(x+1) % 
D(x) =1-— (x+a+ 1)——— f dx’ 


us 0 
q(x’)n(x’) 
eas (x’ — x) (a’+1)?(x’+a+1)? 
7G. F. Chew and S. Mandelstam Phys. Rev. 119, 467 (1960). 


x (13b) 
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The newly defined function, p(x), is the pole term 
(the first term in curly brackets) of Eq. (8). 

At this point we reverse the usual procedure’ and 
substitute the expression for D(x) into the first of the 
equations (13). The advantage of this approach 
becomes apparent when the order of integrations is 
inverted to give “dispersion” integrals over &(«). Such 
integrals will be recognized immediately as integral 
representations of the ‘‘Born” terms, @, (less the pole). 


1 x0 a(x") dx’ 
®,3(x) = P(x) + f . ° 
; / / 1 
us (xy — 2x) (a +1)(e+1+2) 


x 


(14) 


Use of this equation and a little juggling leads us 
directly to the results® 

n(x) 
N (x)= —_____—— 
(x+1)(x+a+1) 


1 . g(x’) N(x’ 
=@,(a)+- f dx’ 
T xx 


x+1 


(x+1+a) 


| Ke) - 


KA) (15) 


(x’+1)(x’+1+a) 


x+1)(x+1-+a 
D(x)=1- - 
T 


- g(x’) N(x’) 

. 7 
0 (x’— x) (a’ +1) (x’+1+¢) 

where K,(x) is the “Born” term less the pole. 
Equation (15) and its counterpart for the isotopic spin 
3 case were solved numerically on the MURA IBM 704 
at Madison. The integral equation was replaced by a 
finite set of algebraic equations, thus reducing the 
problem to the inversion of a matrix. It was found 

convenient to transform the independent variable to 


(17a) 


in order to work in a finite range. The number of mesh 
points was varied from 10 to 40 without appreciable 
modification of the results. 

The nature of the numerical solutions is roughly 
characterized by their values at threshold (#=0), the 
scattering lengths. These turned out to be of the same 
sign as the Born terms but reduced in magnitude by 
factors of 4 and 7 (for the two different isotopic spins). 
Of considerably greater importance, however, was the 
discovery that the N/D solutions, when substituted 
back into Eq. (7), did not satisfy that equation. 


(16) 


8 Dr. T. W. B. Kibble has commented upon (private communi- 
cation) the resemblance of these equations to the determinantal 
method of Marshall Baker, Ann. of Phys. (N. Y.) 4, 271 (1958). 
The essential difference lies in the treatment of the denominator 
function 
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IV. DISCUSSION OF THE “SOLUTIONS” 


The source of difficulty is probably well understood 
in the light of the analysis by Castillejo, Dalitz, and 
Dyson’ of a comparable, although mathematically more 
complaisant model. The key point is the assumption, 
implied in the paragraph preceding Eq. (12), that f(s) 
is devoid of complex zeros. In the discussion by 
Castillejo ef a/., it is shown that this assumption has 
the consequence that there is a critical value of the 
coupling constant; when this is exceeded solutions 
(devoid of complex zeros) of equations such as Eq. (7) 
no longer exist. 

Some additional insight into the matter may be 
gained from the study of a trivially soluble model that 
was recently described by Zachariasen.” In this case 
we find that the critical coupling constant is associated 
with the appearance of a bound state or, depending 
upon the sign associated with the one-nucleon pole 
term, a resonance at infinite energy. It is not surprising 
that the critical coupling constant is just equal to the 
radius of convergence of the perturbation solution 
(in powers of the coupling constant). Confirmation for 
the notion that the. Zachariasen model analysis is 
applicable to the case in hand is derived from the 
observation that the numerical solutions mentioned in 
the previous section actually do possess resonances at 
very high energy. In addition, it is found that if the 
coupling constant is made sufficiently small, then the 
N/D solutions satisfy Eq. (7) (and the high-energy 
resonances disappear). 

If the coupling constant is very small then the 
solutions of Eqs. (15) and (16) are well approximated 
by the “damping approximation”’: 

gq? tand=@,, (18) 
and this circumstance will turn out to be very useful 
to us. This comes about as a consequence of recognizing 
that the identification of @,(x) with the one-nucleon 
projection in the derivation of Eqs. (15) and (16) has 
only been a convention. Explicitly stated, if ®, were 
the exact s-wave projection of the contribution from 
all the singularities to the left of the imaginary x axis, 
then the form of Eqs. (15) and (16) would be unchanged. 
Further, inasmuch as the quantity tané is known to be 
small for energies appropriate to a_partial-wave 
decomposition of the scattering (say 0-300 Mev), we 
conclude that the approximation (18) is applicable 
(using the new identification of ®,) to the experi- 
mentally determined s-wave scattering amplitudes. 
Consequently, we have available to us an experimental 


*L. Castillejo, R. H. Dalitz, and F. J. Dyson, Phys. Rev. 101, 
453 (1956). The amplitude f(x) of the present work does not 
satisfy the “generalized R-function” conditions of the CDD 
analysis which is why our understanding of the difficulties in the 
s-wave problem is described as “qualitative.” The reader is also 
referred to D. B. Fairlie and J. C. Polkinghorne, Nuovo cimento 
8, 345 (1958). 

F. Zachariasen, Phys 121, 1851 (1961 
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determination of the left-hand contributions from 
which the one-nucleon contribution may be separated. 
The energy dependence of the remaining part will then 
provide us with a clue as to its source. If we are 
fortunate, we will then be able to assess the relative 
importance of the pion-pion and crossed pion-nucleon 
scattering contributions to the s-wave scattering. 


V. DEDUCTIONS FROM EXPERIMENT 


The comparison technique described at the end of 
the last section makes use of the experimentally 
determined s-wave amplitudes. Appendix II contains 
a brief review of the available information in the 
region 0-300 Mev and it is concluded there that the 
two s-wave amplitudes are consistent with the relations: 


sin26;= — 2gL W/ (M+1) ](0.098+-0.0682Z), 


sin26, = +2¢LW, (M+1) ] 
 (0.139—0.0847+ 0.06477). 


(19a) 


(19b 
in terms of the variable 
Z=W-—(M-+1). 


The meson mass, in the previous equations has been 
set equal to unity. It is to be emphasized that we have 
very little confidence in the result obtained for 6,, and 
any conclusions based upon Eq. (19b) are to be 
regarded as tentative. For further discussion of this 
point see Appendix II. 

From Eqs. (19) we now find the experimental 
quantities (tané)/g for the two possible isotopic spins 
and subtract from these the corresponding one-nucleon 
contributions. We denote the difference by 


A= (tané/q)—&,, (20) 


and approximate A by a single pole on the negative x 
axis. The location of the pole is then determined by the 
ratio of value to slope, taken at threshold (W=M-+yz) 
of the quantity A. We expect, then, that the position 
of the pole, found in this way, will tell us which portion 
of the left-hand region (and, in consequence, which 
physical process) makes the dominant contribution to 
the scattering. In particular we will learn whether the 
technique of approximating the left-hand cuts by a 
resonance in a particular state’ is likely to prove useful 
in this problem. 

The arithmetic is straightforward and we merely 
quote the results. If S97 is the position of the pole in the 
s plane, we find 

Sob=+4y2, 


Sol —1.8(M+up)’. 


(21a) 
(21b) 


The second result is extremely noteworthy for it 
implies that the energy dependence of the s-wave 
amplitude depends upon singularities in a region that 
cannot be described by a partial-wave expansion of 


any physical process. 
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VI. CONCLUSIONS 


As stated in the Introduction, the objective of the 
work described here has been to examine the utility of 
a very special approximation in s-wave pion-nucleon 
scattering. The original hope that led to this study was 
that the coupling of the large one-nucleon contribution 
with the unitarity condition would lead to sufficient 
damping so that the predicted scattering amplitude 
would be small, as required by experiment. What we 
seem to have found, however, is that the one-nucleon 
contribution is, in some sense, ‘too large” to be con- 
sistent with the unitarity condition—at least when 
this condition is joined to the usual uniqueness require- 
ment that there be no complex zeros. At this point we 
are able to conclude that the missing terms in our 
approximation are just as important as the one that 
was kept—the one-nucleon contribution—and we look 
for further information as to the nature of the neglected 
terms. 

The importance of the latter investigation has to do 
with the technique by which the approximation for the 
scattering amplitude is to be improved. We recall that 
we have omitted the two-pion and crossed pion-nucleon 
scattering processes and we must now ask how these 
are to be put back into the theory. One popular pro- 
cedure is to single out resonant states, in particular the 
(3,3) pion-nucleon resonance and a conjectured (1,1) 
pion-pion resonance, and insert these as poles at 
appropriate positions on the left-hand cuts.! The 
efficacy of this procedure may be examined a priori if 
we note that only limited portions of the cuts (for 
negative x) of Eq. (3) have discontinuities that are 
describable in terms of angular momentum decom- 
positions, or, in fact, correspond to physical regions 
for the two omitted processes. One finds that the 
additional poles would have to be placed within the 
regions (returning now to JV? as the variable) 


0<W"*<(M—unz)’, crossed r—WN scattering, 
W?= (M*—p)e*, —go<o<do, rr NN, 


where 
do = 66 e 


On the other hand, we have deduced from the 
isotopic spin 3 experimental data, which is the most 
believable, that if the omitted terms are to be approxi- 
mated by a single pole, that pole must lie far to the 
left of the origin of the W® plane. A pole at such a 
location cannot correspond to a scattering resonance 
in any simple sense. It is easy to see that the conclusion 
only applies to a single pole; a pair of poles whose 
residues are of opposite sign and that are located in 
the regions given by Eq. (22) could give the required 
result. One suspects, however, that the spectral func- 
tions that are being approximated by the poles are not 

"This procedure has been applied to the s-wave problem by 
W. Frazer and M. Goldberger (unpublished). I am indebted to 
both for valuable discussions of theirs and related work. 
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sufficiently wildly oscillating functions to give this 
sort of an effect. The conclusion, then, is that the 
s-wave scattering is dominated by the “nonphysical” 
left-hand cuts and that the partial-wave analysis that 
we have used is not a promising approach for the 
understanding of low-energy scattering. 
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APPENDIX I 


We summarize here the notation and conventions. 
Let p, p’ and k, k’ be, respectively, the initial and 
final nucleon and pion momenta, and let M and yu 
denote the nucleon and pion masses. Choose the metric 
with 
p= p— p= — MM. 


We then denote the square of the total energy in the 
center-of-momentum system by 


S=—(p+ky, 


and the square of the spatial momentum of either 
particle in the same system by 


The partial wave amplitude for orbital angular 
momentum, /, and total angular momentum J=/+} 
is written 


fiz=exp(76:,) sind,4/q. 


We use a system of units with h=c=1. 


APPENDIX II 


The positive pion-proton s-wave scattering data in 
the range 0-170 Mev has been analyzed by Hamilton 
and Woolcock.” They find a scattering length (without 
the “inner” Coulomb correction). 


f.3(0) = —0.087+0.005, 


by extrapolating the quantity 


W W sin26 
F(W)= ke| Jeon ( ) 
M+u M+puX 2q 


Hamilton’s value is in disagreement with the previously 
accepted scattering length deduced from the low-energy 
data which in turn is consistent with the assumption 
that 6/q is constant in the range of 0-40 Mev meson 
laboratory kinetic energy. Since the time of the previous 


2 J. Hamilton and W. S. Woolcock, Phys. Rev. 118, 291 (1960). 
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Fic. 1. S-wave pion nucleon scattering in the T=} state. The 
quantities plotted are defined in Appendix IT, and the solid line 
is a best least-mean-squares fit to the data. The sources of the 
plotted data are: LG. E. Fischer and J. W. Jenkins, Phys. 
Rev. 116, 749 (1959)]; A—[D. Miller and J. Ring, Phys. Rev. 
117, 582 (1960) ]; g—[W. B. Johnson and M. Camac, quoted in 
reference 17]; Q—[S. W. Barnes, B. Rose, G. Giacomelli, J. Ring, 
K. Miyahe, and K. Kinsey, Phys. Rev. 117, 226 (1960) ]; 
a—l(.A. M. Sachs, H. Winick, and B. A. Wooten, Phys. Rev. 109, 
1733 (1958) ]; e—[Reported by B. Pontecorvo, Ninth Annual 
International Conference on High-energy Physics, Kiev, 1959 


unpublished 


analyses additional data in the 


300-Mev region has 
become available. If these points are considered along 
with the low-energy data and the points at 98, 150, 
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and 170 Mev are ignored," an excellent linear fit is 
obtained (see Fig. 1). The x? criterion for this fit is 
approximately unity and the result is 


—F,(W) 
= (0.098+0.004)+ (0.068+0.003) (W—M-—1), 


in units of the reciprocal r-meson mass. The threshold 
value of 0.098 is not very different from the previously 
accepted value” of 0.110+-0.004. 

The s-wave scattering data for the isotopic spin 
one-half state present a much less pleasing appearance. 
The experiments that were ignored in the isotopic spin 
$ analysis were kept in this case on the theory that 
the existing scatter of data was so bad that nothing 
could make it worse. The best fit was the quadratic 
(a linear fit would have been obtained if the 98, 150, 
and 170 Mev points had been ignored) 


F,(W) = (0.139+0.031) — (0.084+0.069) (I’— M—1) 
+ (0.064+0.026) (IV —M—1)*. 


The large errors and the x’ criterion of about 7 for this 
fit suggest that a rather careful weeding of the experi- 
ments is in order. 


3A phase-shift analysis of the 98-Mev scattering quoted in 
reference 12 does not appear to have been published. There 
seems to be some question concerning the phase shift solutions 
at 150 and 170 Mev (see reference 12) although the phase shifts 
used by Hamilton at these energies seem consistent with the 
energy dependence of Appendix IT. 
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From a sample of 98 hyperon production events observed in a liquid hydrogen bubble chamber the 


partial cross sections for various final states are found to be: 2+A*n—0.047, 5+K°p—0.030, D°A TS 
A°K*+p—0.051, 2~Kt+ prt —0.003, 3+ K Nx —0.004, (AD) K+ pr? 


0.013, 


0.011, (A°E°) K°pr+—O.014, (AD) K tnt 


—0.002, all in millibarns. For the first four processes the values are in general agreement with those calcu 
lated by Ferrari using a one-pion-exchange model. Only one example of A-pair production was observed 


indicating a cross section less than 0.01 mb. 


I. INTRODUCTION 


HE fragmentary information on the production of 
strange particles in nucleon-nucelon collisions 
that has been available in the past has not led to any 
consistent pic ture of the processes involved. Three pre- 
vious experiments have investigated the cross sections 
for strange particle production in p-p collisions at a 
kinetic energy near 3 Bev. One of these used a diffusion 
cloud chamber filled with hydrogen gas through which 
a “pencil” beam of protons was passed.' The total cross 
section for hyperon production appeared to be only 
0.04 mb, with a probable upper limit of about 0.20 mb. 
In the second experiment an external proton beam 
passed through a liquid hydrogen target, and K+ mesons 
produced at 0° in the laboratory system with momentum 
280 Mev/c were counted in nuclear emulsions.’ A total 
cross section for A+ production of about 0.20 millibarn 
was calculated assuming a statistical momentum distri- 
bution and an isotropic angular distribution for the 
A* mesons. 

The third experiment used a counter telescope to 
detect y-rays considered to be decay products from 7’ 
mesons produced in the neutral decay modes of A° and 
A’ particles.’ The total cross section deduced was small, 
about 0.04 mb. Thus these three experiments suggested 
that the cross section for producing strange particles 
in p-p collisions might be surprisingly small compared 
with the corresponding cross sections in 7-p collisions 
(which were about 0.5 mb). In all of these experiments, 
however, there were severe limitations with respect to 
deducing total cross sections. 

In the present experiment the production of strange 
particles is observed directly in the liquid hydrogen 
bubble chamber. The cross section for strange particle 

* Work performed under contract with the U.S. Atomic Energy 
(ommission. 

t Now on leave at Centre d’Etudes Nucléaires de Saclay, Saclay, 
France. 

1R. L. Cool, T. W. Morris, R. R. Rau, A. M. Thorndike, and 
W. L. Whittemore, Phys. Rev. 108, 1048 (1957). 

*P. Baumel, G. Harris, J. Orear, and S. Taylor, Phys. Rev. 
108, 1322 (1957). 

D. Berley and G. B. Collins, Phys. Rev. 112, 614 (1958). 


production will be shown to be 0.17520.032 mb and 
further information will be given on the partial cross 
sections for the various production channels. 

The new data permit one to check various features of 
the production processes. All current ideas concerning 
the strong interactions assume charge independence, 
which introduces general restrictions in the form of tri- 
angular inequalities applicable to the cross sections for 
> production.4 The frequency of K-meson pairs is of 
obvious interest. There have been speculations that, if 
hyperon production is infrequent in p-p collisions, pro- 
duction of K-meson pairs might be relatively important. 
Since each proton has a z-meson cloud associated with 
it, production of strange particles in p-p collisions may 
be thought of as caused by transfer of a r meson. Such a 
mechanism would imply a strong resemblance to pro- 
duction in x-p collisions. A theoretical treatment of 
productioh in p-p collisions by Ferrari follows such an 
approach.® Feldman and Matthews point out that an 
experiment on the production of hyperons and A mesons 
in p-p collisions near threshold should determine the 
relative parities of 2, A, and K.* Such information can- 
not be obtained from this experiment because the energy 
is too high. An experiment near threshold would be very 
difficult, however, because of the small cross section. 
This experiment does provide information on the other, 
more qualitative, points mentioned. 

The simplest final states involving hyperons and K 
mesons are the three-body states given in Eq. (i). 

ptp— N+K++p, 

> 29+ Kt-+- 9, 
ot -+-Kt--n, 

+ K-+ p. 


An additional x meson can also be produced, and the 
frequency of the resulting four-body final states proves 
to be great enough that they cannot be ignored. Conse- 
quently a rather careful kinematic analysis of each 


4G. Feldman and P. T. Matthews, Phys. Rev. 109, 546 (1958 
5. Ferrari, Nuovo cimento 15, 652 (1960); Phys. Rev. 120, 
988 (1960). 
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event is necessary in order to identify it, and accurate 
angle and momentum measurements are needed for the 
identification to be certain. Corresponding to these ex- 
perimental problems are the theoretical difficulties of 
handling three or more bodies in the final state and the 

1any possible interactions between them. In both re- 
spects, therefore, these processes are more complicated 
than those in the reaction r+.V — Y+K. 

In addition to the results on strange particle produc- 
tion reported here, extensive information on elastic p-p 
scattering and m-meson production is recorded in the 
bubble chamber photographs. Results on these topics 
are being reported separately.® 


Il. EXPERIMENTAL PROCEDURE 


By means of the “rapid beam ejector’” the circulating 
beam of the Cosmotron was made to strike a carbon 
target during about ten microseconds. Protons scattered 
at 4.2°+0.3° followed an external beam trajectory 
through part of the next magnet quadrant and out 
through a thin window. They were selected by a collima- 
tor with Hevimet slit jaws. These defined a beam about 
3X3 in. at the bubble chamber. Two 36-in. deflecting 
magnets eliminated particles of reduced momentum. 
The arrangement is shown in Fig. 1. The theoretical 
momentum spread of the beam was +0.8%. Measure- 
ments of the curvature of a group of beam tracks in the 
bubble chamber agreed with the Cosmotron energy 
calibration within about 1%, which is less than the un- 
certainty in absolute calibration. The beam energy in 
the bubble chamber was 2.85 Bev. 

The angle of scattering from the carbon target was 
chosen so that a polarized proton beam might result. 
No right-left asymmetry of elastic scattering was found, 
however.® The production of strange particles also 
showed no significant azimuthal asymmetry. Thus either 
the beam is not strongly polarized, these phenomena 
are poor “analyzers,” or both. 

Nuclear reactions resulting from p-p collisions were 
recorded in the Brookhaven National Laboratory 20-in. 
liquid hydrogen bubble chamber. Its illuminated volume 
is 19810 in. deep. Expansion is provided by a piston 
in the liquid hydrogen and temperature control is 
achieved by regulating the vapor pressure of a liquid 
hydrogen bath in good contact with the chamber. Dark- 
field illumination is provided by an arc whose light 
passes through the chamber and is focussed between the 
four camera lenses.* During this experiment the expan- 
sion ratio was normally about 0.8%, the temperature 
about 25.2°K, and light delay about 150 usec. The time 


*G. A. Smith, H. Courant, E. C. Fowler, H. L. Kraybill, J. 
Sandweiss, and H. Taft, Phys. Rev. (to be published) ; E. L. Hart, 
R. I. Louttit, D. Luers, T. W. Morris, W. J. Willis, and S. S. 
Yamamoto, Bull. Am. Phys. Soc. 5, 508 (1960). 

7D. C. Rahm, Rev. Sci. Instr. (to be published 

® For a description of the chamber see R. I. Louttit, Proceedings 

f an International Conference on Instrumentation for High-Energ\ 
Physics (Interscience Publishers, Inc., New York, 1961). 
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Fic. 1. Geometry of the scattered 2.85-Bev proton beam at the 


Cosmotron. Since the circulating beam intensity was less than 10° 
protons per pulse, no shielding was required at the bubble chamber. 


between Cosmotron pulses was 5.5 sec. The bubble 
chamber magnetic field was 17 000 gauss.° 

Approximately 90 000 photographs were taken, with 
four stereo views. All were scanned once, using two 
stereo views, and about 40% were rescanned using the 
other two views to check detection efficiency. Essentially 
all scanning was done by scanners without scientific 
training. They recorded all events that might be in- 
terpreted as strange particle decays. These were in- 
spected by a physicist who eliminated events that could 
clearly be electron pairs, mu decays, or small-angle 
scatterings. The detection efficiency of the first scan 
for finding strange particle events, as deduced from the 
rescanned pictures, was 75%, which is rather low. Four- 
prong x meson production events, in contrast, had a 
detection efficiency of 98%. It is clear that finding the 
strange particle events is more difficult. Both charged 
and neutral decays can, under some circumstances, be 
hard to detect. There was no evidence that any particu- 
lar strange particle production process had a particu- 
larly high, or low, efficiency, though the number of cases 
was too small to permit such a comparison to be very 
significant. The results quoted in Sec. III are based on 
the events found in the first scan only and a uniform 
75% scanning efficiency. 

Measurements were made in the usual way on a pro- 
jector with x-y stage motion and digitized output. The 
least count of the system is 1 uw, reproducibility of setting 
about 1 uw, and overall error due to setting errors, back- 
lash, non-linearity of scales, etc. estimated at 2.5 u from 
measurements on reference straight lines. Each track 
was measured in two views, chosen so as to provide a 
satisfactory stereo angle. Many of the events were 
measured two or more times. From the variation in 
measurements an effective setting error of about 4 u was 


*In carrying out the experiment the usual technical difficulties 
were encountered, such as plugged Dewars and vacuum leaks of 
various sorts. At one point it was necessary to interrupt the run 
because air or nitrogen had frozen on the bubble chamber windows 
to such an extent that picture quality was unacceptable. The 
fraction of the Cosmotron beam that hit the target varied consider 
ably, apparently because of asymmetries in the Cosmotron mag 
netic field. Partly as a result of this variation, attempts at beam 
sharing with other experiments proved unsuc cessful. 
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deduced for measurements on actual tracks. Such an 
error accounts for most of the apparent curvature of 
no-field tracks, so there appears to be no serious dis- 
tortion in the chamber. 

Bubble density was determined by a gap-length 
method.” Positions of all bubbles were recorded on the 
measuring projector. From the positions an estimate of 
the number of bubbles per centimeter was computed. 
This was corrected for depth and dip angle and normal- 
ized with reference to the bubble density for a beam 
track in the same picture. 

A computer program named TRED was used to com- 
pute positions of points in space and then angles and 
curvatures of tracks. Many events were computed using 
a simple version on an LGP-30 computer. The remainder 
were done on an IBM-704. As in all such programs there 
are numerous optical constants that describe optical 
path lengths and the positions of lenses relative to the 
fiducial marks. These were determined as carefully as 
possible by direct measurement. They are believed to be 
correct within limits that do not affect the present 
analysis because: (1) the depth of the rear glass is given 
correctly, (2) measurements using different pairs of 
views are consistent, and (3) correct Q values are ob- 
tained for A° and @. 

The geometry computation was followed by a simple 
kinematic fitting procedure to assist in the identification 
of events. The two most common event topologies are 


shown in Fig. 2. The 141 type is presumably a =* pro- 
duction. A “neutral mass” program for the PLG-30 was 


used first to compute the =+ 
be unmeasurable since the =* 


momentum (assumed to 
tracks are usually short) 
from the angles of the + and its decay secondary and 
the secondary momentum. Then the =+ momentum and 
measurements on track No. 2 from the production event 
were used to compute the mass of the neutral particle, 
which should be either K° or neutron. To fit the event 
the momenta of tracks No. 2 and No. 4 were varied, 
while angles were considered to be well determined. 
Estimates of the errors in momentum were based on a 
combination of setting error and Coulomb scattering. 
An increase in the amount of momentum adjustment 
by two standard deviations was, rather arbitrarily, 
deemed sufficient to rule out a hypothesis. Thus, if 
=+Ktn could be fitted by adjusting the momentum of 
track No. 4 by one standard deviation, while a =*+A°p 
fit required adjustment by two standard deviations, 
both were considered to be possible identifications, but 
if a 2+K°p fit required adjustment by four standard 
deviations it was considered to be ruled out. 

The procedure with type 112 events was similar but 
more complicated. The first step was to assume the 
V°-particle formed by tracks No. 4 and No. 5 to be first 
a A° and then a @, and vary momenta to fit the right 


10 See, for example: W. J. Willis, E. C. Fowler, and D. C. Rahm, 
Phys. Rev. 108, 1046 (1957); M. F. Blinov, Iu. S. Krestnikov, and 
G. A. Lomanov, Soviet Phys.—JETP 4, 661 (1957); and V. P. 
Kenney, Phys. Rev. 119, 432 (1960). 
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Fic. 2. The most common event topologies for strange particle 
production in p-p collisions. Type 141 events are typically 2+K*n 
or Z+A°p. Type 112 events are typically A°K*p, D°A tp, A°Ktpr®, 
A°K° prt, or A°A tn. 


Q value. Then the momenta of tracks No. 2 and No. 3 
were varied, using the neutral mass program until the 
desired neutral mass was obtained. Furthermore the 
momentum of the V° obtained from the Q-value fit had 
to be consistent with that from the neutral mass com- 
putation, and both had to be consistent with the line-of- 
flight from production to decay vertex. 

Distinguishing A° from >° events by kinematics is 
extremely difficult. Where A°A*? fits well it is often 
possible to adjust momenta by less than two standard 
deviations to obtain a =°A°p fit. If, however, A°A* p gave 
a neutral mass fit with less adjustment than 2°A*p and 
the A°A*p fit gave overall momentum balance within 
0.05 Bev/c in momentum and 3° in A° angle, then the 
event was considered to be identified as A°At. 

Information on bubble density was also used to estab- 
lish or confirm the identification of events. In the case 
of type 112 events, for example, tracks No. 2 and No. 3 
are normally. p and A or K and p. When the momenta 
are similar, kinematics fails to distinguish which is 
which, but bubble density often does so without 
ambiguity. 

As can be seen from the discussion, each event was 
given individual study by one or more physisicts em- 
ploying the types of computation mentioned. The 
number of events (about 150) was small enough and the 
variety of processes great enough that this seemed pref- 
erable to using KICK or other more automatic kine- 
matic fitting programs." 


III. RESULTS 


A total of 139 events involving hyperon and K meson 
were found inside a fiducial region with boundary 7 cm 
from the downstream edge of the illuminated region and 
centered in perpendicular directions so that entering 
particles passed through the thin window of the cham- 
ber. For the evaluation of cross sections certain types 


'! See A. H. Rosenfeld and J. N. Snyder, University of California 
Radiation Laboratory Report UCRL No. 9098 (unpublished), 
for a description of KICK. 
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of events were eliminated, for which it would be difficult 
to determine the correction factors. These were: (1) 7 
events in which the A meson was seen to decay but the 
hyperon was not, (2) 25 events in which a =* decayed 
to proton and #’, and (3) 9 events in which the =* track 
was shorter than 1 cm. Thus correction factors are com- 
puted assuming that A meson decays are not observed, 
that only x* decays of =* with tracks at least 1 cm long 
are counted. Three types of correction must then be 
applied : (1) a decay mode correction to allow for neutral 
decay modes of A°’s and protonic decay modes of =*, 
(2) a geometrical correction to allow for particles escap- 
ing from the illuminated volume and for decays in a 
distance shorter than 1 cm, and (3) a correction for the 
75% scanning efficiency mentioned in Sec. II. These 
are summarized in Table I. 

In this table fractions appear in cases where one or 
more events could be given two possible interpretations. 
There are two general types of ambiguities: (1) Am- 
biguity between =*A*n and =*KA°? exists in a type 141 
event if it is not possible to tell whether track No. 2 is 
proton or K+. Five such cases are divided between 
=*Atn or =*+K"p assignments. (2) Ambiguity between 
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Fic. 3. Distribution of original neutral mass values for type 
112 events, obtained using measured values for all track 


parameters 
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A°K+p, °K +p, and (A°D°) At pr® involves difficulty de- 
ciding whether or not a low-energy y-ray or 7° was 
emitted in addition to A°, A+, and p. There were seven 
cases which could be either A°A +p or 2°A* 9, three cases 
which could be =°A*tp or (A°DS")A*+ pr, and one case 
which could be A°A*p, 2°A tp, or (A°D") At pr®. Thus the 
only class to which ambiguous events make a substantial 
contribution is 2°A+/, for which only 3 of the 8} events 
are unambiguous. 

The >°A* p events are the least frequent of the t 
body final states, and changes in the assignment of the 
ambiguous events could make 2°A*? even less common, 
but could not increase their frequency to be as great as 
the others. A different aspect of the data is presented 
in Fig. 3, which shows the original value of the neutral 
mass computed for the type 112 events, treating the 
charged particles from the production event as A* and 
p. There is a pronounced peak corresponding to the A‘ 
mass, which is consistent statistically with a center at 
1115 Mev and width of 50 Mev. The number of cases 
in the vicinity of the 2° mass is much smaller, and there 
is a small group whose masses are suitable for A°+-7°. 
It seems clear that A°At? is the predominant reaction. 

To determine the cross sections for these processes we 
compare their frequency with that of four-prong events, 
based on a count of events and tracks in a fiducial 
region.” In the pictures used for the present experiment 
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Fic. 4. Angle and momentum distributions for =*+A*n. The 
number of cases observed is plotted as a function of c.m. angle 
and c.m. momentum for each secondary particle. 
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E. L. Hart (private communication). 
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9298 four-prong events were found, but this number 
must be reduced to correspond to events in the fiducial 
region used for selecting strange particle production 
events. The result is 7570 four-prong events, leading to 
6.37 X10~ mb per event. Using the corrected numbers 
of events from Table I the cross sections listed in 
Table II are obtained. The estimates of errors include 
three contributions: (1) statistical error, (2) possible 
error in classifying ambiguous events, and (3) errors in 
estimating detection efficiency. 

The number of events in a given class is too small for 
angle and momentum distributions to have a clear 
statistical significance. The data are summarized in 
Figs. 4, 5, and 6 for 2+A*n, =*+K°p, and A°At? events, 
which are the most common. The data plotted are 
actual numbers of events observed (except that am- 
biguous events have been given 4 weight). Events with 
>* tracks less than 1 cm long are included here in order 
to keep the most events possible. There is some detection 
bias against hyperons produced in the forward direction, 
but it is smaller than the statistical error. The observed 
data do show fewer hyperons in forward directions than 
backwards, which presumably is due to the combined 
effects of bias and statistical fluctuation. The angular 
distributions seem isotropic for K mesons in all reac- 
tions, but nucleons and hyperons seem peaked forwards 
and backwards. The momentum distributions show no 
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Fic. 5. Angle and momentum distributions for 2*A°p. 
number of cases observed is plotted as a function of c.m 
and ¢.m. momentum for each secondary particle. 
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TaBLe IT. Hyperon production cross sections in millibarns. 


=tKtn 
=tK°p 
“°K tp 
A°K tp 


0.003+0.002 
0.004+0.003 
0.011-+0.005 
0.014+0.005 
0.002 +0.002 


0.04740.013 x =+Ktpxt 
0.030+0.010 =+KNx 
0.013+0.007 (A°D°) K+ pro 
0.051+0.012 (A°D9) K°pat 
(A°D°) K+nxt 


Total hyperon 0.175+0.032 


strong departures from a statistical type.” Distributions 
of transverse momenta show the usual peak at fairly 

low values, in most cases about 300 Mev/c. 
A search was also made for events involving K-meson 
pairs according to one of the reactions 
ptp— pt pt K+, 
pt+nt+Kt+h®, 


ptp+Kt+k-. 


(2a) 
(2b) 
(2c) 
Processes (2a) and (2b) can be recognized by the decay 
of K® and/or A°. A two-prong production event would 
be observed accompanied by one or two @ decays. In 
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Fic. 6. Angle and momentum distributions for A°A*p. The 
number of cases observed is plotted as a function of c.m. angle 
and c.m. momentum for each secondary particle. 


13 In the events that have z mesons in the final state one might 
look for evidence of the s-meson-hyperon resonant state reported 
by M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. Grazi- 
ano, H. K. Ticho, and S. G. Wojicki [Phys. Rev. Letters 5, 520 
(1960) ]. From a total of 21 such events, 6 cases had a total energy 
of the pion-hyperon system in the range from 1375 to 1400 Mev, 
consistent with a state at ~1380 Mev. 
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this experiment six events were seen in which a two- 
prong production event was accompanied by two neutral 
V’s. Five of these were identified as (A°S°)AK° prt, and 
one as ppK°R® (2a). Among the many two-prong events 
with a single neutral V all were fitted better by some 
hyperon production process than by (2a) or (2b). On 
the other hand the possibility that a small number of 
these events might actually represent (2a) or (2b) can- 
not be completely excluded since some of the neutral 
V’s could be classed as A°’s or @’s and exhaustive kine- 
matic calculations to rule out (2a) or (2b) were not 
made. 

With allowance for neutral decay modes and detection 
efficiency the cross section for reaction (2a) is estimated 
to be about 0.002 mb (based on the single event found). 
Since no examples of (2b) or (2c) were found, their 
cross sections must also be small. 

The detection of charged K mesons produced in the 
reaction (2c) is more difficult than the detection of reac- 
tions (2a) or (2b) because of the extremely small likeli- 
hood that either charged K meson will decay in the 
chamber. Without this characteristic decay, the charged 
K pair event has an appearance in scanning similar to 
that of a large number of r-meson production events in 
which one negative meson is produced, e.g., 


PT P— Pree tt, 
PT eTre’ TT Tt, 


—> PPOs’ Te TF. 


Both x and A meson production events consist of one 
negative and three positive outgoing prongs. This unique 
appearance assures a scanning efficiency close to 100% 
for both types of events. 

About 6300 such four-prong events were examined in 
this experiment. It was possible to identify about 98% 
of these as meson production before stereoscopic re- 
construction was undertaken. This identification was 
accomplished by utilizing criteria which were obtained 
by applying conservation of energy and momentum to 
reaction (2c). These criteria involve limits on the angle 
of each outgoing track and the fact that the available 
c.m. kinetic energy is less than 150 Mev." In addition, 
bubble density estimates were used to the following 
extent: 

(a) K meson identification was excluded from tracks 
of minimum bubble density and momentum less than 
300 Mev/c; (b) proton identification was excluded from 
tracks of minimum bubble density and momentum less 
than 600 Mev/‘c. 


“ For example, at 2.85 Bev incident kinetic energy the maxi 
mum angles for emission of protons and K mesons in reaction (1 
are 20 respectively. An event which does not have all 
four angles less than 32°, with at least two positive tracks emitted 
at less than 20°, cannot involve K pair production, and was there 
fore identified as a x production event. These criteria were applied 
by measuring the projected angle. For forward tracks with the 
yptical system used, this projected angle is a lower limit for the 
space angle and hence a conservative value to use in conjunction 
with criteria restricting the_magnitude of the angle. 


and 32°, 
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Fic. 7. Diagrams representing strange particle production through 
the exchange of x meson or K meson, after Ferrari. 


Using the criteria set out above, all but 137 of the 
total 6300 four-prong events were identified as involving 
m-meson production. These 137 events were put through 
the TRED spatial reconstruction program and the 
GUTS kinematical analysis program.’ In this analysis 
program a K pair fit was assumed for each event and 
the x? function computed. In every case the probability 
of obtaining a value for x? equal to or greater than the 
computed value was less than 0.001. However, when the 
neutral K pair event described earlier was subjected to 
the same analysis the above probability was 0.96. More- 
over, for each event there was at least one multiple 
m-meson production fit for which the value of the com- 
puted x? function was statistically reasonable. In view 
of these results, none of the four-prong events was 
classified as an example of charged K pair production. 


IV. DISCUSSION 


Charge independence implies a triangular relationship 
between amplitudes for = hyperons leading to the in- 
equalities given in Eq. (4). 


[2o(2°K+p) }< [o(S*+Ktn) }'+[o(2+Kp) I}, 
[o(=+K+tn) }'< [20 (Z°K+p) }#+-[o(Z+Kp) }', (4) 
[o(=+K°p) }¥< [20(2°K +p) }}+[o(2+Ktn) J}. 


The observed total cross sections satisfy these in- 
equalities, and, since the angular distributions appear 
similar, there is no evidence for any discrepancy in- 
volving differential cross sections. 

Only one example of K-pair production was found, 
compared with 139 ¥+K events. Phase space computa- 
tions indicate a factor of about 30, which is roughly 
consistent.!® Theoretical computations concerning 
strange particle proudction in nucleon-nucleon collisions 
have been reported by Ferrari.’ Two simple models are 
assumed, involving transfer of a single meson or K 
meson between nucleons as indicated in Fig. 7. Since the 
effects of single -meson exchange are of major im- 


portance in several aspects of nucleon-nucleon inter- 
actions, the predictions based on this assumption are of 


6 J. P. Berge, F. ‘T. Solmitz, and H. D. Taft, University of Cali 
fornia Radiation Laboratory Report UCRL-9097 (unpublished 

®R. Serber, Proceedings of the Seventh Annual Rochester Con 
ference on High-Energy Nuclear Physics, 1957 (Interscience Pub 
lishers, Inc., New York, 1957), p. v-6. 
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TABLE ILI. 


Final state 


Experimental 


2TK tn 0.047+0.012 
S+Kp 0.030+0.010 

K+p 0.013+0.007 
A°K tp 0.051+0.012 


“0 


mr exchange 


0.069 
0.052+-0.016 
0.011 
0.053+0.012 


Ferrari theory 
K exchange* 
Pseudoscalar hyperons Scalar hyperons 


(gv? ‘Nor < 0.049 gs? 4r «0.108 
2/42) X 0.083 (¢s2/44) X0.137 
2/4) X0.047 2/40) XO.113 
2/4) <0.071 


rs 
gz 
1? 
(SA 


® These values were provided by Ferrari in a private communication, and are based on more recent values for the K*-n cross sections than those given 


in his paper.® 


particular interest. One can visualize such a process as 
the collision of a pion in the pion cloud around one 
nucleon colliding with the other and producing hyperon 
plus K meson. The computation effectively evaluates 
the number and momentum distribution of pions in the 
cloud and uses experimental cross sections for the 
process r+p— Y+K. The results are summarized in 
Table ITI. 

The experimental data are in fairly good agreement 
with the predictions of the r-exchange model. The K-ex- 
change model does not fit as well though a reasonable 
coupling constant gives the right order of magnitude 
for cross sections. If most interactions take place 
through a single pion exchange mechanism, one would 
expect that the collisions could be thought of as 
“peripheral”, and would involve small momentum 
transfer for the nucleons and hyperons. The angle and 
momentum distributions are consistent with the for- 
ward-backward peaking and high secondary momentum 
in the c.m. system that would be expected from such a 


model. The experimental data do, therefore, seem to 
indicate that the one-pion exchange may be the pre- 
dominant mechanism of production of hyperons and 
K mesons. Other mechanisms must, however, contribute 
to some extent, and one should not expect precise agree- 
ment. Neither experimental nor theoretical results are 
sufficiently definitive as to exclude the K-exchange 
model. 
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We present an analysis of r-mesonic atoms, based upon cascade 
calculations taking into account the known processes of radiation, 
Auger transitions, and nuclear absorption. This analysis, together 
with the previous one on yw-mesonic atoms, is intended to provide 
a deeper insight into the unsolved problem of the deficiency of 
x rays in mesonic atoms. It is shown that the #-mesonic L x-ray 
yields (for Z<20) are quite insensitive to the strength of nuclear 
absorption and depend only upon the chosen initial meson popula- 
tion of the higher levels. Similarly, the ratios of basic (Ka, La, etc.) 
to higher x-ray yields, both for 4 and x mesons, depend strongly 
on the initia] distribution. The best agreement between the calcu- 
lations and experiment was obtained for a ‘‘modified statistical” 


1. INTRODUCTION 


HE question of the deficiency of x rays in mesonic 

atoms! has been the subject of many investiga- 
tions*~* during the past few years. No satisfactory solu- 
tion to this problem has been offered so far. 

In a series of experiments measuring the characteristic 
K and L x-ray yields of mesonic atoms, Stearns and 
Stearns*—”’ discovered a very large discrepancy between 
the observed and calculated values. The experimental 
yields for the light elements were smaller (by a large 
factor) than the predicted yields obtained from a simple 
theory of this process."' Attempts to explain the above 
discrepancy by some kind of an ‘external” Auger effect’ 
turned out to be unsuccessful.’ The possibility® that a 
large number of mesons reach the metastable 2s state— 
from which no radiation and only Auger 2s — 1s transi- 
tions are possible—was examined critically by Ruder- 
man’ who arrived at the conclusion that this, very prob- 
ably, cannot explain the x-ray deficiency. In fact, one 
can state more generally that the experimental evidence 
on Auger electrons associated with the capture of 
u-mesons in the light elements (C, N, O) of nuclear emul- 
sions excludes the possibility of explaining the “missing” 
AK x rays of carbon in terms of any effect leading to the 


For a comprehensive review, see D. West, Reports on Progress 
in Physics (The Physical Society, London, 1958), Vol. 21, p. 271 
*T. B. Day and P. Morrison, Phys. Rev. 107, 912 (1957 
J. Bernstein and T. Y. Wu, Phys. Rev. Letters 2, 404 (1959). 
lr. B. Day and J. Sucher, Air Force Office of Scientific Research 
Report TN-59-771, 1959 (unpublished). 
N. A. Krall and E. Gerjuoy, Phys. Rev. Letters 3, 142 
R. A. Ferrell, Phys. Rev. Letters 4, 425 (1960). 
M. A. Ruderman, Phys. Rev. 118, 1632 (1960). 
*M. B. Stearns and M. Stearns, Phys. Rev. 105, 1573 (1957). 
’M. Stearns and M. B. Stearns, Phys. Rev. 107, 1709 (1957). 
M. B. Stearns, M. Stearns, and L. Leipuner, Phys. Rev. 108, 
445 (1957). 
1G. R. Burbidge and A. H. de Borde, 
1953), and A. H. de Borde, 
7 (1954 


1959). 
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initial population of the form (2/+-1)e*!, with a=0.2, in the n=14 
level. From the existing experimental data on w-mesonic K x rays, 
the mean life of the * meson in nuclear matter was deduced: 
t-=2.75X 10% sec. Within the framework of the present theory 
we are still unable to account for the x ray deficiency in the light 
atoms. However, it is shown that the quantum loss as a function 
of energy is different for - and u-mesonic atoms, and therefore 
it is very probably due to a real physical effect. Furthermore, by 
comparing our predicted Auger electron yields with the experi- 
mental data, we can rule out any hypothetical simple Auger 
process in which the full energy of the “missing” quantum is given 
to a single electron. 


emission of single Auger electrons (see reference 12 and 
Sec. 6 of the present work). 

In a previous paper, I, we discussed u-mesonic atoms 
on the basis of straightforward electromagnetic cascade 
calculations and compared the results with the experi- 
ments on mesonic x rays and Auger electrons. The only 
free parameter in the theory was the initial meson 
distribution. 

In the present paper we shall present our results for 
m-mesonic atoms as well as a detailed discussion of the 
entire subject, in the hope that our more precise predic- 
tions (on the basis of ordinary electromagnetic theory) 
will bring about a better understanding of the problem. 

The analysis of r-mesonic atoms differs from the pre- 
vious calculations of u-mesonic atoms in three respects: 


(1) Because of the more intense z-meson beams 
available, the experimental x-ray yields of Stearns and 
Stearns*®!° were much more precise and given in absolute 
terms (number of quanta per stopped meson) and not, 
as for u-mesons, only with respect to oxygen (A x rays) 
and silicon (Z x rays). Therefore, we will be able to 
compare the calculated and observed yields in an abso- 
lute way and to study the influence of the initial popula- 
tion upon absolute K and L x-ray yields, as well as 
upon the ratio of the basic (K, and L,) to all K and 
L x rays. 

(2) w mesons are absorbed by the nucleus from states 
higher than the ground state and this affects the cascade 
calculations in a very sensitive way. Absorption is de- 
scribed in the present work by means of a single param- 
eter, the lifetime of the + meson in nuclear matter. 

(3) On the other hand, the theoretical uncertainty as 
to the de-excitation mode of the metastable 2s state 
which we had to consider in u-mesonic atoms, will not 


2 Y_ Eisenberg and D. Kessler, Nuovo cimento 19, 1195 (1961 , 
hereafter referred to as I 
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appear again in the present context, because in all 
s states the r meson is predominantly absorbed. 


In Sec. 2, our results on w-mesonic atoms are sum- 
marized. In Sec. 3, it will be shown that the m-mesonic 
L xrays do not depend on the strength of the absorption 
of the meson by the nucleus, but depend quite sensi- 
tively on the chosen initial population. The latter can 
thus be determined uniquely. 

In Sec. 4, we consider the A x-ray yields which depend 
strongly on the absorption parameter, once a definite 
initial population is adopted. The lifetime of the meson 
in nuclear matter is thus determined. The results for 
M x rays are also included in this section, although no 
experimental data are yet available. 

The expected Auger electron yields and spectra from 
7 mesons stopped in nuclear cmulsions are given in 
Sec. 5 and compared with the rather scarce experi- 
mental data. 

The results are discussed in Sec. 6 and summarized 
in Sec. 7. 


2. SUMMARY OF RESULTS ON u-MESONIC ATOMS 


Cascade calculations for ~ mesons captured in a 
number of elements ranging from Li to Ag were per- 
formed” by using the calculated radiative and Auger 
transition probabilities. The calculations were started 
from the m=14 level and hydrogenic wave functions 
were assumed, since from this level downwards the 
u meson is already below the electronic K shell. 

Various initial populations in the n= 14 level were 
tried because we have no definite a priori knowledge of 
the distribution of the mesons among the substates of 
a given higher level, except for an intuitive preference 
of the statistical (2/-+-1) distribution. Comparison of the 
calculated x-ray yields with the experimental values, 
however, did not allow us to draw conclusions concern- 
ing the initial population. Indeed, the absolute K and 
L x-ray yields were not determined precisely enough by 
experiment, and only the relative values with respect to 
oxygen and silicon, respectively, were sufficiently accu- 
rate for comparison. It turned out, however, that the 
calculated values, if similarly normalized, were essen- 
tially independent of the assumed initial population. 

The results showed that the experimental A x-ray 
yields for elements with Z<6 and the L x-ray yields for 
Z<14 are much lower than the predicted values. If 
plotted as a function of energy, the ratio of observed to 
expected yields of both K and L x rays increases roughly 
linearly from about 0.20 at 20 kev to 1.00 at about 90 
kev. Above this energy the agreement was satisfactory. 

On the other hand, we were able to show that, in 
contrast to the (normalized) absolute yields, the relative 
yields of the basic K, line to all K lines and of L, to 
all Z are indeed sensitive to the assumed initial popula- 
tion. As the discrepancy between experiment and calcu- 
lation seems to depend upon the quantum energy and 
not on the specific transition, it is expected that the 
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discrepancies in the above relative yields should cancel 
and that the observed values should agree with the 
calculated ones. In order to achieve this agreement, the 
initial population must be chosen more peaked towards 
the high 7 values than the statistical (2/+1) distribution. 
We have tried distribution of the form (2/+-1) exp(al) 
and the best fit was obtained for the choice a=0.2. 
Such an initial distribution was shown to be not un- 
reasonable because a statistical distribution in a level 
with very high principal quantum number will gradually 
become more peaked towards high orbital momentum 
states while the meson cascades down." 

The above considerations do not depend strongly on 
whether the transition from the metastable 2s state to 
the ground state takes place by an Auger S transition or 
by a “mixed” transition as proposed by Ruderman,’ 
However, the expected number of Auger electrons in the 
light elements of nuclear emulsion depends very strongly 
on this transition, and comparison of our predictions 
with the experimental data of Pevsner ef al.'* showed 
that the “mixed” transition must be preponderant. 
More generally, the small number of Auger electrons 
experimentally observed does not leave much room for 
explaining the x-ray deficiencies in the light elements by 
any competing pure Auger process. 


3. THE x-MESONIC L X RAYS AND 
INITIAL DISTRIBUTION 


The calculations are similar to those in I, except that 
now absorption from the low angular momentum states 
takes place in addition to radiation and Auger effect. 
The absorption probability was taken equal to the over- 
lap of the meson wave function with the nucleus divided 
by the lifetime (7.) of the m meson in nuclear matter 
(see Appendix). This latter parameter must be deter- 
mined from the experiment. The overlap integral varies 
only slowly with the principal quantum number », but 
depends strongly upon the orbital quantum number 1. 
This fact arises, of course, from the behavior of the 
hydrogenic wave functions near the origin. Thus, the 
absorption probability decreases by about three orders 
of magnitude between any / and /+1. Radiation and 
Auger effect, on the contrary, vary only relatively slowly 
with and /. Competition between absorption, on the 
one hand, and radiation and Auger effect, on the other 
hand, therefore usually takes plac 
momentum /. Below this /, 


higher J's the 


at a certain orbital 
capture is practically 100 


clectromagnetse 


od 


effective, whereas for 
processes dominate. Thus the gross behavior of the 
cascade 1s determined mainly by the intrinsic strorg 
posed by R. A. 
Mann and M. FE Phys. Rev. 121, 293 (1961). We have 
performed a cascade calculation (for ~~ mesons in carbon) by 
using this distribution. The resulting A and L x-ray vields were 
essentially the same as ours from C!! and C!Y (see Table 3 of I). 
However, the Ag/all A ratio was too low, 0.46, as compared with 
our value from C!Y, 0.66, and the experimental value, 0.80. 

4 A. Pevsner, R. Strand, L. Madansky, and T. Toohig, Nuovo 
cimento 19, 409 (1961). 


13 Recently a different initia! population was prop 


Re me, 





EISENBERG 


+--+ TOT TTT Tyr — 
4 


4 


Yields 


X— Roy 


Absolute 





| Lit Paw aed (enTeT TTT | 1 


6 15 20 wd 40--Z 
, 





, 4 b i 
62.3 1012 187 376 820 


EL g (kev) 


, 
127 25.1 


Fic. 1. 
cu 


Calculated total Z x-ray yields for the “statistical’’ 
and “modified statistical” (CY) initial meson distributions. 
The experimental points are those of Stearns et al. 


1 dependence of the overlap integral. Since absorption 
from the d states begins to compete significantly with 
electromagnetic processes only at Z220, the L x-ray 
yields of the light elements are not affected at all by 
the choice of 7... 
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Fic. 2. Calculated ratios of basic to all K and L x-ray yields 
for cascades C™! and C!V. The experimental points are: O Stearns 
et al., CO Camac ef al., and West et al. 
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In Fig. 1 we plot the calculated values of the 
m-mesonic L x-ray yields for two initial distributions, the 
statistical [C™! « (2/+-1) ] and the “modified statistical” 
[C!Y « (2/+-1) exp(0.2/) |. The ratios L,/all L are shown 
in Fig. 2. The results of Fig. 1 and 2 were obtained by 
using the value r,-=2.75X10~" sec, but as discussed 
above, the calculated Z x-ray yields are quite insensitive 
to the choice of 7,. It can be seen from Fig. 1 that 
agreement with experiment (for Z> 11) is much better 
for the “modified statistical,” than for the statistical 
initial population. The same is true for the ratios 
L,/all L (Fig. 2). For these, the experimental values do 
not reflect the detailed behavior predicted by theory, 
but in the average the agreement can be considered as 
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Fic. 3. Calculated (C™) total K x-ray yields for 3 different 
values of re. The experimental points are @ Sterns e al., 
O Camac et al. 


satisfactory. The K,/all K ratios will be discussed in 
Sec. 3. 

It is very gratifying to note that the same initial 
population, namely the ‘‘modified statistical” distribu- 
tion, produces reasonable agreement between observed 
and calculated values of all those quantities which 
depend on the initial population: the x-mesonic L x-ray 
yields and the ratios of basic to higher transitions in 
u- and z-mesonic atoms. From now on this distribution 
will be used exclusively. 

It is seen from Fig. 1 that for the light elements from 
Z=9 down there is an increasing discrepancy between 
the observed and calculated yields. We shall discuss 
this point in Sec. 6. 
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4. THE z-MESONIC K X-RAY FIELDS AND THE 
STRENGTH OF NUCLEAR ABSORPTION 


In contrast to the L x rays, the K x rays depend on 
T- aS a consequence of the competition between absorp- 
tion and electromagnetic transitions which takes place 
in the p states of the lighter elements (Z$15). K x-ray 
yields were calculated with the ‘‘modified statistical” 
initial population and with 7, as a free parameter. 
Curves for three values of 7, (2.00, 2.75, and 3.50 10-8 
sec) are displayed in Fig. 3 together with the experi- 
mental data of Camac ef al.'® and Stearns and Stearns.? 
The results of Camac et al., while showing the same 
general trend, are consistently lower than those of 
Stearns and Stearns. Until more experimental results 
are available we accept the more recent data of Stearns 
and Stearns. These agree with curve 2 (r,=2.75X10-* 
sec), except for a closed shell effect at Z=7, 8 and the 
x-ray deficiency at Z=3. It is clear that an accurate 
determination of 7, will be possible with the help of 
better experimental data for the K x-ray yields of light 
elements. 

The relative yields K,/all K depend again on the 
initial distribution. Figure 2 shows that the statistical 
distribution (C') is completely excluded. Agreement 
with C'Y can be considered as satisfactory pending more 
precise experimental results. 

Although M x rays were seen in the experiments of 
Stearns and Stearns, no yields were quoted. However, 
we plot the calculated yield curves (C!¥) in Fig. 4, for 


future comparison with experiment. 

The extent to which various angular momentum 
states contribute to the absorption of the 7 mesons in 
the different elements is displayed in Fig. 5. (These 
results were obtained from the best description that we 


now have 
sec.) 

The largest contribution to the absorption from a 
given / state comes from the lowest possible levels: 
1s, 2p, 3d, etc. For example, 52% of all p-state absorp- 
tion in Li is due to the 2 state; this ratio increases 
regularly, it is 73° at the peak of the total p absorption 
(Z=12) and reaches 91% at Z=27, where p absorption 
ceases to be important. Similar behavior is observed 
from the other angular momentum states. 


namely cascade C!'Y with 7r.=2.75X10-" 


5. AUGER-ELECTRON YIELDS FROM 
m-MESONIC ATOMS 


Hitherto, Auger electrons from z-mesonic atoms have 
been measured only very roughly in nuclear emulsions.’® 
In Fig. 6 we have displayed the predicted Auger-electron 
spectra (above 15 kev) for the light and heavy emulsion 
elements, separately. The total predicted yield in emul- 
sions is 37.5%, whereas 22° were found experi- 
mentally.!® This is not too surprising, considering the 
experimental difficulties. 

1M. Camac, A. D. McGuire, J. 
Phys. Rev. 99, 897 (1955). 

16 FE, B. Chesick and J. Schneps, Phys. Rev. 112, 1810 (1958). 
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Absolute X-Ray Yields 
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“1G. 4. Calculated (CTY) total M x-ray yields 
and relative M,/all M ratios. 


In view of the x-ray deficiency in the light elements, 
it would have been interesting to measure the Auger- 
electron yields for m-mesonic atoms in the light and 
heavy emulsion elements separately. Such an experi- 
ment seems, however, very difficult to perform. 

On the other hand, the present calculations show that 
only 7.5%, of the Auger electrons of more than 15-kev 
energy in nuclear emulsion are expected to arise from 
capture 'in the light elements C, N, O. If the energy 
cutoff is 30 kev, the contribution from the light elements 
will reduce to 4%. 

It should be pointed out that, owing to the big differ- 
ence of the Auger-electron yields from light and heavy 





Fic, 5. Percentage contribution of different angular momentum 
states to x-meson absorption, as a function of Z, in light and 
medium nuclei. 
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Fic. 6. Calculated energy spectrum of Auger electrons (>15 
kev) normalized to 1000 stopping + mesons in nuclear emulsions 
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elements, the total yield depends sensitively on the 
assumed capture distribution between the gelatine and 
the AgBr. In our calculations, the u-capture distribution 
observed by Pevsner ef al.'* was used. 


6. DISCUSSION 


Within the framework of the present theory, the dis- 
crepancies between the predicted and observed x-ray 
yields in the light atoms are still unexplained. The x-ray 
efficiencies (observed/calculated yields) were plotted as 
a function of quantum energy in Fig. 7, for u- and 
m-mesonic atoms separately. Both show a characteristic 
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Fic. 7. Ratio of observed-to-calculated x-ray yields as a function 


of quantum energy. The experimental values were taken from 
Sterns ef al.: %—K lines, e—L lines. 
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increase of efficiency with energy. It is clear from the 
graphs, however, that the behavior of the two types of 
mesons is quite different: The efficiency of u-mesonic 
atoms approaches 100%, only in the region of about 
90 kev, whereas this already occurs, for m-mesons, at 
about 40 kev. Thus, for instance, the 42.1-kev z-mesonic 
K x ray of Be shows an efficiency of 96+10°7, and the 
62.3-kev L line of Na, 96+6° 7, whereas the experi- 
mental, predicted yield for the 47-kev u-mesonic L x ray 
of Na is as low as 534+4%, and the 52.1-kev u-mesonic 
K x ray of B, 60+5%. This could not have been noticed 
by Ferrell,® who plotted only the observed yields of 
x rays as a function of the quantum energy. By pure 
chance, the w-mesonic / x-ray yields around 100 kev 
(Si-lines) are about 0.80 quanta per stopping meson, 
which is also the normalization value used by Stearns 
and Stearns in the w experiment. Thus, both w and u 
observed yields coincide at ~ 100 kev. This coincidence 
is really irrelevant; the only relevant quantities in this 
connection are the observed/calculated yields, such as 
those plotted in Fig. 7. 

Even within the present experimental uncertainties, 
it seems impossible to describe both the u- and z-mesonic 
x-ray yields with the help of a single efficiency curve. 
It therefore seems difficult to put the blame of the 
“missing x rays’ on the experimenters, especially as 
both w- and w-mesonic x rays were measured under the 
same experimental conditions by the same observers 
and with the same equipment. 

On the other hand, it seems that all attempts to 
explain the “missing x rays’ with the help of some un- 
conventional Auger-process are doomed to failure. We 
have shown previously, in our work on u-mesonic atoms, 
that the experiment of Pevsner ef al.4 hardly accounts 
for the “ordinary” Auger electrons predicted by present 
theory: Only if we assume that a// metastable 2s states 
de-excite through the Ruderman “mixed” transition’ 
can we predict the correct number of 2 observed Auger 
electrons for the above experiment ; otherwise, up to at 
least 50 Auger electrons would have been expected. If 
Auger electrons were to account for the ‘“‘missing x rays,” 
an additional 120+30 electrons should have been ob- 
served (mainly from carbon) in Pevsner’s experiment, 
so that this possibility is completely ruled out. 


7. CONCLUSIONS 


(a) There still is a very serious discrepancy between 
the observed and calculated x-ray yields in the light 
elements, for both z- and u-mesonic atoms. In other 
words, even a detailed cascade calculation, in which all 
the important Auger and radiative transition proba- 
bilities of all orders are taken into account, is incapable 
of explaining the observed data. 


(b) Since the discrepancy is not a unigue function of 
the quantum energy (being different for K lines and 
L lines and for » mesons’ and x mesons; see Fig. 7) it 
could not be attributed to a simple experimental loss of 
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detection efficiency at low quantum energy. It must be 
due, very probably, to some real physical effect. 

(c) The solution to the problem should not be sought 
after in any mechanism which transfers the entire 
quantum energy into a single Auger electron, since, at 
least for u mesons in carbon, the experimental evidence" 
barely accounts for the numbers of “ordinary” Auger 
electrons expected from the theory.” 

(d) The experimental 1 x-ray yields, for mesons 
above the discrepancy region, as well as the ratios 
K,/all K and L,/all L, for u and x mesons, all seem to 
indicate that the ‘modified statistical” population 
[ (2/+-1)e°*"] of the n= 14 level gives the best descrip- 
tion of the actual physical situation. More precise ex- 
periments might help in understanding the so far un- 
explained discrepancies: Absolute determination of the 
u-mesonic x rays, determination with better resolution 
of the relative intensities of K,, Kz, K,, and L,, Lg, Ly 
in both u- and w-mesonic atoms, measurement of the 
yields of w-mesonic M x rays in the 20 60 kev region, 
determination of the Auger electron spectra of u- and 
m-mesonic atoms in light and medium elements. It also 
seems worthwhile to attempt the measurement of 
K~-mesonic x rays, for which calculations are now in 
progress. With the intense K~ beams now being de- 
veloped, such an experiment will soon become feasible. 
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APPENDIX 


Radiative and Auger transition probabilities were 
given in I. The w-meson capture probability by the 
nucleus was taken as 

P.=J/t. 


? 


IN MESONIC ATOMS 1477 
where J is the overlap integral of the pion wave function 
with the nucleus, and 7, is the mean lifetime of the 
meson in nuclear matter. 7, was determined by compari- 
son with experiment (Sec. 4). 

Using hydrogenic wave functions for describing the 
m7 meson, we get 


z (n—l—1)!(n+)! 
sf Aare? |W n1| 2dr = —_——_____—— 


2n 


2ZR/ nae es Sy | (—p)* 2 
xf |= — | 
0 —0 A!(n—/—1—))!(2/+1+A)! 
Ke Pp?'+2dp, 


where R is the radius of the nucleus involved, R= Ry A? 
(Ro was taken as 1.2X10-" cm), and a, is the radius of 
the first Bohr orbit of the 7 meson. 
The integrals were calculated with the help of the 
formula: 
z 
f e*pkdp=k!—e-*[ xt + hat I+ k(k—1)xt 24), 


0 


or with the help of the expansion: 


z ak x Bed 
f e-p*dp= e-*— “he > 
J k+1 


which converges rapidly for small x. 
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Dynamical Theory for Strong Interactions at Low Momentum Transfers 
but Arbitrary Energies* 
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Starting from the Mandelstam representation, it is argued on physical grounds that “‘strips’’ along the 
boundaries of the double spectral regions are likely to control the physical elastic scattering amplitude for 
arbitrarily high energies at small momentum transfers. Pion-pion scattering is used as an illustration to show 
how the double spectral functions in the nearest strip regions may be calculated, and an attempt is made to 


“a 


formulate an approximate but 


complete”’ set of dynamical equations. The asymptotic behavior of the 


solutions of these equations is discussed, and it is shown that if the total cross section is to approach a 
constant at large energies then at low energy the S-dominant rz solution is inadmissible. A principle of 
“maximum strength” for strong interactions is proposed, and it is argued that such a principle will allow 
large low-energy phase shifts only for ] <Jmax, where linax™1. 


I. INTRODUCTION 


HE power of the Mandelstam representation as a 

basis for a dynamical theory of strong inter- 
actions is now widely recognized. Chew and 
Mandelstam showed how the representation leads to a 
one-parameter theory of the pion-pion interaction if at 
low energies only the S-phase shifts are large.? The 
basic approximation used by these authors, as well as 
by Cini and Fubini,’ was to represent absorptive parts 
by the leading terms in a polynomial expansion or, 
equivalently, to replace double dispersion integrals by 
single integrals. This procedure can be justified when the 
only strongly scattered J values are 0 or 4, but when 
states of higher J interact strongly at low energies, it 
is not possible to ignore the two-dimensional nature of 
the dispersion integrals in a consistent dynamical 
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Fic. 1. The Mandelstam 


liagram for -m scattering. 
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approach. If one does, the asymptotic behavior of the 
amplitude becomes distorted in a manner conflicting 
with unitarity. The same difficulty appears in the x-.V 
problem’ and presumably in all other strongly inter- 
acting combinations. It is a difficulty that cannot be 
ignored, since nature has chosen to give us a J=3 2-N 
resonance, a J=1 \V-N bound state, and very possibly 
a J=1 x-x resonance.® In this paper we describe the 
beginning of an attempt to understand the dynamical 
role of the double spectral functions with respect to 
low-energy resonances and bound states. In so doing 
we find ourselves immediately involved in a considera- 
tion of total cross sections and diffraction scattering at 
very high energies. Indeed, it will be seen that if one 
can make a consistent theory of low-energy phenomena, 
such a theory automatically covers low-momentum 
transfer effects at arbitrarily high energies. 

We employ the z-z interaction as the basic illustra- 
tion for our approach, but the essential aspects may be 
generalized. For a preliminary orientation, consider the 
Mandelstam diagram’ in Fig. 1 for one of the three 
independent x-x amplitudes as a function of s, /, and w.° 
The physical regions for the three different channels are 
labeled by that variable which is the square of the 
energy for the channel in question, while the shaded 
areas are the unphysical regions in which the double 
spectral functions fail to vanish. The six numbered 
strip regions are of central importance in our approach. 
We shall argue (a) that these double-spectral strips 
dominate those parts of the physical regions which lie 

4M. Froissart, Phys. Rev. 123, 1053 (1961); G. F. Chew 
and S. Mandelstam, Nuovo cimento 19, 752 (1961). See also Sec. 
XI, G. F. Chew, Lawrence Radiation Laboratory Report UCRL- 
9289, 1960 (unpublished). 

6S. Frautschi and D. Walecka, Phys. Rev. 120, 1486 (1960); 
W. Frazer, Proceedings of the 1960 Annual International Conference 
on High-Energy Physics at Rochester (Interscience Publishers, 
New York, 1960), p. 282. 

® W. Frazer and J. Fulco, Phys. Rev. 117, 1609 (1960). 

7 For a discussion of the general kinematics of processes with 
two incoming and two outgoing particles, see T. Kibble, Phys 
Rev. 117, 1159 (1960). 

® The notation and units (e.g., m,=1) of reference 2 are used 
here. It is assumed that the reader is familiar with the concepts 
introduced in this reference as well as in reference 1. 
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in strips of comparable width along the boundaries, 
and (b) that the “strip” double spectral functions can 
be calculated through relatively tractable elastic uni- 
tarity conditions. Thus we are proposing a theory not 
only for low energies but also for arbitrarily high 
energies at low momentum transfer. The quantitative 
reliability of the approximation formulated here is 
uncertain; it may turn out that one needs to calculate 
the second strip (between 16m,° and 36m,*) more 
carefully than proposed here in order to achieve an 
accurate theory. We feel confident, however, that the 
general approach is sound and that much will be learned 
by studying the first strip in detail. 

The physical motivation for the strip approach lies 
in two well-established general features of strong inter- 
actions: (a) the existence of large phase shifts at low 
energy in states with J>}3; (b) the occurrence at high 
energies of forward diffraction peaks, showing a strong 
concentration of the imaginary part of the amplitude 
for momentum transfers <4m,. Even though no direct 
observations of r-m scattering have been made, we shall 
assume that these two general features are shared with 
ax-N and N-N scattering. 

Dealing first with the low-energy question, we recall 
that the imaginary part of the amplitude in the s 
physical region of Fig. 1 is 


1 Pus(t’,s) 1 pst (5,l’) 
A,=- few --+-— fe —, 
7 u—u oF t'—t 


apart from subtractions (or in other words, single- 
spectral functions). It appears necessary and permis- 
sible’ to subtract from (I-1) the S-wave imaginary part ; 
however, one may not treat P or higher wave parts as 
independent of the double spectral functions without 
developing asymptotic trouble, as shown by Froissart 
and by Chew and Mandelstam.‘ Thus, if large phase 
shifts occur for 0</</,, at low energy we require that 
the partial wave projections of (I-1) be large for /</n 
over an interval of low s, while the projections for />/,, 
are small. 


(1-1) 


Now, what behavior of the double spectral functions 
at low s could give a sudden decrease in the order of 
magnitude of the partial-wave projection in going from 
Ln to lm+-1? A simple guess is that for ¢ large compared 
with the lower limit of the integrals we have 


Pet(s,t)<i*, where [Rea ]max~Jm, (I-2) 
® There exists much confusion about the meaning of subtractions 
in the Mandelstam representation. In this paper we mean by a 
“permissible” subtraction one that is also “necessary,” and vice 
versa. That is to say, a permissible subtraction term in our sense 
is independent of the behavior at infinity of the dispersion integral 
that remains; if it is directly correlated with the remaining integral 
by asymptotic conditions imposed by unitarity on the full ampli- 
tude, then the subtraction is not necessary inasmuch as it is 
uniquely determined by the double spectral function through 
analytic continuation (see Froissart, reference 4). 
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with a similar behavior for p,,.. Then, since 


q°! {H, 


J d cosé Pi(cosd)[t’ +2¢° (1—cos@) b ; sae 


t ae 
1 


the order of magnitude of the low-energy phase shifts 
for J>[Rea Jmax will be determined by the lower limits 
of the dé’ and dw’ integrals, i.e., by the “range” of the 
interaction. For 1<[Rea ]max, however, the lower limit 
is of secondary importance and the contributions from 
high values of ¢’ and wu’ determine the magnitude of the 
phase shifts. (On the basis of analogy with nonrelati- 
vistic potential scattering, one expects, as explained 
in Sec. V, oscillations arising from Ima and these per- 
mit the integral to have a meaning.) Thus we arrive 
at the tentative and qualitative conclusion that the 
existence in the s channel of low-energy resonances 
(or near resonances) for J 2 1 requires the strip regions 
Nos. 1 and 4 in Fig. 1 to be important out to large values 
of ¢ and u, respectively. 

If strips No. 1 and No. 4 are important, it follows 
from the substitution law that strips Nos. 2, 3, 5, and 6 
are also important. How can we argue, however, that 
the interior regions of the double spectral functions are 
less important? These regions have no direct connection 
with low-energy resonances, but one would like definite 
evidence that the double spectral functions become 
systematically less important as one moves in direc- 
tions perpendicular to the boundaries. Such evidence is 
furnished by the forward diffraction peaks at high 
energies. Referring again to (I-1), we see that the con- 
centration of the imaginary part of the amplitude in the 
region —20</<0 when s is large implies that the most 
important part of the dé’ integral is for ¢’< 20, which is 
just strip No. 2 of Fig. 1. If the interior regions of pert 
were of major importance, it would be difficult to under- 
stand the sparsity of large-angle elastic scattering at 
high energies. 

This line of argument leads one to expect in general 
a backward elastic peak at high energies due to strip 
No. 3, although there are reasons why backward peaks 
may be less prominent than those in the forward direc- 
tion. We are not arguing here, of course, that a knowl- 
edge of the strip double spectral functions is sufficient 
to describe what happens in the interor of the physical 
region at high energies (e.g., at angles ~90° in the 
barycentric system). This domain lies outside the 
present scheme of approximation; it also happens to be 
a region about which almost nothing is known 
experimentally. 

In the following two sections, formulas originally 
derived by Mandelstam! and obtained through an in- 
dependent method by Cutkosky” are adapted to the 
calculation of r-r double spectral functions in the strips, 
and we write down sufficient additional formulas so as 


1 R. Cutkosky, Phys. Rev. Letters 4, 624 (1960) and J. Math. 
Phys. 1, 429 (1960). 
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(a) (b) 


Fic. 2. The two Cutkosky diagrams needed to calculate the 
double spectral functions in the strip regions. 


to achieve a “complete” set of dynamical equations. 
Section IV then deals with the iterative solution of these 
equations in the S-dominant case, which is shown to be 
physically uninteresting because of the total-cross- 
section behavior at high energies. In Sec. V the interest- 
ing case of a constant high-energy limit for the cross 
section is discussed in a tentative way. 

Before we proceed to detailed matters, it is appro- 
priate here to relate our approach to ideas recently 
expressed by Salzman and Salzman" and by Drell" as 
well as by Berestetsky and Pomeranchuk.* If we 
continue to focus attention on the s physical region of 
Fig. 1, the double spectral function in strip No. 1 
corresponds to diagrams in which only two particles 
are present in intermediate states but any number may 
be exchanged. In other words, this piece of ps¢ is cal- 
culated from the Cutkosky diagram" shown in Fig. 2(b) 
and represents purely elastic effects in the s channel. 
On the other hand, the piece of p,; in strip No. 2 is cal- 
culated from diagram 2(a), in which any number of 
particles is allowed in intermediate states but only two 
are exchanged (it is elastic in the ¢ channel). Obviously, 
then, we are calculating here the diffraction scattering 
associated with inelastic transitions in which a single 
pion is exchanged. This is the mechanism of Salzman 
and Salzman, Drell, and Berestetsky and Pomeranchuk 
although our method of calculation is quite different. 
We believe that the Mandelstam-Cutkosky approach 
through the double-spectral function is more syste- 
matic, since it raises no questions it cannot answer about 
cross sections in unphysical regions. It may lead to very 
different numerical results. 


II. EQUATIONS FOR THE DOUBLE 
SPECTRAL FUNCTIONS 


In his first paper Mandelstam derived formulas for 
double spectral functions on the basis of the elastic 


! F. Salzman and G. Salzman, Phys. Rev. Letters 5, 377 (1960). 

2S. Drell, Phys. Rev. Letters 5, 342 (1960). 

4. Berestetsky and I. Pomeranchuk, Proceedings of the 1960 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, New York, 1960), p. 333. 
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unitarity condition.' If for each channel we decompose 
the absorptive parts into elastic and inelastic compo- 
nents and make a corresponding decomposition of 
the contributing double spectral functions, then 
Mandelstam’s formulas are exact for the elastic part of 
the double spectral functions. In other words, the 
Cutkosky diagram Fig. 2(b) represents the complete 
ps, and Cutkosky’s formula for this diagram" is 
exactly that given by Mandelstam. The basic approxi- 
mation of our method occurs in the calculation of the 
inelastic part: What we call the “strip approximation” 
is the assumption that 


n\ 


Pst’ =p," ec. (II-1) 


This formula is exact in the strip region, 4</< 16, but 
for ¢> 16 there will be additional contributions to p..i" 

Because of the great symmetry of the 2-7 problem, 
only three independent elastic double-spectral functions 
are required to describe the three amplitudes 4, B, C 
of reference 2. We shall call these functions p1,2,3(2,y), 
where by convention the first variable is associated 
with that channel for which pz, is the elastic part of the 
complete double spectral function. In Fig. 3 the assign- 
ment of p1,2,3 appropriate to the amplitude B is shown. 
A and C may be obtained by the usual substitutions, 
which maintain the relative orientation of p.2.3 but 
exchange the channel labels. 

The Mandelstam formulas for p;.2.3 involve three 
linearly independent absorptive parts which we shall 
designate by /;,2,3(x,y). Here the first variable corre- 
sponds to the channel for which J is the actual im- 
aginary part in the physical region, while the second is 
a particular choice of one of the remaining two linearly 
dependent variables. We make the choice so that we 
have 

A,(s,t,u)=T1,(s,t), 
B,(s,t,u) = I2(s,t), 


C,(s,t,u) =13(s,t). 


(II-2) 








Physical 


Fic. 3. The assignment of the three independent elastic double- 
spectral functions to the amplitude B of reference 2. A is obtained 
by interchanging s and ¢ and C by interchanging ¢ and u. 
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We may note é 
Ii (a,y)=11(x, 4-—x—y), 
I2(x,y)=I3(x, 4-—x—y), 
I3(x,y) =I2(a, 4—a—y). 


(II-3) 
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In terms of these absorptive parts, the Mandelstam 
equations! for pi,2,3; turn out to be as follows, when 
proper allowance is made for the normalization of 
1, B, C used in reference 2: 

31 4(y”" x) +11 (y” x) +13(y” x) ]+.c. 


K}(x; y,y’,y”) 


l 
p2(x,y)=-[g:(q24+1)' 7 f fevertrronnra) +15*(y’,x)Is(y”,x) 1/ K(x; v,y',v”), 


us 


1 
p3(x,y) — [q sles +4)} i f favarLero'wrs (y” ,x) + 


us 


where 


K(x; 9,9',y9")=P+y?+y”? 
—2(vy'+yy"+y'y")—yy'y”/g2, (II-7) 
and 
q2= 42-1. 
The upper limits of the integrations over dé’ and dt” 
are determined by the condition K=0. Specifically, one 
integrates only over that region for which 
yy” en ” P Bs 
a +2(y’y”)3C (1+ 9'/49.7) (1+y"/4q2") ]}, 
(11-8) 
so that A is positive and vanishes only at the upper 
limit. It is easy then to verify that p1,2,3(«,y) vanishes 
for y<16x/(x—4). 
We now need formulas for J;.2.3 in terms of pj,9.3. 
Making a subtraction of the S-wave imaginary parts, 


we find 
1 
2(y) lat fern.) 
- 


1 


Te'(y,x) =4[ImA *(y)—ImA 


x’— (4-—2x—-y) 


1 49,7 
- n( + )} (II-9) 
2q ‘ x’ 


1 
3[ImA “2 (y) Jer + fev po(y,x") 
T 
j | 1 49,7 
x ea in( + )| 
x’—x 49, # 
1 
t= fa’ p3(y,x’) 
7 


1 
| Sea ae 
v’—(4—x-y) 49/7 


(II-10) 
with /;°'(y,x) given by (IT-3). 


c.c. |//K'(x; y,y',y”), (II-6) 


In order to calculate the inelastic absorptive parts 
we need the approximation (II-1), which leads us to 


od 1 1 
Ty" (y,x) = fas’ ola’) | 
: xw’—x x/—(4—2x-y) 


(II-11) 


1 pi(x',y) I | pa(x',y) 
T,'*(y,x)=— | dx’ — + dx , 
= , 
T a’—x of x’— (4—x-—y) 


(II-12) 


with 7;'" given by (II-3). Whether or not the inelastic 
S wave must be subtracted here is a point that will be 
considered later. In general, if phenomenology is to be 
introduced, these last two equations seem a logical 
place. The double spectral functions occurring therein 
are correct only outside a boundary calculated by 
Kolkunov et al.'' which asymptotically approaches the 
straight lines x«’= 16 and y= 16. One may therefore wish 
to add phenomenological contributions to the region 
inside this boundary. 

It should be realized that although unitarity is not 
completely satisfied in our approximation the inelastic 
absorptive parts are bounded if a solution can be found. 
That is to say, for an individual partial wave in the s 
physical region it follows from our equations that 


Ys 
ImA (1 (s) - |A¢ 
(g2+1)! 


T(s) 


(5), 
(II-13) 


2+-9,(g°+1)? cin 


where oin‘?/(s) is the inelastic partial-wave cross 
section. Now, (II-13) cannot be satisfied unless we have 


(11-14) 


Jin’”’ T(s) g 1, 4q.’, 


and 
1 , 
I(s)= —— ImA!(s5)< 1/2", 


g«(qs?+1)? 


44 V, A. Kolkunov, L. B. Okun, A. P. Rudik and V. V. Sudakov, 
Proceedings of the 1960 Annual International Conference on High- 
Energy Physics at Rochester (Interscience Publishers, New York, 
1960), p. 247. 


(II-15) 


tot” 
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so if we succeed in finding a solution of our dynamical 
equations we can be sure that our inelastic and total 
cross sections have the proper upper bounds. 


Ill. THE S-WAVE OR SINGLE-SPECTRAL 
FUNCTION 


It is apparent that the problem of calculating the S 
wave is distinct from that of all waves for J>1, the 
latter being obtainable by quadrature from the double 
spectral functions once these are known. This distinc- 
tion was recognized from the beginning by Mandelstam! 
and is the basis for the S-dominant theory of Chew and 
Mandelstam.? We may, in fact, lean almost entirely on 
the latter work in our handling of the S wave. There is 
only one change to be made in the .V/D technique de- 
veloped in reference 2: We shall no longer make a 
partial-wave expansion in evaluating the discontinuity 
across the left-hand S-wave cuts, but use instead the 
complete formulas, 


1 tae? 
ImA °(s) = f dt 
— 2q:" 4 


*Ref{/,(t,s) +/s(t,s)+322(t,s)}, (III-1) 


ImA di Re{J,(t,s)+Js(t,s)}. 


It seems to us probably not important whether any 
inelastic effects are included on the S-wave right-hand 
cut. At energies sufficiently high that inelastic scattering 
becomes substantial, the S wave is unlikely to represent 
a significant part of the over-all amplitude. It is 
probably only in the low-energy elastic region that the 
S wave must be treated accurately. 

With no prejudice at this stage as to whether the 
constant A defined in reference 2 can be assigned an 
arbitrary value in the present approach, we give here 
for future reference the relations between A and do,.2, the 
S-wave amplitudes at the symmetry point, s= 4: 


5 2 3 
a --( )p- fet( )reart2ned| 
Z T 0 
r ¥ 8 
x| +E In( 1 ) 
'—4 3’ 


It goes without saying that if all the equations set down 


(III-2) 


in this section and the last are satisfied we shall have a 
solution with complete crossing symmetry. 


IV. DISCUSSION OF THE DYNAMICAL EQUATIONS— 
S-DOMINANT SOLUTIONS 


In Secs. II and III we have written down coupled 
equations for the double spectral functions. We now 
turn to a tentative discussion, making no pretense of 
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rigor, of how one might try to solve these equations and 
what features we expect to arise in the solution. 

A first consideration is how many parameters the 
theory contains. From conventional field theoretical 
arguments, one would guess that the minimal set of 
parameters includes the particle masses and one real 
dimensionless constant such as \. Unstable zero-spin 
“elementary” particles of the Castillejo-Dalitz-Dyson 
type’ could also occur, but we shall assume that none 
exist. It has been previously emphasized that no further 
free parameters are permitted in a consistent S-matrix 
theory of pion-pion scattering,‘ but in an incomplete 
approach such as ours it may become necessary to 
introduce additional, less fundamental, parameters to 
represent the effect of regions where formulas (II-11) 
and (II-12) are not exact. On the other side of the coin, 
we must keep in mind the possibility that physically 
interesting solutions do not allow a continuous range of 
\ and that the value of this parameter may be uniquely 
determined by requirements of consistency. 

For reasons of simplicity isotopic spin and exchange 
terms are ignored in the discussion of this section, since 
these complications are inessential to the arguments we 
shall make. The elastic double spectral function is then 
given by 


1 I*(y',x)I(y” x) 
p(x,y) =———— -f favay” ——— =. 
mgz(q7+1)! Ki(x; y,y’,y”) 


(IV-1) 


The absorptive part J is /*'+-J'", where 
> 1 p(x',y) 
I*(y,x)=- foe : 
T x’—x 
and 


1 
I*"(y,x) = [8 (y)+- fer p(y,x’) 


us 


1 49/7 
x| —_ n( 1 + )} (1V-3) 
x’—x 49/7 x 


J 


In J*' the S wave has been subtracted out of the double 
spectral function, and appears as a separate term /*!, 
which is to be determined by the procedure discussed in 
Sec. III above. The absence of an S-wave subtraction 
in J" will be explained shortly. 

We now wish to argue that /*' plays the role of a 
“potential”. If we consider scattering by a superposition 
of Yukawa potentials,"® 


V(r)= ~ fay aly)(c w"/#), 


18 L. Castillejo, R. H. Dalitz, and F. J. Dyson, Phys. Rev. 101, 
453 (1956). 

1% R. Blankenbecler, M. L. 
S. B. Treiman, Ann. Phys. 10, 62 (1960). 


Goldberger, N. N. Khurie, and 
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the nonrelativistic equations turn out to be identical 
with (IV-1) and (IV-2) if we omit the factor (¢2+1)—! 
from (IV-1) and replace /*'(y,x) by the real function 
po(y). Our problem differs, then, in that it has rela- 
tivistic kinematics and contains a complex energy- 
dependent “potential,” allowing inelastic scattering. 
Furthermore, our potential is not given at the begin- 
ning but must be calculated in a self-consistent way 
from the scattering amplitude. 

It is known'® that if the potential is considered as 
given one may solve Eqs. (IV-1) and (IV-2) in terms of 
a series of functions, each of which has its threshold 
displaced from the preceding threshold and each of 
which can be calculated by quadrature from functions 
with lower thresholds. The possibility of this decomposi- 
tion follows from the property (II-8) of the integration 
region in (IV-1). Precisely, if we write 


® 
I(y,x)= ¥ Tn (y,2), 


n=l 


(IV-4) 


where 


Ti(y,x) =Ie'(y,x), 


1 Pn(x’,y) 
Pal 
T x’ —x 
1 ‘ 
| fora if 
mg:(q7°-+1)3 


(IV-5) 


1.(y,X) 21> (IV-6) 


then for 


Prl(X,y)= 


(IV-7) 


it is easy to verify that we have satisfied (IV-1) and 
(I1V-2) with 


e(x,y)= DX palx,y), pn(x,y)=0 for y<4n’, (IV-8) 


and 


Tin(y,x)= ¥ Tn(y,x), Tn(y,x)=0 for y<4n’. 
uae (IV-9) 


Thus the solution builds up, step by step, by a “boot- 
strap” mechanism starting with the “potential,” 


[@! 


=J;. 
One may in fact attach a direct physical significance 
to the individual terms /,. These are the contributions 
to the absorptive part from intermediate states con- 
taining 2” pions,'? so 44g, '(g°+1) ?7,(s,0) is the 
cross section for a process leading to 2 pions. It is 
perhaps puzzling that in our theory only pions are pro- 

17 [Tn problems involving different quantum numbers, the inter 
mediate states are not necessarily restricted to 2m particles. For 
example, in simple Yukawa potential theory /,; would represent 
single-particle exchange and would represent n-particle 
exchange. 


Pn 
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duced, since the basic approximation seems to allow 
any inelastic process that can be achieved through single 
pion exchange. Because of the bootstrap nature of our 
equations, however, if we are to achieve production of, 
say, VN pairs, we must start with the matrix element 
for r+a— V-+N. This latter process, however, cannot 
be achieved through single pion exchange, so VN pro- 
duction never gets started. The same statement may 
obviously be made for other baryon pairs as well as for 
KK;; thus jf single pion exchange actually plays the 
dominant rele we have assigned it, then production of 
particles other than pions should be small no matter 
how high the energy. 

It is possible to augment our double spectral function 
with terms corresponding to single-baryon or single- 
kaon exchange so as to generate production of baryons 
and K mesons, and undoubtedly such a modification 
will eventually be tried. Such terms occur only in the 
interior region of the double-spectral function, however, 
so it is not immediately apparent that at the same time 
consideration need not be given to multipion exchange. 

Even though our “potential” /;=J*! is only deter- 
mined a posteriori by formula (IV-3) we expect that for 
small values of \ an iteration procedure will converge 
rapidly because /*!~)? while p~A*. Thus the “po- 
tential” will be dominated by the S-wave part of /*', 
with the higher waves constituting only a perturbation. 
In fact the S-wave dominates /®!(¢,s) at all ¢, and this 
will be taken as the defining property of an S-dominant 
solution in our treatment of arbitrary energies, since it 
leads to the characteristic features of the low-energy 
S-dominant solutions studied by Chew et al.* In the 
numerical calculation of Chew ef al. the /=1 contribu- 
tion alone was kept from the higher waves and with an 
adiabatic increase of \ turned out to be negligible in 
comparison to the S wave throughout the range of \ that 
was physically interesting. This situation may change 
for large \ when all higher waves are included in our 
present treatment, or it may change even for small A 
if the iteration is begun with a “potential” that includes 
contributions beyond the elastic S-wave; these possi- 
bilities are discussed in the following section. Here we 
wish to make a negative argument that, from the point 
of view which considers high-energy diffraction scat- 
tering at the same time as low-energy elastic scattering, 
S-dominant solutions are physically inadmissable. 

Our argument is based on the asymptotic behavior 
of I(t,s) for s=0 as ¢ tends to infinity. If total and 
elastic cross sections asymptotically tend to constants, 
then since in the ¢ channel 


1 
Tin (t,0) =- 
167 


1 


(t—4)'toin (2), 


T«!(t,0) (t—4) thoe! (2), 


167 


it follows that both 7'"(¢,0) and J*'(t,0) should increase 
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linearly for large ¢. If the first diffraction peak ap- 
proaches a constant width, this statement may be 
extended to ~20 m2Ss<0, a circumstance noticed 
independently by Gribov'’ and the present authors. 
Gribov goes on to argue that a strict linear behavior is 
difficult to reconcile with the unitarity condition in the 
s channel and that the cross section probably decreases 
asymptotically faster than « (In‘)~'. We are inclined to 
doubt such a circumstance (see below), but logarithmic 
factors do not in any case affect our argument concern- 
ing S-dominant solutions. 

The argument is simply that if the S-wave dominates 
T*'(t,s) for all ¢ then J*'(¢,0) cannot increase at infinity 
because ImA,;“(t) is bounded by unity. The S domi- 
nant case corresponds, then, to o*!(/) falling off as ¢"'. 
Now, it might be argued that there could be S domi- 
nance at low energies but not at high. However, if 
T*(t,s) is to go linearly with ¢ for —20m?<s<0, then 
according to (IV-2) and our assumption of strip domi- 
nance there must be at least some values of x in the 
range 4m2<x< 20m, for which the average behavior 
(there may be oscillations) of p(x,y) is at least linear in 
vy. Then in (IV-3), according to the argument in the 
introduction, the P wave would be expected to be im- 
portant already at low energies. 

We cannot be sure, of course, that there must be a 
P resonance. However, the low-energy situation with a 
double-spectral function that gives the required high- 
energy limit in the crossed channel is certainly nothing 
like that in the solutions found by Chew ef al.2 To be 
more specific, when \ is small and there are no other 
parameters, our starting term in /*' is ImA,,(¢), 
which behaves « (Int)-? as t—> © when calculated by 
the V/D method in the purely elastic approximation.?- 
It has been shown by Gribov'® that the successive 
iterations po, p3, calculated from this starting term 
will also behave « (In¢)-*. According to (IV-6) and 
(IV-9), 7*(t,s) will have a similar behavior, provided 
the sum over does not go more strongly than an indi- 
vidual term, so the inelastic S wave which is present in 
our new framework cannot be so large as to change the 
asymptotic situation. Furthermore, it is easy to show 
from (IV-7) that in any finite order, p,(x,v) < 24.0771. 
There are two immediate consequences: the S-wave 
term dominates /*'(t,s) [Eq. (IV-3) ], and 7" converges 
without subtraction [Eq. (IV-2) ]. 

In the following section we investigate the extremely 
important possibility that the infinite sum over ” may 
in some cases behave asymptotically with a higher 
power than any individual term. If iterations are made 
starting with small A, such behavior is conceivable as 
\ becomes large if the double-spectral function ever 


18V. N. Gribov, Nuclear Phys. 22, 249 (1961). 

‘9 This special characteristic of the one-parameter S-dominant 
case was pointed out to us by K. Wilson. He has independently 
formulated the same coupled elastic unitarity relations as ours, 
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grows to such a magnitude that its effect becomes com- 
parable to that of the S wave. We believe that approxi- 
mations made in the earlier work of Chew, Mandelstam, 
and Noyes? did not give the higher waves a real chance 
to grow and that the possibility of success for the 
adiabatic approach must still be considered open. We 
now turn to a possible mechanism by which the infinite 
sum over may lead to asymptotic behavior of a truly 
strong-interaction type. 


V. THE STRONG-INTERACTION LIMIT 


One may adopt at least two different points of view 
about the strong-interaction requirement that J(t,s) 
should increase linearly (or almost linearly) for large ¢ 
if s is fixed in the region —20m,°<s<0. One may start 
with this requirement as a boundary condition and 
attempt to study its implications; this is the approach 
of Gribov.'® Alternatively one may seek a mechanism 
that circumvents the asymptotic inhibitions discussed 
in Sec. IV and allows an increasing behavior for our 
amplitudes at infinity; this is the approach to be dis- 
cussed here. We shall give reasons for believing that the 
asymptotic power will continuously increase with the 
“strength” of interaction up to a maximum power de- 
termined by unitarity. 

Our basic motivation arises in the work of Regge on 
nonrelativistic potential scattering. 
wide class of potentials that 


Regge shows fora 


I (t,s) 


tx 


(V-1) 


where a(s) is real for s<4m,? and for attractive poten- 
tials increases with the strength of attraction. We 
believe that we have found within the iteration scheme 
a mechanism for such asymptotic behavior that applies 
as well to the relativistic case. The mechanism is illus- 
trated by the following example: Suppose that the 
asymptotic behavior of the “‘potential” is given to be 


> (*07 1 (s (V-2) 


st 


T,(t,s) 


where a is real and greater than —}. As discussed 
below, such a factorability of s and ¢ dependence is not 
likely to be realistic, but it is easy to analyze. Carrying 
out the kind of asymptotic calculations with (IV-1) 
performed by Gribov'* for the case where logarithmic 
decrease is absent, we then find 


W here 


1959) ; 18, 947 


’, Regge, Nuovo cimento 14, 951 1960). 
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In the relativistic case, 


F (a) oe" 


G(s)= emesis 
where 

(V-7) 
while in the nonrelativistic problem one omits the factor 
(q.2+1)~? in G(s). It of course follows from (IV-2) that 


for n> 2, 


o> s’ ——. (V-8) 


We have not been able to deduce the limiting be- 
havior of J,(s) for large m, but note that the sequence 
of numbers defined by 


n—1 
o.=C FD Ga. 
n=l 


(V-9) 
has the property 


= 4¢0}. V-10) 


Thus it is not implausible to conjecture on the basis of 
(V-4) and (V-8) that at least in some average sense 


| some i(s) 


-= A(s), 
T,,(s) 


V-11) 


ye 
11m 


nD 


independent of . If such were the case, then 


lim 7 (t,s) = t# 


t-*® 


may lead to an asymptotic ¢ dependence 


a {204 s) Int {* 


a (V-13) 


where a(s)=ao+-A(s). 

Observe also that if the “potential” in our example 
I,=I*' is changed by a scale factor, then A(s) changes 
by the same factor. Thus the asymptotic power varies 
with the strength of interaction, as implied by Regge’s 
analysis” which associates Rea(s) with the maximum 
angular momentum for which there is a resonance in the 
s channel. If, therefore, we can find solutions of our 
equations which have the above qualitative behavior, 
and arbitrary parameters occur, we expect by varying 
these parameters to change the asymptotic power a(s). 
The condition to be satisfied, for strong interactions is 


a(s)=1 for —20m/Ss<0. (V-14) 


Froissart‘ has been able to show that a higher value than 
unity for @ in this region is inconsistent with the 
Mandelstam representation; in some sense, therefore, 
we shall be choosing our parameters to give the maxi- 
mum possible strength of interaction. 
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It is necessary to emphasize that a more detailed 
study of potential scattering, to be published by one of 
us (S.F.) independently, shows that the mechanism for 
starting the logarithmic buildup to an increment of 
power is probably not directly related to the asymptotic 
behavior of the “potential’’. It seems likely instead that 
the finite momentum components of the potential after 
a few interations lead to a “starting” power aop= —} and 
that the mechanism even beyond this point is a good 
deal more complicated because the s and ¢ dependence 
is not separable.*! Of course, Regge’ assures us that for 
nonrelativistic potential scattering the buildup of a 
power increment is actually achieved. 

The reader may wonder why we are not convinced by 
Gribov’s argument about the necessity of a logarithmic 
decrease in the total cross section.'® The answer is that 
since 7,(s) as given by (V-8) is complex for s>4m,? 
there is every reason to expect A(s) as given by (V-11) 
to be complex in this region, a point emphasized by 
Mandelstam.” (In Regge’s analysis” of nonrelativistic 
potential scattering the same complexity of the asymp- 
totic power occurs.) The imaginary part of a(s) then 
causes oscillations in the complete amplitude which 
invalidate Gribov’s arguments. 

It should be stated here that the condition (V-14) 
actually applies only to one of the three independent 
absorptive parts in the rm problem, that corresponding 
to non-charge-exchange scattering in the forward direc- 
tion. In the notation of Sec. IT, this is 2(¢,s). It may well 
develop that J; and /; do not increase so rapidly at 
infinity, corresponding to the oft-conjectured circum- 
stance that backward and charge-exchange scattering 
become asymptotically negligible in comparison to the 
forward coherent diffraction peak. 

In the event that the adiabatic approach fails, we 
have thought of several different possible ways of 
starting the iteration procedure so as to achieve (V-14). 
The most immediate idea is to include both P and S$ 
elastic absorptive parts in the starting guess for the 
“potential”. Some kind of smooth cutoff would have to 
be inserted in order to represent the suppressive in- 
fluence of the oscillations which appear only at a later 
stage when all waves are included. It would be very 
helpful if some a priori knowledge of the detailed nature 
of the oscillations were available and could be put into 
the “starting potential.” In the absence of such knowl- 
edge, one must hope that the high momentum com- 
ponents of the “potential” are relatively unimportant. 

The starting guess for the S and P waves would be 
characterized by a finite number of parameters— 
probably through effective range formulas—and these 
would be varied so as to give the best match with the 
result of the first complete iteration. One would then 


21K. Wilson (private communication) has reached similar 
conclusions. 

22S. Mandelstam, Discussion at the Conference on Strong 
Interactions, Berkeley, 1960 [Revs. Modern Phys. (to be 
published) ]. 
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proc eed to second, third, etc. iterations to see if con- 
vergence could be achieved. The previous experience of 
Chew and Mandelstam! that there may 
perhaps be no free parameters at all in the final result, 
if this corresponds to the kind of P-dominant solution 
discussed by these authors. Previously, that is, there 
were two parameters, \ and \;. The latter, however, 
corresponded to a cutoff (which should no longer be 
needed) and we have a new condition (V-14) to add to 
previously recognized requirements. From past ex- 
perience with strong-interaction theory, however, we 
know not to count chickens before they are hatched. 


suggests 


VI. CONCLUSION 


In conclusion, we refer to our Letter?’ on the same 
topic as this paper in order to revise and amplify certain 
remarks made there. On the question of the maximum 
angular momentum for which the low-energy phase 
shift may be large, we are still confident that this is 
determined by [Rea }max, as explained in our introduc- 
tion above. When the Letter was written we believed 
that a must be real and equal to unity. Now we must 
add (1) Even if a(s)=1 for 
—20m2<S5<0, if there are oscillations it need not 
necessarily be true that Rea(s)=1 for s>4m,*. On 
grounds it sur- 
prising if there were a substantial deviation of Rea from 
unity at low energies. (2) It is really only for the 7=0 
state of the low-energy mm system that coherent dif- 
fraction in the crossed channel at high energy has im- 
mediate relevance. In other words, the statement we 


two qualifications: 


dimensional would nevertheless be 


should have made in our Letter is that constant limits 
for total cross sections imply a low-energy wm force in 
the J=0 state of a strength that may produce large S 
and P phase shifts but probably nothing higher. Of 
course Bose statistics happen to exclude the /=1, J=0 

3G. F. Chew and S. C. 
1960). 


Phys. Rev. Letters 5, 580 


Frautschi, 


Ss. ©. FRAUTSCH! 
state, but there is reason to expect forces of the same 
order of magnitude in all three isotopic spin states. 

In our Letter we made reference to the Pomeranchuk 
theorem regarding equality of high-energy particle and 
antiparticle cross sections as a guarantee that no arbi- 
trary constant (such as a cutoff or \,) could be asso- 
ciated with the P wave. This point is implicitly con- 
tained in Froissart’s paper,‘ where it is also pointed out 
that any condition limiting “backward”’ direction scat- 
tering amplitudes to an asymptotic power less than 
unity will equally well provide such a guarantee. In 
view of the now-recognized nonseparability of s and ¢ 
dependence, we, of course, no longer would attempt to 
express the Pomeranchuk theorem through a formula 
such as Eq. (4) of our Letter. 

In any event we still believe in the essential points 
of the Letter, which were that: (1) Unitarity at high 
energies in one channel puts on the interaction strength 
a limit that is carried over by analytic continuation to 
the low energy region of a crossed channel, and 
(2) perhaps, nature approaches this limit as closely as 
possible. It remains to be seen whether such a notion 
of maximal strength for strong interactions allows a 
determination of the low-energy coupling constants 
heretofore regarded as arbitrary. 
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The strip approximation to the Mandelstam representation is applied to the x— N problem, and the basic 
equations given. The asymptotic behavior of the invariant amplitudes in the physical regions is discussed 
in terms of the unitarity condition on partial-wave amplitudes, the constancy of high-energy scattering 
cross sections, and the Pomeranchuk theorem, and it is shown to imply that no subtractions should be 


1 


necessary except in the J=4 wave of the r—N channel and the J=0 wave of the r+ — N+N channel. 
This obviates the difficulties encountered by earlier workers when they subtracted higher waves. 


I. INTRODUCTION 


N the preceding paper Chew and Frautschi (CF)! 

have discussed the pion-pion scattering problem in 
the Mandelstam representation,’ taking into account 
the regions of the double-spectral functions (hereafter 
abbreviated as dsf’s) nearest the physical regions. The 
purpose of this paper is (o initiate a similar program for 
the pion-nucleon problem. 

In the next section we describe the kinematics and 
the location of the singularities of the invariant ampli- 
tudes for the problem in terms of the Mandelstam dia- 
gram. The notation for the dsf’s in the different regions 
is also fixed. The unitarity condition on the elements of 
the scattering matrix is the used in Sec. III to put 
limits on the possible asymptotic high-energy behaviors 
of the invariant amplitudes in all three channels. The 
implications of the constancy of high-energy pion- 
nucleon cross sections and of the Pomeranchuk theorem 
have also been analyzed in this section. This knowledge 
of asymptotic behavior is used in Sec. IV to argue that 
the only independent subtractions that can be carried 
out are the subtraction of the J/=} part of the ampli- 
tude in the r—N channel and of the J=O part in the 
a+ma— N+WN channel. We are thus spared the neces- 
sity of making subtractions of the J=$ part in the 
a—N channel and of the J=1 part in the r+” — V+N 
channel, which have given rise to difficulties in previous 
work using partial-wave dispersion relations.* We then 
give the subtracted dispersion relations. In Sec. V we 
give expressions for the double-spectral functions in the 
strip approximation. These expressions, together with 
the subtracted dispersion relations given in Sec. IV 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t On deputation from Tata Institute of Fundamental Research, 
Bombay, India. 

t On deputation from Atomic Energy 
India. 

1G. F. Chew and S. Frautschi, Phys. Rev. 123, 1478 (1961), 
herafter referred to as CF. 

2S. Mandelstam, Phys. Rev. 112, 1344 (1958). 

3 W. Frazer, Proceedings of the 1960 Annual International Con 
ference on High-Energy Physics at Rochester (Interscience Pub- 
lishers, New York, 1960), p. 282. See also G. F. Chew and S. 
Mandelstam, Lawrence Radiation Laboratory Report UCRL 
9126, March, 1960 (unpublished). See also G. F. Chew, Lawrence 
Radiation Laboratory Report UCRL-9289, June, 1960) (un 


published), Sec. XI. 
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and the already known partial-wave dispersion rela- 
tions, are the basic equations for the r—N problem in 
this approach. Solution of these equations will be con- 
sidered in a subsequent communication. 


II. MANDELSTAM DIAGRAM 
The present approach is best described in terms of 
the Mandelstam diagram. We shall use the usual in- 
variant variables s, 3, ¢ defined by 
s=—(P,+P,)’, 
§= —(Pi+P,)’, 
t= —(P,+P;), 


(2.1) 


where P;, P; are the four-momenta of the pions, and 
P»2, P, of the nucleons, all in-going (Fig. 1). They satisfy 


s+3+1=2m?+2y’=)D. (2.2) 


We shall use these variables also as labels for the 
channels for which they are the squares of the energy 
in the barycentric system. 

The physical regions of the three channels are 
bounded by the curves 


f: =O, ss= (m"*- p*)*. 


The boundary curves for the regions in which the 
double spectral functions are nonzero were calculated 
by Mandelstam.?4 The Mandelstam diagram (Fig. 2) 
shows, in terms of s, §,/ as triangular coordinates, the 
physical regions of the three channels of the four-line 
1, as well as the regions where the 
double spectral functions fail to vanish. 


diagram of Fig. 


vy 
Fic. 1, The four-line diagram for 
the 7—N problem. 


P 


‘The equations for the boundary curves for Aj. given in refer- 
ence 2 contain an error. The correct equation is given in W. Frazer 
and J. Fulco, Phys. Rev. 117, 1603 (1960). 
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t- physical 
region 


\ 


Fic. 2. The Mandelstam diagram for the x—N problem. 


According to Cutkosky,® the dsf can be expressed as 
a sum of contributions of all possible four-vertex dia- 
grams. The only diagrams contributing to the dsf’s® 
A,;"*)(s,f), and By,3;*)(s,f) in the strip region R, of 
Fig. 2 are the ones shown in Fig. 3(a) and (b). They are 
the diagrams in which there are only two particles in 
the intermediate state in the s direction, while an arbi- 
trary number of particles is exchanged in the ¢ direction. 
These diagrams in fact contribute to the entire region 
bounded by the curve C,C;’ with asymptotes s= (m+) 
and ‘= 16y*. But although they give the dsf exactly in 
the strip region R,, they give only the “elastic” (in the 
s channel) part thereof outside the strip, where there 
are also contributions from further Cutkosky diagrams 
which have at least three particles in each direction in 
the intermediate state. We have at present no way of 
calculating these latter diagrams, and hence we shall! 
neglect them here. The “strip approximation” of Chew 
and Frautschi' consists in calculating the part of the 
dsf given by the Cutkosky diagrams shown in Fig. 3, 
and further assuming that the scattering amplitudes in 
the physical regions are dominated by the adjacent 
strips of the dsf’s. Henceforth all our statements and 


equations giving relationships between absorptive parts 
and the dsf’s will be in the “strip approximation,” 
unless a statement is made to the contrary. 


We denote the parts of the dsf’s A 3°*)(s,t), Bis 
Cutkosky diagrams of Fig. 3(a) and (b 
and 8,‘*)(s,t 


(s.t) 
given by the 
by a;‘*)(s,f , respectively. Similarly, the 
parts of the dsf’s A, (s,t), B 
diagram of Fig. 3(c) (which 


(s,t) given by the 
are the exact dsf’s as far 

®5R. E. Cutkosky, Phys. Rev 
Phys. 1, 429 (1960). 

® For the definition of the scattering amplitudes A‘*), B‘*) and 
the dsf’s A,3;*)(s,t) etc., see any earlier work on pion-nucleon 
scattering using Mandelstam representation, e.g., S. Frautschi 
and D. Walecka, Phys. Rev. 120, 1486 (1960); W. Frazer and 
J. Fulco, Phys. Rev. 119, 1420 (1960 


Letters 4, 624 (1960); J. Math. 
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as the strip R2 is concerned) will be denoted by a, (t,s), 
82‘*) (t,s), respectively. The a3‘? (8,s), 83 (8,5) are also 
defined in a similar manner. These strip functions a and 
8 have been indicated in Fig. 2 alongside the correspond- 
ing strips where they are the exact dsf’s. In labeling the 
arguments of the strip functions a and 8 we adopt the 
convention that the first variable increases in a direc- 
tion perpendicular to the strip while the second in- 
creases parallel to it. 

We will make a few remarks about certain qualita- 
tive features of r—N scattering which may be expected 
to follow from the strip approximation. First, as we 
have already seen, the contribution to the dsf in strip 
R; comes from Fig. 3(c), in which arbitrary inelastic 
processes are allowed to give rise to the intermediate 
state in the s channel, but only two pions are exchanged. 
The inelastic character (for the s channel) of the strip 
function in R, may be expected to introduce a sub- 
stantial imaginary part into those phase shifts of r—NV 
scattering which are dominated by the 2zx-exchange 
process, namely the high-angular-momentum phase 
shifts for s>(m+2y)*. It is well known that the phase 
shifts start becoming complex at s=(m+2y)* because 
of opening up of inelastic channels, but it is usually 
assumed that the imaginary parts are small up to 
considerably higher energies. The effect we are dis- 
cussing should make the imaginary part of d-, f-, ---, 
and higher phase shifts comparable to the real part 


: 


aes ri 


hic. 3. The Cutkosky diagrams contributing to the 
strip regions R, (a/b), R2(c), and R;(d/e). 
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very soon after they start showing up at all. This fact 
will have to be taken into account in the phase-shift 
analysis of r—N scattering above approx 300 Mev. 

Secondly, we notice that diagram 3(c) has a r—a 
scattering part. We may therefore expect substantial 
direct contributions of the r—z interaction to the for- 
ward amplitude in the r—N scattering, and therefore 
to the total cross section, again in the region above 
about 300 Mev, where strip R, is assumed to dominate. 
This direct contribution will, however, vanish in the 
low-energy elastic region. Finally, if the concentration 
of the dsf’s in the strips is responsible for the character- 
istic features of high-energy diffraction scattering in 
the forward direction, as discussed in CF, we would 
expect the backward peak in r—JN scattering, if it 
exists at all, to be much broader than the forward peak. 
In fact, since the nearest singularity (pole) in the back- 
ward direction is about four times as distant as the 
mean distance of R2 from the forward direction (Fig. 2), 
we may expect the backward peak to be about four 
times as broad (measured in terms of ¢ or 8) as the for- 
ward peak. The present experimental data, while 
definitely indicating a broad backward maximum in 
nm -—p scattering at 2 Bev,/c,’ need to be extended to 
more backward directions and also to higher energies 
in order to confirm this point. 


Ill. ASYMPTOTIC BEHAVIOR OF AMPLITUDES 
IN THE PHYSICAL REGION 


We now study some of the restrictions imposed by 
the unitarity condition on the asymptotic behaviors of 
our invariant amplitudes. It is most convenient to do 
so in terms of partial wave amplitudes, since the uni- 
tarity condition assumes a very simple form in terms 
of these. 


A. Unitarity Limitations in the s Channel 
(x +N 2z4+N) 


In this channel we have the following partial-wave 
expansions for the invariant amplitudes®: 


W+m W—m 
pr ts (— | )nv-(- ve “) (3.1a) 
E+m E—m i 


»8r( fi —fa®); (3.1b) 


(3.2a) 


1 B as 
B v= 4a] —— f (H) +—_ fa 
_E+m E-—m : 


Sir 
x (fi t)4 fy(+)) » 


(3.2b) 
= 2 


7M. Perle (private communication) 
8G. F. Chew, F. E. Low, M. L. Goldberger, and Y. Nambu, 
Phys. Rev. 106, 1337 (1957). 


St RIr 


APPROXIMATION 
where 
fi (s, cost) = 2 fi‘ (s)Pi1’ (cosd) 
| -E fir~()Pra'(cos!), (3.3) 


fo'*(s, cos#=)=¥ (fr (s) — fr, (8) ]P1'(cos), (3.4) 
I=1 


and 


fis ™®=exp(i6),4@) sind: «= /k. (3.5) 


One then readily sees that 


A> —@e DX (fi4™—frar—©) (Pu +Py), 


sn i 


(3.6) 


81 
ar a a DX (fi +fur-“)(Pui’—Py). (3.7) 
1 


sO ¢ 
Now we note 


/(z)|<310+1) for —1<2<1, (3.8) 
where the equality holds for z=+1, and owing to 
unitarity, 


(3.9) 


Equations (3.8) and (3.9) enable us to put upper bounds 
on A‘*), B‘+), Thus, in the forward direction, 


A) (s,0=0)=89" E (fra — fur.) (41)? 
sD l 


167 L=kR 1 
<— } (1+1)?~-kR'~s, 
k i= k 
Sr 
=())= | 8 (fii+ £) + fis t))(1+-1) 


1671 Kz 
¥ ->> (I+1)~ 
st Ri sik 


k?R? ~~ const. 


Here R is the range of interaction, assumed constant. 
Thus we get,® in the forward direction, 


A‘)(s,0=0)=O(s), 
B‘*)(s, @=0)=O(1). 


(3.10) 


Similarly in the backward direction (@=7) we get 
A ‘+)(s, =x) =O0(s3), 


(3.11) 
B‘+)(s, @=7r)=O(s?). 


Incidentally, we note that for O0<6@<7, 
A )(s, cos#)=O(s), 
ere (3.12) 
B‘*)(s, cos#) = O(s*). 


® We shall use the equation f(x) =O(x*) to denote that f(x) in 
creases at most like x* as x — », while by f(x) =o(x*) we shall 
understand lim,4.<Lf(x)/x*]=0. 
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It is of interest, from the point of view of the dis- 
cussion in the next section, to put more stringent condi- 
tions than Eq. (3.12) on the asymptotic behavior of 
A, namely 


A@(s,t)=0/(s). (3.12a) 


The argument proceeds as follows—one has 


* P , 
ReA (s)=— fds AOC 


T 


X {(s’—s)71—[s’-— 5 +s— 2k (1—cosé) F} 


P 
. — fas A, (sp) 
tea T 


X { (s’—s)1—[s’+4s(1+c0s8) PP} 
~s Ins, 
if A;—(s,t)~s. This, however, is impossible, since 
ReA “~ is bounded by s [Eq. (3.12) ]. Hence A, must 
go as o(s), and then ReA“™ also goes as o(s), thus 
giving (3.12a). 
B. Unitarity Limitations in the ¢ Channel 


The partial-wave expansion of the invariant ampli- 
tudes in this channel is given by” 


Sri ; 
- () > (J+3) 
P\q/ J 


 s' (cosb3)S_y = 


((y(7+1)]! 
ti 

— Py (cos@3).S, ia ’ 
; | 


’ (J +4) 
>~— iacetii 
)s +} 


< Ps’ (cos63)S_s>, (3.14) 
where 
(3.15) 


t=4(¢+yp")=4(p+m’). 


The unitarity requirement 


Sis) 1 


= i—_ “9 


(3.16) 


combined with Eq. 
for —1<« o0s43< 1, 


(3.8) then gives us the result that 


t, cos63)=O(#), (3.17) 


(t, cos@s) = O(1). (3.18) 


Phys. Rev. 117, 1603 (1960) 
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C. Limitations Imposed by Constancy of 
High-Energy x— WN Cross Sections 
and Pomeranchuk Theorem 


The total cross sections for m*—p reactions are 
given by 
o(xtp)=(w—1)4 
XIm[A — A @+0(B — BO) Joo, 
o(x-p) = (w’—1) 
XIm[A +A @+a(BY+BO) Jono, 


(3.19) 


(3.20) 


where 


w= (s—m’—p*)/2m 


= energy of pion in the lab system. (3.21) 


Now the Pomeranchuk theorem states," and this is in 
agreement with present experimental data, that at 
high energies 


o(x+p)=0(x-p) =<, (3.22) 


where @ is a constant. Hence from Eqs. (3.19) and 
(3.20) we should have 


A) 
Im(——+B ») — ¢, 
s/2m oun * 


Am 
Im(——+5 ») — 0, (3.2 
s/2m a 


The condition (3.23) implies that at least one amplitude 
out of A‘) and B® must assume the maximal be- 
havior allowed by the unitarity requirements (3.10). 
No such stringent requirement is implied by (3.22) on 
the amplitudes A~™ and B™. 


.23) 


IV. SUBTRACTIONS 
A. Independent Subtractions 


We can now discuss the number of subtractions to be 
carried out in the double spectral representation in 
order to make it meaningful. Some subtractions must 
in general be carried out for this purpose, and give rise 
to single spectral integrals. These may be called inde- 
pendent subtractions, since the corresponding sub- 
traction terms are not expressible in terms of the 
dsf’s. Over and above, one may carry out further sub- 
tractions if one so desires, but these will give rise to 
single spectral integrals which are determined in terms 
of the dsf’s. We shall determine the number of inde- 
pendent subtractions for our problem on the basis of 
the asymptotic behaviors of the amplitudes in the 
physical regions, discussed in the preceding section, 
following an argument due to Froissart.” 

Exptl. Theoret. Phys. (l 
JETP 7, 499 


S.S.R. 


"J. Ya. Pomeranchuk, J. “ 
7 1958 


34, 725 (1958) [translation: Soviet Phys. 
2M. Froissart (private communication) 
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The essence of the argument is that the subtraction 
of arbitrarily high partial waves in one channel is not 
consistent with the unitarity requirements on the 
asymptotic behavior in the crossed channels. Thus the 
subtraction of the J=} part in the s channel would 
introduce a term of the form 


if Co (s’)ds’/(s’—s)], 


into the spectral representation of the amplitude, 
which, if independent, would contradict the maximal 
behavior in the ¢ channel allowed by unitarity (see 
Eqs. 3.17, 3.18). Hence the only independent subtrac- 
tion that could be tolerated in the s channel is that of 
the J=} part. If one subtracts out the J=3 part also, 


W+m 
(s,8,f —4ar Imfs;‘*- 
Ek-+m 


W—m 
4 Imf py\* 
E-—m 


1 
, rs : 
t dt ay ($F )-+@s 


7 


ee WS 
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one has to remember at every stage of approximation 


‘that it is not independent, but determined by the dsf’s, 


otherwise one meets with the difficulty of spurious 
divergences of the kind encountered by previous 
workers.* 

A similar argument shows that only a J=0 part can 


be subtracted out in the ¢ channel, and since only A 


has a J=0 part, the only independent subtraction in 
the ¢ channel is that of the J/=0 part of the A‘ 
amplitude. 


B. Subtracted Expressions for the 
Absorptive Parts 


‘The subtracted representations for absorptive parts 
in the s channel are now given by 


ax(s) 1 ¢ z 
+ | dt’ {8,'* (s,t) +B Us 904(1 +- ) 7 
xn 2k 2k? 1 


Y—s-—s ay(s) 
amie § 
2k? 2k? 


1 a:(s) x 
_--— fests. +) (8" s)FBs'* (5,8 
x 2k 


4x Im f py‘ 
k-—m 


1 1 
+ farts =) (s,t’) +82 (U's) ] - 
T 2k 


4x Imfsy°? + 


1 b.(s) 2 
te “fafa: . (sf) tas) 3046 
x 2k? 


D—s—F'\ |} 
ze { 
OR ) | 


, 


t 
Ou(1+- ) 
2 2) 2k? 2K J | 


F 1 
4H) 
2k? rs 


ds'[ B3"> (3',5) FB 


(s.3’) 


Y—s—-F bi(s) r—s—s 
aE) 
2k? 2k? 2k? 


1 b.(s) 


nx 2k 


where 


a,(s)=1+—— 


[estes : (8,5) +a3‘+ (s,8’) (1 


4m? (s— m+") 


[s— (m—p)*s— (m+n)? ) 


2m[-(s—m?*)?— yp! | 


a,(s)=——__—_ 


~ Es— (m—w)*ILs— (m+ n)*) 


b,(s)= —a,(s), 


4m(s+m?—p*) 





bo(s) = 


~ Es—(m—p)*1Es— (m+u)?] 
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Qo(x) =} In[(x+1)/(«—1) J, 
Q1(x) = $x In[(x+1)/(~a—1) J—-1. 


The expressions for the subtracted representations for the ¢-absorptive parts are 


de 1 1 ss'+pP+¢ 
A, (s,8,) = —— Imf,°(t)+ fe ' —— on —*) | 
p° - 8 py 2pq J) 


m 1 S+P+¢ 
(t,s’) ]+— - f ass (8,1) +B. (t,5’) 1014 ). (4.5) 
pr 2pq 


, 
(S ,t) tr az'* 


xX Lar ¥ 
A, (s,8,))= rf as G's) +0, (ts) ]{ (s’ —s) 7 (s’-— 8}, (4.6) 


B, (=a f dT: (6 +B2'* (t,s’) ]{ (s’—s) 7 (s’— 8)-}. 


A. Channel -+N —-=+N 


rhe partial-wave dispersion relations for the subtracted 


quantities fs;‘>’, fpy‘*’ in the s channel, and f,‘*”* in 
the ¢ channel, which occur above have been given al- 
ready by Frazer and Fulco,®" and by Frautschi and 


Walecka.® 


V. EXPRESSIONS FOR THE STRIP FUNCTIONS IN 
TERMS OF ABSORPTIVE PARTS 


We will describe the r—.V scattering channel by &, 
the magnitude of the barycentric momentum of the 
pion, and 6, the angle through which it is scattered. Then 

s=[(k?+p?)!+ (22+ m?)) P= 
t= —2k?(1—cos@)= — 2k?(1—2), (5.1 


and 


; 


§=2m?+2y?—s—t. 
The contributions to the dsf’s of the Cutkosky  , . . . os . . 

: rhe generalized unitarity condition applied to this 
channel gives the strip functions a; ‘*?, 3)’, as‘, 83° 
The expressions for these were essentially given by 
Mandelstam,’ but since they contained a few algebraic 
errors, we shall give the correct expressions in our 
notation. 


diagrams of the type shown in Fig. 3 will now be cal- 
culated by using the generalized unitarity condition 
for each channel, wherein only the lowest-mass two- 
particle states are retained in the intermediate-state 
summation. 


m 
— | faeaer Kassie dss tt eG ou s2F") 
1 8k 


. 
| ds'ds" K,(s;t, 2—s—8, S—s—8')l,(s; t, S—s— 8, D—s— 8" Gg 


4 m 
— | f ards” Kelss2—sn8, ’, I—s—3#") 
| Sak W 


X1,(s;D—s—8,  T—s— 8" {Gig 
where 
5 X1,22,%3) = [aya xy? — 2 (xe t+ rors t rari) — (xyarexs/k?) 1 40(a1— 014), 
and 
Kj (55 X1,%2,%3)= —[aP+aP+ xe —2(xixetxexs t+ x9x1) — (0 yx0x3/k*) 10(a1-— a1), 


with 


X14 = {[ro(1-+-403/4k?) Jt [x3( 1+ 12/4k?) bY’, 
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(4+ 


and G.;,,"*)(s; x,y) are bilinear combinations of absorptive parts’ defined by 
Gir (8; x,y) =An* (s,x) A, (sy) +24 .*@ (s,x) A, (s,y), 
Gory (s; x,y) =Ar* (5,2) B, > (s,y) +24 .*@ (5,2) B, (s,y) 
=Garu*(s5 yx), 
Garp (s; x,y) = By* (5,4) By (s,y) +2By*@ (s,x)B,@ (s,y), 
Gi; ry (S; x,y) = Ad*@ (s,u) A, (8,y)+Ar* (5,x)A , Sy) +A *@ (s,x) A, (5,9), 
Gorxy— (83 4,y) = An* (s,x) By (8,y) +A * (5,0) B,@ (s,y) +4 n* © (5,2) B,@ (s,y), 
=G3,y,*“—(s; y,x) ; 
Gary (Ss; 2,y) = By* © (5,2) B, © (s,y) 4+ By* (s,x) By (s,y) +By*@ (5,0) B,@ (s,y) 
and the /,’s are kinematical factors given by 
(t'+t" —t)(s+p2—m?) 
I(s; tv") =1+ artneer anes amen 
4[ (m?—p*)?—s3 | 


(s—m?—p?)(t'—t’ +1) m(t-—t’—-0t"’) (s+p2—m?) 
it aren 4 
4mt 4[ (m?—*)?— ss | 
(t—t'—t') (s—m*) (s+p2—m?) 


A{ (m?—y?)?— 8 


The corresponding expressions for the strip functions 6,+(s,t) and 83*(8,s) are obtained from Eqs. (5.2) and 
by replacing the kinematical factors /; therein by m,, defined by 


(s+m?—p?)(t—t/—t’’) 


mi(s; t,t’,t’’) ao - 
4m (m?—y?)?— s8 | 

t—/'+t") —(t—t -t") (stn? — we 
mo(s; t,t’ t)=ms3(s; tt” t’) = = 

2t 4 (m?—p*)?—s8 
s—m—p (s—m*)(st+m?—p) (t-t—-t") 
ma(s;tt',t’’) = -— 
2m 4m[(m?—y?)?— 8] 


B. Channel =+2— N+N 
We have the following expressions for s, 8, ¢ in this channel : 
s=—G—p+2pgy, 


s= —q— p’—2pgt, 
1=4(¢+u)=4(pP+m)=We, 


(5.3) 


(5.19) 


where g=|q:|=|q:| is the magnitude of the momentum of the pions, p= | pi! =| pe| is the magnitude of the 


momentum of the nucleons, and ¢= (41: pi). 
In writing the generalized unitarity condition for this channel we shall need the S-matrix element for 
scattering. We shall define this with the same normalization as in Chew and Mandelstam,’ viz., 
2i (2) (qi’ +2’ —Gi-—qz) 
, . , , ! , ; 
(qi'qe S q192 (Gi Y2 | 41g2 +- : cite: Gaia (Gi qe a 4ig2). 
: : | 
(qio J20'Qr0qa 4 
With this normalization, @ has the partial-wave expansion 
24 ),2)§ 
(+n?) 
@ = ——— > (21+ 1)e**! sind: P(g: fy’). 
q l 


'S Note that our notation for the absorptive parts differs somewhat from that in CF. 


— 


(5.20) 
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The generalized unitarity condition with only 27 intermediate states then gives, 


yl 


7 
mgs —S$s 


Ima (49) = faa] are”) _— Bre") |e, 
2eW, p 1-2 


/ yell 


ImB(14)=—- f aa ——_rag"nate)] 
2nrW 1-¢ 


where (see Fig. 4) 


Fic. 4. The two-particle inter- 
mediate state for the *+x— 
N+WN channel. 





f=(h- bd), C= (aed), £"= (qb), 
d°qy = gi'"dqy'dQ’. 


These equations hold separately for the T=0 and T=1 amplitudes and lead to the following expressions for the 
strip functions a2‘), 8,‘*: 


— —K,(t;s,s’,s"){A*™ (t,9')@, (t,8')— na l(t; 5,8’,8")B*™ (1,8 A, (t,5’)} 
M2 2 
“¢ <pq . 
ds’ ds ” 
+f- —K,(t;s, 4u°—i-— #8, S—1t-—3#") 
2¢° 2pq 
K {AF (4,7 As (1,8) — nalts s, 4w—t—F, T—1— 8") BF (4,87) As aay (5.24) 


2 ds’ ds”’ 


t 


— —K,(t; s,s’,s’’)na(t; s,s’,s”)B* > (t,8" A, (t,s’) 
2¢° 2pq 
ds’ ds" " ta Bh _ 
+ | — —K,(t;s, 4u°—t—#, D—i—#)na(t; s, 4u2?—t-— 9, T—t— 8") BFF ™ (4,38 0A; (4,8) |, (5.25) 
2q° 2pq 


2q ds’ ds” 


nW;, 


where (€)= (0) for a2+ and 8,"+); (e)=(1) for a2 and By-; and 


_[petetey (Ve etetey | peteteyy 7 \peteteyl 

K,(t; x,y,z) = '( -—— +) +(14 :) +(——) -1-2(——_—*) (1+ \E — “| (5.26) 
IX 269 2¢? 2pq 2pq 2¢° apg | 
if the quantity under the square root is positive, and zero otherwise, and m,, ng are kinematical factors given by 
m{_2¢(s"’—s)—s'(st+pP+¢@) | a 
Na(t; s,s’ ,s”’) =_—______—_—___, (5.27) 
ape (st p+q)? 

dag! gat S/20 IHL" + P+ OES) + FFE) 
ng(t;s,s ,s° )=———— ha HE eared 
spe (s+ P+¢) 


Equations (4.1) through (4.7) for the absorptive parts, the crossing relations, and Eqs. (5.2) through (5.18) and 
(5.24) through (5.28) for the strip functions, together with the known dispersion relations for the low partial-wave 
absorptive parts, constitute the basic equations for the x—N problem in this approach. 





(5.28) 





z-N SCATTERING IN 


STRIP 


APPROXIMATION 


ACKNOWLEDGMENTS 


It is a pleasure to thank Professor Geoffrey F. Chew for suggesting this investigation and for several stimulating 
discussions. We have also benefited from discussions with several colleagues, particularly Dr. John Charap and 
Dr. M. Froissart. One of us (B.M.U.) wishes to thank Dr. David L. Judd for his hospitality at the Lawrence 


Radiation Laboratory. 


PHYSICAL REVIEW 


VOLUME 12 


NUMBER 4 


Hypervirial Theorems for Variational Wave Functions* 
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It is shown that a sufficient condition for an optimal energy variational: wave function yo to satisfy the 
hypervirial relation (Yo,{17,W }o) =0 is for the trial function y to admit variations of the form dj/da 
= (i/h)Wy. Here H is the Hamiltonian, W is a Hermitian operator, and ais a variational parameter. Explicit 
forms of such trial functions are exhibited for several W’s. The case in which W generates a point trans- 
formation of the coordinates is discussed in detail. Conditions are given for the existence of simultaneous 


hypervirial theorems. 


I. INTRODUCTION 


HE diagonal elements (in the energy representa- 

tion) of the Heisenberg equations of motion! are 
called the hypervirial relations.’ If x is a (bound state) 
eigenfunction of a Hamiltonian H and if W (which 
henceforth is assumed to be Hermitian) is a time- 
independent operator, the hypervirial theorem for W 
states that 


(x,[H,W ]x) =0, (1) 


where [H,W ]=HW—IW4H is the commutator of H and 
W. Physically, this is, of course, just the statement that, 
for a stationary state, the expectation value of W is 
independent of time.’ For a particular choice of W, 
Eq. (1) yields the familiar virial theorem.‘ For other 
choices of W, the hypervirial relations lead to generaliza- 
tions of the virial theorem. 

It is well known that if a parameter is introduced 


* The Wisconsin portion of this research is being reported under 
contract with the U. S. Atomic Energy Commission. 

'L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com 
pany, Inc., New York, 1955), 2nd ed., p. 140. 

2 J. O. Hirschfelder, J. Chem. Phys. ie 1762 (1960). 

’ More formally, Eq. (1) is also a partial expression of the fact 
that the eigenvalues of H are invariant to unitary transformation. 
Namely, if we subject H to the unitary transformation generated 
by W, then the first-order change in H/ is proportional to i //,W ]. 
Equation (1) then correctly tells us that the first-order energy 
shift vanishes. 

‘In reference 2 it is shown that if W=42,(xipi+p.x:), where 
the x; are the Cartesian coordinates of the system and the /; are 
the corresponding momentum operators, Eq. (1) is a statement of 
the quantum mechanical virial theorem, originally derived by 
M. Born, W. Heisenberg, and F. Jordan [Z. Physik 35, 557 
(1925) ] and again by J. C. Slater [J. Chem. Phys. 1, 687 (1933) ]. 


into an approximate’ wave function y in such a manner 
that all distances are scaled, and if the parameter is 
varied so as to obtain the optimum energy, then the 
corresponding optimal function yo satisfies the virial 
theorem.* Analogously, we show that, under certain 
conditions, it is possible to introduce a parameter into a 
trial function y so that the variationally determined 
approximate wave function yo satisfies the hypervirial 
theorem 


(Wo, LH,W yo) =0. (2) 


The general plan of this paper is as follows: In Sec. II 
the conditions are derived in a formal manner. In Secs. 
III and IV these conditions are put into explicit form for 
certain special W’s. In Sec. V the satisfaction of simul- 
taneous hypervirial relations is discussed, and in Sec. 
VI possible applications and extensions of our results 
are considered. For simplicity of presentation, Car- 
tesian coordinates are used throughout the main body 
5 Throughout this paper, all approximate wave functions are 
assumed to satisfy the continuity-boundary conditions required 
of physically acceptable bound stationary state wave functions: 
(1) The function must be single-valued and analytic in all of its 
variables at every point in configuration space where the potential 
energy is analytic. (2) The function and its first derivatives must 
be absolutely and quadratically integrable over the whole of 
configuration space. (3) The function must vanish at infinity 
faster than any negative power of the Cartesian coordinates. See 
E. C. Kemble, Fundamental Principles of Quantum Mechanics 
(McGraw-Hill Book Company, Inc., New York, 1937), Sec. 32. 

6 FE. A. Hylleraas, Z. Physik 54, 347 (1929); V. Fock, ibid. 63, 
855 (1930); J. O. Hirschfelder and J. F. Kincaid, Phys. Rev. 32, 
658 (1937); and P. O. Léwdin, Advances in Chemical Physics, 
edited by I. Prigogine (Interscience Publishers, Inc., New York, 
1959), Vol. II. p. 219. 
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of the text, with the generalizations to orthogonal 
curvilinear coordinates being given in Appendix I. 

However, before embarking on this program, we 
should emphasize that the conditions which we find are 
all sufficient conditions, and that for some JW’s it may 
be possible to satisfy the hypervirial theorem Eq. (2) 
in other, simpler, ways. In particular, the hypervirial 
theorem may be satisfied simply because Wyo is ortho- 
gonal to Hy» for reasons of symmetry. For example, 
if H is invariant with respect to some symmetry group 
and yo is chosen to transform according to a non- 
degenerate irreducible representation of this group, the 
hypervirial relation is trivially satisfied unless W has a 
component which remains invariant under the group 
operations, since (Yo, Wyo) and (Yo, WHyo) each will 
vanish separately.’ Thus, if H remains invariant under 
inversion, Yo has a definite parity, and W is odd with 
respect to the inversion, then Eq. (2) is satisfied. Such 
symmetry arguments suggest that those W’s will be 
most useful which transform in accordance with the 
irreducible representations of the symmetry group of H. 

As another example, if H and W are invariant with 
respect to fime reversal,’ then the hypervirial theorem 
is satisfied by any trial wave function Yo which is also 
invariant with respect to time reversal. In this case, the 
operator 2=(i h)LH,W] (which corresponds to the 
time-derivative of W) is Hermitian and changes sign 
under time reversal. Thus, if Yo is invariant with respect 
to time reversal, in accordance with a theorem due to 
Wigner, (Yo.Qfo)=0 and the hypervirial relation is 
satisfied. Time reversal changes the direction of all 
motions and the sign of the spins. Spin-free operators 
and wave functions are invariant with respect to time 
reversal if they are real. Thus, if we can neglect spins 
and if H is real, the hypervirial theorem for every real 
Hermitian JW" is satisfied by avy real trial wave func- 
tion Wo. 


II. FORMAL VARIATIONAL FUNCTIONS 


Let us suppose that the approximate energy of the 
system, E= (¥,Hy)/ (¥,), is a function of a parameter 

7If Yo belongs to a degenerate irreducible representation, then 
W need not have a component which remains invariant under the 
group operations. For example, in an atomic problem, if Yo has the 
symmetry of a P function, then (in accordance with the Clebsch 
Gordan theorem), Wyo can have the same symmetry as yo if W 
transforms in the manner of the S, P, or D representations. 

SE. P. Wigner, Group Theory, translated from German by 
J. J. Griffin (Academic Press, New York, 1959), see Chap. 26; 
also, E. P. Wigner, Nachr. Akad. Wiss Géttingen Math.-physik 
KI. 31, 546 (1932). 

* The effect of time reversal on operators and wave functions 
involving spin is somewhat more complicated. For example, if ¥ 
is an electronic wave function having the form 
vom Zive- ZL bay- + -an(x4,91,51,513 - 

ants ees | 


** 5 XnyVasSnySa)s 
and @ is the time-reversal operator, then 


ay = = ae b> i? + +8, 
aout ee | 
XK bay - + -en* (21, yi, 2 1% . Sins Vis Sas 


Phus, Yo is ir 


variant with respect to time reversal if Yo=Opo. 


J. OD. 


HIRSCHFELDER 


a. Here the Hamiltonian may be function of a or else 
the parameter may simply be a variational parameter 
embedded in y. Differentiating the definitional equation 
for the energy with respect to a and making use of the 
Hermitian character of H, 


OE 
—(yy)- 


da 


OH 
—v 
Oa 
Ow Oy 
(H- Ew )+((H-By, 


Oa 


For exact wave functions, for which (W—E)~=0, the 
right-hand side of Eq. (3) is zero and Eq. (3) becomes 
a statement of the generalized Hellmann-Feynman 
theorem..." For approximate wave functions, let us 
suppose that 


fal 1 


oy da G/hyv y (4) 
Then, making use of the Hermitian property of the H 
and W, Eq. (3) becomes 
OE 
vy) (v. 


Oa 


OH 
—y 


0a 


(i/h) (Wy CHW). 


Thus, a sufficient condition that an approximate wave 
function should satisfy the generalized Hellmann-Feyn- 
man theorem is that it satisfy Eq. (4) and the corre- 
sponding hypervirial theorem, Eq. (2). The remainder 
of the present paper has no further bearing on the 
Hellmann-Feynman theorem. 

Instead, we seek the variational functions which lead 
to the hypervirial relations. Hence, in the remainder of 
this paper, a is considered to be a variational parameter 
and H is independent of a. Thus, if ao is the value of a 
for which dF /da=0 and if yo is the approximate wave 
function for this optimal value of a, Eq. (5) becomes 


(Yo,LH,W Wo) =0. 


This result may be summarized: //, among other varia- 
tional parameters, we introduce a parameter a such that 
Eq. (4) is satisfied, then the optimal y satisfies the hyper- 
virial theorem for W. Or conversely, if Yo satisfies the 
hypervirial theorem for W, then the energy is stationary 
for a variation as prescribed by F-q. (4 

Approximate wave functions can 
proved by using the hypervirial theorem in the con- 
verse sense. A parameter (or set of parameters) in the 


be selectively im- 


approximate wave function can be adjusted so as to 


“H. Hellmann, Linfuhrung in die Quantenchemie (Franz 
Deuticke, Leipzig, 1937), p. 285; R. P. Feynman, Phys. Rev. 56, 
340 (1934); and T. Berlin, J. Chem. Phys. 19, 208 (1951). For a 
related discussion, see A. A. Frost and P. G. Lykos, J. Chem. Phys 
25, 1299 (1956). 

4 A. C. Hurley, Proc. Roy. Soc. (London) A226, 170, 179, and 
193 (1954), points out that the generalized Hellmann-Feynman 
theorem is also satisfied by approximate wave functions which 
do not depend upon the parameter a, so that d¥/da=0. He used 
such “floating”? wave functions to calculate molecular energies and 
obtained results which were not encouraging. 
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enable the resulting Yo to satisfy the hypervirial theorem 
for a particular W (or simultaneously, for a particular 
set of W’s). The resulting energy of the system is 
stationary with respect to variations of the approximate 
wave function of the form YoteiWyo so that the 
optimum value of the parameter ¢ is zero. Thus, the 
choice of the W’s determines in what sense the approxi- 
mate wave function is improved. 

It is easy to generalize our results so as to apply to 
cases, such as the Hartree-Fock calculations, where 
whole functions are determined on a variational basis. 
If 6)= ei Wy is included in the set of possible variations, 
then the energetic optimum yo satisfies the hypervirial 
theorem for W. 

A formal solution to Eq. (4) is, of course," 


y=exp(iaW/h)®, (6) 


where ® is a function independent of @ and where, in 
order that this formal solution should be acceptable, 
must satisfy the continuity-boundary conditions as 
given in footnote 5. In the next two sections, we de- 
termine the explicit functional form of y for certain 
special WW’s. 

Equation (6) leads to a simple criterion that the 
energy corresponding to ao should not only be stationary 
with respect to the type of variation indicated by Eq. 
(4), but should actually be a minimum. Writing y in the 
form y=exp[i(a—ao)W/h }¥o and making use of the 
unitary property of the exponential operator, 


E = (Wo, exp[ — i(a—ao)W, hjH 
XexplLi(a—an) W/h Wo)/ (Woo). (7) 


Expanding the exponential operator in Eq. (7) in 
powers of (a—ay) and making use of Eq. (2), we obtain 


(a— ad)? = 
— (po WCW, HTW»)/ oso) +++. (8) 


2h? 


Thus the energy corresponding to yo is sfable with re- 


spect to the variation as indicated by Eq. (4) if 
(Wo, LW LW A] Wo) <0. (9) 
III. THE SPECIAL CASE: W=}(pf+p) 


The most important class of hypervirial relations cor- 
responds to setting W=}(pf+/p). Here p= (h/i)d/dx 
is the momentum operator corresponding to a Cartesian 
coordinate x and f(x) is an arbitrary real function of x 
and the other coordinates of the system, which need 
not be indicated explicitly. The /(x) should not involve 
any momenta. For this case,'* W is most conveniently 

2 If, in place of Eq. (4), we had assumed that df /da= Wy, then, 
instead of the hypervirial relation, we would have obtained the 
following equation which is satisfied by the optimal function, 

(Wo,W Ayo) + (Yo, Wyo) =2E (Yo, Wyo). 
In this case, the formal solution is ¥=exp(aW)#. 


'S The generalization to orthogonal curvilinear coordinates is 
given in Appendix I, 
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written in the form W= (h/i)f*(0/dx)(f*) so that 
Eq. (4) becomes 

dy /da= f'a(fy)/dx. (10) 
Multiplying 
from x to 


Eq. (10) by /? and changing variables 


si)= f dx'/ f(x’), 


(d/da) (ftp) = (0/0S) (ft). (12) 


(11) 


we obtain 


The general solution to Eq. (12) is 
¥(x,a) = f-3(x)O(a+ S(x)). 


Here Q is an arbitrary function of a+S(x). 
Let us define the new variable o(x,a) by the require- 
ment that as 


(13) 


a—0Q, o(x,a)— x, 


(14) 
and by either of the equivalent relations 


0c/0a= T( a), 
S(o)=a+S(x). 
Equation (13) can then be written in terms of ¢, 
(17) 


Moreover, the Jacobian of the transformation from ¢ 
to x is 


y (x,a) = f} (co ) f I(x \P(c). 


d0/dx= f(o)/ f(x). (18) 
Thus, y is derived from # by the point transformation’*® 
x — a(x,a). This is indeed a generalization of the coordi- 
nate scaling in the case of the usual virial theorem for 
which (in one dimension) f(x)=.x, S(x)=log.!«|, and 
o(x,a) = xe*. 

The idea of using a point transformation to improve 
approximate wave functions is not new. Both Léwdin'® 
and Hall'? have used point transformations to improve 
atomic wave functions. However, their transformation 
functions were not derivable from the hypervirial rela- 
tions and, as a result, they experienced considerable 
difficulty in optimizing the energy. 

Only a very limited class of functions can satisfy 
our definition requirements for the transformation func- 
tion o(x,a). Indeed, it would be difficult to select, at 
random, a function o(x,@) whose partial derivative with 
respect to a is a function only of ¢ and does not other- 
wise involve either x or a. Although any function f(x) 

4 An alternate derivation of Eq. (16) is given in Appendix IT 
which exhibits this point transformation from the outset. 

16 B. S. DeWitt, Phys. Rev. 85, 653 (1952), discusses the rela- 
tionship between point transformations in quantum and classical 
mechanics 

16 P. O, Léwdin, Proceedings of the Nikko Symposium on Molec- 
ular Physics (Maruzen Ltd., Tokyo, 1954), p. 116. 

17G. G. Hall; Proc. Phys. Soc. (London) 75, 575 (1960). Hall 
used the radial coordinate transformation function, 


1+ (1+4ar)*#]/2a. 


o(r,a)=[— 
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will generate a transformation function (for at least 
some values of a and some values of x) most of these 
o’s have pathological properties'* (such as discontinui- 
ties and values of x for which o is not defined) which 
make them unusable for our purposes. 

For the most satisfactory transformations, o(x,a) 
and @c0/dx are continuous functions of x and, also, 
a(x,a) should be a monotonically increasing function of 
x and have the same range as 4, that is, from — © to . 
In this case, the transformation x — o(x,a) is a simple 
1-1 mapping and it is clear that if (x) is a suitable 
trial wave function, then ¥(x,a) is equally suitable. 
One example of this class of transformations is 
'Ta+sinh(x—<») ], 


o(x,a)=xo+sinh (19) 


which results from taking 
S(x)=sinh(x—2xo) or 


f(x)=1/cosh(x—xo). (20) 


Another equally satisfactory transformation function is 


[o(x,a) P= Ei {a+Ei(s’)}. 


(21) 


Here Ei‘ (z) is the inverse of the exponential integral 
Fi(z). This transformation results from 


S(x)=E/i(27) or (22) 


os 


f (x)= $x exp(—2°). 


The sufficient conditions for the function f(x) to 
generate satisfactory transformations are: 


(1) f(x) is continuous and finite for finite values of x. 

(2) At any point x9 where f(xo)=0, df/dx is zero or 
finite. 

(3) f(x)/x is finite or zero asx +o. 

With these conditions it is easy to discover a wide 
variety of satisfactory transformations. 

Sometimes it is desirable to confine the distortion of 
the wave function to a specified region of space. For 
example, suppose that it is desired to leave the wave 
function undisturbed for values of x greater than 2. 
This may be accomplished by selecting a function f(x) 
such that f(x) and df/dx approach zero as x—> 2%}. 
Then at x1, c=x; and d0/dx=1. Thus, a physically 
satisfactory transformation would correspond to using 
such a function f(x) for x<-x; and f(x)=0, correspond- 
ing to o=x, for x>%. 

It is also possible to use the 1-1 transformations which 
result from the satisfaction of conditions (1) and (2) 
but not (3). In this case, the — to © range of x is 
mapped into the —a(a) to 8(a) range of o(x,a). How- 
ever, the (a) is required to be identically equal to zero 
outside of the range —a’<o<§’, where a’<a(a) and 
8’ <8(a) for the desired range of values of a. In order 
that (c) should satisfy the requirements for an accept- 
able trial wave function, both #(c) and its first deriva- 
tive must approach continuously the value of zero in 
the vicinity of both e=a’ and o=8’. The method of 


18 Some topological observations regarding the transformation 
functions and their properties are given in Appendix III. 
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convolutions’® can be used to construct approximate 
wave functions which satisfy these boundary conditions. 
A typical example of this type of transformation is 


o=x[1+(2/b)" Ai, (23) 


Here, n is an odd integer and b"”"'=—1/a. This trans- 
formation is generated by f{(x)=(n—1)x", for which 
S(x)=—1/x. In this case, a(a)=8(a)=b. 

The analysis in this section is not limited to one- 
dimensional problems. In a many-dimensional problem, 
the x would represent the jth Cartesian coordinate and 
p would be the corresponding momentum. The /(x) 
might represent a function of all of the coordinates and 
S(x) becomes the integral of 1/ f(x) over the coordinate 
x; (holding all of the other coordinates constant). Thus, 
¢ can involve all of the coordinates. For example, in 
the transformation given by Eq. (19), the x» might be 
a function of all of the coordinates except x;. The func- 
tion f(c) is the same as f(x) with the exception that 
wherever x; occurs it is replaced by ¢. The same inter- 
pretation is to be placed on ®(c). 

The special case of spherical coordinates’ with 
W = (f'/r)(h/i)(0/dr)(rf*) merits special attention. 
Here f is a function of r, 6, and ¢. Defining o again by 
Eqs. (11), (14), and (16), with the exception that now 
r everywhere replaces the variable x, the approximate 
wave function can be written in the form 

¥(r,0,¢; a)=r f4(,0,¢) f—*(r,0,¢)(0,0,¢). (24) 
For the most satisfactory transformations, o(r,6,¢; a) 
and da/dr should be continuous ‘functions, and also 
a(r,8,¢) should be a monotonically increasing function 
of r and have the same range as 7, i.e., from 0 to ~. 
With this simple 1-1 mapping it is clear that if ®(r,0,¢)/r 
is a suitable approximate wave function, then ¥(r,9,¢; a) 
is equally suitable. This type of transformation is 
generated by functions /(r,0,¢) which satisfy the condi- 
tions: (1) f(r) is continuous and finite for finite values 
of r; (2) At any point ro where f(ro)=0, 0//0r is finite 
or zero; (3) f(r)/r is finite or zero both in the limit as 
r— 0 and as r—o. One example of this type of 
transformation is 


2o= (a+r—ar") 
+[a?+ 2a(r—ar)+ (r+-ar™ >}. 


(25) 
Here a is positive and either a constant or else a function 
of @ and ¢. This transformation is generated by /(r,6,¢) 
=r(a+r*)— or S(r,0,¢)=r—ar. Another example is 

o=Ei {a+Ei(r)}. (26) 
Here again Ei‘(z) is the inverse of the exponential 
integral Ei(z). This transformation is generated by 
S(r)=re~ or S(r) = Ei (r). 


J. O. Hirschfelder and G. V. Nazaroff, J. Chem. Phys. 34, 
1666 (1961). 
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IV. OTHER SOLUBLE W’s 
(A) The analysis of the last section is readily ex- 
tended to the case 


W=38Dd (pefetfepe), (27) 
k=1 


where now /, depends only on a; (and, if the system is 
more than » dimensional, on the coordinates not repre- 
sented in the summation and which are not indicated 
explicitly). One easily ascertains that the solution in 
this case is! 


v(x, ue 


*» X¥n3 4) 


= |i fon) f-U(ae) OC, -**,0n), (28) 


where o, is defined by the requirement that as 


a— 0, o.— %, (29) 


and 
RY" (ox) = at+S;, (xx), 


Si (x4) = f dx’ / fi.(x’). 


The usual virial theorem, for which f,=2x%, Si(xx) 
=log.|x,|, and o,=2,e%, is an example. 

(B) The explicit functional form of the solution of 
Eq. (4) is known to be for W a quadratic function” of 
the p, and a,. In this case, y and @ are related by an 
integral transform. However, if the W does not contain 
any terms linear in the p; so that WV is real and invariant 
with respect to time reversal, as noted in Sec. I, the 
hypervirial theorem is satisfied by any real trial function. 

(C) The case where W= f(x1, ---, x,) yields a simple 
gauge transformation 


(30) 


where 


(31) 


¥(x1, +++, Xn3 @)=exp(iaf/h)P(x1, «++, Xn). 


However, as noted in Sec. I, the hypervirial theorem for 
this W is trivially satisfied by avy real trial function. 

(D) Representing the wave function in momen- 
tum, rather than coordinate, space, it follows that 
W=33>% (xegetgure), where the gy is a real function 
of px, generates a point transformation in momentum 
space. Also, W=g(pi, -+-, Pn) generates a gauge trans- 
formation in momentum space. 

(E) In our discussion we have been concerned with 
the determination of general solutions to Eq. (4) in 
closed form. However, it should be noted that there are 
many W’s for which, although we cannot find such a 
closed form, we can find some, or all, of their eigen- 
functions: W¢w =W’'¢w:. If this is possible, we can 

198 Note added in proof. The generalization corresponding to fx 
an arbitrary function of the coordinates is considered in a forth- 
coming paper by J. O. Hirschfelder and C. A. Coulson in J. 
Chem. Phys. 

20M. Kolsrud, Phys. Rev. 104, 1186 (1956). 
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write down any number of particular solutions of Eq. 
(4), which have the form 


Y=) w 


(33) 


where the constants A w are independent of a and other- 
wise arbitrary. 


A ww exp(iW’a/h), 


V. SIMULTANEOUS HYPERVIRIAL THEOREMS 
We wish to satisfy the two hypervirial relations 
(Yo,LH,W1 Wo) =0 (Yo,LH,We Wo) =0 


simultaneously (the generalization to more than two 
will be obvious). Then we may introduce, possibly 
among others, two variational parameters a; and a, 
such that 


OY /da,=(i/h)Ww and 


and 


(34) 


dW/da.=(i/h)Woy. (35) 


Hence, we must solve the pair of equations (35) 
simultaneously. If W; and W, commute, the solution is 
simple, namely 


¥ =exp(ia:Wi/h) exp(ia.W2/h)®. (36) 


In particular, if W;=3[p.fi(x) + fi(x,) pi J, then 


W(%1,%23 21,22) 
=f; y (01) fo8(o2) fr ; (x1) fo-¥(x2)® (01,0), 


(37) 


where the 


S,(¢;)=a,+ S(x,), (38) 


and the S; are related to the f; as before. 

We now turn to the case where the W; and W2 do not 
commute, In this case we do not know how to a priori 
select both W, and W, and obtain a formal trial 
function such that the function which results from 
optimizing a; and dz satisfies Eq. (34). Indeed, if Wi 
and W»2 were independent of the variational parameters, 
then one readily sees that the two relations of Eq. (35) 
are not integrable, since 0°¥/0a,0a2 would not be equal 
to d°/da2da;. However, if we let W, be a function of 
a, we can obtain hypervirial theorems for W, and 
W2(a10), where aio is the optimum value of a;. The 
W>2(a,) is given by 


W2(a1)=exp(iaiW1/h)W» exp(—iaiWi/h). (39) 


Here W, and W, are independent of the variation param- 
eters and hence ca be selected a priori. 

Clearly, from the discussion of Sec. II, Eq. (34) is 
satisfied with W, replaced by We(ai0) if Eq. (35) is 
satisfied with W, replaced by W2(ai0). But from Eq. 
(39) we readily see that the relations of Eq. (35) are 
now integrable and have as their solution 

¥ (x; @1,@2)=exp(ia;W1/h) exp(ia.W 2/h)®(x) 
=exp(iad2W2/h) exp(ia,Wi/h)®(x). (40) 


To summarize: If we use a trial function of the form given 
by Eq. (40), then the optimal function satisfies the hyper- 
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virial theorems for W, and W2(d,o). Note also that 


W2(a1)=W2(2,p), (41) 
where 
om ne a Mit h), (42) 
p=exp(ia,Wi/h)p exp(—ia,Wyh). 


As an example, let Wi=3[pfi(x)+/fi(x)p] and 
W2=}[pfo(x)+ fo(x)p |. Then the first hypervirial leads 
to the point transformation x— o;(x) and the second 
leads to the transformation o;(x) — o2(o;(x)). Thus, 


¥ (x; d),d2)=exp(ia,W1/h) exp(ta.W2/h)P(x) 


fii(oi(x)) fo'€o2(o1(x))) 


-£(o2(c;(x))). (43) 


f(x) foi(oi(x)) 
VI. DISCUSSION 


It is clear that one of the principal applications of the 
hypervirial] relations will be to selectively improve atomic 
and molecular wave functions in regions of configura- 
tion and momentum space which are important for 
determining the expectation values of specific physical 
problems. Thus, many of the variational parameters in 
the trial functions will be determined by the require- 
ment that an appropriate set of hypervirial relations 
be satisfied.” Hypervirial relations which are designed 
to improve the electron correlation would be most 
useful. 

As mentioned in connection with Eq. (5), the gen- 
eralized Hellmann-Feynman theorem” is applicable to 
approximate wave functions which satisfy certain hyper- 
virial relations. However, we do not know how to select 
the operator W so as to insure that the approximate 
wave function will give the correct dependency of the 
energy on the Hamiltonian parameter. Good approxi- 
mate wave functions which satisfy the Hellmann- 
Feynman theorem would be very useful in the cal- 
culation of intermolecular forces, chemical binding 
energies, etc. 

The hypervirial relations may also be useful in varia- 
tional approaches to meson theory” and we (S.T-.E.) 
hope to initiate some research along these lines. 

Further, it may be of interest to indicate some possible 
generalizations of our results. One obvious generaliza- 
tion would be the introduction of spin and relativity 
(the Pauli and Dirac equations). The formal results of 
Sec. II would still apply and the essential problem would 
be the determination of the soluble W’s. Quite apart 
from spin and relativity, the class of soluble W’s may 

#1 If the trial function has the form y= cy, where the ¢; are 
cnown functions, then the satisfaction of a set of hypervirial 
relations leads to a set of simultaneous quadratic forms which 
must be solved for the coefficients ci, Di, ; cc,Ji;(k) =O with 
k=1, 2, ---+, mn. If nis three or more, it is difficult to determine the 
coefficients. An improved procedure for numerical calculations is 
needed. 

22S. Fubini, Nuovo cimento 3, 1725 (1956) and Suppl. Nuovo 
cimento 14, 283 (1959) used hypervirial theorems to derive various 
exact results in fixed-source meson theories. 
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be extended by noting that if Z and p are related to x 


and p by a unitary transformation, then 


generates a point transformation in % space. In particu- 
lar, as we have already remarked, W=} S> [axgu(px) 
+gi(px)xx] generates a point transformation in mo- 
mentum space. 

It would be useful to establish the conditions for the 
validity of “off-diagonal” hypervirial theorems.” That 
is, if X; and X2 are exact wave functions, then 


(44) 


(X,,[H,W xX») = (E,— Ex) (%1,WX2). 


(45 


Under what conditions would Eq. (45) apply if x: and 
X were replaced by approximate wave functions and 
the E, and FE, were replaced by the corresponding 
variationally determined energies? 

Finally, there are a wide variety of generalized hyper- 
virial theorems of the form 


(Wo,FLG,W Jo 0, (46 


where F, G, and J are functions (or possibly func- 
tionals) of H. Furthermore, G and W are Hermitian. 
Obviously, any true (bound state) eigenfunction of the 
Hamiltonian satisfies Eq. (46) for arbitrary F, G, J, and 
W. Thus, some of the parameters in an approximate 
wave function might be adjusted by requiring the satis- 
faction of such generalized hypervirial relations. 


APPENDIX I. GENERALIZATIONS TO ORTHOGONAL 
CURVILINEAR COORDINATES 


Let us consider a set of generalize d orthogonal coordi- 
nates g; and their corresponding metric scale factors g;. 
It is convenient to let g=gig2---. The most important 
class of hypervirials corresponds to W=}(pift+fpx), 
where pi=(h 1)(0/ Og) is the operator for the kth 
generalized momentum and f may be a function of all 
of the coordinates. In the following development, only 
the g. is indicated explicitly. In order that W 
Hermitian, it should be expressed in the form 


W= 


be 


(f/g)*(h/i)(0/dqx) (fg) — ). (A.1) 


The derivation of the explicit solution to Eq. (4) is 
very similar to that which was given for the Cartesian 
coordinates. Thus, 


¥(q:,@) 


The definition of the transformation function a is the 
same as in the Cartesian coordinate case, with the 
exception that gq, replaces x. The most satisfactory 
transformation functions are continuous monotonically 
increasing functions of g, and have the same range as qx. 
The transformation 9; — ¢, in this case, is a simple 1-1 
mapping and if g~*&(q,;) is a suitable trial wave func- 
tion, ¥(g:,a) is equally suitable. 


*( Gk P(c). (A.2) 


g fh) f- 


23S. Ehrenson and P. E 
1960 


Phillipson, Bull. Am. Phys. Soc. 5, 15! 
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The hypervirial relations, corresponding to the W of 
Eq. (A.1), can be expressed in a very significant form*4 
if y is real, 

7) 
(wa ”) =0. (A.3) 


Og 
The derivation of Eq. (A.3) is easy. Since H and y are 
real, W is pure imaginary, and H and W are Hermitian, 
(V,AWy)= (Ay, Wy) = — (Wy, Hy) = — (¥, WHY). (A.4) 
Thus, for this case, the hypervirial relation becomes 
(v,LH,W jy) =2(Ay,Wy)=0. (A.5) 
Sut, from Eq. (A.1) it follows that 


ts) 
We= (2g) — (fo. 
O7”k 


Substituting Eq. (A.6) into Eq. (A.5) 


,’ 


(A.7) 


a 
( gyny,— (fot) =0. 


Og 


Equation (A.3) results from Eq. (A.7) after integration 
by parts. If y is the true wave function satisfying the 
Schrédinger equation, Hy= Fy, Eq. (A.3) would be 
obviously true. Indeed, the hypervirial relation may 
be obtained by inverting this derivation. 

The Hamiltonian for a system of N particles each 
having the same mass m is 


h? 3N a a 
fo-— is" E : ji ; 
2mi=\ 0; 0q; 
Let us define the hypervirial operator, 
J(W)= (i/h) LW, A]. 
Then, if W is a function of the coordinates, W= f, 
ih 3N | 0 


of i) 
} 18 —e— a — . (A.9) 
2m i=! 0q; 0g; 0q; 99; 


If, on the other hand, W is given by Eq. (A.1) and we 
indicate this W by the abbreviation /p;, then 


Rik 3 


OV - \ ’ h 
J (fpx)=f Ks -+—J (i). 
Og yz) 


df dgr2\ 8 

Ce) 
Og Og 7 0g; 
and the J(t) is the same as the J(f), except that f is 
now replaced by t= g~!(0/0qx) (fg). 


(A.10) 


Here, 


0 { 0 
a = 


J 


(gg;~*) (A.11) 


Og k 


Ogi | : 


*4 This is a generalization of a derivation given by M. S. Wert- 
heim in reference 2. 
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APPENDIX II. ALTERNATIVE DERIVATION 
OF EQ. (16) 


We will use a one-dimensional notation throughout, 
indicating the generalization to more than one dimen- 
sion at appropriate points. We use the Dirac notation 
| B= B’) to denote an eigenket of the operator B, with 
eigenvalue B’. Since B| B= B’)= B’| B= B’ 

&(x’)=(x=2' |), 


V(x’ ,a)=(x=.2" |exp(iaW/h)|@ 


), we have 


/? 


: : (B.1) 
(X vu=x |®), 
where 


Xv=U~xU, U=exp(iaW/h). (B.2) 


So far this has been quite general. Now let us assume 
that U generates a point transformation, i.e., that Xv 
depends only on x but not on #, and indeed that this is 
a transformation which provides a simple 1-1 mapping 
with Xv being a continuous monotonically increasing 
function of x. This implies that when Xy has a sharp 
value x’, the x also has a sharp value; call it o’. Thus, 
we infer that 

(Xy=2'|=N(x=0'|, (B.3) 


where JN is the normalization factor. To determine NV 
we have 


’ 


(XG= x’ |X = x") =6(x'- +")= 6(0’—a"’ do’ dx" 


=g=og ine’ do" dx’, 


(B.4) 
From Eq. (B.4) it is clear that V = (do’/dx’)! and hence 


W(x’ ,a) = (do’/dx’)(x=0'|@)= (do'/dx')®(c'). (B.5) 


For a point transformation in more than one variable, 
the do’/dx’ would be replaced by the Jacobian of the 
transformation. 

The only remaining problem is to determine o’(x’). 


With W=3(p/+fp), we find 


dX yp/dx=—f(Xv). (B.6) 


Thus, 


S(Xvu)—S(x). (B.7) 


As a result, S(o’)=S(x’)+a, and we have rederived 
Eq. (16). For a point transformation in more than one 
variable, Eq. (B.6) would be replaced by a set of first- 
order partial differential equations. 


APPENDIX ITI. TOPOLOGICAL STRUCTURE OF 
THE TRANSFORMATION 


Let us make some observations regarding the topo- 
logical structure of the « — o(x) transformations which 
can result from the defining equations for ¢. Depending 
upon the generating function f(x), the o can have a 
rather wide range of behavior. For present purposes, 
let us focus our attention on S(x). 

1. If S(x) is a@ continuous monotonically increasing 
function of x, then, for those values of x for which o(x) 
is defined, o(x) is also a continuous monotonically in- 
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creasing function of x. For this case, f(x) cannot be 
negative. At points where f(x) =0, S(x) has an inflection 
point with dS/dx=«. At points where f(x)=, S(x) 
has an inflection point with dS/dx=0. Furthermore: 


(a) If S(x) is bounded, and if |a| >S(#)—S(—), 
a(x) is not defined for any value of x. However, if a is 
positive and less than S(*)—S(—), there is a maxi- 
mum value of x above which no value of o is defined 
and there is a finite lower limit for o corresponding to 
x=—o, For a negative and —a<S(«)—S(—), the 
a is not defined for x less than a lower limit, and o(2) 
is finite. 

(b) If S(«)= 2 and S(— ~) is bounded, for positive 
values of a, there exists a value of o corresponding to 
each value of x, but «(— ©) is finite; for negative values 
of a, there is a smallest value of x for which o is defined. 

(c) If S(@)=a and S(—«)=—~o, for all values 
of a, o is defined for all values of x. Furthermore, 
g(2)=o and o(—x“)=—oa, 


2. If S(x) has a finite maximum at xo, then since 
dS/dx=1/f(x),,the function f must have an infinite 
discontinuity at x9 such that x-— xo, f(x) —> © and 
x*+—> x0, f(x) + —@. The situation is quite dependent 
upon the sign of a. If: 


be. 
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(a) @ is positive, there may be a gap in the values of 
x for which a is defined. Also, there may be a range of x 
for which o is double-valued. The multivalued nature 
of o can generally be resolved by introducing the re- 
quirement that o(x)—>x as a—+0. In this case, the 
branch with o(x)<2xo9 would be associated with x<xo 
and the branch with o(x)>xo would be associated 
with x> Xo. 

(b) a is negative, o may be double-valued for a range 
of x in the vicinity of xo. Introducing the requirement 
that o(x)—> x as a—>0, leads to the resolution: For 
x<2 it is the lower branch of o that we should use, 
whereas for x><po it is the higher branch. Thus, at xo 
there is a discontinuity in the value of c. 


3. If S(x) has a singular point at xo, then® f(xo)=0. 
In this case, there may be no connection between the 
integral defining S(x) for x<x» and the corresponding 
integral for x>xo. Thus, o(x) may have different 
functional forms on the two sides of the singular point. 
However, o(xo)=2o, so that the presence of singular 
points in S(x) need not introduce discontinuities or 
singularities in (x). 


% Tf f(xo)=0, S(xo) need not be singular. 
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Evolution of a Quasi-Stationary State* 
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To elucidate the time development of quasi-stationary states, a simple barrier penetration problem has 
been studied. Both approximate expressions and numerical results for some parameters were obtained for 
the decay rate. First, irregular oscillations occur for a short time. Second, the exponential region follows. 
Third, further oscillations occur during which the decay rate dips to negative values, so that the probability 
of finding the undecayed system increases briefly at several times. Fourth and finally, the decay rate de- 


creases like an inverse power of the time. 


HERE have appeared lately several studies’ of 
nonexponential evolution of quasi-stationary 
states. Khalfin' has proved that all states that have a 
lowest energy in their spectrum eventually must decay 
more slowly than exponentially. Here, we examine a 
simple model to illustrate the various stages that occur 
in the time development of such systems. 
Consider a one-dimensional, nonrelativistic problem, 
with a potential given by 


V(x)=<, 
= U6(zx), 


&<—~4, 
x>—a. 
We choose as initial wave function 
WV (x,0) = (2/a)! sin(nxx/a), 

=(0, x< —a or 0<x, 


—a<x<0, 


and study the leakage through the barrier at the 
origin. Such a delta-function barrier has, for particles 
of mass m and energy £, a transmission coefficient 
(1+-mU?/2Eh?)—. Its use, rather than use of a barrier 
of finite thickness, simplifies the calculations. It also 
removes the need to decide whether to treat the density 
within the barrier as part of the undecayed system.® 
One can think of this problem as a simple picture of 
alpha decay ; it is similar to the model used by Petzold.’ 

To obtain V(x,/), we first find the energy eigenfunc- 
tions @g(x), which are orthonormal in the sense that 
(dee) =6(E’—E). Then we expand W(x,0) in terms 
of the gz, determine the expansion coefficients C(£), 
and obtain the wave function 


Dn 


V(x,!)= f dE C(E)ox exp(—iEt/h). 


0 


* Supported in part by the Office of Ordnance Research, U. S. 
\rmy. Some of the results were included in: R. G. Winter, Bull. 
Am. Phys. Soc. 5, 64 (1960) ; 6, 44 (1961). 

1L. A. Khalfin, Soviet Phys.—JETP 6, 1053 (1958); Soviet 
Phys. Doklady 5, 515 (1960). 

2G. T. Trammell, Oak Ridge National Laboratory Report 
ORNL 2204, 1956 (unpublished). 

3 J. Petzold, Z. Physik 155, 422; 157, 122 (1959). 

‘F. J. Lynch, R. E. Holland, and M. Hamermesh, Phys. Rev. 
120, 513 (1960). 

5G. Hohler, Z. Physik 152, 546 (1958); M. Levy, Nuovo 
cimento 13, 115 (1959); P. T. Mathews and A. Salam, Phys. Rev. 
115, 1079 (1959); E. Kazes, Nuovo cimento 15, 537 (1960); C. S. 
Wu, Y. K. Lee, N. Benczer-Koller, and P. Simms, Phys. Rev. 
Letters 5, 432 (1960). 

*R. G. Winter, Nature 180, 1471 (1957). 


With the notation 
q=[a(2mE)! \/h, 
T=ht/2ma’, 
l=x/a, 
G=2maU /h’, 


the result is 


W (x,t) =2n(2/a)! 


* dq exp(—iTq*)q singLg sin(l+1)q+f ] 


(q?—n?x*) (q?+Gq sin2q LG sin’q) 
f=0, —1</<0 (inside the well), 
=G sing sinlg, 0</ (outside the well). 
ANALYTIC APPROXIMATIONS 


If G>1, the barrier has low transmittance, and the 
state is quasi-stationary. The wave function for the 
times of exponential decay can then be found from the 
contour shown in Fig. 1. The pole P that is paramount 
in the determination of the wave function lies, to 
terms in 1/G?, at 


nal 1—1/(G+1)—inw/G?+---]. 
The line .V of the contour introduces negligible error 
because the exponential is small on it except at ex- 
tremely early times. The result for the inside (—1</<0) 
function is 
W es= (2/a)be~'e?-8 274 [1 — ne? (1+ 1)?/G* ] sinnal 


—[1+ (inw—1)/G |[nr(1+-1)/G] cosnml}. (2a) 


Im (q) 





Re (q) 
1?) 





Fic. 1. Momentum plane contour for the determination of the 


exponential region wave function. 


1503 





1504 


For the outside (J>0) function it is 


(2/a)te~"*7-T?*(cosnal+i sinnml)(nx/G). (2b) 


WV = 
eo 


The energy « in units of #?/2ma? and the mean life r in 
units of 2ma*,h are given by 


e= nr’ (1—2/G), (3) 


1/r= (4n'*x*/G*)(1—4/G). 


Higher powers of 1/G and //G have been neglected. 
The approximations used here are, therefore, not valid 
at large distances from the barrier. 

These expressions are wrong not only at very small T, 
but also at very large T. Everywhere, except in the 
neighborhood of g=0, the oscillations of exp(—i7q’) in 
(1) eventually become so rapid that the contribution 
to the integral there becomes negligible. The behavior 
of the integrand near g=0 then controls the result. We 
expand the integrand in powers of qg, and use the 
Riemann-Lebesgue lemma’ in the form 


f dg exp(—iTq*) (bo +b2q?+ big'+ - - -) 
= (1—7)(#/8T)*(bo—ibo/2T +3b4/4T°+-- -). 


The result for the large-time inside (—1</<0) func- 
tion is 


nr 6 


(1+7)+1) f Xpri Fl 
i... —/1-- - -;|+--} (5a) 


2nxG?(xa)'T!| =. 2T 
For the outside (/>0) function it is 


(1+7)(Gl+1) 
V¥..=— “ne 
2nrG(ra)!T} 


3ip 1 FP 
x{1- =| —--—<ary]+--, (5b) 
2Tin*x 6 3 


Again, only the leading terms in 1/G have been kept. 

We now seek an expression that gives, at least quali- 
tatively, the behavior of the wave function at all except 
very early times. For G>>1, the resonance in the inte- 
grand of (1) near g= m7 is sharp. Then the neighborhood 
of g=0 becomes important as soon as the effect of the 
resonance is made negligible by the rapid oscillations of 
exp(—iTq*) there. The wave function for all except 
early times is approximated therefore inside the well 
by the sum of (2a) and (5a), and outside by the sum 
of (2b) and (5b): 


Vou + V1. (6) 

7E. T. Whittaker and G. N. Watson, A Course of Modern 
Analysis (Macmillan Company, New York, 1947), American ed., 
p. 172 
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The current 7 outside the well is given then by 


2ma? ; 
-4(1,T) = 
h 


eT? 1431432 (4n'M 7)! +4n%erl® Tir 





T 32n3x972T4 Qn8n7!27T 3 


X [sin (nal — eT —2/4)+-nal cos(nml—eT—2/4) ]. (7) 


The barrier parameter G has been eliminated through 
(4). The first term is dominant in the exponential re- 
gion and is the consequence of (2b) alone. The second 
term controls the very large time behavior; inverse 
power-time dependence is a characteristic of the T— 
behavior of all states with a nonsingular energy spec- 
trum.!? This contribution comes from (5b) alone. 

The third part of (7) is the cross term between (2b) 
and (5b), and is of importance in the transition from 
exponential to power-law behavior. It oscillates in time 
with frequency equal to the energy found in the ex- 
ponential region. The oscillations can be violent enough 
to drive the current negative. It is easy to prove, for 
any G and any / within the region of validity of the 
approximations, that there will indeed be a time at 
which the current dips to negative values. Such nega- 
tive currents are not as absurd as they might appear; 
W(x,0) contains negative as well as positive momenta 
everywhere. For high energy, the frequency of the 
oscillations can easily be too great to permit their de- 
tection; only the time average of j(/,7), given by the 
first two terms of (7), would be observed then. 

An interesting picture of the decay is obtained by 
examining the “mean momentum”’ 


P=mj(0,T)/|V(0,T)|?. (8) 


The time average of P, taken over a long time, approxi- 
mates the expectation value of the momentum of the 
particles that emerge from the well. During the time in 
which exponential decay is valid, 


P~nh/2a, (9) 


the magnitude of the momentum that would be found 
in the well if the barrier were impenetrable and the 
state stationary. At very large times, when only the 
second term in (7) is important, 


P~h/2aT = ma /1. 


(10) 


The quantity P will be examined further in the next 
B 1 
section. 


NUMERICAL STUDIES 


The approximations used above are good for large 
G, that is, for AE/ F<1. For such ‘‘narrow”’ states, the 
second and third terms in (7) do not become important 
until very many mean lives have elapsed. If one begins 
with any reasonable number of decaying systems, the in- 





EVOLUTION OF 
tensity would become negligible long before the large- 
time deviations from exponential decay occur. It is 
interesting, therefore, to examine numerically and 
without approximations somewhat wider states. We 
want G large enough to let us consider the state quasi- 
stationary, but small enough to given an exponential 
region of reasonable length. Calculations were made 
with n=1 for G=6 and G=20. The wave functions 
were obtained by evaluating the integral (1) with an 
IBM 650 computer through use of a five-point Gaussian 
integration formula.* The results are given in Figs. 2 
through 7. Points at which calculations were made are 
shown; the curves connecting were 
sketched in, 

For G=6, the full width of the energy spectrum at 
half-maximum, divided by the resonance energy, gives 
AE/E=0.13. Figure 2 shows that, for about 10 mean 
lives, the current decays roughly exponentially with a 
mean life of 0.644 X 2ma?/h. The exponential region is pre- 
ceded and followed by oscillations that are brought out 
in Fig. 3, where the current times exp(7/0.644) is 
plotted as a function of time. For precisely exponential 
decay, this plot would show a horizontal line. At very 
early times, we see instead irregularities qualitatively 
like those observed by Lynch, Holland, and Hamer- 
mesh.‘ Since the wave function is zero at the barrier 
at T7=0, the current must be zero initially. In the early 
time region, the wave function adjusts to the well and 
evolves into the function from which approximately 
exponential decay can take place. The current in this 
region is sensitive to details of V(v,0): Admixture of 
1° of the n=2 initial function can double the current 


these points 
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Fic. 2. The current at the barrier, ja, for G=6. 


8Z. Kopal, Numerical Analysis (Chapman and Hall, Ltd., 
London, 1955). 
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Fic. 4. The current at the barrier, for G=6, in the large 
time region. Note the negative dips. 


at some instants. There follows then the approximately 
exponential region, which, in turn, gives way to a 
region of violent oscillations that are described quali- 
tatively by the last term of (7). The remainder of the 
decay is displayed in Fig. 4. Between T= 10 and 20, the 
negative dips in the current occur. As a check, the 
first dip around T=10.85 was studied in some detail. 
A numerical integration of W¥* over the well was made 
at T=10.75 and T=10.95. The increase of the proba- 
bility of finding the particle inside equals the time 
integral of the negative current, within the 2% accuracy 
of the calculation. These oscillations do not depend 
strongly on details of the initial state: With optimum 
choice of phase,an admixture of 45% of the n=2 func- 
tion is necessary to drive the current positive at 
T= 10.85. Finally, near T= 20, the power-law behavior 
of the second term in (7) appears. The numerical re- 
sults are inaccurate here because the current in the 
very large time region is given by the small difference 
of large quantities. 

The mean momentum P, defined in (8), is displayed 
in Figs. 5 and 6. Since the current rises from zero faster 


than the density at very small times, P— © as T— 0. 
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Fic. 5. The mean momentum P for G=6 during the 
early and middle times of the decay. 


After the early-time oscillations, P hovers around 0.88 
h/2a, then goes through the large time oscillations, and 
finally goes to zero as in (10). The oscillations of P 
near the middle of the exponential region can be con- 
nected with the width of the state; between T=1 and 
T=4, (Prnax?— Prin?)/(Pav)?~0.12. Note that % times 
the angular frequency of the large-time oscillations, 
7.6h/2ma*, does equal the energy found in the ex- 
ponential region if we take that energy to be P*/2m. 
An examination of the evolution of P, with oscillations 
averaged out, suggests a description that is intuitively 
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Fic. 6. The mean momentum P for G=6 during the 
middle and late times of the decay. 
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plausible. At very early times, the high-momentum com- 
ponents leave the well rapidly. Then, during the ex- 
ponential region, the bulk of the components that have 
approximately the resonance energy determines the 
decay. The decay is exponential because only the size, 
not the shape, of the wave function changes appreci- 
ably. Finally, after the components near the resonance 
are depleted, the very low momentum components 
come out. Khalfin’s theorem! can be viewed as follows: 
As the state evolves over long times, the high-energy 
components are depleted preferentially, and the mean 
energy of the emitted particles approaches the lowest 
energy in the spectrum. Such lowering of the mean 
energy will cause a steady lengthening of the mean life, 
which is equivalent to a slower than exponential decay. 

For G=20, AE/E=0.018. The decay was followed in 
any detail only through the beginning of the exponen- 
tial region. Enough points were calculated at later 
times to locate roughly the end of the exponential 
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Fic. 7, The mean momentum P for G=20 during the 
early and middle times of the decay. 


region. The results for P are shown in Fig. 7. The very 
early time region is qualitatively like that shown for 
G=6 in Fig. 5. In the exponential region, P remains 
close to 0.954/2a, and the mean life is 4.05 2ma?/h. 
The large time deviations from exponential decay occur 
after about 20 mean lives. 

The computer results do not, of course, agree in 
detail with (7) because G=6 and G=20 are too small 
to permit neglect of all but the lowest powers of 1/G. 
There is, however, fair agreement regarding the loca- 
tion of the exponential, oscillatory, and power-law 
regions, and regarding the magnitude of the terms in (7). 


MEASURABILITY 


The detailed results displayed above are, of course, 
valid only for our rather artificial model, but many 
quasi-stationary states will develop in a similar fashion. 
One can usually expect that there will first be a short 
time during which the initially specified state adjusts 
to the interactions that determine its decay. Second, 
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there will be a period of approximately exponential 
decay, governed by a pole responsible for a resonance. 
Third, oscillations of the decay rate can result from 
cross terms between the residue at the resonance pole 
and the contributions from the low-energy part of the 
spectrum. Fourth, only the low-energy end of the 
spectrum is important, and the decay rate decreases as 
some inverse power of the time. 

There is no formal obstacle to the observation of 
these effects, as can be seen by examining any thought 
experiment of the kind commonly used in discussions 
of this sort. We must find an operator R such that the 
required W(x,0) is an eigenfunction of R with eigen- 
value r. We measure R, and know, whenever r results, 
that we have at that instant prepared ¥(x,0). After 
some time /;, we examine the system to see whether it 
has decayed; it does not matter that this examination 
disturbs the system. Many repetitions of these opera- 
tions for each of many times ¢; will then yield all re- 
quired information. There are no uncertainty principle 
limitations on the observability of all the features that 
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have been discussed, even though we must measure 
times much smaller than E£/%. 

The experimental difficulties of such measurements 
are, of course, tremendous. The frequency E/h of the 
oscillations will usually be so high that only the time 
average can be observed. Furthermore, the first and 
second terms in (7) become equal when 


n’x exp(T/r) = (T/7)*(E/AE)’, 


that is, for narrow states, when 7/75 In(E/AE). 
Most quasi-stationary states that we can examine with 
any precision are so narrow that the remaining sample 
at this time is vastly too small. 


ACKNOWLEDGMENTS 


I wish to thank Dr. E. Kazes and Dr. P. Signell for 
interesting and very helpful discussions. The coopera- 
tion of Dr. D. T. Laird and the staff of the Pennsyl- 
vania State University Computing Center, and the 
assistance of R. Zdarko, made possible the numerical 
work, 





PHYSICAL REVIEW VOLUME 1 


NUMBER 4 1961 


Transfer of Helicity in Radiation and Absorption of High-Energy Photons* 


R. H. Pratt 
Institute of Theoretical Physics, Department of Physics, Stanford University, Stanford, California 
(Received April 7, 1961) 


Nearly complete transfer of momentum between a high-energy electron (or positron) and a photon ina 
Coulomb field implies that helicity is also transferred. This is not a consequence of conservation of total 
angular momentum but, rather, of spin angular momentum, and follows from a demonstration that it is 
possible to use free-particle spinors (though not free wave functions) for the high-energy particles. Polariza 
tion correlations of the lower energy particle in such a process are discussed. Applications are made to 
bremsstrahlung, pair production, photoeffect, and one-photon pair annihilation. 


E wish to show that, in a Coulomb field, almost- 
complete transfer of momentum between a high- 
energy electron (or positron) and a photon implies that 
helicity is also transferred. By this, we mean complete 
correlation between right (or left) circular polarization 
of the photon and forward (or backward) longitudinal 
polarization of the electron. Although the high-energy 
particles in such a process are nearly collinear, the 
result does not follow from conservation of total angular 
momentum J, along that direction. The z component 
of total angular momentum for the lower energy elec- 
tron or positron is not completely correlated. Rather, 
the result can be interpreted as a consequence of con- 
servation of spin angular momentum a,. We shall give 
a general proof of these statements and later indicate 
where they extend the results obtained for specific 
processes, such as bremsstrahlung at the “tip”,!? pair 
production in which one member of the pair takes all 
the energy,' and atomic photoeffect.?~® 
The argument consists in (1) noting that use of a 
free-particle spinor for the high-energy electron will 
result in conservation of helicity and (2) showing that 
for these processes the spinor (though not the complete 
wave function) may indeed be approximated by the 
free-particle form. When this approximation is made, 
the spinor-dependence of the matrix element (or its 
complex conjugate) is contained in one of the forms 


u*(p)a-ey(r), y* 


where « and »v are free electron and positron spinors, 
and y represents the wave function of the lower energy 
particle (bound or continuum). For photon states of 
right (left) circular polarization, a-e simply applies 
raising (lowering) operators o,=¢;+io, to the free 
spinors, and it is easy to see that the matrix elements 


r)a-ev(p), (1) 


* Supported in part by the United States Air Force through the 
\ir Force Office of Scientific Research 
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1159 (1959). This paper gives a detailed discussion, in Born 
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1959), 


1960), 


vanish unless the photon and the high-energy electron 
(or positron) have the same helicity, regardless of the 
structure of y. (With a slight generalization of this 
argument one can understand the transfer of helicity 
to the higher energy photon in two-photon annihilation 
of a fast positron.) This conclusion has used the near 
collinearity of the particles. If the incident energy is 
E,’ the relevant deviations from collinearity are O(1/£). 
The deviations from complete persistence of helicity 
will be of the same order, unless the matrix elements are 
suppressed owing to the near collinearity, and we shall 
later see that this does not happen. 

The solution of the Dirac equation for an electron in 
the potential V may be approximated by a Sommerfeld- 
Maue (SM) type wave function® explicitly displaying 
the spinor dependence which is our present concern: 


ie-V 
Ysm=e'P ‘(1- )ru(n), (2) 
2E 


where F is a solution of 


(V2+2ip-W—2EV)F 


(), (3) 


chosen to satisfy the desired boundary conditions. For 
a 1/r potential, Ysa may be obtained from the exact 
solution with the neglect of O(1//) in each partial 
wave.*° The important values of / are expected to be 
O(ER) and the error in ¥sm, O(1/ER), where R repre- 
sents the region of r space important for the process. 
A similar conclusion can be obtained for a screened 
potential." To determine R, note A-r=O(1), where A 
is the momentum transfer to the nucleus, if there is to 
be an important contribution to the matrix element. 
One may show (from conservation of energy) that these 
high-energy processes are not possible without momen- 
tum transfer; A,=O(1/e), where ¢ is the energy of the 
slower particle in the process. Thus the important r’s 
are O(e) and the error in using Wsy is O(1/eF). 

7 We use unrationalized units and set h=c=m,=1; O(.x) shall 
mean “of order x.” 

5H. Olsen, L. C. Maximon, and H. Wergeland, Phys. Rev. 106, 
27 (1957). 
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RADIATION AND 

An electron wave function in the potential V hence 
has the spinor «(p) of a free electron, except for correc- 
tions of O(1/E) [the e-¥/2E term of Eq. (2)] and 
O(1/e£). However, the matrix element with the free 
spinor will be suppressed: Whenever all three particles 
have relativistic momenta in similar directions, the 
spinor factor u;*a@-eu; is reduced to O(1/e).9 Hence, in 
general, the free-spinor term of sm contributes O(1/e), 
the second term O(1/£), and the neglected remainder 
O(1/eE£). When e<E the electron spinor may be ap- 
proximated by u(p) and helicity persists, neglecting 
O(¢/E). This completes the proof. 

Conservation of angular momentum provides an 
obvious, if incorrect, explanation for persistence of 
helicity. The high-energy particles are nearly collinear, 
and so to conserve J, an electron with 7,= +} must be 
correlated with a photon of j7,=+1 (assuming the 
lower energy particle is also in a j=} state). This argu- 
ment, exact when the high-energy particles are exactly 
collinear, also predicts complete correlation with the /. 
of the lower energy particle. However, we shall make an 
explicit calculation and find only partial correlations. 
How do deviations from collinearity O(1/E) cause 
deviations O(1) in correlations of low-energy particles? 
Apply the electron operator 7.°? to y; in the typical 
matrix element ¥;*a-ee'*"Y,; and then bring it through 
to act on yy. For photon states e of opposite helicities, 
electron states j, and j.+1 are connected, thus com- 
pletely correlating all three particles. This assumes 7.°? 
(taken along the high-energy electron) commutes with 
e‘*-* which is true only if photon and electron are pre- 
cisely collinear. Otherwise 7.°? will fail to commute 
with a term e‘*i:', which can be O(1), and so the 
angular momentum argument fails. 

A correct explanation for persistence of helicity is 
provided by conservation of spin angular momentum. 
Apply the electron spin operator ¢.°? as above. This 
operator does commute with e'*’', so it is true that for 
opposite photon helicites ¢, is connected with o,-+1. 
The high-energy electron wave function may, according 
to our earlier discussion, be considered an eigenstate of 
o.°?. The low-energy electron is not an eigenstate of ,°?, 
but is some combination of ¢,+} (even if j>}3). Hence 
there is complete correlation of electron ¢,’s with photon 
helicity, but only for the high-energy electron does this 
mean a complete correlation of j.. In summary: Spin 
angular momentum (unlike total angular momentum) 
predicts complete transfer of helicity between high- 
energy particles, regardless of the low-energy state (not 
just for 7=}). Low-energy o. (rather than 7.) states are 
also completely correlated. In the precise forward direc- 
tion, where conservation of J, is also valid, the low- 
energy particle is completely correlated with j,= +3 
even if j>3, and hence other substates cannot 
contribute”. 

2 These forward cross sections are finite, even for processes, 


such as A-shell photoeffect, for which they vanish to lowest order 
in a=Ze?. See the recent work of Nagel (reference 6), and of A. 
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We now make an explicit calculation of polarization 
correlations. First we obtain all possible correlations of 
the high-energy particles, including the helicity corre- 
lations as a special case. Then we introduce specific low- 
energy and determine correlations with the 
angular momentum 7, of the low-energy particle. 

The complete polarization dependence of the cross 
section for a process described by the first term of 
Eq. (1) is contained in 


V*(r)OV(r), 2 


and the polarization of the high-energy particles is in the 
operator 2. We characterize these polarizations in a 
standard way. In two-component notation 
ae 
). (5) 
0 


WA 0 
u(p)= ) Ua*ua=1, a:e= 
O34 ge 


where the z axis has been taken along the photon, and 
the O(1/£) deviations from collinearity are neglected. 
Then 


states 


a: e*u(p)u*(p)a-e, (4) 


3(1+¢-o), (6) 


usua* 


where ¢ is the spin vector of the electron in its rest 
system. For the photon write 


G-@=c1€; +022, €1*e;+e.*%e.=1, (7) 


and define 
£:=e1%e1—e2*€2,  & €1€2*+ e0€1*, 


+ . > * 
g 1 C102" — er€y ). 


The operator 2 of Eq. (4) may then be written 


1 —o;\ s3(A—B) 0 
( ( ), (9) 
—o 0 4(1+B) 


A = (1+$3&3)— (3+ &s)os, 


? - te & \ i ‘ = 
B= ($18: 4+f2E2)o14 (6182 


where 


(10) 


For helicity states, only (3; and &; are nonzero, B=0, and 
the coefficients (1+¢3£3) and (¢3+ 3) of A also vanish 
unless electron and photon have the same helicity. No 
other correlations allowed by (10) are complete. The 
same analysis may be made for a process described by 
the second term of Eq. (1). In Eq. (4) rer’, e« e* 
and u 


For the operator 2 these have the conse- 


~—¢ 


quences é > - £3, r 


Further results depend on the choice of low-energy 
wave function, but they are still quite general. In this 
paper we shall calculate A-shell photoeffect through 


O(a=Ze*), but the results are also valid for £1 photo- 
effect,'® for one-photon annihilation of fast positrons," 
and for high-energy bremsstrahlung and pair production 


Mork and H. Olsen, Proceedings of the Physics Seminar in Trond- 
heim, No. 5, 1960. 


R. H. Pratt, Phys. Rey, 119, 1619 (1960 
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involving a low-energy electron with e—1=O(a?).“ We 
obtain the polarization correlations of the total cross 
section, for a pure Coulomb potential, using methods 
previously developed." Then in Eq. (I-19), 


F (r,r’)=y*(r)Qy(r’). 


Portions of F now depend on the direction f, but these 
vanish in the integration. Eq. (I-22) is (except for 
normalization) to be replaced by 


| l-—e c—d | 
(c+d)i1 +( )f co cosé +( - ) sing’ sna| 
| Ite ctd 


l1—e,! | 
+i(— : (cos@— cos6’) 


1+e }’ 


(11) 


(12) 
where 


c=}(1+$sEs), d=+3(Sst+és)= j.(fstés). (13) 


The sign of d corresponds to the sign of angular mo- 
mentum j, in the bound state. There is no dependence 
on transverse electron polarization or linear photon 
polarization. Integrating, the cross section is propor- 
tional to 


[3— (42a 15) }(c+d)+}3(c—d). (14) 


If the high-energy particles are in the same pure helicity 
states, then c=1 and d=+1 according as j, for the 
bound state is correlated (conservation of J,) or anti- 
correlated. For small Z the electron spin will flip only 


4 R. H. Pratt, Phys. Rev. 120, 1717 (1960). 
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two-thirds of the time, and in heavier elements the 
non-spin-flip term may even predominate. 

We now briefly summarize previous results for specific 
processes and indicate where they have been extended. 
Perhaps the most general discussion of polarization 
correlations is that given by Olsen and Maximon! for 
bremsstrahlung and pair production. Sommerfeld-Maue 
type wave functions are used for both high- and low- 
energy particles, so the calculations are valid to all 
orders in a general screened potential, but require that 
the lower energy particle be extremely relativistic. This 
restriction is removed in the present work. The careful 
discussion of Fano, McVoy, and Albers,” valid to lowest 
order in a pure Coulomb potential, should also be noted, 
as it is also applicable to the high-frequency limit of the 
spectrum and to K-shell photoeffect. In another paper® 
the same authors explicitly give the correlations, to 
lowest order, of the high-energy particles in the photo- 
effect ; these were also obtained in the work of Olsen.’ 
Relevant calculations of AK-shell photoeffect, including 
O(a), have been made by Nagel® and Banerjee,‘ the 
latter author also discussing one-photon positron annihi- 
lation. The present paper extends these results to arbi- 
trary shells and to all orders in a general screened 
potential. Correlations with the low-energy particle in 
the process do not appear to have previously been 
considered. 
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In this article, we discuss in further detail the significance of potentials in the quantum theory, and in 
so doing, we answer a number of arguments that have been raised against the conclusions of our first paper 
on the same subject. We then proceed to extend our treatment to include the sources of potentials quantum 
mechanically, and we show that when this is done, the same results are obtained as those of our first paper, 
in which the potential was taken to be a specified function of space and time. In this way, we not only 
answer certain additional criticisms that have been made of the original treatment, but we also bring out 
more clearly the importance of the potential in the expression of the local character of the interaction of 


charged particles and the electromagnetic field. 


1. INTRODUCTION 


N a previous paper,'? we have given several examples 

showing that in the quantum theory, electro- 
magnetic potentials have a further kind of significance 
that they do not possess in classical theory; viz., in 
certain kinds of multiply-connected field free regions 
of space and time, the results of interference and scat- 
tering experiments depend on integrals of the potentials, 
having the form 


I= g A, dx" (1) 


(where the integration is carried out over a circuit in 
space and time). This dependence is present even when 
the electrons are prevented by a barrier from entering the 
regions, in which the fields have nonzero values. On the 
other hand, according to classical theory, no such 
dependence of physical results on the potentials is 
possible, if the electrons are confined to a field-free 
multiply-connected regions of the type described above. 
Since the above paper was published, several experi- 
mental confirmations of the predicted dependence of 
electron interference on potentials have been obtained. 
First, it was shown by Werner and Brill’ that, in order 
to explain the absence of fringe shifts in certain experi- 
ments that had been carried out under conditions where 
there were appreciable 60-cycle stray magnetic fields, 
one had to take into account the effects of the potentials, 
which just compensated those of the fields. Secondly, 
an experiment has been carried out by Chambers,‘ in 
which the flux was supplied by a very fine magnetized 
iron “whisker” (about 0.75 u in diameter). An electrical 
* This work was partially supported by the Office of Scientific 
Research, U. S. Air Force. 
1Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). 
*See also, W. Ehrenburg and R. E. Siday, Proc. Phys. Soc. 
(London) B62, 8 (1949), who, on the basis of a semiclassical 
treatment, obtained some of our results; viz., the prediction of a 
fringe shift due to magnetic vector potentials in a field-free 
multiply-connected region. 


3 F. G. Werner and D. R. Brill, Phys. Rev. Letters 4, 349 (1960). 
*R. G. Chambers, Phys. Rev. Letters 5, 3 (1960). 


bi-prism was used to separate the beam into two parts, 
which passed on the two sides of the whisker without 
contact. The resulting interference observations con- 
firmed the existence of a fringe shift, as predicted by 
the theory. Thirdly, Marton and his collaborators® 


‘ have reported an experiment similar to that of Cham- 


bers in its essential points, and they too obtained fringe 
shifts, as predicted. Finally, Boersch et al.6 have 
studied the interference patterns of fast electrons 
passing through thin ferromagnetic layers, and have 
likewise confirmed that, as predicted, vector potentials 
have a direct effect on the fringes. 

Although all of the above experiments are in agree- 
ment with the theory, none of them constitutes an 
ideal confirmation. For, in each case, the effect of 
vector potential was mixed up with that of magnetic 
fields, so that the theory was confirmed only insofar as 
it was seen that in order to account for the total effect 
it is necessary to take the influence of the potentials 
into account. The experiments with whiskers are, 
however, potentially capable of providing an ideal 
test, provided that the magnetization of the whiskers 
can be made sufficiently uniform, so that all stray 
fields in the region of the beam may be reduced to 
negligible values. 

The existence of effects of potentials on electrons 
confined to field-free multiply-connected regions of 
space and time seems to have been regarded with 
surprise by some physicists. If one reflects on this 
problem for a while, however, one will see that there 
is in reality no reason whatsoever to be surprised at 
this possibility. For a similar effect arises in the much 
more common case of the stationary states of an 
electron in an atom. As is well known, according to 
classical mechanics, any orbit should be possible in such 
an atom. According to quantum theory, however, the 
energy levels are restricted in such a way that (at 
least in the correspondence principle limit of high 

5 L. Marton ef al. (private communication). 


®H. Boersch, H. Hamisch, D. Wohlleben, and K. Grohmann, 
Z. Phys. 159, 397 (1960). 
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quantum numbers) the Bohr-Sommerfeld rule holds, 


ViZ., 
f rrda=ni, (2) 


where the integral is taken around a closed orbit and n 
is an integer. If we were to take the classical point of 
view and to require that any such restriction be 
explained by a force, then we would be presented with 
an incomprehensible problem. For the forces known to 
be present in an atom simply would not constrain an 
electron, moving in a certain position in its orbit at a 
given moment of time, to one of a set of possible 
orbits that depends on an integral of its momentum 
over the entire orbit in question. If we note, however, 
that the electron also has a wavelike aspect, the reason 
for this constraint is quite evident, since an integral 
number of waves must fit in a circuit (or, in other 
words, the wave function must be single valued). And, 
of course, it is this requirement that is really at the 
root of the Bohr-Sommerfeld condition.’ 

If then, we are ready to accept the fact that there 
exist characteristically quantum-mechanical phenomena 
such as discrete energy levels (as well as interference 
and diffractive scattering), we are, in effect, admitting 
that the concept of force is not adequate for treating 
the basic properties of an atom. It is not very much of 
a further step to add that the concept of force is also 
not adequate for treating electromagnetic interactions. 
Or to put the same argument in more precise terms, 
we note that as the behavior of the electron depends 
on integrals of the action, f p-dq, in a way that would 
not occur according to classical mechanics, so it depends 
on integrals of potential, which would likewise have no 
such implications classically. And indeed, in both cases, 
this dependence has basicaily the same origin, viz., the 
quantum conditions as given in terms of the “‘canonical” 
momentum, p=mv+(e/c)A(x), which are (in the 
correspondence limit of high quantum numbers) 


Pp rda= $ [mvt ( c) A(x) }-dx. (4) 


We see then that the integral of potential, gA-dx, 
plays a part in the quantum condition, which supple- 
ments the corresponding integral, gmv-dx of the 
“physical” momentum, my. This means that the very 
existence of quantum conditions demands that po- 
tential integrals, g A-dx, must have a physical signifi- 
cance which they do not have in classical mechanics. 
{For example, they influence the eigenvalues of the 
Hamiltonian which contains the kinetic energy operator 
T=4m??=[p—(e/c)A P/2m}. 

The notion of force has in the quantum theory at 
best a very indirect meaning. Thus, one can define 


7D. Bohm, Quantum Theory 
New Jersey, 1951), see Chap. 2. 


’rentice-Hall, Englewood Cliffs, 
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an average force, F, by means of Ehrenfert’s theorem?: 


dmv : 
—— ¥*[—VV+eVo—(e/c)(vX5) dx, (5) 
al 


where y is the electron wave function, V is the non- 
electrostatic part of the potential, 6=—Vq@ is the 
electric field, #=VXA is the magnetic field, and v is 
the velocity operator of the electron. In spite of the 
formal similarity of the above equation to the classical 
Lorentz equation, dmv/di= —VV —e&—(e/c)(vX%), 
nevertheless there is a very fundamental difference in 
its physical significance. For all the quantities entering 
into the classical equation (&, HK, v, etc.) can be 
determined experimentally and are defined mathe- 
matically in a way that does not require the introduc- 
tion of the potential (which is, in fact, only a mathe- 
matically convenient procedure in classical theory). 
In the quantum theory, however, the average force 
depends, as can be seen from Eq. (5), on the precise 
form of the wave function wnich, in general, can be 
obtained only by solving Schrédinger’s equation (e.g., 
if one is given the fact that the system is in a certain 
stationary state of energy, £, one must solve for the 
corresponding eigenfunction, ¥z(x), of the Hamiltonian 
operator). Now it is well-known that the potentials 
must appear in Schrédinger’s equation, because there 
is no way in quantum mechanics to express the inter- 
action of the electron with the electromagnetic field 
solely in terms of field quantities. The wave function 
entering into Eg. (5) for the average force therefore 
cannot, in general, be known unless one first knows the 
potentials. Thus, in quantum mechanics, force is an 
extremely abstract concept, having at best a highly 
indirect significance, secondary 
importance.® 

It is clear that at least in the mathematical theory of 
the quantum mechanics, the electromagnetic potentials 
(and not the fields) are what play a fundamental role 
in the expression of the laws of physics. Nevertheless, 
it seems that physicists have generally been reluctant 
to accept the notion that potentials also have a more 
fundamental physical significance than that of the 
fields. This reluctance is grounded in part on a tendency 
to regard force as a fundamental concept in quantum 
theory, a tendency that, as we have seen, cannot be 
justified. It is also grounded in part, however, on the 
invariance of all physical quantities to gauge transfor- 
mation, A,=A,’+0/f/dx", where f is an arbitrary 
continuous and single-valued scalar function. This 
invariance implies that even when the physical state of 
the system is completely specified, the potentials are 
still arbitrary to within such a gauge transformation. 
It is therefore argued that the potentials do not have a 


which is of only 


’ See, for example, reference 7, Chapter 10 


In the Appendix, we shall discuss a particular example, 
showing, in more detail, the comparatively indirect and secondary 
significance of force in the quantum theory. 
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direct physical significance, but that they are significant 
only insofar as they determine the field quantities, 
F,,=0A,/0x"—0A,/0x"; which latter are invariant to 
such a transformation. 

Although we must accept that gauge invariance 
implies that the value of a potential at a given point 
has by itself no direct physical significance, it does not 
necessarily follow that the physical significance of the 
potentials is always exhausted by that of the fields 
which they define. For, as we have seen, it is possible 
to confine the electron to multiply connected regions 
of space by means of suitable potential barriers, and 
the behavior of electrons thus confined depends on 
integrals of the potential £A,dx*, which are physically 
significant even when all fields in the regions in question 
vanish. These integrals are gauge invariant so that 
they are not subject to the arbitrariness, in relation to 
the physical state, which the potentials themselves have. 

It is true, of course, that in a simply connected region 
the integral $A ,dx* is identically equal to the integral 
JSF ,,dS* of ‘the field quantities F,,, taken over the 
surface (whose elements are dS#’), which the circuit of 
the potential integrals encloses. One might therefore be 
led to conclude that there is no additional physical 
content in the potential integrals that is not already in 
the field variables. However, we must keep in mind 
that the quantum theory as it is now formulated 
requires that the interaction of electron with electro- 
magnetic field must be a local one (i.e., the field can 
operate only where the charge is). Therefore, in the 
description of this interaction, only those quantities 
which differ from zero in the region accessible to the 
electron can account for observable physical effects on 
the electron. As a result, when the electron is thus 
confined to a multiply connected region, the fields in 
the excluded region (which appear in the above identity, 
between field and potential integrals) cease to be 
relevant for the problem under discussion. The observ- 
able physical effects in question must therefore be 
attributed to the potential integrals themselves. Such 
integrals, being not only gauge invariant, but also 
Hermitian operators, are perfectly legitimate examples 
of quantum-mechanical observables. They represent 
extended (nonlocal) properties of the field, which are 
evidently directly measurable in the region in question 
with the aid of the observable properties (interference, 
diffractive scattering, and energy levels) of electrons 
confined to this region. 

Although the above point of view concerning po- 
tentials seems to be called for in the quantum theory 
of the electromagnetic field, it must be admitted that 
it is rather unfamiliar. Various of its aspects are often, 
therefore, not very clearly understood, and as a result, 


a great many objections have been raised against it 
(some of them in the published literature, and some of 


them in private communications to the authors). Such 
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objections have appeared so frequently that we feel 
that it would be useful to answer them systematically, 
and in so doing, to present certain further developments 
concerning the theory of the effects of potentials in 
quantum mechanics. 

The objections mentioned above fall roughly into 
two types. In the first type, it is accepted that the 
potentials can be expressed in the one-body Schrédinger’s 
equation as definite functions of space and time, as we 
did in our first article. On this foundation, however, 
various points are raised which call some of our con- 
clusions into question. These points will be discussed 
and answered in Sec. 2 of the present paper. 

In the second type of objection, it is not accepted 
that the potentials can be written as specified functions 
of time and space, but instead, questions are raised 
which would suggest that there would be a breakdown 
of some of our conclusions if we took into account the 
distribution of charges and currents (e.g., in a solenoid) 
which are the sources of potentials. ‘To discuss these 
questions, we begin in Sec. 3 by giving a theory, which 
treats the source of the electric potential by means of 
a many-body Schrédinger’s equation, and in Sec. 4, 
the same is done for magnetic potentials. In all cases, 
we show that the results are precisely the same as those 
given in our first paper. 

In our detailed treatment of the effect of the sources 
of the potentials, the fact that potentials possess a 
physical meaning beyond that of the fields emerges 
with even greater clarity than before. Thus it will be 
shown in Sec. 3, that whereas the electron does actually 
exert force on the various parts of the source in experi- 
ments of the type that we have described, the total 
force of reaction of the source back on the electron 
vanishes. Nevertheless, the electronic interference 
effects remain, thus confirming our conclusion that in 
the quantum theory, force does not have the funda- 
mental role that it has in classical physics. In Sec. 4, 
where we treat the electromagnetic field quantities as 
dynamical variables, it will be seen that the potentials 
constitute an intermediary link between the electron 
and the charges and currents in the source variable. 
As in the one-body theory (in which the variables of 
the electromagnetic field are taken as specified functions 
of space and time), it is only with the aid of the po- 
tentials that this link can be established by means of a 
localized interaction between charged particles and 
field (the field quantities themselves being, in general, 
inadequate for this purpose). Thus, we demonstrate 
the fundamental role of potentials for this problem in 
still another way. 

Finally, in an Appendix, we shall discuss a recent 
article by Peshkin, Talmi, and Tassie! on the subject 
of potentials in the quantum theory. 


10M. Peshkin, I. Talmi, and L. Tassie, Ann. Phys. 12, 426 
1961). 
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2. FURTHER CLARIFICATION OF EFFECTS 
OF POTENTIAL IN ONE-BODY 
SCHRODINGER’S EQUATION 


In this section, we shall attempt mainly to clarify 
various questions that have been raised concerning the 
effects of potentials in the one-body Schrédinger’s 
equation. 

First of all, Furry and Ramsey" have discussed the 
relationship of the uncertainty principle to interference 
experiments such as those suggested in our first article 
(e.g., an electron beam is split coherently in two, each 
is allowed to pass through tubes in which there is a 
different time dependent potential, after which the 
beams are allowed to come together and interfere). 
Although the above authors did not intend their article 
to be regarded as an objection to our conclusions, it 
seems that it has been so regarded by a number of 
physicists.” It is therefore worthwhile here to make a 
few remarks about this point. 

Now, as long as no observation can be made from 
which one could tell through which beam the electron 
actually passes, then there will, of course, be interfer- 
ence as predicted in our paper. If, for any reason, how- 
ever, an observation as to which beam the electron 
actually passes through can be carried out, then as is 
well known, the apparatus that makes this observation 
possible must introduce a disturbance that destroys 
the interference pattern.“ Furry and Ramsey treated 
this point in some detail, considering a special example 
of a measuring device (a charge), and showing that as 
a result of its effects, interference will be destroyed, as 
is to be expected. Of course, this demonstration does 
not invalidate our conclusions in any way whatsoever, 
since by hypothesis, we are considering a case in which 
the experiment is done under conditions in which no 
such detailed observation of the path of the electron 
can be made. 

The above discussion indirectly answers a large 
number of further objections of a certain general type 
to our conclusions. For example, if the electron passes 
through one of the condensers, then when that condenser 
is charged up, the amount of work done by the charging 
generator will be different from what it would be in 
the absence of this electron. By measuring this work, 
one could, in principle, tell which beam the electron 
passed through, so that interference would be impossible. 
In accordance with the preceding discussion, however, 
it is clear that in order to be sure that interference will 
take place, it is necessary to arrange conditions so that 
no such measurement can be carried out. We shall 
treat this problem in more detail in Sec. 3, where we 
shall show that if the generator is properly constructed 
(so that its behavior is adiabatic), then no energy 

"W. Furry and N. Ramsey, Phys. Rev. 118, 623 (1960). 

2 Private communications. 

3 See, for example, reference (7), Chapter 6, where it is shown 


that this behavior is, in fact, quite general, and not just restricted 
to the experiment under discussion. 
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measurement permitting us to tell which beam the 
electron passed through will be possible, and the usual 
interference pattern will be obtained. 

The second general kind of question that has been 
raised concerns the problem of the single-valuedness of 
the wave function. In connection with this problem, 
the magnetic example given in our first paper (a very 
narrow solenoid with flux inside but no flux outside) is 
the easiest to discuss, although the conclusions that we 
shall give here are true in general. 

Since the wave function is being solved in a non- 
simply-connected region (which excludes the solenoid), 
it is argued that the usual considerations leading te the 
requirement of the single valuedness of the wave 
function may not be valid here. For example, if the 
wave function were to be multiplied by a constant 
factor, e**, when the polar angle is increased by 27, 
then all physical predictions, which depend only on 
functions like ¥y*Oy (where O is a Hermitean operator), 
will still be single-valued."* It is proposed then that for 
this case, the boundary conditions on the wave function 
might be altered. For example, the vector potential in 
this case can be chosen (in a certain gauge) as 


A=qu,/2zr, (6) 


where q is the total flux inside the solenoid, and uy is a 
unit vector perpendicular to the radius. Then by a 
certain gauge transformation which is regular in the 
multiply-connected region under discussion and singular 
only in the excluded region, viz., A— A’—(q/2r)V@ 
(where @ is the polar angle), one can eliminate the 
vector potential altogether, reducing the Hamiltonian 
to that of a free particle. If now we regard y’ as a 
proper representation of the wave function, we would 
obtain solutions corresponding to a free particle. Since 
such solutions are single valued in the y’ representation, 
they would have to be multiple valued in the original 
representation (y would be multiplied by e'*¢/c when 
@ was increased by 27). If such a procedure were 
legitimate, then all effects of potentials in field-free 
multiply connected regions could be transformed away, 
and the conclusions of our previous paper would be 
invalidated. 

It is easy to see, however, that such non-single-valued 
wave functions in the original representation are not 
compatible with the basic principles of quantum 
mechanics. For they do not take into account the fact 
that the magnetic flux can be turned off adiabatically 
and that any potential barriers that surround this 
flux can, in principle, likewise be decreased adiabatically 
to zero. From the fact that the Hamiltonian is always 
a single-valued operator (even when it is thus changing 
in time), it is easy to show that if the wave function is 
initially single-valued, it remains single-valued for all 

4 The requirement that y itself be single-valued stems basically 
from the demand for three-dimensional invariance (see, for 


example, reference 7, Chapters 14 and 17). If the region is not 
simply connected, we cease to require this invariance. 
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time, while if it is originally multiple-valued, it retains 
the same kind of multiple-valuedness. Hence, if (in 
the original representation) multiple-valued wave 
functions were allowed while the barrier was present 
and the flux was turned on, they would also have to be 
allowed when the barrier had disappeared and the flux 
was turned off. This would evidently lead to new 
quantum conditions on the particle, which depended on 
its past history (i.e., as to whether it had once been in 
a multiply connected space with flux in the excluded 
region). But it is a basic postulate of the quantum 
theory that the quantum states of a given system 
allowed in a specified physical situation are independent 
of the past history of that system (i.e., of how the state 
was prepared). Therefore, it is not possible to transform 
away the effects of potentials in field-free multiply- 
connected regions by giving up the condition of single- 
valuedness of the wave function. 

A third type of question that has been raised is 
concerned with the electric field which arises when 
source of the magnetic vector potential (e.g., the current 
in the solenoid) is turned on. To treat this problem, 
let us suppose, for example, that in the absence of the 
flux there is an electron in a stationary orbit going 
around the solenoid. In the correspondence limit its 
angular momentum is determined by the Bohr-Sommer- 
feld quantum conditions [Eq. (2) ]. When the flux is 
turned on, the resulting electric field acting on the 
electron will alter its ‘physical’? momentum, mv, and 
as a simple calculation shows, this alteration is equal 
in magnitude to (e/c)A, where A is the final vector 
potential due to the source. 

At first sight, one might then suppose that the effects 
of a vector potential have been explained, as the result 
of the action of an electric field, by means of the above 
argument. However, it is possible to begin the experi- 
ment with the electron screened by a Faraday cage, 
so that it experiences no electric field whatsoever. If 
the electron is subsequently released from the cage and 
then captured into a stationary orbit, the quantum 
conditions will be precisely the same as those which 
would be operative if the electron had initially been in 
this orbit [and are, in fact, given by Eq. (4), in terms 
of the vector potential }. This is just a special case of 
the general rule of the quantum theory that we have 
cited in connection with the problem of the single 
valuedness of the wave function; viz., that the possible 
quantum states are independent of the past history of 
the system. It is therefore clear that the change of 
quantum state cannot, in general, be ascribed in this 
way to the action of electromagnetic fields on the 
electron. 

A similar question has been raised by Pryce,!® except 
that he has discussed the problem of the shift of 
interference fringes, and has tried to explain them as 
due to the static magnetic field. This explanation 


18 Pryce’s arguments have been discussed in reference 4. 
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starts from the circumstance that in the Chambers 
experiment,‘ the flux in the whisker varied somewhat 
in its longitudinal direction (which we shall call z). As 
a result, the displacement of the fringes was a function 
of z, so that the fringes consisted of tilted, (and in 
general, curved) lines. The z dependence of the flux im- 
plies, of course, that there is a magnetic field outside 
the solenoid. If one assumes that the flux, g(z), does 
not vary too rapidly as a function of z, the vector po- 
tential A=q(z)u,/2zr will still be the correct solution 
of Maxwell’s equations, to a good order of approxima- 
tion. From this, one can calculate the magnetic field, 
KH= VX A=F(dg/dz)/2xr, where # is a unit vector in the 
radial direction. This field implies a force on the elec- 
tron, F= (e/c)(vX 5) = (e/c) (vX#) (dg/dz)/2m1, which is 
in the z direction. There will be a resulting momentum 
transfer to the electron of Ap= / Fdt= (e/c) S (vX#)dt, 
where the integration is carried out over the path of the 
electron. (This transfer will be oppositely directed in 
accordance with the side of the solenoid on which the 
electron passes.) 

Pryce then noted that the above-described momen- 
tum transfer can be used to calculate the slope of the 
fringe. Evidently this slope is determined by 08/02, 
where ® is the phase difference of the beams which 
have passed on opposite sides of the solenoid. Now, 
as we saw in the discussion of the Bohr-Sommerfeld 
quantum conditions, this phase shift (the number of 
wavelengths) is equal to §p-dx/h, where p is the 
canonical momentum, mv+(e/c)A. Now, consider the 
dependence of this phase shift on z, at the location of 
the screen, where interference is being detected. Here A 
can be neglected (because r is large). The z dependence 
of will then arise only because the two beams have 
different z components of the ‘physical’? momentum, 
mv. From this difference, as calculated in the previous 
paragraph, one obtains 


Om e 
—=— @ 8-(vxx)dt, (7) 
oz ch 


where 2 is a unit vector in the z direction. 

We see then that the slope of the fringe line can be 
obtained from the momentum transferred to the 
electron by the magnetic force due to the stray field 
outside the solenoid. However, Pryce then went on to 
consider a case in which the flux in the “whisker” has 
a value of zero at some point, say z=2, and in which 
q(z) rises continuously to its actual value at the altitude 
z. The total phase shift can then be obtained by 
integrating Eq. (7) from 20 to 2; viz., P= f2,*(db/dz)dz. 
Before doing this, however, we first transform the 
integral in Eq. (7) into 


e€ é 
~ § (xs) vit=— § (aex2)-dx 
ch ch 


We then note from our expression for # that #X2 
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= 0A/dz, so that we finally obtain 


e z 
o=— ds § (Sex?) -as 
ch J, 
er OA € 
=— [ a $ —-dx=— A(z)-dx, (8) 
ch ¥ 9 Oz ch 


using the fact that J©A(zo)-dx=0, because g(zo)=0. In 
this way, it would seem that the whole effect can be ex- 
plained as a result of forces exerted by the magnetic 
field on the electron, so that potentials are after all not 
playing any more fundamental role than they play in 
classical physics. 

One can show the inadequacy of the above argument 
by noting the electron beam can be limited in the z 
direction to a region, Az, in which the change of flux, 
(dq dz)Az, is negligible in comparison to g(s) itself. 
Moreover, it is always possible, in principle, to find con- 
ditions in which this limitation of the beam will have a 
negligible effect on the interference pattern (it is neces- 
sary only that Az be sufficiently large in comparison to 
a wavelength). In practice, such a limitation could be 
achieved by suitable slits, but for theoretical purposes, 
it is more convenient to discuss infinitely high potential 
barriers which confine the electron to the region in 
question. 

It is clear that the fringe line in the interference 
experiment described above is, in effect, a map of 
#(z)= f A(z)-dx onto the coordinate [Y(z)] perpen- 
dicular to z, on the screen. To obtain such a map em- 
pirically, one could begin by doing such an interference 
experiment at a certain altitude z, with a slit of width 
Az. Then it could be done at a series of altitudes, z+ Az, 
z+2Az, etc. It must be remembered, however, that in 
a shift of n+6 fringes (where is an integer), only 6 is 
observable with the aid of measurements made at a 
definite value of z. Nevertheless, if Az is limited in the 
way described above (so that there is much less than a 
whole fringe shift in the interval Az), then one can make 
an effectively continuous map, which can be extended 
over many fringe shifts, and which permits the integer, 
n, to be obtained by counting the fringe shifts down to 
a point of zero flux. In this way, the function (zs) 
could be obtained in measurements. 

It is clear that the argument of Pryce applies only to 
the calculation of the shift of the fringe line in the in- 
terval Az [which is proportional to (d@/dz)Az]. The 
main part of the deviation, 6, of the fringe shift from 
an integer (which can be measured directly in observa- 
tions taken in the interval Az) is, however, not explained 
by this argument at all, since the electron cannot pene- 
trate into the regions over which the integration of 
d ‘dz [in Eq. (8) ] was carried out. This deviation, 5, 
is, in fact, determined directly by the potential integrals, 
f A-dx, while (as has already been pointed out in Sec. 
1), the concept of the force exerted by the fields acting 
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on the charges is seen to be a comparatively abstract 
one, having at best, a secondary importance in com- 
parison with that of the potential integrals themselves. 

Finally, another point of interest that has been raised 
is in connection with the possibility that in the experi- 
ments described here, the flux is actually quantized in 
units of “fluxons” (1 fluxon=ch/e). In those cases 
where stray fields are present (e.g., in the Chambers 
experiment‘) such a suggestion implies that there is, 
in reality, always an integral number of fluxons at any 
given altitude, z, and that this number changes abruptly 
at certain altitudes. The stray field would then be 
present only at these altitudes where the number of 
fluxons suffers an abrupt change of the type described 
above. 

Of course, as pointed out in our first article, all inter- 
ference and scattering experiments must vanish in a 
field-free multiply-connected region containing an in- 
tegral number of fluxons. If the flux were quantized, 
one would first sight, therefore, expect no observable 
fringe shifts except at those altitudes, 2, where the 
flux changes abruptly, (and where the resulting mag- 
netic field might perhaps be expected to deviate the 
fringe pattern in the manner indicated by the argument 
given by Pryce). Such a discontinuous pattern would 
contradict the observed results which, 
ready pointed out, show a continuous tilted and, in 
general, curved fringe line. In order to answer this ob- 
jection it could, however, further be suggested that 
the electron is not fully localized in the z direction, so 
that it effectively experiences a magnetic field averaged 
over a certain range of z. In this way, one could perhaps 
hope to explain the observed continuity of the fringe 
lines, while still holding on to the notion that the flux 
is quantized, and that all observable effects are really 
due to the fields. 

In order to settle this question of quantization of 
flux finally, it would suffice if an experiment were done 
in which Az were small enough so that the fringe shift 
along its length would be negligible in comparison to the 
deviation, 6, from an integral number of fringe shifts. 
In this way, one could demonstrate that the average 
field experienced by the electron (which is proportional 
to the slope of the fringe line) is too small to account 
for the observed fringe shift, 6, so that the assumption 
of quantized flux lines with discrete changes in intensity 
would have to be given up. 


as we have al- 


Finally, it must be pointed out that the quantization 


of flux is not compatible with the quantum theory of the 
electromagnetic field as it stands now. Some arguments 
have been given with aim of deducing the quantization 
of flux from the present theory, but these arguments are 
erroneous. For example, consider an electron moving in 
a uniform magnetic field of strength, H, in the z direc 

tion. The vector potential can be taken as A = — Hru,g,/ 2. 
The Bohr-Sommerfeld condition is $£[mv+(e/c)A] 
-dx=nh. But for a circular orbit in a uniform field, 


my = (Her/c)u,. We thus obtain (rer’/c)H = nh, so that 
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the tlux is gq=arH=nch/e, which is just a whole num- 
ber of “fluxons.” If flux were always confined by charges 
moving in uniform magnetic fields, then the effects of 
potentials would vanish in the way described above. 
In general, however, the electrons are confined to a given 
region by other kinds of forces (e.g., electric) so that 
the above conclusion of quantized flux does not hold. 

Additional arguments in favor of the assumption of 
quantized flux arise in the theory of superconductivity.'® 
Even if these arguments are accepted, however, they 
would imply at most that flux was quantized for super- 
conductors, and therefore would not hold for the experi- 
ments that we have considered. 

Of course, there is a possibility that current electro- 
magnetic field theories should be modified in such a way 
as to introduce quantization of flux as a genera! property 
of the field. In this connection, the experiments that we 
have cited furnish strong evidence against such an 
assumption. However, in order that this evidence shall 
be made conclusive, it is desirable that the experiment 
be done with a suitably limited slit width, Az, in the 
manner described earlier (so that the fringe shift along 
Az should be much less than the main deviation, 6, from 
an integer). 


3. EFFECT OF SOURCES OF POTENTIAL IN 
INTERFERENCE EXPERIMENTS (CASE OF 
AN ELECTRICAL POTENTIAL) 


We have thus far been treating the interference ex- 
periment under the assumption that the one-body 
Schrédinger equation, with the potentials given as 
specified functions of space and time, is adequate. We 
shall now show that the same results are obtained, when 
we take into account quantum-mechanically the fact 
that all potentials originate in some kind of source (or 
set of sources). In this section we shall discuss only the 
case of electrical potentials (i.e., no magnetic fields), 
for which the problem is simplified by the fact that these 
potentials satisfy Poisson’s equation (in the gauge 
in which divA=0). 


V°o(x) 


p(x’)dx’ 
(x) -f : 
jz—x'| 


The above equation shows that the value of $(x) at a 
given time is determined completely by the distribution 
of charged particles at that same moment of time. (In 
the next section, we shall see that there is no analogous 
complete determination of magnetic vector potential by 
the distribution of currents.) 

Our procedure will then be to include in a many-body 
Schrédinger equation, not only the electronic coordi- 
nates, x, but also the coordinates, y,;, of the various 


—4ip(x), 
so that 


(10) 


16 See F. London, Superfluids (John Wiley & Sons, Inc., New 
York, 1950-54). 
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parts of the apparatus, which are used to generate the 
potential. In general, the potential energy of interaction 
of the electron with the source will be a function, 
V(x,-+-y,;--+), which depends on the y; as well as on 
x, because the y; determine how the various charges in 
the source are placed. Thus, the system will have to be 
described by the wave equation 

0 
th —W(x,--- Jooce 

al 

[LH .+H st V (x,---yi) W(x,--- yee? D, (11) 

where H, is the Hamiltonian of the electron by itself. 
The Hamiltonian of the source can be expressed in more 
detail as 


Hs=>. p 


2M 


rs cee ee (12) 


where M, is the mass associated with the 7th coordinate 
and W’(---y,---) is the potential energy of interaction 
of all parts of the source with each other, while 9; is 
the momentum conjugate to 4,. 

We now take advantage of the fact that the source 
consists of a macroscopic piece of apparatus. Thus, all 
its parts will be very heavy, so that it can be treated 
with the aid of the WKB approximation. As is well 
known,'? the approximation leads to an expression for 
the wave function of the source by itself, having the 
form 

o(- “Vere -,t) = R(.- -yir +, be S 


where § is a solution of the classical Hamilton-Jacobi 
equation 


os 0S \* 
al i OY; 


and the momenta, /;, are given by 


(15) 


mi ,= 0S/ dj. 


The probability density, P= R’, satisfies the conserva- 


tion equation 
re] pi 
( “p)-o. 
OV; M;, 


In a typical state, P(---yi---,f) takes the form of a 
packet function (in the configuration space), such that 
the probability density is appreciable only in a small 
region of width Ay,, near a point y;=y;(t), which 
follows the classical orbit. In view of the fact that such 
a wave packet spreads and otherwise changes its shape 
negligibly, it can be approximated as a function 
P(-++, yi—yi(t)- ++), which depends only on the dif- 
ference, yi— yi(¢). 


(16) 


\7 See, for example, reference 7, page 270. 
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Since y; is very close to y;(/), wherever the proba- 
bility density is appreciable, the interaction potential, 
V (-++9,°+-+,x) can be approximated as V(- - -y;(¢)---,x). 
Thus, we obtain a time-dependent potential. Our prob- 
lem is then to show that the equation for the electron 
wave function factors out of (11), to yield the time- 
dependent Schrédinger equation for the one-body 
problem 


oy 
ih—=[(H.AV(C- (17) 


al 


“yi(t)+++,x) ly. 


If we succeed in doing this, we will have shown that a 
complete quantum-mechanical treatment which in- 
cludes the source of the potential leads (in a suitable 
approximation) to the same result as does the treatment 
given in our first paper. 

Now, in a typical interference experiment (e.g., the 
first case treated in our previous paper,' with a split 
electron beam passing through a pair of drift tubes), 
the generator of the potential is so arranged that 
I(---yvi(t)-++,x) is zero before the experiment begins, 
then rises continuously to a maximun, finally falling 
again to zero when the experiment is over. Since the 
probability density is negligible when y; is appreciably 
different from y,(t), it follows that V(---y,---x) also 
satisfies the same conditions in the domain in which the 
wave function of the source is appreciable. When the 
experiment begins, there is therefore no interaction be- 
tween the electron and the source of potential, so that 
we can write the solution of the wave equation for 
the combined system as a simple product function 


ye S(+--yie--,t mY ,(x,l), 


where Yo(x,t) is the initial electronic wave function 
(which also takes the form of a suitable packet). 

After the experiment is over (and the interaction 
vanishes again), the wave function will, in general, take 
the form of a sum of products 


Wo=R(---, vi— (1), 


(18) 


= Dn onl: ir --LWa(x,), (19) 
where the y¥,(x,/) represents a set of solutions of the 
wave equation for the electron alone, and ¢,(-- -y,- - -,t) 
a corresponding set for the source conlaiies: If such a 
sum of products is necessary, then it is clear that it 
will be impossible to factor out a one-body Schrédinger 
equation applying to the electronic variables alone. As 
we shall see, however, because the parts of the source 
are so heavy, only a single such product is actually 
needed. 

To treat this problem, let us first tentatively write 
the solution as 
W=R(---, vii) 


4? 


Keio OMY (go -yge of), (20) 


If we substitute this function in Schrédinger’s Eq. (11), 
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we obtain 


ov : 
in| Het («++ ype+ 2X) 
at 


hsoS oadlnRy @ 2 
-E—(i—+i— )—-— 


MA ay, ay; J ay: 


We now apply the adiabatic approximation,'® which 
is based on the large value of the M; plus the fact that 
V(-+-yer++,x) and R(---yi—i(t)- ++) are fairly regular 
and slowly varying functions of the y;. Because these 
conditions are satisfied, we can neglect hd InR/dy;, and 
the term on the right-hand side of (21) involving 
(1/M,)d*/dy2 in comparison to the term containing 
0S/dy;. This leaves us with 

‘)-th> 


OY : 
ih—=| H.AV (x,--- v= nO (22) 
ot 


ov 
(Note that we have also replaced 
vi= pi/M i= (1/M,)0S/ 0x, 
by its average, #,(/), because the probability of an ap- 
preciable difference between v; and 7,(¢) is negligible.) 
We then make the substitution 
vi=ai(Qtuy; Y(x,---vie- DH (Oy, - °°, 4 
Equation (22) becomes 


awe 


oy 
ih—=([H 
at 


etVQ, (23) 


+, vi(t)+u,) jy’. 
The complete wave function is obtained by multi- 
plying y’ with 


$(x,- yi ° = R(- **Hhge*) 


XexpliS(---, vi()+uj---, d/h). 


This is 
W=R(---u; -, 4) 
u;---,l). 


) exp[iS(---, yi(Q +03, 


xy’ (x (24) 


Since Eq. (22) does not contain derivatives of u;, these 
variables can be set equal to any specified set of values. . 
But from (24), we see that the wave function is appreci- 
able, only in a small range, near #;=0. Thus, to a good 
approximation, we can write y’(x,---u;---,)=(x,0), 
where ¥(x,é) is the value of y’ when all the #; are set 
equal to zero. Equation (24) becomes (after setting 
u,;=0) 


ow 
ih—=[H.4V(x,-- 
at 


-yi(t)- ++) Wy, (25) 
which is just the one-body Schrédinger equation with 
the appropriate time-dependent potential [i.e., the same 


18 See reference 7, Chapter 12, for more details 
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as Eq. (17) ]. We have thus accomplished our objective 
of showing that when the source of potential is taken 
into account quantum-mechanically, we obtain the 
same result as that given in our first paper, where the 
potential was assumed to be a specified function of 
space and time. 

We can now obtain directly from the above treatment 
the same conclusion that was drawn by Furry and 
Ramsey" in terms of an illustrative example of a meas- 
urement process (see Sec. 2). Thus, if, in the case of the 
drift tube experiment, the interaction with the source 
were such as to make a measurement of which tube 
the electron actually passed through possible, then after 
this interaction is over, the wave function would take 
the form of a sum of products, in which the electron 
wave function is correlated to the wave function of the 
apparatus.'® Such a sum would be a special case of the 
expansion given in Eq. (19). As is well known, however, 
when the wave function of the combined system takes the 
form of a sum of products of the kind described above, 
then there is no interference between the different parts of 
the electronic wave function. In order that there shall be 
such interference, it is necessary that the wave function 
of the combined system take the form of a simple 
product (18). But if this happens, then by observing 
the apparatus, we will obtain no further information 
about the electron. Therefore, the adiabaticity of the 
interaction, which guarantees that the source shall not 
destroy the interference properties of the electron, also 
guarantees that no measurement can be made as to 
which partial beam the electron actually passed through. 

We shall now illustrate the equivalence of the one- 
body treatment to that in which the apparatus is treated 
quantum mechanically, in terms of some examples. We 
shall begin with our first case of a split electron beam 
passing through a pair of drift tubes. Suppose that one 
of these tubes is attached by a wire to a generator of 
electric potential, while the other is grounded (at zero 
potential). We now suggest a simplified model of such 
a generator. Consider a sphere of capacity C (much 
greater than that of the drift tube Co), with two small 
holes in it, at opposite ends of a diameter. We then take 
an insulating rod of mass M, with some charge distribu- 
tion fixed near its center. Let this rod move in such a 
way that it passes through the two holes in the sphere. 
If we let v be the coordinate of the center of the rod, 
then the potential on the sphere will evidently rise from 
essentially zero to some maximum value, as the charge 
enters the sphere, after which it will fall again to zero 
when the charge leaves. This potential will therefore 
have a form, V(y), which resembles a localized packet- 
like function in y space. If the rod moves (by its own 
inertia) with some velocity (4), this movement will 
produce a potential V(y(¢)), which is time dependent, 
in such a way that it starts at V=0 at ¢=0, rises to a 


See reference 7, Chapter 22, for a more detailed discussion 
of this aspect of measurement theory. 
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maximum of some time, /=/,, and then falls back to 
zero as t—» ©. Thus, we are able to produce the kind of 
time dependent potential required in this experiment. 
And if the adiabaticity conditions are satisfied, then, 
as we have shown, the one-body Schrédinger equation 
with this time dependent potential will yield the same 
results as would the exact quantum mechanical treat- 
ment, based on solving for the wave function y(x,y,?) 
for the combined system. 

Another example that is interesting to study is af- 
forded by the consideration of a condenser, consisting 
of two large insulating flat sheets of mass M, charged 
uniformly and oppositely with a surface density, o, 
which is attached without possibility of moving relative 
to the sheets. Let y; be the coordinate of the first sheet, 
yo that of the second (in a direction perpendicular to 
the sheets). The energy of interaction with an electron 
outside the sheets is then 

W=+4ree(vi-—Y2), (26) 
the sign being opposite, in accordance with the side of 
the condenser on which the electron is. 

Let us suppose that initially the condenser sheets are 
practically in contact, so that the above potential energy 
is essentially zero. At this time, a pair of wave packets 
corresponding to a split electron beam is allowed to pass 
on opposite sides of the condenser. Then, when the 
packets have gone far enough so that edge fields can be 
neglected, the condensers are allowed to separate with 
some relative momentum, ~:— 2, thus generating a 
potential difference between the two beams given by 
(26). After some time, the attraction of the two sheets 
for each other overcomes their initial relative mo- 
mentum, and they turn around to approach each other. 
After they touch, so that W is zero again, the electron 
beams are allowed to pass over the edge of the con- 
denser, and are brought together to interfere. 

This example is useful because it brings out an im- 
portant point, viz., that whereas the electron exerts a 


force on each sheet, there is, nevertheless, no net force in 


the electron, because the sheets exert equal and opposite 
forces on it. Thus, while the electron can be seen to 
change the relative momentum of the parts of the 
source, the total momentum of the source is not altered ; 
and it is basically for the reason that the reaction forces 
of the source on the electron cancel out. (Note that the 
kinetic energy of the electron is therefore not altered; 
the change of energy of the parts of the source can be 
shown to come from cross terms of the electrostatic 


field of the electron with the electrostatic field of the 


source.) 

We note also that a similar argument can be applied 
in the general case. For example, with the drift tubes, 
we can consider pairs of small elements of charge on 
opposite diameters of these tubes as a basic unit. To 
simplify the problem, let us suppose that the electron 
is at the center of the tube. Then it will exert equal and 
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opposite forces on the elements of the pair, so that the 
net reaction of this pair on the electron vanishes. Since 
this happens for every such pair, it follows that the total 
force on the electron is zero, even though the electron 
is actually exerting a force in every element of charge 
in the tube. 

We thus verify again that in quantum mechanics, 
there are experimental situations in which the behavior 
of an electron can be influenced by interactions, under 
conditions in which there is no force on it, so that ac- 
cording to classical theory, no effects could occur. 


4. EFFECTS OF SOURCES FOR CASE OF MAGNETIC 
VECTOR POTENTIALS 


In Sec. 3, we treated the source of electric potential 
quantum mechanically, and showed that if the source 
is heavy enough for the adiabatic approximation to hold, 
the results are the same as if the potential is taken to be 
a specified function of space and time entering the one- 
body Schrédinger equation for the electron. We shall 
now go on to obtain a similar result for the case of mag- 
netic potentials. This case is not so straightforward as 
is the corresponding electrical problem, because the mag- 
netic vector potentials satisfy d’Alembert’s equation, 


(27) 


where we are using the gauge in which divA=0, and 
where j, is the divergence free part of j (i.e., divj,=0 
and VXj,=0). Asa result, there is no simple expression 
corresponding to the integral (10) for the electric po- 
tential, which would, in general, determine the mag- 
netic vector potential at a given time in terms of the 
current distribution at that time. Rather, as is well 
known, the field has a “dynamic” character, implied 
by the fact that even when j(x,/) is given everywhere, 
an arbitrary solution of the homogeneous wave equation 
can be added to A. As a result, A cannot be eliminated, 
as was the case with @; and in quantum mechanics, 
it must therefore be included in the wave function and 
in the wave equation. 

It follows then that the method given in Sec. 3 will 
not be adequate for the magnetic case, and that a more 
general treatment will be needed. This treatment, which 
we shall give here, will also show how the local character 
of the interaction between charge and field, which 
played an essential part in our discussion in Sec. 1, 
appears in the theory when the fields are treated dy- 
namically, instead of as specified functions of position 
and time. 

We begin by writing down the Hamiltonian for the 
system, consisting of sources, the electromagnetic field, 
and the electron under discussion.” 
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This is 


H=Hr+Hs+H.. 


The Hamiltonian of the field is 
with 


The momentum canonically conjugate to A(x) is 
I(x) = (1/c?)dA(x)/dt. The Hamiltonian of the source 
is 
, : 
Hs=>| P;— -ACy,) /2MAV Oye), (28b) 


2 C 


where y; is the coordinate of one of the moving particles 
which constitute the current in the source whose mass is 
M;,. P; is the momentum canonically conjugate to 
y;and V(---¥;---) is the potential energy of interaction 
of the source particles with each other. 

The Hamiltonian of the electron is 


H.=([p—(e/c)A (x) }?/2m, (28c) 


where x is the coordinate of the electron, and p is the 
conjugate momentum. 

The wave function of the system must depend on the 
above variables, so that it can be expressed as 


W(x,: ao --A(z)- r - t), 


where A(z) is the potential at the point. 

As in Sec. 3, we can use the WKB approximation for 
the source, so that its wave function may be written 
as @(---y;---,t), where ¢ is a narrow packet-like func- 
tion which is appreciable only in a small region near 
y=y;(t), the classical orbit of the particle. We then 
make the adiabatic approximation, based on the large 
mass, which we are assuming for the source particles. 
In analogy with Eq. (20), we write 

W=(---yy- + DEC + yy xy: -A(z)--+,t). (29) 
By a calculation based on approximations similar to 
those used in Sec. 3, we obtain 


$ a 
=| He+H.-Z -(v,() 
at i¢ 


0g 
th 


-A(y,;) |&, 


where we have set 


Wu), -°- 


A(z) 
, 


ry Coy eee ee 


A(z)---,d, 


and where (v;(t))av= (pj(t) av/M;, the average velocity 
of the jth source particle in its wave packet. In this 
expression, we have neglected the terms involving 
e°A?(y,)/2M,c2, in comparison to the sum involving 
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(v;(¢))ay A(y,;), which is permissible if M ; is large enough. 
(To do this is equivalent to assuming that the effects 
of mutual induction between the source particles can be 
neglected in comparison to those of their own inertia. 
This simplification evidently does not change the results 
in any essential way.) 

As in Sec. 3, we can set u;=0 in Eq. (30a), because 
derivatives of u; do not appear in this equation, and 
because $(---y,;---,¢) is negligible for appreciable values 
of #;. We shall write 


Equation (30a) then becomes 


On 


[p—(e/c) A(x) } 
Hy+) ~—--—- 


ih —= 


at 2m 


e 
pais DAvj(t)) as ‘ NiO) fn (30b) 
es 


where (y;(¢))ay is the average of y; over its wave packet. 

Because the position (y;(¢))ay and the velocity (v;(¢) av 
appear in Eq. (30b) only as average quantities, which 
are ¢ numbers and not operators, it is now possible to 
divide A(z,t) into two parts, one of which (A(z,1))ay, is 
a C number associated with the average movement of 


the source, while the other, A’(z,/), is an operator as- 


sociated with the “zero point’? quantum fluctuations 
of the electromagnetic field, plus whatever field is 
generated by the electrons. Thus, 

A(z,t) = «: 


‘2,t) ay +A’ (z,t). (31a) 


Rigorously, the average potential (A(z,f)).. should 
satisfy d’Alembert’s equation, corresponding to the aver- 
age current density j(z,t)=(e/c)>. ; 6(z—2,;’)(v;(0)) av. 
However, because the acceleration of the source particles 
is negligible in typical cases (e.g., the electrons in a 
solenoid) and because the velocities are small enough 
for relativistic effects to be neglec ted, we can replace the 
exact solution of d’Alembert’s equation by 


- 
(A(z,t))av=- Dv; ()) av/|z—y, (0 |. (31b) 
¢ 3 


This is, of course, just the expression leading to the 
Biot-Savart law. 

We have thus separated out a part (A(z.t) a. of the 
total vector potential, A(z,1), which is related to the 
current distribution, in the same way that the electro- 
static potential is related to the charge distribution by 
the integral (10). Note, however, that there remains 
another part of the potential, A’(z,/), so that we have 
not expressed the /ofal potential as a function of the 
current density at the same moment of time (i.e., we 
have not eliminated the dynamic character of A). 

When the transformation implied by the substitution 
(31a) and (31b) is used in the wave function, then 
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Eq. (30b) reduces to 


(e/c)[(A(,)) av +A’ (x,t) ]}? | 
. = —_— 


(31) 

ot 
where H,»’ represents part of the electromagnetic field 
energy associated with the potential A’(z,/), viz., 


(1 Sr) SL (1 ‘c?) (A A’ at)?+ (VXA’)? Jdz. (32) 


In the above equation, the term A’(x,t) (which 
couples the electron to the part of the electromagnetic 
field that is not generated by the source) describes, as 
we pointed out above, the effects of zero point “vacuum” 
fluctuations of the field, along with associated effects 
(such as the back reaction of the electron’s own field 
on itself), which are taken into account in standard 
renormalization theory.?! However, it is well known that 
in the first approximation, the effects of the zero-point 
fluctuations on the electron average out to zero, while 
in the second approximation they introduce corrections 
which (along with those of the self-field of the electron) 
are quite small. We shall neglect these corrections here. 
This is evidently equivalent to leaving out the term 
A’(x) in Eq. (31). The Hamiltonian Hp’ then ceases to 
be coupled to the electron variables. The wave function 
can therefore be chosen as a simple product 


X=Xo(---A’(z)---)W(x,d), (33) 


where Xo(---A’(z)---) represents the ground state of 
the A’(z) field (describing therefore the “zero-point” 
fluctuations) while ¥(x,¢) satisfies the equation 

OW [p— (e/c) A(x,t) P 

h—= ——¥ 


> 
‘ 


at 7m 


We have thus achieved our aim of showing that the 
quantum mechanical treatment of the magnetic source 
leads to the same results as those of the one-body treat- 
ment, in which the vector potential is taken to be a 
specified function of space and time. 

The fundamental role of potentials can now be il- 
lustrated in more detail by considering the following 
simple example, in which a solenoid surrounded by an 
impenetrable potential barrier is switched on adiabatic- 
ally. Suppose that, as suggested in our discussion in 
Sec. 2, the electron originates in a Faraday cage, so that 
it is not acted on by the electric field resulting from 
turning on the solenoid. (This electric field is cancelled 
by the effects of currents induced in the wall of the cage, 
currents which can, however, be treated in the formalism 
as just another part of the source variables.) The average 
initial momentum and position of the electron wave 
packet are then so arranged that after this electric field 
vanishes, the electron emerges through a hole in the 
cage. (The hole is so small that the penetration of the 
electric field through it can be neglected.) The packet 

21H. Bethe and S. Schweber, A/esons and Fields (Row, Peterson 
and Company, Evanston, Illinois, 1955), Vol. 1. Chap. 21 
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is then split into two parts by a bi-prism, which go 
around the solenoid on opposite sides, after which they 
are reunited by another bi-prism, into a single coherent 
packet. This packet then enters a second Faraday cage, 
through a small hole, after which the flux in the solenoid 
is turned off adiabatically. Interference phenomena are 
then observed inside the second Faraday cage. 

The above experiment satisfies the conditions as- 
sumed in our treatments in Secs. 3 and 4; viz., that 
initially there is no interaction between electron and 
source, while during the course of the experiment, this 
interaction rises to its full value and then falls back to 
zero. Moreover, it is evident that at no stage is the elec- 
tron wave packet in a region containing electromagnetic 
fields [i.e., &(x) and 3(x) ]. 

It is clear that there is no way to formulate this prob- 
lem in the quantum theory without considering poten- 
tials. Thus, when the initial quantum state of the elec- 
tron at ‘=0 is determined as represented by a certain 
packet wave function, this packet by itself contains no 
reflection whatsoever of the fact that there is a flux 
in the solenoid (since the electron was screened from 
electric fields by a Faraday cage). Indeed, we must start 
with the initial wave function for the combined system 
of the form (33), where y is taken to be the initial elec- 
tron wave packet Wo(x) and ¢ the initial packet of the 
set of particles @o(---y;---,f) in the source, whlie the 
electromagnetic field is represented by Xo(A’(z,!)) de- 
scribing the zero-point “vacuum” fluctuations in the 
field. By solving Schrédinger’s equation for this system, 
we see from the changing form of ¥ how the quantum 
fluctuations take place around a changing average 

A(z,t)),. representing the effects of the source. The 
electron responds mainly, as we have seen, however, to 
the average (A(z,!)),., while the quantum fluctuations 
have effects which can, to a good approximation, be 
neglected. As a result, the operator A(z,t) can be re- 
placed by the c number, (A(z,f)),.; and this is how we 
came back to the one-body Schrédinger equation with 
specified potentials. 

We see then that whether we treat the potentials as 
specified functions of space and time (as we did in Secs. 1 
and 2), or as dynamical variables furnishing a link 
between the source and the electron (as we did in this 
section), there is no way in the quantum theory to 
express the effect of a flux inside the solenoid on an 
electron outside in terms of a localized interaction, 
except with the aid of potentials. In no case does the 
theory ever contain any kind of interaction between the 
electron and the source, which does not go through the 
intermediary of potentials and, as we have seen, fields 
are not, in general, adequate for expressing all aspects 
of this intermediary role. 
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Some Comments on a Paper by Peshkin, Talmi, 
and Tassie, Concerning the Role of Potentials 
in the Quantum Theory 


Recently there has appeared a paper by Peshkin, 
Talmi, and Tassie,’ on the role of potentials in the 
quantum theory.” This paper seems to have two ob- 
jectives; firstly, to show that the nonclassical conse- 
quences of potentials in the quantum theory should not 
be regarded as surprising, and secondly, to suggest 
that these consequences should not be ascribed to the 
potentials, but rather to the effects of suitable fields on 
the quantum conditions applying to the electron. With 
the first of these objectives, we are, of course, in agree- 
ment, as we indicated in Sec. 1. We do not, however, 
regard the second objective as a valid one; and we shall 
show here the inadequacy of such an approach, in 
terms of several of the points that were treated in the 
above article. 

The first question considered by these authors is 
concerned with the problem of stationary states of an 
electron in a multiply-connected region of space, which 
contains flux in the excluded region. They begin with 
an analysis, which leads them to the same conclusions 
that we gave with regard to this problem in Sec. 2; 
viz., that the allowed values of the energy of the electron 
are related to this flux in a way that is independent of 
the past history of the electron (e.g., of whether the 
electron was in the orbit in question or not while the 
flux was being turned on). However, in stating this con- 
dition, they assert that “The presence of the field in 
the excluded region permanently changes the allowed 
values of the physical angular momentum of every 
electron in the world; regardless of how the system was 
actually prepared. Such arguments from the cor- 
respondence principle, which are now very old, apply 
equally to the Zeeman effect.” In their Abstract they 
also state that the observable effects of potentials arise, 
not from forces exerted by magnetic fields or by their 
vector potential, but from modifications of the quantum 
conditions. In view of the above statements, it seems 
difficult to avoid the condlusion that these authors wish 
to imply that somehow the role of the potentials can be 
eliminated, because the fields in the excluded regions are 
able to account for the change in the quantum condi- 
tions and presumably, in a similar way, for all possible 
physical properties of the electron. 

In accordance with the discussion of this problem 
given in our paper, however, we see that the fields in 
the excluded region cannot be regarded as interacting 
directly with the electron. Indeed, this interaction goes 
by the intermediary of the potentials; and it is only 
when this is taken into account that the essential feature 
of the locality of interaction of electromagnetic field 

2 We wish to thank the above authors for sending us a preprint 
of their work. 
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with electron can be brought properly into the theory. 
And since the above applies to the exact form of the 
quantum theory, it must also apply in the correspond- 
ence limit of high quantum numbers (which is, after all, 
an approximation to the exact theory), so that this 
conclusion cannot be altered by an appeal to the cor- 
respondence principle. It is therefore not sufficient to 
attribute the change of quantum state of the electron 
to the field in the excluded region, but in a more nearly 
complete treatment, one must take into account how 
this change is brought about by means of the influence 
of the potentials which link the quantum state of the 
electron to the current in the source by means of purely 
local interactions. 

The next problem considered by Peshkin, Talmi, and 
Tassie, was that of the origin of the average force 
(i.e., the average rate of momentum transfer) in the scat- 
tering of an electron beam off a solenoid of negligible 
radius. In their discussion of this problem, they indicated 
without, however, giving a proof that (a) when no 
barrier is present, this force can be accounted for as a 
result of the possibility that the electron will penetrate 
into the magnetic field region; and (b) when there is a 
barrier, the force comes from interaction of the electron 
with the barrier in question. 

Before proceeding further, it is worthwhile here to 
show that these conclusions can be proved directly 
from Ehrenfest’s theorem [Eq. (5) ]. Thus, if there is 
no barrier V=0, and the average force is equal in this 
case to (e/c) fy*(vX H)y~dx (since &=0 also). The 
above is, of course, just the average magnetic force. 
If there is a barrier, then to simplify the problem, let 
us suppose that it is very high, but not infinite. (In 
this way, we will guarantee that the wave function and 
its derivatives are finite every where, so that the condi- 
tions necessary for the validity of Ehrenfest’s theorem 
are satisfied.) Then, as is well known, the electron will 
penetrate with appreciable probability only a short 
distance into the barrier, so that the wave function, 
¥(x) will be essentially zero near the origin, where the 
magnetic field is not zero. As a result, the average 
magnetic force vanishes, and the average force will be 
S¥*(VV)¥dx, which is just the force coming from the 
barrier, as was indeed suggested in the above paper. 

Peshkin, Talmi, and Tassie then assert that because 
the force comes from the barrier in the manner described 
above, there is no reason to ascribe any force to the 
excluded magnetic field or to the local vector potential. 
They recognize, however, that the average force exerted 
by a given barrier depends on the flux inside. For 
example, in the absence of flux, such a barrier has a 
cross section and a proportional average force of the 
order of the radius, while when there is flux within, the 
cross section for the same barrier can rise to a generally 
much larger value, of the order of the wavelength of 
the incident electrons. They ascribe this change in the 
effectiveness of a given barrier to the “modification of 
the quantum conditions” (which they have, in turn, 
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ascribed to the effects of the magnetic field inside the 
barrier). From these statements, it would seem once 
again that the above authors are giving arguments 
against the notion that in quantum mechanics the 
potentials play a role more significant than that which 
they played classically. 

In answer to these arguments, we first point out that 
from the modification of quantum conditions alone, 
there is, in general, no way to calculate either the scat- 
tering cross section or the average force on the electron, 
without first specifying the vector potential in the whole 
region outside the barrier, and then solving Schrédinger’s 
equation in detail. (For example, in the case of a barrier 
of a radius that is appreciable in comparison to the 
wavelength of the incident electrons, all physical ef- 
fects will depend on this detailed solution.) It is only 
by thus introducing the potentials that we can account 
for the change of the average force exerted by the same 
barrier, when no fields of any kind change except those 
in the region that is not accessible to the electron. 

The above discussion illustrates once again that (as 
we have emphasized throughout this article), the con- 
cept of force is, in the quantum theory, an abstraction 
of secondary importance. Therefore, from the fact that 
potentials exert no forces, it does not follow that (as 
seems to be implied by the above authors) these po- 
tentials can have no physically significant effects. 

Finally, Peshkin, Talmi, and Tassie give a model for 
the interaction of the electron with the source of the 
field. To do this, they assume a direct velocity-de- 
pendent mechanical interaction between the electron 
and the source, which gives rise essentially to the Biot- 
Savart law for the electron. On the basis of this model, 
they are led to a result analogous to that which we give 
in Sec. 4; viz., that the interference effects are the same 
as those obtained on the basis of the one-body Schréd- 
inger equation with the potentials given as specified 
functions of the time. 

In connection with the above model, there are two 
points that we wish to stress. First, this model involves 
the assumption of a nonlocal mechanical interaction 
between electron and source, which is adequate for the 
purpose of proving the result described above, but which 
cannot be used for a treatment of the problem of the 
locality of the interaction, which we have stressed in our 
article. Secondly, this model has been used (within its 
proper domain of validity) to make certain inferences, 
which are, however, misleading for other reasons. These 
inferences were based on the fact that what appears 
in the Hamiltonian obtained by the above authors is 
not the vector potential, but rather, the momentum, 
ps, canonically conjugate to the source variable. From 
the constancy of pg with time (which follows from 
their Hamiltonian), it can be seen that quantum fluctua- 
tions of the magnetic field in the source have no influence 
on the interference phenomena under discussion. And 
since the vector potential fluctuates along with this 
magnetic field, it would seem at first sight that in a 
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situation in which quantum fluctuations are important, 
the interference effects are determined, not by the po- 
tentials, but rather by some other variables (in this 
case, ps). Thus, one might be led to conclude that in 
such cases, the potentials are not of fundamental 
significance in the theory. 

A more careful analysis shows, however, that while 
the calculation of Peshkin, Talmi, and Tassie showing 
the dependence of interference effects on the constant 
of the motion fg is correct, their discussion does not 
make clear that the vector potential plays an essential 
part in bringing about this result. For as can be shown 
quite readily, this dependence of interference effects 
on pg (with their resulting independence from the 
quantum fluctuations of the field in the source) is due 
to a compensation of the effects of the fluctuating part 
of the vector potential by the effects of the electric 
fields, &= — (1/c)(@A/dt), that inevitably accompanies 
such a change of vector potential. (In Sec. 1 we treated 
a similar problem,” where we saw that stray 60-cycle 
magnetic fields compensated the effects of the cor- 
responding fluctuating potentials to produce a constant 
and stable interference pattern.) 

In order to seen in more detail what is happening in 
this problem, we first note that there is a back reaction 
of the magnetic field of the (moving) incident electron 
on the source (see, for example, the latter part of Sec. 3, 
where a similar reaction was found in the electrostatic 
This (in general, changing) magnetic field in- 
duces an electromotive force in the source solenoid; 
and as a result there is mutual interaction of the elec- 
tronic variables and the source variable, in which the 
states of both are Nevertheless, as can be 
shown by a simple calculation, this interaction is such 
that it leads to the constancy of pg. 

In all discussions given until now, the source has been 
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altered. 


assumed to be so heavy that for practical purposes, 
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the effects of the electronic magnetic field on the source 
current can be neglected (as indeed also follows in the 
treatment of the above authors, if the mass of the source 
is allowed to become very large). If, however, the mass 
is not large, then one will have to take into account the 
effects of the changing flux produced by the source, 
which will, as pointed out in the above discussion, give 
rise to a further electric field. It is clear, of course, that 
when such an electric field is present, interference ef- 
fects will no longer, in general, be given by the formulae 
of our first paper, in which we, by hypothesis, restricted 
ourselves to the case in which there were no fields of any 
kind in the region accessible to the electron. In fact 
when fields are present, the interference properties of 
the electron are as pointed out in Sec. 1, determined 
(in the limit of high quantum numbers) by fp-dx 
= §[mv-+ (e/c)A’]-dx, where p is its canonical mo- 
mentum, and mv its “physical”? momentum [see Eq. 
(4) ]. However, as a result of the change of source 
strength brough about by the magnetic field of the 
electron, the vector potential, A(x), that is actually 
present on the path of the electron will be slightly 
different from what it would have been, if this reaction 
had not occurred. Thus, it will no longer be correct to 
calculate the integral, gA-dx, under the assumption 
that no such a reaction takes place. On the other hand, 
the resulting electric field acting on the electron will 
change the “physical” momentum, and as can be veri- 
fied by a simple calculation, this alteration just compen- 
sates the effects of the change in A on the interference 
pattern. This result shows that the implication of 
Peshkin, Talmi, and Tassie, that potentials are not 
playing a fundamental role here, is wrong. For the 
fluctuating part of the potentials is just what is needed 
to explain the dependence of the interference pattern 
on the constant of the motion, pg, despite the presence 
of the fluctuating electric field, which necessarily ac- 
companies this fluctuating potential. 
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